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A NOTE ON THE EVALUATION OF
THE TOTAL SQUARE INTEGRAL¥

E. I. Jury**

The purpose of this note is (a) to show the general formulation
of the total square integrals in discrete systems and (b) to show for
such a formulation we need to expand only (n-1)-order determinant.

Recently a tabulation of the total square integrals which arise
in discrete systems have been presented. L This tabulation which was
carried out for systems up to fourth order is based on the evalu-

ation of the following determinants:
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1FII: should be noted that when all the poles of T#(z) are inside the unit
circle, this determinant never vanishes.



and Ql is the matrix formed from £ by replacing the first column by
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The function 'c;f—(z) is given by

A(z) ,
where
n r
Alz) = = a. =z ,aO#O
r=0
n n-r
B(z) = Z b_z

To show the procedure of evaluation, a fifth-degree polynomial
is first discussed and then the general results for the n-th degree is

stated. For afifth-degree polynomial the total square integral is given

by:
! gg B(z) B(z'l)
I, = —, -1y
5 2% it A(z)  A(zTh) %942
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The numerator determinant is given by:

|521| = aoBoQo - aOBlQl + a’OBZQZ - aOB:,’Q3 + aoB4Q4 -B

Q

where the Qs are given as follow:

el ez 63
o = |3 1
0 =
a4 3 3
a5 0

TSee note page 3.
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It is noticed from QS that one has to expand a fifth-order determinant;
however, the following relationship exists which reduces the order.

Expanding (.'25 along the last column,

¢ €2 °3 ©°4
a f f a
Q5=a5 3 L L 25 -a4!‘ +. .. soon
24 3 3 | ]
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one obtains
T_ -
Q" =250, -a,Q +2;Q,-2,0,+2Q,

and hence,

T The author is grateful to Dr. Paul LeFevre of Paris, France, for point-
ing this relationship for the fourth and third order cases, which can be

generalized to any order. For numerical calculation the above relation-
ship is quite useful.



|9] = (2B, - a.B,) Qg - (2B, - 2,B,) Q
+(agBg - a;B,) Q, - (2B, - a,B,) Q,
+ (aOB4 - alBS) Q4
by replacing B's by a's in |2/, one obtains
9] = (2g% - 2,%) Q- (2g2) - 2,2, @ + (353, - 3;2,) Q,
- (aga3 - 2,25) Q3 + (342, - 2)3,) Q.
Hence,

(2gBg - 25B5) Qg - (2,B) - 2,B;) Q, + (2B, - a;B;) Q,

- (a053 - a’ZBS) Q3 + (a.OB4 - alB5) Q4

A
2, [(ao -a5 ) Qg - (aga) -aa.)Q +(aga, -2a32,)Q,

- (2g23 - 2,2.) Qg +(apa, - aja,) Q4]

For evaluating 15, it appears that one has to evaluate the deter-
minants QO, Ql’ QZ’ Q3, and Q4. However by using the following
artifice, one need only to evaluate the last one, i.e., Q4. All the

others can be readily obtained by a certain substitution as follows:

1. Expand Q4 by labeling its entries as follows.
b b b

4
. < c c Cy
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From Q'4, one obtains Q 3 by using the following substitution as noticed

from Q3,

let, dy=a, fi=a, f,=2a, d,=2a.

Similarly Q' is obtained from Q' , as follows,

Finally, Qo is obtained from Ql' by letting

b, =e

2 %2 P3 b

b1=el,b 3? 4=e4.

2. By relabeling the entries of Q'r to coincide with Qr one obtains all

the required Q.. 's.

This process can be readily generalized for any order system
which requires the evaluation of only one (n-l)-order determinant.

Generalizing the above procedure, to obtain

[(aOBo - aan) QO - (a.oB1 - an_an) Ql P
n-1
_ +(-07 @B, - 2B Q)]
aoln ) [(a?‘ a.z‘)Q (a,a a )Q, + (a2 a ) +
0 ~%n %07 1%0% " a1/ ML T B2 " 3 03 T -
n-1
+{(-n) (aOan-l - a'lan) Qn-l]
where n 2
B0 = = b,
izo !



and

n
Br = 2 _Z} bibi+r r=1,2, ..... n.
i=0
Furthermore, the Qr's forr=20, ..., (n-1) are (n-1) by (n-1)
determinants, obtainedas follows:
a a, a,, a3 ..... a > a 1 a
al- az+a0 a +al a4 2 an-l+an-3 an+an-2 an_1
a, a3 a4+a0 a5+al a +an_4 0+a.n_3 a >
12, Pl e e e e n-r-1 a _.
a1 an 0 0 0+a,0 a,
a, l 0 0 . 0 0 2,

By deleting the r-th row and the n-th row and by deleting the
first and n-th columns, the réma.infng rows and columns give (n-1)-
order, Qr’ determinant.

As shown for the f1fth—oxder case, we can obtain all the Q

-

the value of In we need to expand only one (n-l)-order determinant.

by expanding only the rnatnx of the Q Therefore, for obtammg

If the coefficients are given in numerical value, then we have to cal-
culate all the Qr's.
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