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ABSTRACT

The Nyquist diagram technique is examined under very general
assumptions [see (G.1), (G.2), and (G.3)] : in particular, the linear
subsystem is represented by a convolution operator [see Eq. (1)]. Itis
shown that if there are no encirclements of the critical point then the
impulse response of the closed-loop system is bounded and absolutely
integrable on [0, o); it also tends to zero as t—>co. For any initial
state, the zero-input response of the closed-loop system is also bounded
and goes to zero. If, on the other hand, there is one encirclement of
the critical point, then the closed-loop impulse response tends asymp-

totically to a growing exponential.

The research herein was supported by the National Science Foundation
under Grant GP-2413. This paper was presented at the Allerton Con-
ference on September 28, 1964. '
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INTRODUCTION

The Nyquist criterion is proved for the single loop feedback case.
The purpose of the paper is to demonstrate the extreme generality of
the criterion by constructing a proof which requires the least number of
assumptions. f The main result is stated in the form of a theorem. The

hypotheses of this theorem include most cases of engineering interest.

ASSUMPTIONS AND MAIN THEOREM

Following Nyquist1 we consider the linear time-invariant single-
loop feedback system shown in Fig. 1. It will be referred to as the closed-
loop system. The block labeled k is a constant gain factor (i.e., inde-
pendent of time and frequency): if its input is n(t), its output is kn(t),
where k is a fixed positive number. The block labeled G is linear,
time-invariant, and nonanticipative (causal) and it satisfies the following

conditions:

(G.1) Its input-output relation relating the output vy, the iero—input

response z and the input £ is

t
y(t) = z(t) + /0 gt - 7) &()dr for all t > 0. (1)

(G.2) For all initial states, the zero-input response is bounded on
[0, ) and z(t)—>z__ as t—>oo, where z__ is a finite number

which depends on the initial state. Let z,, = 5;133 [z(t)].
2

TThe discussion of stability for the case where the transfer functions
are not rational is far from trivial. Any reader who doubts this should
consider the function defined for t> 0 by el sin (et) and note that its
Laplace transform is analytic for all finite s. This example shows that
the discussion of stability cannot be settled by '"looking at the singularity
that is the furthest to the right, "' which is a legitimate procedure with
rational transfer functions.



(G.3) The unit impulse response g is given by

g(t) = Lt) [r + g;(t)] (2)

where the constant r is nonnegative; 1(t) is the unit step func-
tion; g, is bounded on [0, ), is an element of ! (0, oo) and
gl——>o as t—>o. We write

Le®)] £ G(s) =<+ Gyls). Let gy, = s;glg(t)l.
t2

For ease of reference, we state formally the main result of this

paper:

Theorem. Suppose the linear time-invariant single-loop feedback
system shown on Fig. 1 satisfies the conditions (G.1), (G.2), and (G. 3).
If the Nyquist diagram+ of G(s) does not encircle or go through the
critical point (-1/k, 0), then

(a) the impulse response of the closed-loop system is bounded,
tends to zero as t—>0, and is an element of L1 (0, o0);

(b) for any initial state, the zero-input response of the closed-
loop system is bounded and goes to zero as t—>00;

(c) for any initial state and for any bounded input, the response
of the closed-loop system is bounded;

(d) let r be positive, then for any input u which tends to a
constant u as t—> o0, and for any initial state, the output

y tends to u,, as t—>00.

If the Nyquist diagram of G(s) encircles the critical point (-1/k, 0) a
finite number of times, then the impulse response of the closed-loop

system grows exponentially as t—>o0o0.

T The Nyquist diagram is the map under G of the imaginary axis from
which the interval [-j¢, j€] has been removed and replaced by the semi-
circle {gei®: -m/2<06 <w/2}; here § is taken arbitrarily small.



Comment. It should be stressed that the only assumption that is
made conéerning the box G is that it fulfills the conditions (G.1), (G. 2),
and (G. 3). Such conditions are often fulfilled by the impulse response of
systems described by ordinary differential equations, difference-differ-
ential equations, and those whose input-output relation is obtained through
the solution of partial differential equations. The latter is the case for
distributed circuits and for many control systems. '

The analysis to follow applies to all cases where r >20. For
many circuit applications it turns out that r = 0 and thaf for initial states
zZ = 0. The reader will have no difficulty in inserting the consequent

" simplifications in the proof.

Analysis. Let u be the bounded input applied to the system and

let u,, £ sup |u(t)| . The response of the closed-loop system starting
t>0

from an arbitrary initial state is given by
t .
y(t) = z(t) +,k/ g(t - 7)[u(T) - y(7)] d7 for all t 2 0. (3)
0

The theorem will be proved in several steps. First, in order to be able
to apply Laplace transform techniques to the integral equation (3) we
establish that the solution is of exponential order; second, well known
facts concerning Laplace transforms are used to establish the uniqueness
of the solution of (3); third, various tools of complex function theory and
Fourier analysis are used to establish the properties of the impulse
response of the closed-loop system and those of the zero-input response.

The proof of the remaining assertions of the theorem follow easily.

Assertion. If (G.1), (G.2), and (G. 3) hold and if u is bounded,
then

(i) the output y is of exponential order and its Laplace trans-
form, Y(s), is analytic for Re s > kgM;

(ii) the output y, the solution of (3), is unique.



Proof. From (3) and the definitions of zZar S and u\p we get

t
ly(t)[ _<_(zM + kgM th) + kgM /0 [y('r)[d'r

3

Hence, by the Gronwall-Bellman inequality,

kgyé

t
| y(t)| <b(t) + k/ b(t - £)gy, e dg for all t>0  (4)
0

where b(t) R Equation (4) implies that y is of exponential

M + kgMth.
order and that its Laplace transform, Y(s), is an analytic function of s
for Re s > kgM. To establish uniqueness suppose there were two responses

Yy and Yy By subtraction we obtain from (3)

t
yi(t) - yo(t) = k/o g(t - ) [y,(7) - yy(m)}dr  forall t20  (5)

Now g; is zero for t <0 and is in L1 (0, o0); therefore the Laplace
transform of g is analytic for Re s > 0 and goes to zero as Is]——>oo
with |«s| < 1r/2.4’ 9 From (i) 4 and y, are of exponential order;

hence taking Laplace transforms of (5) we get
Y,(s) - Y,(s) = k G(s) [Yz(s) - Yl(s)] Re s kg,

Therefore Yl(s) - Yz(s) = 0 for all s in their 5domain of definition. By
the uniqueness theorem of Laplace transforms, 1 and y, are equal
for almost all t in [0, o). Since y1 = Y2 is continuous, yl(t) = yz(t)
for all t in [0, o). This completes the proof.

It might be worth noting that since g, u, and z are bounded
their restriction to any finite interval, (0, t), is an element of LZ,
hence the existence and uniqueness of the solution of (3) may also be

established by iterative techniques.



Proof of the Theorem. To prove (a) we recall that, by definition,

h is the zero-state response of the system to a unit impulse applied at
t=0. By definition of g and from an examination of the configuration
of the closed-loop system, to apply a unit impulse at the input of the

closed-loop system is equivalent to having an identically-zero input ap-
plied to the system but having G start from the state whose zero-input

response is kg. Thus
t
h(t) = kg(t) - k/ g(t - 7) h(7) d. (6)
0

Let H be the Laplace transform of h; then

kG(s)

H(s) = 15Grs)

Re s > kgM . (7)
Now, by the principle of the argument, 7 the denominator of H(s) is # 0
for all Re s > 0 if and only if the Nyquist diagram of G does not en-
circle or go through the critical point (-1/k, 0). By the assumption
concerning the Nyquist diagram, the denominator of (7) has no zeros

in the closed right half plane. Let us rewrite (7) using (2): if we multiply

the numerator and denominator by s/(s + kr) we get

kr ks
H(s) = K5+ Gu) TR ES T (8)
o k(§+ Gl(s)) L+ slfl-skr G(s)

The denominator may be rewritten as

kr
1+ kGl(S) - kS—T[_—R—Ij GI(S)

Observe that oi_l[kr/(s + kr)] = Yt)kr e-krt

Ll (0, o). Since g€ L1 (0, oo) and since the product of the transforms

, which is a function in



of two L' functions is the transform of an L' function, the denominator
is of the form '"one plus the transform of a function in Ll(O, ©)." The
denominator has no zeros in the closed right half plane. The numerator
of (8) is also the transform of a function in Ll(O, o). Hence, by a
theorem of Paley-Wiener, 8 it follows that h is in Ll(O, o). Now h

is bounded because (6) implies

[o 6]
h, 2 sup |h(t)| < kg, + ke / |n(7)] a7 < .
M- S YR VA

To show that h tends to zero as t—>o0, observe that (6) implies that

t+ 6

t
- -k/ [g(t+ 6 - 7) - gt - )] h()dT - k/ g(t + & - T)h(T)dT.
0 ¢

t+6
(h - kg)
t

Therefore, if we remember the form of g specified by (2), for all t20
and all & >0,

| [h(t + 6) - kgy(t +8)] - [h(t) - kgy(t)] |

(o8]
<khy, /0 | gy(& + 6) - g(€) | at + kogyghy,. (9)

Note that the right hand side of (9) is independent of t. Since g;e Ll(O, o),
it follows that the first term of the right hand side goes to zero as &—>0. 9
The same is obviously true of the second term. Consequently (9) implies
that h - kg1 is uniformly continuous on [0, o). Since h and g, are

in Ll(O, o) so is h - kgl, therefore the uniform continuity implies that

lim [h(t) - kgl(t)] - o1 By (G. 3) it follows that h tends to zero as t—>00.

t>o0
Let us prove statement (b) of the theorem. The zero-input re-

sponse of the closed-loop system, 2 satisfies the equation

t
2 (1) = 2(t) -/ h(t - T)z(T)dT for all t> 0 (10)
0



since he Ll(O, o) and z is bounded, z_ is bounded. It remains to show
that z. goes to zero as t—>o0o. For this purpose we need only show
that the convolution integral tends to zZ 5 since, by (G. 2), z(t)éza0

as t—>o0. The properties of h imply that for any &€ > 0 there is a
T(€) < oo such that t > T(€) implies [h(t)[ <& and

oo
/ Ih(t)l dt < £€. The properties of z imply that |z(t)|$_ Zy <
T(€)

for all t and that for any £€> 0 there is a T'(€) < oo such that t > T'(€)
implies |z(t) - Zool < €. Rewrite (10)

t
zc(t) - z(t) = / hi7)[z(t-T) -z ]d'r -z /(; h(rv)dr . (11)

From these considerations we get the following inequalities: for any

t > T(€) + T'(e)

-,
|2 (1) - 2(t) + oo/ wrar| < / [n(r)| Ja(t - 7) - 2 ldr

t
+/ T'(lh('r)l |2(t - 7) - 2 ldr

t- T'(€)

t
h dt + ( +1z_|) |n(r)|ar .
[rnlar s oyl + gD /-

sE/
0

Changing the upper limit of integration of both integrals to oo, we conclude

that t > T(¢) + T'(€) implies that

t (oo
|z () - (1) - z°°/o h(r)dr| < €[ /0 In(ry{ar + |z ] + [2,1]
that is

t
1i (t) - z(t) - z h(r)dTr | = 0. (12)
t—}-;noo |Zc @ 'é



Now since he Ll and tends to zero as t—> oo,
t

lim hit)dt = lim H(s) =1
t—>oo 0 s—0

also by (G. 2),

lim 2z(t) =z
t—>o00

oo}

hence (12) gives

lim Zc(t) = 0.
t—o0

Consider now statement (c) of the theorem. The configuration
of the closed-loop system and Eq. (1) imply that the output y .starting
from an arbitrary initial state of time t = 0 and responding to an input
u is given by

t
y(t) = zc(t)+ h(t - 7)u(T)dr for all t>0 (13)
0

where z, is the closed-loop zero-input response. If u is bounded then
y is bounded this follows from the boundedness of z and the fact that
h isin L (0 o). Incidentally, by a previous reasomng y -2, is
uniformly continuous on [0, o). Thus statement (c) is established.
Since z (t)ﬁo as t-—oo, statement (d) is equivalent to the assertion

that u(t)—- U implies that/ h(t - T)u(-r)d'r—>u . This implication

has been proved in detail in proving (b). Therefore statement (d) holds.
Suppose now that the Nyquist diagram encircles (-1/k, 0) a finite

number of times. Since G(s)—>0 as |s|—>o with |[£s| <7 /2 and

since G is analytic in the open right half plane, the principle of the



argument7 shows that 1+ kG(s) has a finite number of zeros in the open
right half plane. For simplicity of notation we shall write the following
expressions assuming that each pole is simple. By a partial fraction

expansion we get

n
b
H(s) = z s-vs +H1(s) Re Sv>0’ v=1l 2,..., n
v=1 v

where Hl(s) is analytic for Re s > 0. It can be easily verified that the
behavior of H(s + ju) as w—>o00 satisfies the conditions of Doetsch's

theorem. 10 Therefore we conclude that

h(t) ~b1 eslt as t—oo, Re sy >0
where 8 is the zero of 1+ kG(s) which has the largest real part. (If
there are several such zeros, then the right hand side must include the
appropriate sum.) This completes the proof of the theorem.

For some applications it may be useful to be able to relate the

norm of the output y to that of the input u and the zero-input response z.

Corollary. Let (G.1), (G.2), (G.3) hold and the Nyquist diagram
satisfy the condition of the theorem. If, for some number p 21, both

z and u are elements of LP(O, o), then

sty <@+ lnlyy Bzl + Il - Nal - (14)

When p = oo, if we let Yy = SUP Iy(t)l, then, using previous notations,
t>0

YM‘S(1+ "hlll) ZM+ IlhllluM'

Proof. Observe that, for any p>1, if h isin L0, o) and
z is in LP(0, o), then h * z is also in LP(0, o) and ||h * z||p < [Inlf, llzllp.12
The inequalities above follow directly from the application of this fact
to (10) and (12).



CONCLUSIONS

Under very general assumptions pertaining to the open loop system
we have shown that if the Nyquist diagram satisfies the nonencirclement
conditions then the zero-input response, the impulse response, and the
complete response have all the usual properties associated with stable
systems. The inequality (14) shows that if z is in L', then for allp 21
(including p = oo) the closed loop system is L_-stable in the sense of
I. W. Sandberg. 13 The results obtained here elsre essential for some

recent extensions of Popov's Criterion.

ACKNOWLEDGMENTS

The author expresses his gratitude to Professor R. W. Newcomb
and to Mr. C. T. Chen for valuable comments on an earlier version of

the manuscript.

-10-



REFERENCES

1.

10.
11.

12.

13.

H. Nyquist, "Regeneration theory, ' Bell Syst. Tech. J. Vol. 1],
pp. 126-147; Jan. 1932.
E. A. Goddington and N. Levinson, Theory of Ordinary Differential

Equations, McGraw-Hill Book Co., New York; 1955 (p. 37, Problem 1).

N. Bourbaki, Fonctions d'une Variable Réelle, Hermann, Paris;

1961 (Chap. 1V, §1, No. 4, Lemme 2).

G. Doetsch, Handbuch der Laplace Transformation, Verlag Birkhauser,
Basel, Vol. I; 1950 (p. 162).

G. Doetsch, loc. cit. (p. 72).

F. G. Tricomi, Integral Equations, Interscience Publishers, New York;
1957 (p. 11).

E. Hille, Analytic Function Theory, Ginn and Company; 1959 (Vol. I,

p. 252).

R. E. A. C. Paley and N. Wiener, Fourier Transforms in the Complex

Domain, American Mathematical Society, New York; 1934 (pp. 60-61).

R. R. Goldberg, Fourier Transforms, Cambridge University Press,
Cambridge; 1961 (p. 4).

G. Doetsch, loc. cit., Vol. II (p. 150).

C. A. Desoer, '""Some results in stability theory, " Proceedings of

the 1964 Allerton Conference.

N. Dunford and J. T. Schwarz, Linear Operators, Vol. I, Interscience
Publishers, New York; 1958 (p. 528, Exercise 6).

I. W. Sandberg, "A frequency domain condition for the stability of

feedback systems containing a single time-varying nonlinear element, "
Bell Syst. Tech. J., Vol. 43, pp. 1601-1608; July 1964.

-11-



Fig. 1.

u-y ~ &

Gingle~loop feedback system under
consideration: the gain factor k is
positive and the linear time-invariant
subsystem G is characterized by a
convolulion operator (see Eq. 1.).



