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PROOF OF THE GENERATION RULE
FOR THE STABILITY CONSTRAINTS

IN LINEAR DISCRETE SYSTEMS1

by E. I. Jury
In a precéding publication the generation rule has been

1
presented without the detail proof.” In this short not this proof

is constructed and is presented by the following theorem.

‘ Theorem: Given ao, al, R define the substitution
function by the following rules:
1) a . =b,i=0,1,...,m
i i )
_ .2 .2 ) _
2) S(ao) =ag - bm S(bm) = aobm_l-albm
S(a)) =ag2)-b P, e L
’ '
. > .
S(bz) = ao b1 a_ -lbm
S(am ) 1) = aoam ) l-blbm | S(bl) = aob0 -a.mbm .
o
3 ORI S s seess i i
) If P(ao, al, ak bm bm -1 bm _ k) is a polynomial,
let S{P(ao, STRERTE bm, brn RIEEETL I -k)}

= P[S(ay).-.-,Slay), S(b_),-..,S(b_ )] .

Then, the stability constraints are

2 2 2 2 m-1 2 2
ao - bm £} S(ao - bm) 9 ® 0o sy S (ao"bm)

bk=ak bk=ak b.



Proof: It is easy to check the above for m = 2, assume it

is valid for m =n-1,then it suffices to prove it is valid for m = n. The

table begins:

ao al PP an_l
an a.n_l . al
3rd Trow 2 2 a a
30 " 2, agama, 3, 23 2733 202173,
2 2
aga "3 - ce o ag-a .

Note that the manner of generating the rest of the table is the
same as obtaining the whole table for m = n - 1. Thus, we can utilize

the induction hypothesis as follows:

1. Define

ny _ 2 .2 (1)

ao ao - bn bo
(1) _ _ () _

ay =aga-b by =b ' =agh-a P,
(1) _ (1) _

ay =agay-b ob, =b, 0°2 “3n-2Pn
(1) _ _ . (1) _

a 27303, 7Pk, =b_ 27 2Ph 27220,
1y _ _ ()

217202, =b 1 7 29Ph17%P,

or in a compact form,

(1)

a, ' = S(a.i), i

(1) _ .
b, " =35(b, ), 1

0,1,...,1’1-1

1,2,...,n-1.



One readily notices that

1 (1) 2 1
0 * % 0t Pp
. rd .
are just the 3 row in the table.
2. The substitute function corresponding to the rest of the

table, in accordance to the theorem is:

s = (a (1))2 607 sy = a0y ® W0

(1) (1) 1 (@ (1) (1) . _ (1) () (1) (1)
Sila; ) =ag’a;  -b 5 b 1 5i(Pa2) T2 P33, B
. \
(1) (1) (1) (1) () (1, _ (1) _ 1) (@ (1)
Sifa, 3= n-3 " P2 Pua [ SiP2) =3y =y aLnz n-1
(1) (1) (1) (1) (1) (1) (1) ( ) (1)
Silap_p)=ag 2, -y b | S)(by ) =agbyt-a b

/

Then, the rest of the stability constraints are,

(1).2 (1)2 (1)?, (1) ()2 (1) z
(0) -(b :SB )],cq., [( ]o

nl

To prove the theorem, we have to show that the following two

sequences are identical:

ag) = ag - b2
0.2 (1) .2 2

@ - @l ) = S(ag - b2)

s, (@7 - 0 )2] = s%al - bl

n2[_( (1)2 (1) z] _nlo2 2

|
[¢)]



It is easy to check the first two relationships. To show the
(1)
;)
are identical except the subscripts of the '"b'" terms in S(a.) are

(1)

(a.”"). The same

rest, we may note that ignoring superscripts S(ai) and Sl(a

one greater than the corresponding ones in S
1)
i

) are one greater than the corresponding

1

situation holds for S(bi+1) and Sl(b ), i.e., the subscripts of

the '"b" terms in S(b.

(1) i+l
i ) . From these two facts, it follows that (except
for superscripts and the difference in the ''b'" subscripts),

k r (1),2 1) .2 ke 2 .2
S1 [(ao ) - (bn-l) ] and S [ao - bn]are the same. There-

ones in Sl(b
fore, to verify that the above sequences are the same it is only
necessary to note from the previous definition that,

S(a.) = afl) , i=0,1,...,n-1
i i

(1) . '
= =1,2,...,n-1,
S(bi+1) bi , 1 =1 n-1

Thus, the theorem has been demonstrated.
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