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ABSTRACT

The formalism of classical mechanics is extended to
yield an energy function analysis of single degree of freedom,
linear time-varying networks. With the aid of the newly found
modifications of the classical Lagrangian and Hamiltonian, the
behavior of the single loop R(t)-L(t)-C(t) network is discussed
through analogy with familiar classical quantities. A general
energy analysis is used to investigate thé stability of n degree

of freedom, time-varying, networks.

The Hamiltonian formulation, through its associated ca=s

" nonical equations, leads to a qualitative phase plane specifica-

tion of single degree of freedom network behavior. Moreover,
the Hamiltonian formulation leads directly to stability criteria
which are expressed in terms of the network element values
only. Upper and lower bounding functions for the network
stored energy are obtained which lead to separate necessary and

sufficient conditions for network stability.

The energy function analysis is extended to n degree of
freedom, linear, time-varying networks by two different methods.
The modified Lagrangian is obtained for some special classes
of ime~varying networks In particular, a Lagrangian is ob-
tained for a lossy, time-varying, distributed network, and for

an iterated, time-varying network,

An analysis on the basis of general power and energy

‘considerations yields upper and lower bounding functions,for the

stored energy in n degree of freedom, linear, time-varying
networks, These bounding functions are used to investigate the
possible stability and instability of such networks. The gpound-
state behavior of parametric amplifier circuits commonly in

use is discussed in examples.
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1. INTRODUCTION

The techniques of analysis of linear, time-varying elec-
trical networks have evolved mainly from two.classical standpoints.
One method replaces the nth order, variable coefficient differential
equation which describes the network with a system function H(s,t),
derived by assuming a drive of exp(st). The alternative analytical
technique involves describing the network by a single first-;order
matrix differential equation. Neither of these characterizations
has been overly encouraging ,regar&ing the ultimate solution of
time-varying network problems; they both have their domains

of applicability but there is certainly room for yet other techniques.

In classical lumped, stationary network theory, the
system function H(s) has become the standard tool of analysis.
This function owes its utility to the fact that exp(st) is an

eigenfunctibnn’ 16

of the network differential equation for
certain values of s, which can be obtained algebraically. It is
unfortunate, though, that such a simple drive does not yield

the same powerful results for the general'time-varying network.
To be sure, the H(s,t) characterization has led to many
interesting and useful results in the synthesis of special classes
of time-varying nt-:t:works.6 On the other hand, its tendency

to be identified with time-invariant H(s) of old could lead to
some serious misconceptions regarding network behavior

(e.g., ""moving poles' in the left-half s-plane indicating

stability).

It appears, from reading surveys of the progress of the
theory associated with time-varying net;works,28 that the '
first-order matrix differential equation characterization is
gaining in esteem. The method for expiicitly writing out the
state equations (A-matrix characterization) of a givén time- .

: 4,18
varying network has been advanced in two different treatments; .,’1



however, beyond the writing of the equations, their solution"

i}

entails mathematical rather than engineering research. There

is little hope of a major breakthrough in this direction uhtil new
mathematical tools are evolved -~ while this evolution is a compg. .
mendable task, it would hardly seem that engineers are the best

equipped to undertake it.

The tendency to replace as rapidly as possible the physi-
cal network, as though it were some¢hing repugnant, with a neut-
ral set of caupled first-order differential equations seems to
have been overplayed. A network is not merely a set of equa-
tions; but is a collection of physical elements (albeit they may
be mathematical models for physical elements) with certain
properties which may be used to analytical advantage before ' 2
the network elements are relegated to equal status in the com-
ponents of differential equations. To utilize fully the element
properties; it will be desirable to seek a mathematical charac-

terization which retains the distinctions among them.,

In consiaering the time-varying network consisting of
time-varying resistances, R(t), time-varying inductances, L(t),
and time-varying capacitances, C(t), it is natural to retain the

second-order differential equation ap proach:

#[L®a] + ROE + e = e, (1.1)

where e(t) is the driving voltage and :;(t) is the unknown current
in the series RLC branch. It matters not how the elements
arise (see Appendix I); any network.which can be modeled with
linear, time-variable R's, L's, andq;s (even a nonreciprocal
network) is a valid candidate for considerations, The job of
writing the network equations is now as easy as that for time-
imzatiant networks, but it still remains to evolve a new analy-

tical technique.



The network stored energy is a useful measure of per-
formance for any electrical network regardless of whether the
network is stationary or time-varying, or even nonlinear. The
ability of an electrical network to transfer energy from one
form to another is one of its more interesting and useful pro-
perties. Thus, a study of the energy behavior of the network
can yield much information on the utility of the network, Equa-
tions of the form (1.1) can be used to evolve energy functions

analogous to those of classica;l'mechanics,13’ 19

These energy
functions must be tailored to fit the usually dissipative time-

varying networks; these modified counterparts of the usual .
energy functions yield many useful qué.ntita.tive and qualifative

results.

The energy function analysis is not being advanced as a
panacea -- it should only be used in conjunction with the other
methods mentioned above and within its own domain of appli-
cability. Among its many advantages are, however, suita-
bility to modern computational devices and ability to yield
rapidly qualitative information on the response of a given

network.

In Section II the formalism of classical mechanics is
extended to yield an energy function analysis of single degree
of freedom, linear, time-varying networks. With the aid of
the newly found modifications of the classical Lagrangian and
Hamiltonian, the behavior of the single loop R(t)-L(t)-C(t)

network is discussed in the phase plane.

The Hamiltonian formulation, besides providing a set of
canonical equations for the system, leads directly to stability
criteria which are expressed in terms of the network values
only." Upper and lower bounding ‘functions for the network
stored energy are obtained in Section III which lead to separate

necessary and sufficient conditions for network stability.



The energy function analysis is extended to n degree of
freedom, linear, time-varying networks by two different me-
thods in Section -IV. The modified Lagrangian is obtained for
some special classes of time-varying networks. In particular,
a Lagrangian is obtained for a lossy, time-varying, distributed

network, and for an iterated time-varying network.

The analysis of Section V on the basis of general power .
and energy considerations yields upper and lower bounding func-
tions for the stored energy in n degree of freedom, linear,
time-varying networks. These bounding functions are used to
discuss the possible stability and instability of such net-
works. The ground state behavior: of parametric amplifier cir-

cuits commonly in use is discussed in examples.
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II. ENERGY FUNCTION ANALYSIS OF LINEAR, TIME-VARYING
NET WORKS WITH ONE DEGREE OF FREEDOM

The techniques of analytical mechanics have come to be
recognized as powerful devices for the analysis of any physical
system. In the classical treatment, however, there have been
many assumptions which restrict the utility of these analytical
tools. The linear, time-varying electrical network provides a
convenient basis for the extension and application of some of the
ideas which are embodied in analytical mechanics. A long recmg-
nized advantage of the analytical mechanics approach has been
the ability to characterize partially a sy stem without seeking a
specific solution to the equations of motion; this advantage will

be exploited in the following two sections.

II.1 Time-Dependent Energy Functions.

In the Hamiltonian forfnulation,l3, ‘the absence of explicit’
time in the Hamiltonian indicates that a first integral of the
equations of mntmn can be obtained. More often than not, the
theory is concentrated about just such conservative systems.
Electrical networks, as well as most other practical macro-
scropic systems, usually contain a significant amount of damp-
ing (sometimes negative) in the form of resistances. This
damping must be evidenced in a Hamiltonian which is explicitly

time-dependent, if a Hamiltonian is.to be obtainable at all.

In order to obtain the analogs to the classical energy
functions, the price paid must be large, but the rewards more
than offset it. The words Lagrangian, Hamiltonian, conjugate

momentum, etc. 13,19

will be retained, but the mathematical
entities which they denote will not be the satﬁe. In particular,

if the Lagrangian or Hamiltonian is.to be thought of as an energy
function describing system energy, it only characterizes the

immediate system under scrutiny. Thus, a loss or gain in



energy in an isolated part of the system can be accounted for in .
terms of the time-dependence of its '"energy functions.'" For
example, if a resistor is to be considered solely as a network
element, the fact that it dissipates electrical energy in the

form of heat must be accounted for in an explicit time-depen-
dence of the Lagrangian or Hamiltonian, Similarly, a driven
(""pumped') nonlinear energy storage element can be considered
to be a time-variable energy storage element to account approx-

imately for energy extracted from or delivered to the pump.

The above described contrivances are necessary to allow
the analysis of systems contaiﬁing energy converting devices -
where it would be convenient to exclude some of the energy
forms (e.g., heat) from the analysis. It is debatable as.to
whether the issue must be thus skirted because of physical or
mathematical dicta, Hamilton's principle»lz" 19, a very power-
ful tool when it is a variational principle, although it is couched
in terms of physics, seems upon clpser inspection to debend
upon quirks of mathematics for this property. Consider, for
example, the simple stationary network of Fig. 2.1. Its gov-

erning equation,

L] + za = o, CRY
is the Euler-Lagrange equa.tion,lq' o

a‘tl-(:g—{;ii-;-yf‘- —gé’q-f'= 0, | (2.2)
associated with the Lagrangian |

Lia,d) = 3Ld® - =d®. (2. 3)

But there is an equally valid governing equation (in fact the one
more often encountered in electrical engineering) on the cur-

rent basis,

“r



S [Li] + -l-cfidt = 0 . o (2.4)
it has no associated Lagrangian, Thus, the charge q(t) assumes
a more important role than'the current i(t) -- strictly from a
consideration of the mathematical formulation, Similarly, the
flux ¢(t) takes precedence over the voltage v(t) = a.b(t) in these

analyseés.

In application to time-varying networks, the techniques
of analytical mechanics are certainly not panaceas. They can-
not be expected always to provide closed form solutions where
they were previously unobtainabie from other more conven-
tional forms of mathematical analysis, But they can provide
insight into the qualitative ( and even quantitative) behavior of
a network without requiring any knowledge of the form of the
solution. Thus, as one might expect, for time-invariant net-
works the energy function analysis does not provide as much
information as the exact solution, However, it provides a
wealth of information for time-varying networks -- where the
exact solution is usually not available. Furthermore, all of
the theory of classical mechanics (e.g., the phase plane,
state space, and Hamilton-Jacobi theory) can be carried over
en masse to provide new ihsights into the behavior of time-

varying networks.

II. 2 Derivation of the Variational Principle.

The single degree of freedom, linear network to be
considered is the single loop network of Fig. 2.2, in which all
of the elements are time-dependent. Any linear, single degree
of freedom network will obey with obvious modification (e. g.,
duality) the same set of equations; and, hence; will be gov-
erned by similar results.

The time-varying LC network of Fig. 2.3 enjoys .the

status of possessing a Lagrangian:



L@an = JLed? - gggrd® + ea. . @.5)

10
The Euler-Lagrange equation ,

& 0L 8L _ :
G - -a%.- 0, (2. 6)

associated with this Lagrangian is the governing equation of

the network

a%' [L(t)a] + a%—q - e(t) = 0. (2.7)

It is well-known that to formulate the Lagrangian for a holo-~
nomic, conservative system, one need only take the difference

between kinetic and potential energies,

(o]

O
O

Fig. 2.1. Time=-invariant LL.C Loop.



af Lat = o. (2.9)

The network of Fig. 2.3 has a Lagrangian, and the Euler-
Lagrange equation describes its behavior; yet it is surely not
conservative -- the time-varying inductance and capacitance
indicate an ability to introduce or remove energy from the cir-
cuit, The network of Fig. 2.2 is the same network as that of
Fig. 2.3, only it includes also a time-dependent resistance.

This "dissipative' network is certainly no less conservative in

general than the other, yet its governing equation,

S (L] + REM + ggrd - o) = o, (2.10)

is not the Euler-Lagrange equation associated with any obvious
Lagrangian. In usual practice  the governing equation (2.10)
can be obtained by including the Rayleigh dissipation function,

F @t = 3R : (2.11)

with the Lagrangian (2.5) in a modification of the Euler-Lagrange

equation:

_d‘i?(_g_f) - —3—‘% + _2_2_: = 0. (2.12)
This formulation, although it does lead to the governing equa-
tion from so-called energy functions (%R(t)qzihas the dimen-
sions of power), has the decided disadvantage that it divorces

- the resistive from the inductive and .capacitive parts of the net-
work for any analyses not oriented toward obtaining the govern-

ing equatjon,

-10-



+
e(t) (

(]

=T - Vv | (2.8)

while the Euler-Lagrange equation governing the system arises
from the variational form of Hamilton's principle, 13, 19 ‘



It seems that the inability to include the resistance in
the compact form of Lagrangian analysis does not stem from’
conservative or nonconservative aspects of the network element
itself,” but rather from its peculiar fate of being the coefficient
of the term q in the governing equation (2.10). This mathe-
matical quirk can be overcome by the formulation of a modi-
fied Hamilton's principle for the governing equation multiplied

by an arbitrary (for the present), non-zero time function D(t)

D(t) {—5; [L)] + RO + =pye - e(t)} = 0.
(2.13)

The inverse problem of the calculus of variations --

that of formulating the variational principle from which a
given differential equation arises -- has received little atten-
tion- . . Recently, two different approaches to this problem
“have been evolved , .. ; the pragmatic approach presented
here relies heavily upon the manipﬁlabil'ity associated with the
variational §-notation. 16 . First one must multiply (2. 13)

by the function §q and integrate between fixed instants of time

t‘andt:

1 2

t
d . e 1

D(.t)u{ [L(t)a] + R(t)g + - e(t)} 6qdt = 0,

3 ] croe 2. 14)

t :

1

where

6q(t1) = 6q(t2) = 0. (2.15)

Upon integration by parts of the first term in the integra.nd,‘
(2.14) becomes*

*Henceforth, the explicit time-dependence will be omitted. ex-
cept where it is necessary or desirable; thus, C(t) is simply
written C, etc.

-11-



t t

2 , ,
DL 4 6q t[z {-D_L«'iaci < DLQéq + DRgsq + -g’qaq ,
t
1 1

- De&q} dt = 0. ' (2.16)
The first term on the left vanishes by virtue of (2.15); and, if,

-DL + DR = 0, (2.17)

(2.16) can be rewritten

1..-2 1 2

An acceptable solution to (2.17) is

R(E)
D(t) = TE) dg | , - {(2.19)

o ,
although this function multiplied by any constant (positive or
négative) Will ‘sifficé. Multiplication of (2.18) by -1 yields
the desired modification of Hamilton's principle (2. 9) as

t
. R(£ ) 1,02 1 2
6 d Lt - : t dt = 0.
‘[Z‘ efo e 3 {-2 (t)a Zeme t e( )Q}

(2. 20)

The integrand in this equation can be identified as the modified
Lagrangian,
t

Liaat)= exp t %{%dg {%—L(t)c}z'_ ke 2, e(t)q},
° (2.21)

which yields through the Euler-Lagrange equation (2. 6) the

modified governing equation (2.13). For a rigorous demonstra-

-12-



tion that the modified Hamilton's principle (2.20) is a vari-
ational principle leading to the governing equation (2.13), see

Appendix II.

Because it provides the dissipative element R(t) with
a place in the energy function formulation, the function D(t)
deserves, certainly as much as (2.11), the name dissipation
function; it will be designated so in the sequel. Although D(t)
could be chosen multiplied by an arbitrary constant, the form
(2.19) is desirable because then the condition R(t) = 0 leaves
the modified Lagrangian (2. 21) in the form of the original
Lagrangian (2.5).

II. 3 The Hamiltonian Formulation.

The modified form of Hamilton's principle (2.20) makes
available to the dissipative network with one degree of free ~
dom a wealth of concepts and techniques from analytical mech-
anics. The Hamiltonian and Hamilton-Jacobi theory can be
evolved from the Lagrangian (2.21) by the usual straightfor-
ward manipulative techniques expounded for classical mech-
anics, _135’}9 In the past these concepts have been thoroughly
exploited for conservative systems, but little has been done to

link their powerful insights with dissipative systems.

The conjugate momentum associated with the coordi-

nate q is.

p= Mnd ),  (2.22)
9q '
therefore,
- R(£) :
p = d L(t)q, 2,23
exp to-m 3 (t)q ( )
or
p & DE)L(tly . , (2. 24)

-13-



If D(t) were unity (i.e., R(t) =0), the conjugate momentum p
would simply be the flux (¢ = L(t)q associated with the induc-
tance L(t). Thus, the loss of the simple dual relationship be-
tween the charge and the flux is part of the price paid for the

inclusion of the resistance in the energy formulation.

The modified Hamiltonian is obtained by performing a

13

Legendre transformation 2 on the Lagrangian:

Hw e t) =pq -Lga s (2.25)

hence,

1 2 t 2
e t) = zemoEr P +2_€;D_((‘?),_q - D(t)e(t)q.
(2.26)
D(t) is no longer the multiplicative factor which it was in the
Langrangian (2. 21) because of its appearance in p (2. 24).

Hamilton's canonical equations for this system take the form

1= ‘Zj S maa (2.2%)
p = - %: - g{t'f)' + D(t)e(t). (2.2T)

Hence, the modified governing equation (2,13) can be reformu-

lated in terms of a first-order matrix differential equation:

1
1 0 O TE \ A
a [\
- | oy + D(t)
p TE" 0 | p e(t)

(2.28)

Naturally, the original network could have been,.deecnibéd in

terms of ._anjr number of sets of two first-order differential

-14-



1,4,12,18

equations ; the particular utility of the Hamiltonian

approach will become evident as its exploitation develops.

II'. 4 . Hamilton-Jacobi Theory.

A canonical transformation to obtain the solution q(t) of
the governing equation (2.13) can be obtained via Hamilton's

principle function S(q,t). 13,19.

S(q, t), the generating func-
tion of the canonical transformation to the solution coordinates,

satisfies the Hamilton-Jacobi partial differential equation

95 s _ ’
where
98(q,t) _ -
= o = p. ‘YZ._S.Q)

It would suffice to find the solution for the homogenéoug case, >
where the drive e(t) = 0 then, the Hamiltonian (2. 26) becomes

2 2

%(q.p.t)=13b—fp +-?_%q. | (2.31)

In this case the Hamilton-Jacobi equation is

t 85,2 D 2  as _ .
2ot l3qg * e t g% - (2.32)

The solution may be taken to be of the form

s = 54 y(o). (2.33)

Inserting (2.33) into (2. 32) Yields

1.2 1 2
b -

alo

dy| _ , |
+ 71_6] = 0. (2.34)

-15-



which leads to the first-order nonlinear differential equation
for y(t)

dy 1 2 D _ :
Fror tc=" o (2.33)

This equation is recognized to be the Riccati equation, 8
which can be transformed into a second-order, linear differ-
ential equation by the change of variables

y(t) = DL=. (2.36)

This substitution leads ultimately to the equation
% (DLz) + 2z = 0, (2. 37)

which is the original governing equation (2.13) for zero drive.
Hamilton<Jacobi theory appears in this instance to have led
in a circle, but other choices for Hamilton's principal func-

tion than the form (2. 33) might yield results of greater interest.

It is interesting to note that if the capacitance is omitted
1

from the original network ({: e., T = 0), the resulting
Riccati equation
dy 1 2 -
at + -fﬁ_‘y = 0, (2. 38)
has the solution
dt -1
y(t) = - SE)CE o (2. 40)

Frorﬂ Hamilton-Jacobi theory, q may be solved for in terms of

time and eonstants a and B with the relation

-16-



o S(qstya) - o . L : :
P == ¢ - B G

therefore,

a(ty= V2B = [I "(ETTET ‘J @)

Since in this system only the current is of 1mporta.nce, a is of

no consequence, and

it) = 4(t) = el (2. 43)
or, from (2.19),
t

i(t) = _TTVLEﬁt exp -j; %((%-))dg . ‘(2._44)
o

This result could have been easily obtained, of caurse, by
direct integration of the first-order, linear differential equa-
tion governing the network, but derived in the above manner
it does demonstrate the utility and unity inherent in the energy

approach.

Agam, ana..Lynca.l mechanlcs ha s .shown itself to be
readily apphca.ble where the answer is also obtainahje by
straightforward methods, but the hope for the approach is not"
in the providirig of exact solutions so much as to provide in=- -
sights into those problems where perhaps exact solutions can-

not be obtained.

II.5 Phase Plane Analysis,

The phase plane offers an excellent medium for the in-
vestigation of qualitative aspects of the behavior of single
degree of freedom networks, In particular, one can obtain
restrictions on the nature of the system point trajectory in

the phase plane (q-p plane) and upper and lower bounds for

-17-



the time of a revolution of the system point (point with instan-

taneous coordinates q(t) and p(f))in the phase plane,

For a conservative system, the system point traces-a closed
trajectory in the phase plane; however,. for the general time-
varying network, the more exotic behavior pictured in Fig.

2.4 might be expected,

Fig. 2.4. Polar Coordinates and the System

Point Trajectory in the Phase -Plane,

For unexcited, single loop networks where both L(t) and C(t)
“are nonnegative (a .condition of local passivity, see Appendix I),
the system point must always move about the origin in the
clockwise direction. This result relies oni.an analysis of the

system goint behavior in terms of phase plane polar coordinates:

r =4/ + p° . (2. 453)

and

6

tan ~1 @ . (2.45§)

Time differentiation of (2. 45b) gives
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o= fgcdp C (z.46)
q + P .

Hamilton's canonical equations (2.27) for the undriven network

are

4= = p (2. 472)
ami

- D

p=-24 | | (2. 47b)

Substitution of these values for q and pinto (2. 46) yields
. 1 D 2 1 2
6= —— "Cq,'ﬁ...p—J" - (2.48)
q +p

Substitution of the inverse of the transformation (2. 45),

q rcos O _ ‘ - (2.49a)

and

rsin 0, (2. 49b)

‘p‘

into (2. 48) gives, finally,

. _ [p 2 1 .2 |
0= '['C cos 9+.]—)-j_-‘81n;}e:|. : -'(2-50)

Thus, the Hamilton's canonical equations for the undriven sys-
tem are séparable when transformed into polar coordinates.
But more interesting is the fact that, since D(t) is positive
regardless of the sign of R(t), for nonnegative L(t) and C(t),

0 is nonpositive and the system point encirgles the origin in

the clockwise direction.

Another interesting consequence of (2. 59) is that it can

be used to find bounds on the time required for a revolution of
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the system point in the phase plane., Upon the expansion of

sinze and cos 6, (2.50) becomes
: 1{,D, 1 D "1 ' .
O = - 2— l:(t + BI:) + (-C" = -:D—I:) cos 29] . (Za 51)

This expression indicates the instantanéous bounds on the

value of -0:

1[, D, 1 D 1| .

z2|{Tton) - ,‘c “onl | =0 (2. 52a)
and

lr-D 1 D 1—

z _"c"f'm:)* l""'m:L E - @.s2

One can now define the quantity T £ (to) such that

. t+T (to) to+T!(t°)
= j" E_gJ,ﬁlL) ¥ lg-ITII:UdtZ - j ot )- Ot Tt )
t

t
(o] (o]
(2. 533a)
and the quantity T (to) such that
t+T (t ) t +T (t )
z"-z f [‘c *pr) - ']‘3 ) _I]dt- f Pl = BltgI 0>
-6 (t +T  (t ) . (2. 53b)

It is clear from these relations that the period of a single
revolution of the system point in the phase plane beginning at
time to is bounded by T,Q (to) and Tu (to):
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T, (t) < Tit) < Ty (t) | C 0 (2.59)

where 'L’(»to) is the actual period. These bounds can be tightened
by redefining TI (to) and Tu (to):

to+ 4 (to) -
e, se o),
™= = gout |7<~ gor| [
o | 4
(2. 55a)
27 = (KZD + 1 ).. K_.z..]:.)- 1 dt
™= C K, DL C " KDL
t, , _ ] (2.55b)

The positive constants K1 and K, have been introduce'd here
because D(t) can be taken with any constant multiplier -- recall
equations (2.17) and (2.19) and the accompanying discussion;
the choice of these denormalized D's affects only the shape

of the system point trajectory, not its period of revolution.

K1 and K, are to be chosen ultimately so as to minimize the

2
difference between T (t ) and T, (t ).
u'o £%0

It is interesting to note that if

C 2 .
—— = K, c : (2. 56)
DL

where K is an arbitrary positive constant, then the time of
one revolution from to is given exactly by 'l,'(td), .where

to + t‘(to) @

/it

Condition (2. 56) is met in a special class of conservative

2w = . | (2. 57)

o

systems to be discussied in the next section. As an example
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of bounding the period, one can consider the stationary series
RLC network. There

bt = e%(t-to) | (2. 58)

and one can take
- » C
K=K V1 (2. 59)

(this is not the best choice, but merely a convenient one).
Then, from (2.55),

L
T,(t) = § log (1 + % 2w+/LC) (2. 603)
and
T (t) = - Zlog, (1 - F2n/TT) (2. 60b)
u'o R e L ) :

For this choice of K, to be meaningful (2. 60b) indicates that

1 - %szlfﬁo (2.61)

must hold; otherwise, a better K, must be sought or no finite

upper bound can be obtained.

II. 6 State Space and the Instantaneous Energy Ellipse.

More interesting than the foregoing phase plane analysis
is the concept of the instantaneous constant energy surface in
" the phase plane, which arises in the state space description
of the system. In the discussion of the system behavior in
state space, ideas drawn from the usual energy function analy-

sis of conservative systems are exploited.
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The state space 19 ig a three dimensional space (for a
single degree of freedom network) consisting of q-, é-, and
t-axes; thus, it is the phase plane with an orthogonal time
axis appended. For the time-invariant conservative system,

the equation
H(ap) = E (2. 62)

(where Eo is usually the constant stored energy) defines an
elliptic cylinder, the surface of which represents the pos-

sible area of system point behavior (Fig. 2.5).

Fig. 2.5. Surface of Possible System Point

Behavior in State Space.

For the dissipative, time-varying network, one may define an

equivalent cylinder by considering the equation
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X (@ t) & E(t). | @63

At any time t, the locus of all points (q-p) which satisfy

(2. 63) will give an ellipse parallel to the.q-p plane in state
space. As time evolves this variable ellipse will describe a
variable cross-section cylinder similar to that in Fig. 2. 6;
and, as time evolves the system point traces a line of this
cylinder. One may think of the surfaces at constant t as
orbits of system point behavior (dqui-energy) which would
occur if explicit time were somehow miraculously stopped and
the system were allowed to behave as a conservative system.
It is after all only in the evolution of time that energy

can be expended; these ellipses could be obtained if time
were stopped and the stored energy were allowed to evolve

through all of its possible states at that instant.

One criterion for a conservative scleronomous system is

g%: -g-%d-z(), (2. 64)

For the Hamiltonian of the undriven network,

2 (a6 pt) = 2']]"5']:92 + Z-%qz. (2. 65)

(2. 64) yields

; 2
e R LR s RS fa = 0 (2. 66)

To guarantee this condition would require that

(2. 67a)

el
[ ]
o
I
o

(2. 6Tb)

1
ojcr
-+
i
]
e
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This dual requirement is much too stringe'rri; for it is equi-
valent to requiring that the cylinder of Fig. 2. 6 resemble
that of Fig. 2. 5.

Fig. 2. 6. State Space Cylinder for

Time-varying Networ k.

Another condition which is met in the firhe-invariant conser-
vative system is that the area enclosed by the system poiht
ellipse be the same for any plane t=constant. Equivalently, _
one can ask:that the area enclosed by the instantaneous .

ellipse; defined by

2 2
sorPl + 7gd’ = E(t) (2. 68)

be a constant (the ellipse can change orientation). This
ellipse has axes
2CE
o

a = ——

) | R | (2. 69a)
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parallel to the q-axis, and

b #VZDLE, - | 2. 69b)

parallel to the p-axis; hence, the area of the ellipse is

r(t) = wab = 2nYLC E_{tk (2. 70)
or )
r(t) = 2w/LC}(q p, t). (2. 1)

The time derivative of this area is
=, L 2R\, 1 2  Dg2 ‘
I'=20VLCx- ¢- T bp? -zc?)» (2.22)

or, from (2.21)
. : - e 2 . .
= 2e S (€ - £ -2B)x L@ 4. (2.23)

Thus, a condition which guarantees that a hetwork is con-

servative in that its phase plane ellipse is of constant area is

L 2R _ .
T LT =0 | (2.74)

this function will take on much more significance in the next
.section on sta.bilify. Moreover, condition (2.74) is equivalent
to contlition (2.56), for which the period of revolution of the

system point in the phase plane is exactly obtainable.

A network which satisfies condition (2.74) has the

general solution

¢ .
. dg
q(t) = sin —_— t ’ (2.75)
" (.[ VL(E)C(E) "2
o ,

a function which is reminiscent of that obtained for the loss-

less, time-invariant network. In slightly damped systems
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this ;‘_might{‘ prove to be a good firat-o,_rde,zj approximation to
the solution. The period of this function agrees with that
found in (2. 57), !

The phase plane and state space analyses have yielded -
many qualitative aspects of the behavior of the general single
degree of freedom, linear, time-varying network. They.
allow the carry over of much of the intuition associated with
conservative systems, but they are far from providing the -

exact answers obtainable for conservative systems,

II. 7 Analysis of Driven, TimeaVarying Networks by
the Modified Hamilton's Principle '

A common method of analysis for a parametric amplifier
circuit containing a single time-varying element is to expand
the response into a Fourier series and retain only certain -

desired terms. 39

The method is justified by assuming, for
example, a circuit configuration which by means of band-pass
filters allows only the signal frequency wg and the idler frequency
i = 2w/7, where? is the period of variation of the
time-varying element) to circulate (Fig. 2. 7)

W, (ws + w

band-pass band-pass
filter filter
at Wy at W,
+ . :
( V_sin(o_t) — v sin(u;t) C)
- : C(t) ,

Fig., 2.7. Negative-Resistance-Type
Parametric Amplifier,
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There can be other assumptions on the model corresponding
to other physical assumptions, but this one will suffice for
demonstration purposes. The above assumptions are equiv-

alent to the statement that only a flux *
¢ (t) = K sinwt + K, cosw t # K;sinwt + K4coswit (2.76)

exists acreses the time-varying capacitor in the equivalent

circuit of Fig. 2. 8.

=
W
o
+
:
<
w.
B
2
€
L]
Kas
_e_.
Q
1]
b
s
o

[ c(t)

Fig, 2.8. Single Degree of Freedom Equivalent Circuit for
Negative-Resistance Parametric Amplifier.

The Lagrangian for this situation is

Lo 1) = exv@ oy %) 4 2C 6% imel  (2.717)
o

BERCR L

*On the-node basis, dual to that presented previously, flux,
which is the timeijntegral of voltage, must serve as the ' ~
fundamental coordinate.
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where

G = xR (2.78)
8 .
and .
: 1 . A . . =
l(t) = I-{—"'-R: [Vs sin wst + Vl sin wii] (2. 79)
Hamilton's principle
2 . e . '
af Lo ¢, t)at = 0.  (2.80)
t ,
1 .

1
may be exphdited by the approximation technique of Ritz
to obtain approximate values for the steady-state ¥esponse.
To find the steady-state response, one must take the interval

2m

o _ 2 _ - . A Tary
tz-tl-lf- mw—i-.-nw—s, (2.81)

where £, m, and n are all integers. Then the assumption that
16 " hold at the end points

-

assures the steady-state., The Ritz mathiod dictates that the

the natural boundary conditions

variation in (2. 80) is equivalent to the four equations

t .
#}{f Lo btyae=@p(i = 1,...,4), (2. 82)
1
h
where . & dg
i@’aq’:t) = exp J —e x
¢ (RER)IC(E)
o

1. . . . 2
{-Z-C(t)[}osKl cos Qst - wiKZ sin wit + w8K3 cos w_t - wiK4 sin wiﬂ

1 . .
- T—)-R-I'Rs l—\—-ls sin wst + Vi sin wit:| x
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[Kl sin “.’st + K2 cos mst + K3 sin wit + K4 cos wiﬂ}. (2. 83)

These equations are ideally suited for solution by digital computer
to obtain an excellent approximation to the actual solution-- with
no approximation as to the nature of C(t). Furthermore, the
terms involving C(t) can always be expanded in Fourier series

to return to previously given computational metliod s. The
modified Hamilton's principle has shown itself to be a very
powerful .tool for the quantitative as well as the qualitative

analysis of time-varying networks.

I1I. 8 Summar-z

In this section a consistent mathematical theory has
been developed to place the damped, linear, single degree of
freedom, time-varying network in the clothing of classical
mechanics. The thorough exploité.tion of this new approach
has led to many new insights into this type of system through
analogies with classical conservative systems. Moreover,
the stability analysis to be presented in the next section

reveals the full utility of the energy function characterization.
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IlI. STABILITY OF LINEAR, TIME-VARYING NETWORKS

-WITH ONE DEGREE. OF FREEDOM

Thus far many analogies between nonconservative and
conservative systems ha.ve been ma.de by means of the rnod1f1ed

Hamiltonian a.na:lys1s The a.vowed goa.l of this analysis was to
include in the - energy formulation a.ll forrns of energy trans-

fer, including especially that arls:mg frorn resmta.nces. An
added advantage, though, has been obtaining the network d1£-
ferential equations in canonical form., The strange integrating
factor D(t) has brought a complete solution no closer, but has

yielded a Hamiltonian (Eq. 2.26) capable of rendering a great

deal of insight into the qualitative behavior of the network.

The term stability as employed here will mean ground=-
state stability--where, if an unexcited network is :gi\}eh an
arbitrary initial stored energy configuration, there is a net
decrease in this energy over a given time interval, = Other -
conditions should certainly enter into stability considera-
tions of time-varying networks; in view of assumptions
(Al. 6) in Appendix I, one would e.lso consider tﬁe maximum
values of the coordinates* and momenta., Upper and lower
bounding functions on the stored energy will be obtained
which lead directly to sufficient conditions for stability or

instability in terms of element value variations only.

£3
The coordinates on the loop basis are charges, and on the
node basis the coordinates are fluxes.
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III.1 Ene rgg—BoundinLFunctions_

The Hamiltonian (2.26) need not only be considered
as the generator of the set of canonical equations of the
network (2. 27) since it possesses several other properties
of great utility. It is thé canonical nature of the Hamiltonian
and the significé.nce of its explicit time-dependence which
set it apart as a tool of network analysis'.v The total time
derivative of the Hamiltonian is also its partié.l' time deriv-

a.tive,13

wB@nt) = Ly@eth (3.1)

and it is this property which renders it so useful in stability

analyses.

The Hamiltonian, .
1 2 1 2 :
Mg, pst) = ZDEOLT P + zZcm 9 e : (3. 2)

of the undriven, single loop network of Fig. 3.1 satisfies

the relation (3.1).
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R(t) L(t)

[ C(t)

—0o

Fig. 3.1. Undriven, Single-Loop,.‘Linear,

Time-varying Network.

Hence, one can introduce an arbitrary nonzero time function
f(t) so that

a1 fz:] - Xy f_g.zg. o (3.3)

Clearly, since f is a quadratic form in q and p, -ggé must

also be a quadratic form in q and p; this is the bonus of the
Hamiltonian formulation which yields the bowmding functions.

Integration of (3. 3) from some arbitrary initial time t,

yields
Efb]t =f (S + f%) dt, (3. 4)
) o -0 : : . . .

or

1) B(t) = f(to)fb((to) +_[ (%g}/J, £ -g%)dt. (3.5)

o

From (3.2) and (2.17),
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8% _ ., L R, 1 CR
?&“('E'E)TTP+( L)zt

and

gf-t-ﬁjarf l:f.(){f:+)]2-m-‘p+[f f( )| pd?

Consequently, (3.5) becomes

(M) = f(e )H(t,) + f 2%-[ f(L 3] dt

t

For nonnegative L(t) and C(t), it is obvious that
p L R, <
f - f(-]—_‘ + -]:) -
and

: .C_R
f-flg-5) 0

insure that

(0. ) < f(to))/(to);.

f [-f(c-—:l ét..

(3. 6)

D 2

(3.7)

(3. 8)

(3.9a)

(3. 9b)

(3.10)

An f(t) which satisfies (3. 9) can be multiplie& by an arbitrary

constant, so f(t) can be assumed positive; then f(t) can be

divided through without altering (3. 9) and (3.10):

f L. R <
- g0
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f.& B, | (3. 11b)

and

WSt ) eyt @ (3.12)

For this .upper bound on %(t), it is desirable .to ob-
tain the least possible f'l(t); consequently, the maximum
possible f(t) is to be sought. Clearly, the best that can be
done is to assume the equality sign in either of the two in-
equalities (3.11). Suppose, for example, that one had for
(3.11a) the actual differential equétion

o2+ = -enn (3.13)

where € (t) is a nonnegative function. The solution of (3.13) is
t
- \, R(E )d B .
f(t) = KL(t)exp T £ exp e (E)AE | ; (3.14)
t .

o o
hence, for maximum f£(t) it is necessary that e¢(t) = 0.

. Taking one or the other of the inequalities (3.1l) with
the equality sign exhausts all possihilities. If (3.1la) is
taken with the equality sign and

L ,R |
=1 ‘1'-]-_‘, (3.15)

b e o

then (3. 11b) requires that

_C¢,L,2R<0 | (3.16)
C L L
Similarly, if (3.11b) is taken with the equality sign and .
f_GC R
T=¢ " 1° (3.17) .

-35-



then (3. 1la) requires that

C,L,2R>
- -C'I'-i-"{'—i‘—;' 0. (3.18)

The desired 8olution of (3.15) is
t

f(t) = KL{t) exp toaR(ﬁ ))dg - (3.19)

which gives
t;
« 9t y Li(to) f R(£)
(t) < 4t ) exp| - £l . (3.20)
2 ) 2 HE) Ty e ‘. TEre

But, from equations (2.23) and (2. 26),

. .
1) = exp jt\ el l:zl-ut)q" + z-c%,-qfl (3.21)
(o] .
= exp %%%-))'dg E(t)y | (3.22)
(o]

where E(t) is the stored energy in the network energy storage
elements. Thus,

t :
t
E(t) < E(t) %(-(%)— .exp (-2 j: %‘%dg » (3.23a)

o]

when

C, L. - |
-etTtT 20 | .(3’23b)
The desired solution to (3.17) is

t
£(t) = K,C (t) exp -I -I]‘T‘(%-))dg . (3.24)
- o
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Reasoning similar to that just cited leads to -

C(fé) »
E(t) < E'(to) -—C-RT ) Co : (3.25a)
when
C L 2R
T + i + T Z D. : | .. (3.25b)

It is remarkable that the function on the left-hand side of
(2. 74), which in SectionI]. determined a conservative network,

has now cropped up in (3. 23b) and (3. 25b).

Conditions (3. 23) and (3. 25) lead directly to the con-
struction of an upper bpunding function on the stored energy.

This function u(t) is to be constructed such that

ult,) = E(t ) | (3. 26)
L(t,) . ' : ,
u(t) = u (tk)—a% exp| -2 f %‘%dg . (3.27a)
_ , K ,
on the interval (t,, tg ) where
c. L, 2R
_E+i+-r§0 | (3.27b)
and
Clt,)
u(t) = u(t)) <) (3.28a)
on the interval (t,, tk+i) where
_c,L  2r>0 (3. 28b)
C L L~
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Thus, u(t) at the endpoint of one interval provides its
initial value for the subsequent interval; this is necessarily
so because only the initial value of stored energy can be
assumed, from then on only an upper bound is provided.

The relationship
E(t) X u(t) (3.29)

and the construction of u(t) are illustrated in Fig. 3.2,

u(to) -

u(tl) .

Fig. 3.2. Illustration of upper energy bounding function.
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Returning to (3. 8), one can evolve a parallel formulation to
the above to obtain a lower bounding function.

If
f-f(@+3)> 0 (3. 30a)
and
Pt (-g -%)3 0, (3. 30b)
then,
(Y () > ft ) Bt (3.31)
Following through as above, one obtains
C(to)
E(t) > E(t)) < (3.32a)
when .
"'8*%*2'%.5 0; (3. 32b)
and
Lit,) | R(E )
E(t) > Elt)) [my  ©xp -zft\ T} % (3.33a)
o
when . .
- (3. 33b)
A lower bounding function £(t), analogous to u(t), for which
E(t) > £(t) (3. 34)
can be constructed such that
2t,) = E(to); (3. 35)
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Clty)

: (L) = 2 (tk)m (3.36a)’
on the interval (tk’- Fk-i-l) lwhere
C . L, 2R
| and ¢
2(t) = 2 (t,.) ———(—-L(t’ﬁ) exp|’ -Zf -li%—))—dg (3.37a)
o -"k]"' |

on the interval (tk, tk-l-_l) where .

.C . L, 2R . -

~ T +-I:+—I:—ZO | | (3.37b)

The relationsghip (3. 34) and the construction of 2(t) are illus-
trated in Fig. 3.3.

Armed with the two energy bounding functions u(t) and
2(t), one can develop simple stabiiitj and iﬁs,tabiiity criteria
for periodically variable, single degree of freedom,.linear
time-varying networks, SuppoSe.tha.t all 6f the nétwork

elements vary in magnitude with the same pe‘riod T; theﬁ,
Cu(t+T) <uft) o (3.38)
is sufficient for stability,
£ (t+T) < £(t) | B (3.39)

is necessary for stability,

2(t+T) > £(t) T ’ (3. 40)
is sufficient for instability, and

u(t+T) > u(t) (3. 41)
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is necessary for instability. Although these criteria suffice
for most practicdl networks, there are many situations which
they do not cover. Since it is generally the goal to extract
power from a network, the resistance level would usué.lly be ‘
sufficiently high to overcome any stability difficulties; this
point will be more clearly brought out in the examples of
sectionlll 3.

III. 2 Comparison of Stability Criteria with Others
obtained by Method of Lyapunov

In treating the same simple example as is shown in

Fig. 3.1, Kalman and Bertram ]'7 ~ arrive via the method of

Lyapunov at the following stability criterion:

Assuming
0<615 L(t)§v1<d)
0 <e, < C(t) < v, <o t >t (3. 42)

0 <ez < R{t) < vs3 ‘<co

the system of Fig. 3,1 is asymptotically stable if
for all t > to '

| - L. G, ,CL L
0 <‘451+R(;a"7.) *Re "R (3. 43a)
and .
L
0 <eg < 1+-1-;;2 : (3. 43b)

Certainly the appfoach through the Hamiltonian with its re-
striction to energy functions is no fit challenge to such a
powerful tool as Lyapunov's second method. But here, just
because of its relation with energy, the stability criterion of

SectionIll.l seems to offer many advantages over other routes
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to Lyapunov stability criteria. From (3.25), it is clear that
if (3.25b) holds for all t > t.o’ then C(t)E(t) is a Lyapunov
function by (3.25a); but for positive R(t), (3.25b) can be
divided by 2R/L to yield the Lyapunov stability criterion

0 <1 -}Z(%-%‘). o | (3.44)
Here already one sees an advantage in the Hamiltonian formu-
lation in terms of application of (3. 44) as compared to ap-
plying both of (3.43). Moreover, when R =0, (3.44) offers
the distinct advantage that its variable term, although of
opposite sign, is but half the amplitude of that in'( 3. 43a).
Futhermore, if a given network fails the test.of ( 3. 44) it
is easy to pick out a value of R which brings it into %ine --

not so with (3. 43), where attention must be paid to R as.well.

Another advantage of the Hamiltonian formulation over
taking an arbitrary pair of first arder differentfdl equations
is that no assumptions need be made regarding the sign of R(t);
this is particularly useful in connection with investigations
of stationary, active net-wo;r ks. Moreover, by a simple modi-
fication of the proc;edure in SectioniIILl, bounding functions’
can be found even when L(t_) and C(t) undergo neigative‘ ex-
cursions. Thié is a rare occurrénce, it béing in violé.f:ion of
tlhe condition of local passivity (see Appendix I), but it is -
reassuring to know that it can still be handled..

In the Hamiltonian approach the energy and the dissi-
pative effects in the netwoerk are brought into prominence.
This energy need not decay monotonically, but need only have
an average trend toward zero for stability. Furthermore,
the growing energy is bounded by a known function so that
one may insure that any original assumptions on smallness

of q and q are not violated.
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In their paper, 17 ; Kalman and Bertram make the
statement
""No procedure ... is available for the determina-
tion of the stability of general linear nonstationary
systems in an algebraic way. There is little hope that
this-state of affairs will change soon. "

This attitude is certainly borne out upon referring to the
two recent Russian articles on the application of Lyapunov sta-

bility methods to nonstationary systems by Razumikhin 22

and Roitenberg,

The Hamiltonian approach is not being advocated here
to the exclusion of all others, but only as an easier and more

convenient starting point.

III. 3 Examples

Example 3.1, A guarantee of stability of Mathieu's : .

equation: Mathieu's equation (normalized),

Q4 +(b + ¢ cost)q = 0 ‘ (3.45)

is one for which the bounding functions u(t) and £(t) say nothing.

It is the governing equation of the network of Fig. 3.1 when

L(t) =1 (3. 46a)

C) = 5 5ecmst (3 46b)
and

R(t) = O. (3. 46¢)

The determining function is

C _]___, 2R _ € sint .
"TYLYT T - F¥ e cost’ - (3.47) :
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hence, for the first cycle the bounding functions are

(B0, 0gt <
uft) =

5 +€¢ cost

E(0) ——— > (3. 48)

IA
o+

A
o
]

In
[
1A
=

and E(0) 66+i ecos'c , 0 ¢
2(t) = '

\E(0) & - ¢

T TSt < 2w (3.49)

The shaded area in Fig. 3.4 is the possible region of behavior
of the stored energy over a cycle. Thus, except in the wholly

solvable case where ¢ = 0, nothing definite can be said about

the stability of this network by taking the above approach. |

&6+e
T-e =0

E(0)

6 -¢
st =0

|
|
|
)
™

Fig. 3.4. Area of possible energy behavior over one cycle for

Mathieu's equation.



There is some fixed resistance R which can be placed in
series with the above network to guarantee stability by the
above analysis. This R can be found as a function of § and

¢ by ascertaining the minimum R which renders
u(2w) < u(0). (3.50)

The determining function becomes

é I: 2R _ € sint
" CYLtT “2R"§Te cost (3.51)
this function is maximum at
cost = - ¢ / §, : (3.52a)
2 .
. _ V6 -¢
sint = ——p— (3.52b) -

Consequently, stability is insured if

R >—y . (3..53)
2VE -c¢ o :

Example 3.2, the G-C Parametric Amplifier : If one
chooses the dual of the c¢ircuit of Fig. 3.1 (see Fig. 3.5), the

upper energy bounding conditions similar to (3.23) and (3.25)

become
Cit,) f G(E)
-2 .
E(t)s E(to)c_(tr exp to m-)-dg ’ (3 543.)
when . .
L C 2G . :
-I+-€+T_<_ 0; (3. 54b)
and
L(t )

(3. 55a)

when



iS4 %> 0. (3. 55b)

In considering the parallel G-C network of Fig. 3.6, one ob-
tains from (3. 55) the stability condition

2G - wC, 50. (3. 56)

The exact solution to the homogeneous equation

d . oA
I ,:(Co+ C1 sin wlt)v:l + Gv =0 (3.57)

is

K Gd§
v(t) = - exp -JS v ’
CO+C1 smmlt to C0+C1 smwl g
(3.58)

which shows the network to be stable so long as Co is greater
than C1 and G is positive. However, under the conditinn of
optimum power matching (see Appendix III), the matched driven
network of Fig. 3.7 dissipates

. 12
o)

P = _ (3. 59)
av
4; ;(ZG)Z-((»ICI)Z

in the load admittance YL' Thus, (3.56) provides a practical
limit for networks which are to be employed in amplifiers be-
‘yond which the possibility of instability arises. Actually,

the stability of the network of Fig. '3, 6 can be demonstrated
even on the energy basis, One need only donsider the same net-
work only with an arbitrarily small time-invariant inductance
introduced in series with G and .C in the single loop (physically,
this would usually be the case). Then the network takes the

form of Fig. 3.1 and the condition
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¢ (t) G(t) —_C(t) L(t)

Fig. 3.5. Dual of Circuit of Fig. 3.1,

% G ;Lcu) = C_+ C, sin ( wt)

O—

Fig. 3.6, Time-varying G-C Network.

+0

i(t) | Yo v(t)% & ;é
’ ' Cd‘l‘C‘ i

Fig. 3,7. Matched, Driven, Time-varying
G-C Network.
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C L , 2 g4 |
Lk e &0 | | (3. 60)

guarantees stability; in this instance L need only be chosen

sufficiently small that

- w, C : ,
2 L1l _so o (3. 61)

GL c _cz
o 1

to achieve the result dictated vb_y (3. 58).

Example 3.3, Two conditions which guarantee the stability
of positive RLC networks: If R(t), L(t) and C(t) are positive
and periodic in the network of'Fig. 3.1, ‘and if either condition

(3.27b) or (3.28b) holds always, then the energy decreases on
the average. A condition which guarantees (3. 27b) for positive
R(t) is

S(£r>0 (3. 62)
and (3. 28b) is guaranteed by

d C 2RC

aT (T)--I-:z—- <0.,. (3063)

These two 'conditions, which are "sufﬁcient for stabilify, were
previously obtained by Gadsden, 12 They are, however, but
special applications of the stability criteria obtained in
Section III. 1 | ' ‘
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1IV. ENERGY FUNCTION ANALYSIS OF LINEAR, TIME-VARYING
NETWORKS WITH n DEGREES OF FREEDOM

The key to the development of the energy functions .for
the single degree of freedom network has been in the revision
of the governing equation (2.10) so that it ultimately appeared
in canonical form. For the n degree of freedom network, the
original set of governing equations appears naturally as a
matrix (n x n) differential equation of second order. Often,
the revision of this equation entails as much work as its
actwal solution; however, in many interesting and useful

cases it does not.

IV. 1 Derivation of the Variational Principle

The development to be presented here closely parallels
that of Section II, except that a matrix treatment is employed
throughout. One can obtain conditions for a modified Lagrangian
and Hamiltonian, and even formulate a state space picture of
the system behavior. Most of the networks for which energy
functions are simply obtained possess a high degree of sym-
metry; fortunately, it is ijust such networks which are of
current interest in connection with time-varying devices,

Upon choosing any convenient network tree 14 to

. X
define the dependent variables (link currents) q., one can

write the governing loop-basis equations of the network:

*Although an arbitrary tree will suffice, it will become clear
later in the development that the best tree, when available,

is one with all of the tree branches consisting of capacitances
and all of the links containing inductances.
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3‘%; . (t) %}6{2 R, (t)q Z (t)q

—e (t),l-l,...

(4.1)

This set of equations can be replaced by the single matrix

difféF&fitial equation

ae[L0] + RO ¢ S0 =2 O

where
n{th Lyp(t)
La1(®) Lap(t)

L.nl(t) an(t)

R.n(t) Rl?.(t)

Rzl(t) Rzz(t) oo

R(t)

Sa1(t) Sp,(t)
5(t)

n

( Sip(E) Sp()

(4.2)

(4. 3a)

(4. 3b§

(4. 3¢c)



q,(t)

q,(t)

q = ':“ (4. 4a)
g it

and

e,(t)
ez(t)

eft) = 5.“) (4. 4b)
(]
n

To modify equation (4.2) in a manner similar to that in
which (2.10) was revised to the form (2.13), one can premultiply
% .
it by an arbitrary (for now) nonzero n x n matrix D(t):

_g(t){{‘t— [g (t)cl] + R(t)g + Slt)g - 3(‘t)}= 0 (4.5)
The variational principle which, via the Eulér-Lagrange equa-

tions, leads back to the set (4. 5) may be obtained by premul-
tiplying (4.5) by the row vector*

6§ = (aqla qu’- e 5qn), (4. 6)
where
6q (tl) .= 8q (tz) = 0, - : (4.7)
and integrating between fixed limits l:la.nd,t;2 ’
t2
f @(t»{d—‘i[yt’)g] rR (04 +Stg - e ai= 0.
t ' (4. 8)

Upon integration of the first term of the integrand by parts, '

one obtains

%Y .
X indicates the transpose of the matrix X.
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t t :
2 2 ~ e " .
sdDM LIt g +( { & aDitL(t)g-68 D (t) L (t)
t ’ S
1 1 :

+54D@R(A+65ID(MS(t)g- a'gg(t)gm} dt = 0. (4.9)

The first term on the left vanighes by virtue of (4. 7); and,
-DI)L (t) + D(YR(t) = 0, | (4.10)

then (4. 9) becomes

n . .
{ 64g D (t) L(t) q + 5@@@&&- 69 Dit)ye (t)}‘dt =0
1 ' (4. 11)

Moreover, under the symmetry conditions

DL =L D (4.12a)
and , , » ) ,-
D(t)S(t) =3 () D (t) | (4.12b)
(4.11) is equivalent to ' |
-t
5 f {-% 4D (L (t)g + 54 D(6) S (t) a-qDt) e (t) d:}= 0.
tl . . : (4.13)

Equation (4.10) possesses a solution so long as L (t) is
nonsingular, but it is unlikely that conditions (4.12) are
met in general. A more general derivation which places fewer
restrictions on the matrix D (t) will bé found in Appendix IV.
Fortunately, time-varying networks which give rise to matrices
‘D (t) satisfying (4.12) are attended with a great deal of
interest; examples of such networks are presehted in the

sequel.
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If (4.13) is to be identified as the modified f6rm of
Hamilton's principle, the modified Lagrangian can be taken to

be the negative of the integrand in ( 4.13):

—

£(@ 9,6 =53 D) L () 4 - 3§ D ()s()g +FDIt)e(t).
(4.14)

If D(t) is taken so that D(t ) = I (the identity matrix) and

D(t) = Ifor R (t) =0 (the null matrix), then, as before, the
modified Lagrangian reduces to the usualillagrangian in the
absence of resistances. Since it serves to introduce the dis-
sipatances into the energy function formulation, it is reason-
able tha..t' D (t) be called the "dissipation matrix.' The

Euler-Lagrange equations,

d 8L, 8L _ o :_
'af(‘é‘&?)"é?i-"oa i=1, 2, 3,...,n, (4-19)

associated with the modified Lagrangian (4.14) are equivalent

to the modified governing equations (4. 5) of the network,

Yet another route to the Lagrangian exists, and, what
is more, it is never beset with the difficulties encountered
above. The method is equivalent to using Lagrange multipliers
to account for the network constraints (Kirchoff's current or
voltage laws), only now in connection with the inverse pro-
blem. To insure the success of the method, one need only as-
sume that every resistive branch also contains some series
inductance. * For an arbitrary choice of tree for an m branch
network with n independent loop equations, one obtains the

14 -

(m-n)xn tie-set matrix B If the current in the j‘:h

*It may be necessary to include a small inductance, say L, in
-series with each resistance; although aesthetically unpleasing-
this is generally the case physically.
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branch of the network is denoted by clj » the tie-set matrix

represents the (m-n) constraint relations"
Ba=0; (4. 16)

where g is an m-vector (column matrix) consisting of all
branch currents. Moreover, the tie-set matrix can give the
relation between the netwonk branch voltages vj and the tree
branch voltages )\j. (these are the actual Lagrange multi-

pliers),

o2

v =

N : : | (4.17)

where v is the m-vector of branch voltages and X\ is the
(m-n) - vector of tree-branch iroltagés . Thus, the set of
governing equations for the network can be wntten as the

m x m matrix differential equation

-a— L(t)q:l + R(t)g + S(tlg - e(t) - E}_ = 0; '(4.1_8)

where L (t), R (t), and S (t) are diagonal matric@®s with each
entry representmg an individual branch. The des1red matrix
D (t) to take (4.18) into vanatmnal form is the m xm

diagonal matrix

Ri(E) R &)
D (t) = exp d1ag{ (—TET"“' ————(E—) dg:l ; (4.19)

D(t) = I. | » (4.20)

Then, the modified Hamilton's principle becames

tz 1~ . ) . ~
fJ: - 334D(t)L(t)g +34 D(t)S(t)a - 4 D(t)e(t)

~ ~
-q D (t) B }_} dt = 0, (4. 21a)
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with the auxiliary constraining relations—

g a= o - (4. 21b)

ha .

The m Euler-Lagrange equations for (4.2la) plus the (m-n)
constraining ,rela.tion& (4. 21b) provide 2m-n equations for

the 2m-n unknowns -- m qj's and (m-n) tree-brancih voltages,
Xj's. Equations (4. 21) are a perfectly valid formulation of

a modified Hamilton's principle; unfortunately, the presence

of the \,'s renders this formulation useless for stability
studies. Nonetheless, one can identify the Lagrangian as

the negative of the integrand in (4.2la); consequently,

. 17~ . 1 v

Lla g, Xit) =33 DL (G -39 D()S (g |

o o (4. 22)
taDfthe(t) + gD

Hence, the formalism of Hamilton's principle always carries

over; however, its utility is sometimes lessened.’

IV. 2 The Hamiltonian and the Canonical Equations

Either of the Lagrangians, (4.14) or (4. 22), is amenable
to the straight-forward manipulation techniques which carry
onward toward the Hamiltonian. First one must define the

momentum conjugate to the coordinate q;:

8L
P; 3 - (4.23)

93

The Hamiltonian is then defined by the Legendre transformation 13

%(S._g _P_i t) =Z Pi;li ‘o{(ga .9'...’ t). (4. 24)
i

The Lagrangian (4. 14) y¢élds the relation .
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P=D@HLI(t)g, o (4.28)
and, hence, the ﬁarﬁiltohia.n,

N

"Yla p t)s §1;'1(t)g"(t)_esr-}ig(t)g(t)g 4D (t) e (t);

(4.26)

this formulation is based on the presumption that D (t) and
L (t) are nonsingular. From (4. IOj, :it is s,dfficient'that L (td
be nonsingular; since this comditipn guarantees _the existence
of a solution to (4.10), it is again demonstrated that if L (t)
is originally singular it 'should be suitably augmented. This

Hamiltonian formulation leads to the set of canonical equaf-

tions
sy . ’
q.=_, 1=1’000’n’ . (4.273)
i agi
and
: pi=-%§lif, i=1,...,m ' " - (4. 27b)
or
a=L 7 ®mDplnp -  (4.28a)
pP=-D()S(t)g + D(the (). . (4.28b)

For networks which lead to dissipation matrices.D (t) satisfy-
ing conditions (4.12), this formulation leads ultimately

through all of the concepts presented in Geation'Il. It seems
superﬂuous, however, to pursue them here since a more general
stab111ty criterion is soon to be derwed from energy con- '
siderations. ' '

The Lagrangian (4. 22) also gives

pP=DM®L@®Yg, 4. 29)
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which leads to the Hamiltonian

et =sBL D e +3ID WS ®) g -F D(H) & (1)

o .a (4.30a)

- aDft) B\,
with

L D () p=0. (4. 30b)
Hamilton's ""canonical' equations become

| _é = y_'l(t)lg'l(t)_g. " (4. 31a)

p = - D(t)S (t)g + D(t)e(t) + D(t) B X, (4. 31b)
and

B LN t) D Yt)p = . (4. 31c)

Thus, a Hamiltonian and a set of (2m-n) ""canonical'' equations
is always obtainable for an m branch, n degree of freedom

time-varying netwaork.

I¥. 3 Examples

At this point some examples will serve to indicate the
application of the modified Lagrangian. The most obvious net-

works are those for which
D (t) = d(t) L; g (4. 32)

this indicates a uniform resistance to inductance ratio:in
every loop. One must not rule out more complicated matrices

D(t) than (4. 32), but even it, in its simplicity, occurs frequently.

Example 4.1, An Iterated, Time-Varying Network: The

network of Fig. 4.1 is described by the modified Lagrangian
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(4.33)

n
'Z'c:l(T) 2 [(a, "9 1) + (q;-9;,,) ]}

i=1

Clearly,.this formulation could be extended to thatnetwork
where the elements, Ri(t)’ .Li(t), and Ci(t), all have differing

values, and only the function

R.(E)
d(t) = expl ITIET (4. 34)

is invariant from loop tailagp:

n
. (q; q_) (4:-4q.,,)
oaof 3 vwat-y 3] L S

i1'8)

Example 4.2, Nodal Analysis: Throughout the thedi-éticial
development of the moditidd Lagrangxa.n, it'was accomphshed Via

loop analysw “with the chargev o playmg the role of fundamental
coordinate. ~-Just as am éxamplé of the: Lagrangn.a.n ’ana.llysus ‘6n the
(dual) node bas1s, ‘where the fiux ¢’ is funaamental, consuler the
1terated time-varying network of Fig. 4.2.

For this network, when one has the uniform dissipation ... .

function

G,(E)
d(t) = exp| , -—-(-g—)— (4. 36)

at each node, the Lagrangian becomes

2
(b;-9; )2 (39, 1)
L= d-(t){ Z C. (t)¢ '2' Zl: ;[_.(:)1 R ot _-J }

Li(®

(4. 37)
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Fig, 4.1, Iterated, time-varying network.

L;(t) | Ligt Lyl

. ‘ Y . | , .
¢;1 G;t) /%/ ¢; A G /g;/“’m' 7"!Ci+1(t) ®i42

Gi1(®) |

Fig. 4.2. Iterated, time-varying network.
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Example 4. 3, Continuous Networks: If a variational -
principle embodies two independent variables, say time t and -
distance x, then the resulting equation, rather thah the Euler-

Lagrange, is the Ostrogradski 19:

9 , o 9 ,8L, 94
3tHa) t x50 “Bq (4. 38)
where
a=2d (4. 39a)
and
_94q
b-‘—;{ ) (4. 39b)

The Lagrangian density 13
A
2 1 2
L=zt tn) @GP -5 0 G (4. 40)

for example, yields the governing equation

o exddl- & [stxngd] = 0 (4. 41)

This equation is capable of describing many continuous net-
works through Lagrangian analysis. One simple example of
such a distributed network is.the uniform, lossless trans-

mission line, with
2 (t,x) =12 (4. 42a)

and
s (t, %) = &, (4. 42b)

which has the wave equation

2 2
123-x29 = (4. 43)
-9 9x
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Lossy transmission lines and lossy distributed networks are
easily described with more esoteric functions, £(t, x) and
s(t, x) .

These examples have served to illustrate the application
of energy functions to time-varying networks. The next section
will illustrate the utility of the concept of enérgy in stability
studies .of such networks.
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V. STABILITY OF LINEAR, TIME-VARYING
NETWORKS -WITH n DEGREES OF FREEDOM

From the physical viewpoint, the behavior of the network
stored energy makes a good starting point for network stability
investigations. The fact that the network energy can be charac-
terized on two bases -- magnetic stored energy, for instance,
can be considered to be analogous to either classical kinetic
or potential energy -- leads to results of a more interesting
nature than those encountered in the traditional Lyapunov

analysis.

V.1 Energy Bounding Functions

Although the energy functmns ‘sometimes fail to be
describable in a s1mp1e manner, the stored energy itself can
always be used to investigate stability, Returning to the net-
work equatinns on the loop basis (4.2), only now for the un-

driven network,
d ° *
& [Lta]l+ RMg+SMg =0 (5.1)

one can write the . network stored energy as

R

Eit) = g L(t)g + S (D) g (5.2)

It is easily verified that the time derivative of this function

is given by *

Y ~ ~
dE(t) _ 1 R S L (5. 3)
—® " 2‘2&2 >959-39 R4 -39 Rg

¥

The matrices L(t) and C(t) are assumed symmetrical thus,.

any non-reciprocal elements must be mtroduced via the R(t)
matrix,
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Upon introduction of an arbitrary multiplier f(t), one obtains

f(t)E(t)] =§-g_[f1__. - f (:I:._+ R+ g)}q +Eq|:fs+ fS]q .

(5.4)
Integration of this equation leads to

N . L ~ .
fHE®) = £t )E(E) “zf q [fL - f(L+ R+ R)]q dt
: t
(o]

+%—f "g’E_s_ + f§:|g at. (5. 5)
t ' : ,
o

This formulation leads quickly to simple bounding functions
for E(t). If

fL -f(L+ R + R) is negative semi-definite (5. 6a)
and . . : :

fS + fS is hegative semi-definite, (5. 6b)
then

£(E)E() < £(t_)E(t ) (5.7)

Itisa s1mp1e matter to find the maximum £f(t) which
Subistiss Botn £SRditioRs (5 6) Under the assumption that
L(t) is a positive semi-definite matrix, % a similarity trans-

formation represented by A(t) can be found such that

X (OL(®A®M) = 1 | (5.8)
and .
g(t)[é (t) + R(t) + "g’(t)] Alt) = A, (t), (5.9)

where A 1(1:) is a diagonal matrix which has the n roots of

= .

If L(t) is not a positive semi-definite matrix, it can be
augmented by additional elements L. (later to be reduced
to zero) to make it so. €4
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det. [)\I(t)li(t) - 1_: (t) - R(t) - E(ti] =0 (5.10)

13,16

as entries. i Thus, (5.5a) holds if

fI - £ \,(t) is negative semi-definite, " (5. 11)

. "
Similarly, if the pertinent part of S(t) is positive semi-definite,
a similarity transformation represented by B(t) can be found
such that o

Bt)S()B(t) = 1 (5.12)
and . —
B)S(t)B(t) = A,(t) | (5.13)

where \,(t) is the diagonal fatrix which has the n roots of
det [Xz(t.) S(t) + §(t.):| =0 . . (5. 14)

as entries. Hence, (5.5b) holds if.

£1 - £ \,(t) is negative semi-definite. (5. 15)

For positive f(t), the obvious choice for.frxa}:'imum f(t) which

just satisfies (5. 11) and (5.15) is given instantaneously by

flf= hﬁit- )x‘mfm{’bij(.t)’, v?‘Zi(t)} ’ | (5.16)
where xli(t) and )\_Zi(t) are the roots of (5.10) and (5.14),-

respectively, Then,

f(t) = exp )\u (E)dg ), (5.17)
o , v
ang from (5.7),

F3
Obviously, it is inconsequential to congider entire zows
and corresponding columns of S (t) which have all zero entries.

-65-



t
E(t) <E(t,} exp I NI (5.18)
o

Returning to (5. 5), one sees that if

fL - f (L + R+ R ) is positive semi-definite (5.19a)

and
fS + S is positive semi-definite,
then . :
f(HIE(t) > £ (¢ )E(t,). - (5.20)

Following reasoning parallel to that used above, one sees
that conditions (5.19) just hold for positive f(t) when
£ _ R
= ,0= max {xlj(t),, A Zi(t)} , (5. 21)
where hli(t) and )‘Zi(t) are the roots of (5.10) and (5. 14)

respectively. Then,

t o
£(t) , exp N, (E) at |, (5.22)
_. i | , ,
and, from (5.20),
. |
E(t) > E(t_) exp -f a8 . (5.23)
t
. o :

The energy of the linear, time-varying network with n
degrees of freedom has been lounded in a manner similar to
that found in Section lII. Some interesting special cases are

immediately recognizable from the above:

(1) For a time-invariant network, if all of the roots of

det [u_.,_ -R -"r_i]= 0 | o (5.24)
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[

are positive, the network is stable;
z)y Sirhilarly, for a time-invariant network, if all of the

roots of

~ . : :
det| \L. - R - _R_:|= 0 ) (5.25)
are negative, the .network is unstable; V

(3) If only L(t) and R(t) are time-varying, then the roots of
det [X(t)_L_,(t) - I_.:(t) - R(t) - 'g(tﬂ = 0. (5.26)

indicate stability if they are all positive, and instability

if they are all negative.
]

Case (3) does not exhaust all possibilities, and the more
general method given above must . be used when it does not
hold.

Still, one has but half of the picture, for the entire
formulation can be done on a nodal basis as well, Then, in-

stead of (5.1), one begins with a set of network equations

z}i{ 9_('3)3.!;|+ E'(‘ti)i £ G(t)e = O, (5. 28)

. A‘ *
where ¢ (t) is the n-vector of tree-branch voltages. Now the

stored energy can be written as
OO L
E(t) =5 $C(t)o + -z-gz_ I (t) ¢; (5.28)

its time deriviative is given by

ﬂE»The dimension of the matrix equations on the node basis need
not equal that obtained on the loop basis -- it is, as in time-
invariant networks, strictly a topological considdration.
Neither the loop basis nor the node basis dimensional}ity need
equal the number of dynamic degrees of freedom,. which has
been given by Bryant.
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1 T
4-7% G-z 3G

le
I~

~
Stk - -zecery

Proceeding as before, one obtains

HEE() = £(t_)E(t_) + J ;l:%g - £(C + G+ 5)] 4 dt
t

o

t .
+%I 3|er+ £r|g at.

o
Consequently, if
. ° ~n
fC - f(C+ G + G) is negative semi-definite

and

fI' + f " is negative semi-definite

then
f(t)E(t) < f(to)E(to) .

Similarly, if
f(_: - f(C + G + G) is positive semi-definite

and

fr'+ £ T is positive semi-definite

| then
f(t)E(t) > f(to)E(to).

The pertinent quantities here are the roots )\3i (t) of
det E3 (t) C (t) -~ C(t) - G (t) - G (ti\ = 0

and the roots X4i(t§ of
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(5.29)

(5. 30)

(5. 31a)

(5. 31b)

(5.32)

(5. 33a)

(5.33b)

(5. 34)

- (5. 35)



det l:_'x4(t) T (t) + g (t):l = 0. (5. 36)

For positive f(t),

+ & A (1) = min {xﬁ(t)., x4i(t)} (5.37)
gives t
E(t) <E(t_) exp -f A, (E)dE ) (5.38)
tO
and '
ff-= )\l(t) =m:.x‘~ {)\3i(t), X4i(t)} (5.39)
gives t . B
E(t) > ’E(to) exp -J: A ’ (£)d§ | . (5. 40)
(o}

Thus, (5.16) and (5.37) give two choices for the energy upper
bounding function at any instant; it is desirable to have the
minimum upper bounding function (d.e., the maximum hu(t) ).
The best obtainable upper boundirg function for this formula-

‘tion is given by

Ault) = max [mtm Malth Agylt))s min(hg(t)s x4i(t))]

(5. 41)
and ot | o
E(t) < E (t ) exp -I/\u(é g | - (5. 42)
. .

Similarly, the best obtainable low'é;r bounding function for

this formulation is given by

ACE minl:m:x( Ayglths Xp(®) max(hyy(e), & 4i“”] :

(5. 43)
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t
E(t) > E(t)) exp | - I N\, (548
o

(5. 44)

It should be recalled that the functions kli(t), xZi(t). )\3i(,t),

and )‘4i(t) are the respective roots of

det [’\1(")1: (t) - L (t) - R(t) - 'g’(t] = 0,
det —xz,(t)s'(t) + S (t)] = 0,

(1S (t)+ S
det |A5(61C (1) -G (6) - G(1) - "g'(t)] = 0,

and

s

det |\ () L (t) + _i_“(t)].z 0.

(5. 45a)
(5. 45b)

(5. 45c)

(5. 45d)

For networks where all of the elements vary periodically

with the same period T, equations (5.42) and (5. 44) may be

used to formulate simplé stability criteria:

t+ T
/\u( £ )dE > 0 is sufficient for stability,

and
t+ T

f /\£(§ )d€ > 0 is necessary for stability;
A .
o
similarly,
to+ T .
f /\z(g )d§¢ < 0 is sufficient for instability,
to

and
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hence,

_ L. 2R
?\-1 =1 + I . : . _ (5. 50a)
and .
_ G
A, = T (5..50Db)
On the node basis the network equations become
' 1 1 -1\
d 001 /(% ' O\M\ [T "T) (4.,
t . 11F  Fl1 o1 = 5
0 CJ/\% 0 0/\¢%/ \'T 1/ \*%
(5. 51)
Hence, the eguations for Ny ahd 7\.4 are *
2
)‘3Ce "R 0
det = 0 (5. 522)
0 A,;C-C
and » .
1 L 1 L (
)\41‘6 + )\.4—]:"1-2 -X4-]:+—L?
det - }]= 0 ¢5.52b)
-\ 1 , L 1 L
“Ny 5t A= -
4T 4172
Solution of these two equations yields
. C
)\31 = -(—: , ‘ (5. 533.)
A s — 5.53b
32 - Rce + oo, o (5. )
L
Ay =T (5. 53c)

*
Here C and I'"have been temporarily augmented by C, and ]f‘e

to insure that they are positive definite; these quantities will
later be reduced to zero.
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t+ T
/\u(g )dE <. 0 is necessary for instability. (5. 47b)

(o]

V. 2 Examples

Some simple examples will serve to illustrate the theory

and to point up its usefulness in investigations of stability.

(1) Single Loop RLC Time-Varying Network

The network of Fig. 5.1 can be described on the loop basis

by the single equation

a% [Lq:l+Rq + lﬁq = 0. | (5.48)

N

/ R(t)

3 (1)

Fig. 5.1. Single Loop RLC Time-Varying Network.

The equations for )‘1 and 7\.2 are, therefore,

AL -L-2R =0 (5. 49a)
and
1 C _ a
)‘ZE"@Z =0 o , .(SA%)
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and '

Consequently, for the smgle loop network, the upper bounding:

function is oviained as in (5. 41) from

At) = max{m:nl}ij +28), (C) , min [(g). (+oo0), ({),(0}'}.
(5. 54)

Similarly, the lower bounding function is obtained as in

(5.43) from

A = {max[( 2R, (—)] , max [C>. (+eo); (L).(O)]}

(5. 55a)
= max [(L ZTR), (C)] g | (5. 55b)

since infinity dominates the second square bracket. This
example has shown clearly the advantage of the n degree of
freedom formulation with its two bases ( q and ¢) oveer the

single degree of freedom formulation of Section III.

(2) Stability of Iterated Time-Varying Network

The iterated time-varying network in Fig. 5.2 is a lossy ver-
sion of those previously described in the literature. 2_’ 3

If this ‘network is to be described by a set of matrix dif-

ferentidl equations of the form

= I:c_:_(fc)_i{ ]+ G(t}é + T(t) = 0, (5. 56)

the pertinent matrices become
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(M,)

C(t) 0
o) = ™)
0 m Cit) (5.57a)
©_
0
G (t) = G
(O, (5. 57b)
0 G .
and
/ (Mz)m 0
0
| M .
()= 0 Mol (5.5 <)

M—l a.nd__l\ii_‘2 a¥e m x m, time- invaridnt matrices describing the

arbitrary m degree of freedom lossless networks intervening

between each G-C(t) set. The equation

det [x3_c_ - C - Z‘G] = 0 | (5. 58)

has the repeated roots

A.=0 ' (5. 59a)

3
and .
_C 2G : .
)\3 =T + < - (5. 59b)

the equation
det [x4 I+ _1:‘] = 0 (5. 60)

has the repeated roots

Ny = 0. (5. 61)

-74-



~zomjeou Surkiea-swry pereray] °z °¢ °*Srg

| INVIEVANI-TIWIL

SSHTSSOT

LNVIIVANI-ENWIL

SSHETSSOT

- =75~



Thus, the stability of this iterated time-varying network.is
guaranteed, regartlless of the nature of the intervening time-

invariant, lossless networks, if
C + 2G >0, (5. 62)

This criterion is useful in a preliminary investigation of
such netwo‘.rks; however, once the lossless networks have been
specified the problem can be reworked to obtain less stringent

requirements,

Example 5.3, Shunt Version of Negative-Resistance
Parametric Amplifier: The network.of Fig. 5.3 has been em-

ployed in the analysis of negative-resistance type parametric

ampliifiers.
Gg
MNV A
G =680
¢ .
' cvL 4

'Fig. 5.3. Shunt version, negative-resistance parametric amplifier.,

For this network, one has the matrices
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£(t)= 0 (5. 63a)
C,(t)
| 1tGs 91 -G,
G =| -G G+G, 0 (5. 63b)
-G 0 G
and
p Iy 0
r= | ~T T2 0. (5. 63c)
“\o b o
The equation
det [x3g_ -c-g -':_']= 0 (5. 64)

becomes

)\3(C1C2C)-7\3(C1CZC+2G C C+2CleC’f.zC1GSC+ZCngC+ZC1Cst)

172
+\ 3Z(C1GZC+CIGSC+CZGSC+G1GsC+GZGSC-i-ZGIGZC+2G1CZ'GS+ZC1G2GS)
"4(GIG5'C+G2GSC+G,'1GZC+2GIGZGS) = 0. (5. 65)

To insure stability, one must ascertain that all of the roots
X3i(t) are positive for all time; this can be done by a time-

dependent Hurwitz criteria, Thus, for the polynomial
3 2
A =a(t)h + Db(t)A - c(t) = O, (5. 66)

the roots \(t) are always positive if
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a>0, (5. 67a)

c >0, : - (5.57b)

and
ab-c>0. (5.67c)

Condition (5.67b) yields, for example, from (5.65), that

. 2G

G,G
C+ 2

1
+G

3
GB+C‘12C‘1’3

>0 (5.68)

G,G

172" "1

for stability. Hence, it is the series combination of three
resistances shunting C(t) which forms one single degree of
freedom type of stability condition. The other two condi-
tions must also be satisfied, but they are a bit difficult to

: *
study in the absence of specific element values.
V. 3 Conclusions

The use of functions bounding the metwork stored energy
on both the loop and the node basis has allowed a quite general
formulation of stability criteria. This two-basis approach
possesses the obvious advantage that one may switch from
one to the other as the need arises to obtain an even tighter
bound on the network stored energy than one alone could
give. In many instances where norms other -than the stored
energy are to be employed, this approach for more than one
characterization of the same norm might also prove exped-
ient, Specifically, the many bagis characterization should
be an excellent alternative to the Lyapunov search for a

singly specified decreasing norm. 15

* For a taEte of typical values for C(t), C(t} and G, see
Uenohara,.
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VI. CONCLUSIONS AND FURTHER PROBLEMS

The characterization of singlé degreé of freediom net-
works by modified Lagrangian and Hamiltonian enérgy fdhctions,
and the usefulness of such an approach as pi-esented in Sections
Il and III, indicates that the extension to n degree of freedom
networks as presented in Section IV should be put on a firmer
foundation. The modified forms of Hamilton's principle --
(4.13), when it is avaiia_ble, or the always obtainable (4.21a)

-= age both valid starting points for approximate analysis
schemes as discussed inIl, 7. It would be worthwhijd from
this standpoint alone to attempt to find the simplest Lagrangian

characterization for a given time-varying network.

Although it was not mentioned, the Lagrangian formulation
is readily extendable to cover networks for which only one kind
of energy storage element is nonlinear. An energy function
analysis capable of far-reaching consequences would emerge if
all kinds of nonlinear elements -- particularly resistances --
could be included. The phase plane analysés of Section II in
conjunction with the true Lagrangian and Hamiltonian would
seem to be the ideal starting point for the study of autonomous
oscillations and energy converting properties of nonlinear

networks.

In the stability analysis the stored energy is but one
of the infinite number of functions which may be used to inves-
tigate the network. Because of its characterization on two
bases (loop-charge and node-flux), the energy appréach has
yielded some manipulative advantages ofer the Lyapunov
search for a method of single basis characterization. Cer-
tainly, the search should be continued for other multi-basis
descriptions of network quantities as an alternative to the
viewpoint often propaunded. In terms of Lyapunov stability,

13,19, 27

canonic transformations on the network Hamilfonian
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might present a good route to Lyapunov functions,

The results presented here only pepresent a e ginning.
Energy andlysis of networks is an alternative to many excel-
lent methods -- sometimes bétter, sometimes worse., But if the:
Lagrangian analysis is strengthened and better understood,
vast bodies of theory from analytical mechanics can be brought
to bear on electrical: networks. The employment of 300 years
of theory could be of theoretical value to the understanding
as well as of practical value to the utilization of electrical

networks.
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APPENDIX I. ORIGINS OF TIME-VARYING NETWORKS

Time-varying network elements can, of course, be obtained
by mechanically vafying the element values in time. ‘Examples of
this type of time-varying element might be a driven rheostat [R(t)],
a parallel plate capacitor with a moving slab of dielectric [C(t)],
or an inductor with a moving iron core [L(t)]. Although these are
plausible devices, they could hardly be expected to be practically
operated at hi'gh frequencies

The time-varying network elements usually considered
are but small signal approximations to electrically driven non-
linear elements, Consider, for example, the single degree of

freedom, nonlinear, time-invariant network of Fig. Al.1l.

R,(9) L (q)

e (t]

N

ep(t)

Fig. Al.l,  Driven, Nonlinear, Single Degree

of Freedom Network.

Fig. Al, 2, Driven, Linear, Time-varying, Single Degree of Freedom

Network,
-8l-



The differential equation governing the network behavior is
d . K . L. . _ | ‘
ot [Lal@al+ R (9 a + S (a)a=elt)+ e (t). (A1)

Suppose that the signal source is idle, i.e.,

e (t) = 0, | (Al 2)

then equation (Al.1) becomes

a. -
ar [Lnlep) 9, 1+ Rp@ ey S, (a) a = e (t). (AL 3)

~The solution to this equation, whether it is obtained experi-
mentally or analytically, can be considered to be the known
function qp; then the solution to (Al.1) can be denoted by
q = q,+ d,- (Al 4)
Under the assumption that the elements are well-behaved

functions of q and q, equation (Al.Il) can be expanded about

the fundamental solution qp to obtain the equation

d L e e
It {[Ln(qp)+Ln(qp)qpﬂq- -] (Bghag) IRy (4 M REQ)a g+ ]

(@) + [S (a.) + SL(qP) +o.. ](qp+qs)}= et eg(t) (AL. 5)

(where prime (') denotes the derivative of a function with

respect to its argument.) Under the assumptions
|qB| max << lqpl max : (Al.6a)

and

':;sl max <<|<iplmax (Al.6b)
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onet:can subtract equation (Al. 3) from (Al.1l) and retain only

first-order terms to obtain

d ; R, . R
3?{ [Lolay) + Ln(qp)qp]qs} + [Rp(ay) + Ryla,)a, e

(AL 7)

+[sylay) +5i(q)a,]a, = elt).

Since q_is a known function of time, one can make the identi-

fications
L(t) = Ln(ép) + L;l(;lp) ;19, (Al. 8a)
R(t) = R_( ép) + R;l(élp)"lp, (Al 8b)
and
s(t) = 5, (a,) + Spa)d, (Al 8c)

to obtain the linear, seconl-order, time-varying differential
equation which approximately describes the relation between

the marginal response qs(t) and the signal es(t):

S [L(tig ] + Ritla + S(tha, = e (t). (AL 9)

Thus, if there were some way of filtering out the goound-
state (i. e., es(,t) = 0) response qp(t), equation (Al. 9) could
be considered to be the governing equation for the linear,
time-varying network of Fig Al.2. It is required at many
points in the development of the bounding functions that L(t)
and C(t) be positive-definite time-functions (or in the more
general case that L(t)and C(t) be positive-definite matrices),
this condition is called local passivity by Duinker. 9 From
equations (Al. 8), it is clear that local passivity of L(t) and
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C(t) is guaranteed if [qL(;l)] and qS(q) ] are both monotonically
increasing functions of their arguments (see Fig. Al.3), since
(Al. 8a) yields

B [aL (@)] >0 | (AL 10a)
9q
and (Al. 8c) yields

o [as (@]1> o. (AL. 10b)
as(q)

qL(a)

Fig. Al.3. Dependences which produce locally passive S(t)

and L(t).
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APPENDIX II. DEMONSTRATION THAT THE MODIFIED

HAMILTON'S PRINCIPLE IS A VARIATIONAL PRINCIPLE

It is the purpose here to demonstrate rigorously that

the modified Hamilton's principle derived in Section II is a

variational principle which leads back to the original equa-

tion of motion. The modified Hamilton's principle is

t , .

6f D(t)[—lz L(t)c’i2 - -2-01(—t)-q2 + e(t)q] dt = 0;
t o

1

to take this variation one can consider the integral

(A2.1)

t -
I =f Do) & L@ en)’ - gvrtasen)sne(t)(aren) Jat
t .

(A2.2)

where n(t) is an arbitrary function which vanishes at t; and

tzo It must be shown that
3J_
e

6J =€ fae
H De e= D

leads to the equation

D(t) {a‘i— [L(t)a] + Rit)q + S(t)q - e(t)} = 0.

5J t
- f2 v e e
_5_:_ = .{1 D(t)[L{t{q+en¥n - E%TT (q+em)n + e(t)n ]dt;

t
(%g—)eiof D(t)[L(t)an - El(_trq"' +e(t)n] dte

Y
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Integrating the first term by parts and setting the right hand
side equal to=zero, from (A2, 3), yields

[D(t)L(t)an] ‘22 +[Z {-—ilmt)ut)’«i] -+ D(t)ett)}n at = .
. T ) I - Tt
11 (A2. 7)

The bracketed term vanishes because n(t) is zero at the end
points, and by virtue of the arbitrariness of n (the funda-
mental theorem of the calculus of variations) the term in

braces in the integrand must be zero; hence,

- 3¢ [DOIL(t ] - Gteha + Dit)ett) = 0, (A2.8)
or
d ; . q + D(t) -
D(t)gr [L(t)a ] + D(t)L(t)q + Ty - Ditle(t) = 0. (A2.9)
But,since
D(t)L(t) = D(t)R(t), (A2.10)

equation (AZ2. 9) becomes

D(t){;{:— [L(tha 1+ Rit)a + .'C—I(Wq - e(t} = 0, QE D.  (A2.11)
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APPENDIX III. OPTIMUM POWER FROM A TIME-VARYING

PARALLEL G-C COMBINATION

G(t)

i(t) Y v(t)
[ C(t)

O
2%

Fig. A3.1, Time-varying G-C Matching

Network.

Given the network of Fig. A3.1; its impulse response
h(t,7) is to be determined so that maximum power is dissi-
pated in the unknown network Y. The equation describing the

network behavior is

j h(t, PYv()dT + G(t)v(t)+EC1? [.Ct)w(t)] = i(t). 4A3.1)

-Q0

The instantaneous power into the unknown network load is

v(t)f B VI 4 = v(B)ift) - vtk [Clavit)] - Glaw>(e);

= Q0

(A3.2)
hence, the average power into the load is
P =1 [v, - v—d—(Cv) - sz ] at (A3. 3)
av tz-fl t i dt* ' '
1
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(where the arguments of v(t) and i(t) have been omitted for

convenience). To find a condition for . maximum power, one may

employ the variational formulafionlo’ 16
5P, =0 (A3. 4a)
and
62P < 0. (A3. 4b)
av
But

2
Pav=6(-t;:l?-)f [Vi-V'gt—(CV)"GV ]dt
1

"

t .
1 . d /1 2 1 2 2
G(W)\‘[.Q[VI--J{(ZCV )-z-CV-GV ]dt;
1 tl _ ‘

thus, conditions (A3. 4) become
t

af [vi - S GCv?) - levt- Gl at= o (A3. 5a)
. |
and
Sk .
aif [vi - -gf( %CVZ) - -;-Cvz- avl]dt <o. (A3. 5b)
t

The perfect differential -a(-i{(.l- Cvz) is inconsequential (the
stored energy does not participate in the exchange of power),

and (A3. 5a) indicates that the Euler-Lagrange equation
i(t) - C(t)v(t) - 3G (t)v(t) = O (A3.6°)

must be satisfied. Moreover, from (A3. 5b), the sufficient

condition for a maximum beciomes

_C-2G <0; (A3.7)
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but his is the oond1t1on ‘which also guarantees stability (see
Example 3. 42).

Combination of (A3.6) with (A3.1) yields

f h(t,7) v (2) 4T = G(tIv(t) - C(t)v (t); (A3.8)
oo

this is the condition .of adjoint match, . where the equation of
the loading network is the adjoint of that of the loaded net-
work. Combination of (A3. 6) with (A3, 2) yields the expression

for the instantankovus: power

2

P(t) = ie - 3 —-C(zmc)]-—c:(—f-c(

2G+C 2G+C

(A3.9)

Again, in computing the average power, the second term on the

right can be dropped as it does not contribute; therefore,

o f iz(t). dt. (A3.10)
av  ty-t t, 2[2G(tHC(t) ]

Now, if, for example,

i(t) = Io cos wot, (A3.11a)

G(t) = «Goa (4£3.11b)

C(t) = Co + C1 cos wlt, (A3.1lc)
and

W, << wp (A3, 11d)

then an approximate wexpression far average power extracted un-

der optimum loading is given by

. 1
i1
P—Zo

— — (A3.12)
VG 2=, %
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If condition (A3. 7) is not met, the integral in (A3.10) diverges.

It has been shown here that the stability condition found in -

Section III and optimum power matching are intimately related.
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APPENDIX IV. GENERALIZED ENERGY FUNCTIONS FOR
NETWORKS WITH n DEGREES OF FREEDOM

If a given network is described on the loop basis by an

n-dimensional matrix differential equation

S [Lta ]+ R (g + 5 (t)g = e(t), (A4.1)

it is desirable to seek a variational principle for which this®
equation represents the set of associated Euler-Lagrange equa-
tions. The original matrix can, of course, be modified by

premultiplication by an arbitrary nonsingilar matrix D(t):

Q(t){fj—t [Litha ] + Rit)q + Stt)q -f_(t)} =0 (Ad.2)

The most general Lagrangian which could be employed has the

form

~
11_44g+3_1i153. (A4, 3)

fo.
ha 2

24 . ~ ~
L@a.h=aMg +aM,a +aMya+

Emplqoyment of the variational principle

t

zij\z L, gty dt = 0 (A4. 4)
t
1

yields the vector Euler-Lagrange equation
d ~ . ~ ~/ . r'\/
'3?[@1 +M)gl+ [-M, + M, + M, - M;]q + [-M, - M,

s .
+ M, + M4]‘1+M 0. (A4.5)

5_3_:

F7

M denotes the transpose of M ; and the arguments of M,(t), ...,
M_(t) are omitted for convenience, although they are all
time-dependent.
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Comparison of this equation with (A4. 2) yields immediately the

following relations:

M +M =DL
and
M, = - D.

One must still somehow solve the set of equations

M.+M -M D
-M, + M, +M, -M; =DR-DL

and ~

“h}z“‘M +M

~/
M3 +

S
il
10
It

4

(A4. 6a)

(A4. 6b)

(A4. Ta)

(A4. 7b)

Combiring these two equations ( and recalling that S is sym-

metrical), one obtains the second-order differential equation

for D(t)

2

#(DR-DL)=DS-5S

10

(A4. 8)

A solution to (A4. 8) such that (D L) is symmetrical will
yield all of the desired matrices and the Lagrangian. Quali-
tatively, (A4.7a) indicates that (D R - D L) must have zeros

on the diagonal. Beyond this, however, little else can be

said about these matrices in general. Except in special

cases,

the solution to (A4. 8) is per haps more difficult than that of

the original equation (A4.1). Special cases for which an

acceptable D(t) is easily found abound; some of these are dis-

cussed in the body of the manuscript.
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