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ABSTRACT

This paper is a study of decision making in a discrete-state
discrete-time system whose state transitions constitute a Markov
chain with unknown stationary transition matrix P. The states of
the system cannot be observed. The decision at each stage is based
on observables whose conditional probability distribution given the
state of the system is known,

We consider a class of problems in which the successive ob-
servations can be employed to form estimates of P, with the esti-
mate at time n, n=0, 1, 2, ..., then used as a basis for making
a decision at time n. The estimates and the corresponding decisions
must have the property that as n—o, the decision based on the esti-
mate of P tends to the optimal decision rule which would be used

throughout if P were known,
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INTRODUCTION AND SUMMARY

This paper is a study of decision making in a discrete-state
discrete-time system whose state transitions constitute a Markov
chain with unknown stationary transition matrix P. The states of
the system cannot be observed. The decision at each stage is based
on observables whose conditional probability distribution given the
state of the system is known,

We consider a class of problems in which the successive ob-
servations can be employed to form estimates of P, with the esti-
mate at timen, n=0, 1, 2, ..., then used as a basis for making
a decision at time n. The estimates and the corresponding decisions
must have the property that as n— o0, the decision based on the esti-
mate of P tends to the optimal decision rule which would be used
throughout if P were known.

In Sec. I, the formulation of the problem is presented, in detail,
and the optimal decision procedure that would be adopted if one knew
the transition matrix P is given. In Sec. II, sequences of estimates
are derived. These estimates are based at each stage on the observ-
ations up to that point, and they converge almost surely, when n—ioo,
to the unique stationary distribution, and to the transition probabilities
of the Markov chain (when it is regular)., More generally, if the chain
is a k-th order multiple Markov chain, a sequence of estimates which
converges to any k-th order distribution can be obtained. A necessary
and sufficient condition for the existence of such estimates is given,

In Sec. III, using these estimates, an ''adaptive' decision procedure
is developed which does as well asymptotically, in a well defined sense,
as the optimal procedure that one would adopt if one knew the transition

matrix P, Finally, an example is worked out, This example demon-

* !
The results presented in this paper were obtained in the course of research
sponsored in part by the National Science Foundation under Grant GP-2413
and G-15965. g
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strates that the well-studied problem (when P is known) of decision
making on a Markov signal with additive gaussian noise is a special
case of the theory developed above,

This paper is a generalization, to the Markov dependence case,
of some of the ideas presented in H. Robbins' paper.1 As in the Robbins
paper, the decision rule is not Bayesian, since no assumptions are made
concerning an a priori probability distribution on the space of all possible
transition matrices P, or more generally, on the space of couples (S, P)
where S is the initial probability distribution on the state space of the

Markov chain.
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I

I. FORMULATION OF THE PROBLEM

A. NOTATION AND TERMINOLOGY
Let us consider a discrete state discrete time system S whose
state transitions constitute a regular Markov chain* with stationary
transition matrix P. If we denote by A = {1,...,r} the state space
of systemm S then,
%)11 oo pl

r
P - '

Lprl T prrj

where the pij‘s denote the one step transition probabilities, i.e., if

at any step (time) the system is in state i, then it moves on the next

step to state j with probability pij’ - For this reason, in the following

discussion we shall use the state of S and the state of the Markov

chain interchangeably.

For simplicity we shall restrict ourselves to finite state simple
Markov chains. However, all our results can be applied, as we shall
indicate later, to k-th order multiple Markov chains and to Markov
chains with a countable number of states.** ‘The state transitions of
S are assumed to occur at times n=1,2,... . We suppose that we
cannot observe the state of the system, however we observe at each
time n, a real-valued random variable x, whose probability distrib-
ution depends on the state of S attime n. We further suppose that
the conditional probability distribution of the observable random vari-

able x given the state of S is known to us. Thus, at each time n, the -

A regular Markov chain is one that has no transient states, has only
one ergodic class, and this class contains no cyclically moving sub-
classes. See Doob Ref. 3, page 182. '

** Ibid., page 185, _ N
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observable random variable x is known to have one of a finite
number of specified probability distributions Pl' cees Pr’ with
Pi being the distribution in question if S is in state

i, i=1, ..., r.

In what follows, subscripts will denote "'state' and super-
scripts will denote ''time of observation.' The model introduced
above is illustrated in Fig. 1. Let P(A™ = i) denote the probab-
ility that the Markov chain is in state i at time n. By
P(\" = i/xl, ..., X") we shall denote the conditional probability
that the Markov chain is in state i at time n. given that the values

xl, ...» X* have been observed. Finally let _:_:_n denote the vector

(xl’ o e o) xn)o

. 1 2 .
We are observing a sequence x,x, ..., of random variables.

Without loss of generality let us define these random variables on

the sample space = onf;l z" where z" = R1

(the real line) for
all ‘n, and denote by (% the Borel o-field on this space. Thus
the sample space & is the coordinate space of all sequences of

real numbers £ = (§1, §2, ...), the random variable x® is
defined as the n-th coordinate variable of £, so that xn(§) = §n.

We assume that the random variables xl, xz, ... are conditionally

s
independent given the states of S. To simplify the notation we
shall use 'xl, xz, ... to indicate both the random variables and
the values which they take, and it shall always be clear from the

context which one we mean.

3 .
This condition implies for example that P(x"¢A, xn+1e B/A\" =i,

)‘n+1 = j) = P(x"cA/\" = i)- P(xn+1e B/\" = j) where A, B are
Borel sets and P(x"¢A/\" = i) denotes the conditional probability
of the set {§/xn(§)eA} given A" =i,
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Let us now suppose that we have a finite action space A = {a.o, R as},

a typi’;:*al action a, might be to guess that A", the state of S at time n,
is i. Let a loss function L be defined on Ax/\. such that L(a.i. A)>0
foralli=1, ..., r and all AeA, L(ai,j) representing the loss we incur
in taking action a, when the state of the system is j.

Since we cannot observe the state of the system, our prablem is to

choose, at each time n, a decision function t which depends on xl, oo xn,

the observations up to this point, such that when we observe §n we shall
take the action tn(in). More precisely if R" = Rlle'x. .o le (n times) and

R ? is the Borel o-field on R" then we shall denote by t® any Borel
Measurable function from the measureable space . (Rn@n) to the action
space A, and by T" the class of all such t",

In choosing tn(in)eA at time n, we incur the loss L(tn(in), Xn). We

want to choose a sequence of decision functions t" for all n = 1,2,... in
such a way as to minimize the expected loss, i.e. , choose t™ such that
E[L(tn(ﬁn). A")] is a minimum, where E denotes the expectation with

respect to all the random variables xl, xz, e xn, Xn. When no con-

fusion can arise, the superscript n will be omitted; i.e., t(lz_n) should

be interpreted as tn(in).

B. THE CASE WHERE P IS KNOWN

Suppose we are faced with the above problem and we know the trans-
ition matrix P of the system S. Let us further suppose that the initial
probability distribution on the state space of S is the unique stationary
probability disti-ibution. Then the sequence of optimal decision functions
{t;} will be chosen as follows.

If we denote by Rn(t’?_:_ﬂ the expected loss at time n when we use

the decision function t® and the transition matrix is P, then we have

Note that the number of actions is not necessarily equal to the number
of states, see example page 31, :

ke . : Vi -
We shall not consider randomized decisions.
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R (t P) = E[L(t(x Y, A )] = E {E [L(t(x )y A )/x ]} (1)
and if we set |

Opla x") = E (Ll AT/ = 2 Lfa, i) PO = i/x7) (2)
i=1 .
then we get

R, B) = E [0, 2] - (3)

!

Let us choose tp(in) such that for almost every (p.)in, where W
is the measure defined on £, we have

¢(tP(x),x)" mm¢(a x) (4)
aeA —_

Then for any decision function t"

R (tp» B) = E[ min 856, x™)] < R_(%, P) (5)
— a.eA -

" so that, defining

Ry@®) = R, (tp. B) = E[ fpltp(x), x™)] (6)
we have
R (P)= min R_(t(x"), P). (7)
t"e T

Let us now consider the question of how well we can hope to do in
the case where the transition matrix P is not known to us,

Since we have assumed that the initial probability distribution on
the state space of S 'is the stationary probability distribution, the Markov
chain is a stationary process. ok By Lemma 2. 3, page (18)it follows that
the process {x"} is also stationary. It is well known that if xl, 'xz, ces
is a stationary sequence of random variables, there exists a stationary

sequence ,., y-l, yo, yl, «+. such that the laws of (yl, yz, «..)and of

£
tg(in) = a, where k is any integer 0<k<s such that {bp(ak,x )
e = min[ﬁp(ao,x ) PRI ¢P(as,§ )] -

stk " Ref. 3, page 459.
Ibid., page 456, Lo&ve, M., Ref. 5, page 452
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(xl, X", ...) are the same, (Take, for every finite subfamily of y's,

. k k k.+h k_+h
f(yl. T 4 ™o

where h is so large that the superscripts of the x's are positive, and .
apply the consistency theorem). *

Thus, if only questions involving the distributions of xl, e x
are to be considered, we can use the {y"} process instead of the "}
process,

Lemma 1,1: The sequence of real numbers {Rn(g)} is monotonically
non-increasing, i.e., Rn(_l_:’_) > Rn+1(—P) 2 e .

Proof: By hypothesis, as stated above, the initial probability distri-
bution of the Markov chain is the stationary one; therefore the Markov chain

is a stationary process. Now

Rn+ 1‘2) = _.miin E [L(t(xlt °%°» xn’ xn+1)l >\»n.*.l)]

tn-l-le Tn+1
. (8)
= . min E[ L(t(yl’o . . Yn‘ yn+1)’ )‘n+1)] .
1:n+1 c Tn+l :
By stationarity we have
) 0 1 " :
R 4(B) = min E[L(tly ,y ..y ) A™)] 9
n+l ..n+l :
t T
R (P) = min E[L{tly,...,y™, "] . (10) -
teT .
Let
; |
|
Tn+1 = {tn+1/tn+1(y0, YI» o, Yn) depends only on yl, e Yn} |

\
\

\
\

¥ . g £
M. Loeve, Ref. 5, page 93, see also Sec. 3 of this paper, page 23.

R




and denote each member of Tn.'.1 Y‘;‘n-ﬂ. Then for any t"¢ T", we have

"n-l-l 0 1

tn(yl.....y Y=t (y, y.....yn) Vyo. N (11)_

Therefore, we finally get

0
n+1LE')- min  E[L(tly%, yh ..., y™) AY)]
n+1 n+1 ,

o . 1
I min E[L(t(y YoreearY )vX )]
t €T

= minE [Lety' ... y™, AD] = R, ()
min : :
teT '

- and we conclude that
f ' ,' Rn(g) > Rnﬂ(g) : Q. E, D.

The sequence {R (P)} is bounded by zero, since we have assumed
L(a,\)> 0 ‘v’a., ‘ V \, so it is convergent. .
' “ Let us denote S : _ S

-

N
~
“ e
o~

Lim R (P)= R(P) a2y
Note that by stationarity * ' !

R(P)-mm E[L(t(y ,...,yo,....’ylil), Xn)]/" min E[L(t(x,....x LA™
‘ t D¢ T® : " P T® o

03)



Let us now consider the case when at each stage n we make

our decision on the basis of a finite number, say m <n, of x's in
. - . n n=-m

the past, i.e., on the basis of x,,.., x .

Let us _denotel

'R___(P)= min E L™, ..., <"\ 149

n-m —
the Trnl-l

this definition makes sense only for n> m.
We notice that by stationarity Rn_m(g) does not depend on n, so

, a . we shall denote

W. =R__(P) (15)

m n-1m —

Lemma 1.2: The sequence of real numbers {Wm} is monotonically

nonincreasing.
Proof:

W_=R __(P)= min E[L{(y ™, 2™ 0 ny

m n-m —
1:mi-le Tm+1

n-m-l' Yn-m’:l LR yn)) xn)] .

W_ .. =R (P)= min  E [L(t(y
mil - Ta-m-l= ™2 P2

By the same argument as in the proof of Lemma 1.1 we have
Q.E.D.

This sequence is also bounded and thus convergent and we have

lim W_ = min E[L(t(y'?o,...,yo....yn).)\n)]

m :
. In—)00 - tooe Tm N



= min E[Li...,xP),A®)] =R(P). (L6)
ooe.roo

Therefore we see that

lim W_ = 1lim R_(P). (17)
m n —
m-—yQ0 n—y00

C. THE CASE WHERE P IS UNKNOWN

We shall consider now the same problem of decision making as
above but in the case where P is unknown. If in this case we use, at
tlme n, a decision function t" other than the optimal tP’ our expected

loss will be
R (" P)=R (P)+ [R_(t",P) - R_(®] (18)

and the term [Rn(tn,g) - Rn(_lz)] 2 0 will be that part of the expected
loss due to our ignorance of the true value of P. Clearly the observed
values xl, ..., %X contain "information' about P. We hope for large n
to be able to extract some information about P from the values En
which have been observed. And we further hope to be able to make deci-
sions at each stage, based on the information about P, which was extrac-
ted in such a way that t*(xn), the decision rule which we would adopt in
this case, is. in some sense close to the optimal but unknown tP(x ) which
we would use throughout if we knew P.

If such a sequence of functions exists, then we shall refer to the

%
sequence {t "} as an adaptive decision procedure. Correspondingly,

Rn(t*n, P)=E [L(t*(f‘), X“)] _ (19)

and we know from (7) that

-10-
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R (" P)> R (P). (20)

Definition 1: If lim oo R (t y P) = hm n—3c0 Rn(P) = R(P) we say

that t ™ is asymptotlcally opt1ma1 relatwe to P, i.e., if the expected

loss in using an adaptive decision procedure, when P is unknown, con-
verges as n—oo to the same limit as the expected loss when P is known
and the optimal decision procedure is used, then this adaptive procedure
is called asymptotically optimal,

- Definition 2: If nmn——)oo Rn(t*n, P)<R(P) +¢ we say that t*'is
€ -asymptotically optimal relative to P,

Since hm W = R(P)then given any ¢ there exists an m, such
that Wmo-R(E)S ¢ or Wmo < R(P)t.e.

%
Thus we see that if the expected loss in using t n converges when
n—oo to the expected loss when P is known and we use an optimal de-
cision procedure which is based on a large, but finite, number m of

observation in the past, then t is e -asymptotically optimal.

-11-



II. THE ESTIMATION PROBLEM
A. DERIVATION OF ESTIMATES

Let us denote the probability that at time n the Markov chain is
in state i by
P(A% = 1) = g} (2

Thus we have at each time n a probability distribution on the state

space A= {l,...,r}.
gl .ng]) f20 Viva (22)
and

r
Zg?=1 Vn.
i=1

Since our system is described by a regular Markov chain we have

lim g = (i=1,...,r) (23)
i i
n—co
where w = (m,..., 1rr) is the unique stationary probability distribution.
'4 We are observing a sequence xl, X ,... of random variables.
Denote
P{x"¢B/\™ = j} = P;(B) ', (24)

Be@, the o-field of events,
The global distribution of x® is

r .
P{x"¢B} = > gt P.(B). _ : (25)
S 3 B '

-12-
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We want to construct functions

An _an , 1 n

gi = gi (x 9 ¢ 0 o} x ) (26)
such that r
AN AN
gi 2 0, 2 gi =1
i=l
and whatever be ™
Plim g =m(=1...,m]=1 (27)
N—s00
énd functions
A _ aAn , 1 n
ij -gij(x)-'opx ) (28)
such that r .
AN AD
.. > 0 . =1
glJ =z jgl gu

and whatever be _13

P [lim 4" =p
n—o0 U

i i = = 2

j (b JsL..n] =1, (29)
In general if the Markov chain is a k-th order multiple Markov chain

we want a sequence of estimates that will converge almost surely to the k-th

order distribution of the Markov. chain.

3% .
Theorem 2.1: A necessary and sufficient condition for the existence

of such sequences is the following

(A) {If G = {gl, cees gr} and G' = {gi, v g‘r} are any two prob-
ability vectors such that

Ir r
2 gP.(B)= 2 giP,(B) VBe@)
i=1 b b i=1 '

then G = G'.

*The proof given on page 14 parallels the proof in Ref. 1. The condi-

.tion of Theorem 1 is equivalent to the condition for identifiability of finite
mixtures given in Ref. 6.

-13-



Proof: It is clear that the above condition is necessary since sup-
pose that s} and T, were different stationary probability distribution but
the global distribution of our observable random variable x would be the
same under the two for all Be 2. We could not hope to be able to distinguish
between them and find two different sequences which would converge to the
true stationary probability. The sufficiency proof is going to be constructive,
before proceeding with the proof let us restate condition (A), the necessary
and sufficient conditions of the theorem.

Denote by u any o-finite measure on R with respect to which all
the P, are absolutely continuous and such that their densities fi = dPi/dp.

are square integrable:

Ifiz(x) dulx) <0  (i=1,...,1). (30)
R

— _For example if we set =P +... + P. we have 0<f,(x)<1 and hence _

f(x) < £,(x)

ffiz(:wt) du.(x) SIfi(x) du(x) = I<oo . (31)
R R
The functions fi are elements of the Hilbert space H over the
measure space (R‘l,~ p). The proof of the following Lemma can be found
in Ref. 2,

Lemma 2.2: Condition (A) is equivalent to the following condition

(B) fl, e fr are linearly independent.

We shall now proceed with the sufficiency proof of the theorem.
If fl, ...,f_ are linearly independent we shall show how to construct the

sequences (estimates) desired.

Let Li. denote the linear manifold spanned by the r-1 functions

fl, cees fi-l' fi+1’ ces fr' Then we can write uniquely.
= £ P = . 0
fi £1 + f'i' i=1...,1) ‘ (32)
with |
fi ¢ L; and f ‘J—Li '(33)

and fi’ # 0 because of linear independence.

If we now set

-14-



fu (x)

h, (X) (34)
f[ £ (012 dulx) |
we have
f { 1 ifi=j
h,(x) f.(x) du({x) = 6., = (35)
Rl 7 * N 0 ifi#j

hl’ cees hr are a reciprocal basis.

Notice now that

-

r
E[h6]= 2 g~ ﬁi(xk)f.(xk)dp(xk) Z gX5, =gk (3€)
j=1 J Rl J

n
oQ
[ ad

_13 1

. k
and hmk o0 8) = T
Also

E[h(x)h<k+1>]=

2 gf b, lfl B, 609, () £, 69 0 ap o ap oY)
S, m R'xR

BM
0
o

om fl By (9, (9 S 6 * a3

R g’
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- k _ k
= 2 8s Psm O 6jm = 8 Pyj
s, m

thus we have

k k+tl, _ k
lim g%( Pi{; =™ P, (39)
k—o0 tou tN

In general for any finite w

- )\(k.*'w-l)=c]

E [hi(xk) hJ(xk+1). . hC (Xk+w-1)] = P[Xk =i, )g(k+1) = J

Now let us set

n
A _1 z k
g: =— h.(x") (40)
1 n k=1 1 .
4
An i )
Bi =% 4 (41)
>3 |
. =l b5

where| a]+' denotes max (a, 0).

We shall prove that

P [lim g;*”. i=1...,r)] =1

(42)
n— 0o

It is clear that this implies that Eq.(27) holds, i.e.,

iV

..16-



P [ lim Q’.“ =m (i=1...,1)] =1
n—-}oo !

- : r
A. " has the desired properties (26) z i=1 ﬁr: =1and @?2 0
.»r). Also set

n
Q;} = i—l S [h6) hj(xkﬂ)] (43)
’ k=1 '
n +
[1; S b6 hj(xk“)}
An  _ S ksl
T 1 2 k,, k4, |* (44
2[; S b )h(x )]

we shall prove

n
P [lim = 2 [h () b ()= w py: (b=l ...,7)] =1 (45)
n—yo0 k=1 J J :

which clearly implies that Eq. (29) holds, i.e.,

. An . -
P[ 1lim gij-pij(x,_]—l,....rU =1

e

n
1

A " r
and /g\:] has the desired properties (28) gi? >0 and zjzl ’é =1,

The generalization to k-th order multiple Markov chain is clear. In
order to prove (42) and (45) we shall study the stochastic process {xn}.

-17-



Lemma 2, 3: The process {xn} can be represented as

KM= g, U
where U" is a sequence of uniformly distributed random variables on the
unit interval, and the sequences {U"} and {\"} are independent.

Proof: {x"} is a sequence of random variables whose conditional
distribution given A® =i is F ().

Let

Ut = F 67, | (46)

Then we have

x = ;an“) SN CY)
where ~
F(x) = inf {y/F(y)>x)}.

We want to show that {Un} is a sequence of uniformly distributed random
variables on the unit interval, and the sequences {Un} and {\"} are
independent.

Since ] n 1 2 n
P(U<a,....U0<a /A= i,0%=4,.. AP =)

1 1. ,2_,
P(F\16x) <ap, .., Funlf) <a /=i, 0% 5, ..., A= )

1 ~ n = 1_. ,2_. n_
P(x fFi(al),...,x SFI (an)/x LN =§,..., = 1).

P <Fa)/r= i) POP < Fyfa)/A s )

= a
1’32003y

we can conclude that the Ul's are uniformly distributed and that the sequences
{U™} and {A®} are independent.

Therefore we get the desired result

X2 = }“Xn(U“) = p(\®, UM Q. E.D. (48)

e ————— e —————

-18-



B. CONVERGENCE OF ESTIMATES
Lemma 2. 4: The process { (A", U™}  is a Markov process

%*
satisfying Doeblin's hypothesis.

~he proof of this lemma can be found in Ref. 2,

Lemma 2.5: If )\1, Kz, ... is a finite state ergodic Markov chain

with arbitrary initial distribution then

n

P [ lim + 2 b =m=i....r)) =1 (49)
n 1 1 i
n—300 k=1 ~
and an exponential bound can be obtained for
[
P I-]; Z h, (xk) -m| > ¢ forsome n>m | . (50)
noeo i it = -]

Proof: If it is assumed that the initial probab111ty distribution on
the state space of the Markov chain is the unique stationary one, then the
Markov chain is a stationary process which is ergodic (metrically trans-
itive). It is well known that under this condition {(Kn, Un)} is also a
stationary and ergodic process, and since a function of an ergodic process
is ergodic, we can conclude that {x"} is a stationary and ergodm process.
Using Birkhoff's ergodic theorem ok and noting that E[h (x )] =m Vk we

get (49). Or equivalently, since (A7, Un) is a Markov process wh1ch satis-

fies Doeblin's hypothesis (by Lemma 2.4) we get (49) by a theorem in

Doob. Pk

" Ref. 3, page 192.
s

Ref. 3, page 465.
3K )

Ibid., 3, Th. 6.1, page 219.
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If it is a Markov chain with an arbitrary initial distribution
then (49)still holds by another theorem in Doob. *

Now we want to find an exponential bound foxr (50). We shall
use a result of M. Katz, Jr., and A. J. Thomasian They have
proved the following theorem. Let {Yk:k =1,2,...} be a discrete
parameter Markov process satisfying Doeblin's condition, f a
bounded, real-valued, measurable function. Denote Sn = Zkzl f(Yk),
and p = 1f(x) w(dx) where w is the unique stationary measure. Then
for every ¢> 0 there exists two constants, ¢ and Yy <1, such that for

all m and any initial distribution

P [iﬁ-sn - p.! > ¢ for some nim] <c Yo

Using Lemma 2. 3 and noting that hef) is a bounded function, we can use

the above theorem to cbtain the desired exponential bound for (50).

Lemma 2. 6: If )\1. )\2, ... is a finite state ergodic Markov chain

with arbitrary initial distribution, then
n
P [lim -xl; Z h.l(xk) h.(x
n—3c0 k=1 J

ktly | m Pyl J= 1....,r)J =1 (51)

and an exponential bound can be obtained for

n
P [:! 1. Z h. (xk) h.(xk+1) -m p..l>¢ for somen >m]. (52)
L i Jj 15 ijt — . -

Proof: The following is a well known theorem: The process (=™}
is a stationary and ergodic process if and only if

£, L™+ 162, L P SAtm-ly

y v v oy
n

.

— E(f(xl, e xmj) \V/f, \V/m
n-—}oo .
*Ibid. 3 Th. 6.2, page 220.
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From this theorem we conclude that if {(x"} is a stationary and
ergodic process, i.e., if the initial distribution of the Markov chain is

the unique stationary one, then

n .
im L2 0o ) < E o, ) (53)
N—300 k=1 :

Now, (51) follows from (53), (38), and (30).

4 Consider now the process {Y = (A", Un)} Let Y be a space of
pomts €= (N, U). Replace Y by the space Y of points § (§1 r§2) §ie Y,
replace yY by the product o-field :7 ’3Y X T and repla.ce the
space of points (§ § veoo §JeY by the space of points u.(t_?, g )
§'}€ Y. Let YJ be the new j-th coordinate functlon, so that YJ(‘.;) = §J.
Define Y Y Y probabllitles to be the same as '/x\'l, '/1’\2, ceea W
probabilities where ¥ is the 2- -tuple (YJ YJ+1). Then {YJ} process
is"a Markov process satisfying Doeblin's hypothesxs if the {Y } process
is such a process and we know by Lemma 2.4 that it is. The function

. P~

f of (§ £ ) defines a function £ of § » and the w random varlables
va.mables {f(Y ), > 1}

s

), m> 1} have the same joint distributions as the « random

Cakt

Thus we hay,e reduced the problem of conw:g'ergence* of the sequence

. n ) n -
LY ned e et LS puk )
ksl ) " k=l

Mz

k Yk+1

(Y, )

»
"

1 kZI o' (K, UY), m““ vty =2 1

to the corresponding problem of convergence of 1/n z ?(:;k) We
get (51) for the non statxonary case and the bound for (52) exactly by

the same arguments given in the proof of Lemma 2.5,
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III. ADAPTIVE DECISION MAKING

A. ADAPTIVE DECISION PROCEDURES

Using the estimates derived in Sec, II, we shall construct an
""adaptive'' decision procedure t which is ¢-asymptotically optimal
relative to P (Definition 2, Sec. I).

Define
r
P& (a,x") = 2 [LGa, )BOP = i/, x0T ] (54)
= i=1 —
m+l
where
Ann_1p,.n n-m
P(\" =1/ x )
r r r
> > Zg?g?....g;*lf(“m) £, (")
k=1 j=1 _q=1 'Y
- J
T T T T (55)
Z AnAn An n-m n
> 2 > gogn R L ey WO S OV
: k_e:l k:l J=1 °=1} 1 lJ k, f ,e

(m+l) sums

By (27) and (29) it is clear that for a fixed m

P[ lim | BO =1/ @ )P\ P15 5P ™) = 0 = 1, ..., r)Vm finite] = L.
(56)
5

" Let A= {ao, .oy as} be a finite set, choose té (§ n-m) such that

for almost every (p)in

P8 1p ("), x") = min 94

(a,i, _:En) forn<m (57)
a.leA - '
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el daaset

le (tlg(in-m)’in) min Q)g\(a x )forn>m
= = aeA —_

thus for n <m

t4 (="

——

=2 where k is any integer 0<k <s such that

Py, x") = min [ ¢1é(a0.§n), Cees ‘brﬁ\(as'?in)]

forn>m t/‘( n- m)

= a, where k is any integer O<k <s such that
k g k=
Q)g1 (ak, §n) = min [Q)E (ao.ﬁn), ches ¢g1(as.§n)] . (58)

In what follows it is assumed that the Markov chain is started
with the unique stationary probability distribution. The {x"} process
then, is a statxonary and ergodic process.

Lety= {(y VY ;, .. .) = y}. We define the following prob-
ability for every finite subfamlly of y's.

Plyehp .y TeA) = Paea, .., A ),

r r-e

*
This probability is consistent since

_P—(Y-le Al’ cees Y—ne Q) = P(xne Al’ C e xle Q)
= P(x"e Al’ co ey xze An-l) = P(xn-le Al' cees xleAn_l)
- 5..~1 -n+l
=Py eAl,...,y eAn_l).

Hedle
Then by applying the consistency ‘ theorem, we obtain a law defined

for (y-l,. o)

* Ref. 5 page 92,
e
Ibid., page 93.
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Dcefine th«. followmg transformation T (y 1. cel) = (y-n. SN y-l).
Let y \/" ve ey X ) the smallest o- fxeld for which (x yooo xn) are
measurable,

Then

P a) = Pla) VAR
and define

£ 607N = PO =T ).

2

Lemma 3.1: fn(i, (y-%r: .7.)) is a martingale sequenc-e.

Proof: Let B be an n-dim Borel set and £ 1-dim space.

Then

. —_— n+l .
ffnﬂ(x,l.)dp = fp(x =i/T_,y)dP

-1 -1
Tn+1 ($B) Tn-l-l (§B)

(59)

= f POP=isd, P har = PPy, 8. . . e B)

xB

fp(x% i/

B

P(A\P= i, (x...x)eB)

f P(\"/ T_y)dP

.x7)dP

f fn(i.z) dP .

!B !B
n n
3
For T =x$1, 2,...) a stochastic process {x ne T} is called a martingale
if E{ x|} <o for all n and if
’ E(x n+1/3; = a.s.,
i.e., if AcF™ f At gp - fxndP.
A A

24-



m
. 0
Theorem 3.2: There exists an m such that tﬁ (_xn) is

€ -asymptotically optimal relative to P.

Prooi: We want to show that

lim

ta6""™0), P)=R___ (B)<R(P)+e
n—00 = - n-mg = -

R(n"mo)

osRn_moaf,(g"mox P) - Rn-mo‘E) by (22)

05Rn_m0<té<§“'m0). P)-R___ (P)

I"L-'i”ﬂo —_

E[P (tA (" T0), ) - Q)P(tp(iﬁ'mo). xM]

m
E[o,(taE""0), x- %O(tlé(gn'mo). %)

) n-m n m0 n-m n
08 AT TT0), 1) - 84 Ve (T 0), )

) n-m n n-m n
oA tphTTT0), X7 - ot T0), x) )
= E[poa6""™0), £ - 05" (t A" ™0), x7)

) n-m n r,{‘o n-m n
Thp (tATTT0) x7) - 047 (1A T0), xT)

) n-m n ) n-m .n
O3 TpxT ) x)- 94 (tplx™ 770), x7)

0 n-m n m n-m n

-25-
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m
+9p °<t£<;\-_“'m0). =" - 8plep0), X))

Note that
AO n-m n 0 n-m n
AL - 0A = <
08° a6 ™0), 1) - 84t ™0), ¥ <0,

Then we have

Rn_mo(té(xn-mo). B - Ry ®

m
<SE[ 0568677 0) o) - 0,°%0467 0, ) ]

™o n-m n 0 n-m n
+E[0p (tAXTTT0) x7) - BAT(EAGTTT0) x) ]

mo m
+ E[PA (tpT0), x) - 0

P O(tz(in-mo)’ in). ]

Ma

+ E[ bp (x""™0), _>5n) - ¢p(tp(§n-m°)' fn)] :

(e

Let us look at each of the terms above

m
E (046 ™0), ) - 05 ° 646" 0), ]

r
= E [ Z L(tﬁ(xn-mO), i)P(xn= i/xl, s X))
i=1 —_—

r
- 2 LEpeT™0), PO = 148, L, x“‘mm].
i )

-26-
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By the construction above, (59), and the fact that P()\n = i/(xn, “en ,xn-m0)=x)

mo-rl 1 m0+1
= P(x =if(x,...,x ) = x}, we have

r r N
E [Zl : L(té(Tm 4y VL Gy) - Z L(tﬁ(Tmoﬂl), i)fmo+1(i, X)_J
i= —_—

= 0 i=l

r
E [ Zl BT a0 0 €y y) = £ i z))} :
1= —

Since fn(i, yj is a martingale sequence we can choose m, so large that

lim . l fn(x, X) - 1m0+1(1, }r-)! < (e1/2r L) by the martingale convergence

theorem?ﬂ where L = maxj i L(a.j, i) < oo,

Since
[_Z LEAT oy ) [5Gy - £ G Z”] < rL <o
i=1 = 0 0
. *'
using the Dominated Convergence Theorem, " we get

' m
lim E | 05t46"70), x7) - 05 o(tﬁ,(fn'mO), x|
n—00 —_— = =

r

€ ?

< =

2

By the same argument we get

-
Ref. 3, page 319.

Ik .
Ref., 5, page 125,
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lim  E (fp cp 10), x7) - 05t 0), X)) < -
n—»0o - =T - =
and

m
lim E [¢ °<t 36"70), ) - 05° (1567 0), X )

n—ao

= lim E 1:21 Litg (' 70), x1) [(PO™ = i/x". . x"0)
n—-oo —

PP =i/ P 0)]]

by (56), and using the dominated convergence theorem.

Similarly

lim E [ ¢in0 t (xn-mo) xn) ) ¢m0(t (xn-mo) xn)] =0
P b= b= P “P= ’ )
n— 0o - — - -

Finally we have
: &
lim R (t 0), P) - (2) 5 —2— + —2—' = €1 .

n-m
n— o 0 —

For this value of m, we have by (17) Rn_mo(g) <R(P) + €

. n-m
therefore 11mn_;>O° Rn-mo (té(i 0), P) < R(P)+e. Thus,

tlg(fn-mO) is e¢-asymptotically optimal relative to P. This completes
the proof of the theorem.

%*
Consider the following decision rule t . Let € be any sequence

of constants tending to zero. Use ts (x™) for n, steps until for n > n,

we have
A
IP()\n= /x0T l) - P()\n= i/ xx 1)l <e1 .

Then start using ta (x x ) for additional n, steps until for

n > n2 + n1 we have

A -1 n- -1 n-
[P()\n = i/x"%" 1 2) - P(A" = i/x" 1n 2)] <e,

,1(n,n1 n-2 -m

then start using t , ), and so on. In general use t3 (x

for anH steps until for n >n;+n, +... +n

0)
mo+1
A - -

|P(A™ = i/x"770) - POA™ = i/x"70)| <e
tA( n- (“n ‘H.)).

m0+1,

then start using

: 28-



We sce that in thi. rule we keep increasing m the number of steps
that we look back for our decision, Referring to the proof of Theorem 3.2
we see that in the expression R(P) + ¢ increasing m, will decrease e
and in the limit we shall converge to R(P). So we have the following theorem.

*
Theorem 3.3: Rule t is asymptotically optimal relative to P,

B. REMARXKS

It would be interesting to settle the question of whether or not the

following convergence holds

o, n 1 n. n 1 n %
[ POV I= /%, oo, x) - POVP= /%, L, )| —0 (i=l, ..., 1) (63)

almost surely or in probability.
If the convergence holds,almost surely or in probability, the following

decision rule t is asymptotically optimal. For, if
: r

Qﬁ(a:in) = z [L(a, i)é(Xn= i/xl. .. xn)]

i=1 -
then choose té(zc_n) such that for almost every (|.:.)§n

)] (t;\l‘(xn), xn) =min @ (a.,xn)
é _E— - aieA é L=

or

Q( ™ = a, Wwhere k is any integer 0 <k <r such that

)] (ak,i ) = min [Q)’P\(ao,in)’ .., ¢§(ar, in)]

The proof that t is asymptotically optimal if (63) holds proceeds as

follows:
0< [R (AN, P) - R_(P)] (64)
= E[ ¢§_(r§"g () 5™ - Bpltpl™, X))
now

0 < [0,6A06M, ) - ¢P(tp(5n),xn)j (65)
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= [0ERE"), XM - 080", x™)]
+ [PpEAE™, ) - 0ALLEM), *)]

+ 10gltpl®, £ - Ppltpla™, =) ]

Since 0 > [ﬂ'\(t/\(x ) x ) - ¢’\(t (x ) x )] we have

[Po(tai”, =) - Do), x™)]

S [¢P(t/\(x )s x ) = ¢A(tp(x ) x )]

+ [¢_§_(t£(§“). x") - ¢£(t£(3c_n), ]

r
{ L(té(x b PO =i/x' Z Led 6™, 0

1=

PP/ . x“)]

+ [Z L(tP(x ) {)P(\™ =1/x Z L(t (x ), i)
=] =

PO =ifxl . x“)J

} |
[2 L(té(_:g“), i) [POP=i/xl . 6" - BOP=i/x 6P ]]
=1 = -

i/xl. .3 - PP =i/x x)]].

[ 2 Litplx B),1) (B =

i=l

+

-30-



If (63) holds we have
P [ lim [ 0altne™, x™ - 0ol ™) = 0] 1
n—om - = - =

(or convergence in probability if this is the convergence in (64)).

Using the dominated convergence theorem our proof is complete,
since from limn_’bo Rn(g) = R(P) we deduce that limn_m Rn(tg(xn),_P_’.)
= R(P) and hence that t* is asymptotically optimal. -

Note that the rule t* is the same type as the rule given in Theorem
3. 3, the difference being that | m0+1 = n and we increase m, at every step.
This amounts to always basing our decision at the n-th step on all the observ-
ations up to this point.

C. EXAMPLE: _

Let us consider a discrete state discrete time systetn S whose state
transitions constitute an ergodic Markov chain with two possible states o)
and p,. Denote the state space of S by A= {p.l, p.z}. It is known that when
S is in state Y the distribution of the observa.ble.random variable x is
gaussian with mean H and variance o-z, and when S is in state Ky the
distribution is gaussian with mean Mo - and the same variance ¢ .

Thus, the two possible densities of x are

fl(x) =l._1___
ocVain

1 2
exp - {"T(x""'l) }
20

£ x) = _{_1__(- 24
5 x exp S2 xp.zf

ocVew

Let the action space consist of three possible actions, A = {al, ay, a3} .

The action a is '""guess that S is in state By " The action a, is ''guess

2
that S is in state Bos " and the action ag is '"guess that S is in state
B3 " Three possible actions were chosen to demonstrate the fact that

the number of elements in the action space does not necessarily have to

-31-



Thus we have

Polap x™) = uy-p3)? POP = /s + (hymp)® PO =y /o)
¢g(a2._=_c_n) = (""1""2)2 P(\" = pllgc_n)

ﬂg(al._ngn) = (pz-ul)z P(\” = p.zlﬁn)

where
P(\" = /%)
2 2z 2
¢ o0 ’ . 1 n-l n
Z T P..c.o P f.(x)...5 (x ) (x)
. i"ij kp.i i k B

1
2 2 2 2
Z Z .o 2 z ™ Py pkl' fi(xl). .. :f.k(xn'l)fl(xn)

and i, j,..., £ can take on the values p, and u,.

Suppose we are faced with the same problem but the transition
matrix P is unknown. The first question which arises is, can we
solve the problem in this case? By Theorem 2.1 and Lemma 2.2 we
can find the sequences of estimates, which we shall use for our
decisions, if and only if fl(x) and fz (x) are linearly independent.
Notice that p, as defined on page 14, is Lebesque measure in this
case, and it is clear that the fi's are square integrable. Using
Gram's criterion for linear dependence of vectors it can be easily

verified that if the p.i's are distinct, fl and fz are linearly independent.
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equal the number of states of S. From the derivation on page 42 it
is clear that when using the loss function defined below, a, might
be used in the optimal decision rule even though S cannot be in
state Ma.

The loss function L is the square of the difference between
the state guessed and the true state of S, Thus

2
Lia, ) =0 L(a;, w,) = {1y -1p)
2 3
L(az' P‘l) = (l"l'l"'z) L(a,, F-Zl =0
L{a_, &) = (u,- )2 L(a ) = (s, - )2
el L ) 30 M2} = =g .

. n .
Based on the observations xl, ..+«»X , we are required to take

one of the three possible actions a Let us notice that the

a,,a
1’72’ %3
-process {x } can be represented as the foliowing sum,

=24+ N

where {)\n} is the Markov chain with state space/\., and N is a
gaussian random variable with zero mean and variance o’z. This is
illustrated in Fig. 2.

If the transition matrix P is known then by (4) the optimal
decision rule t” is as follows.

If we observe _)_:_n then

tp(in) =a, where k is any integer 0 <k <3 such that

n, _ . n n n

¢_P(ak’-’-‘. ) = min [ﬂ_P(al.E ) ﬂli(az,gg ) ¢1:(a3. x)]
where, as defined in (2)

”P(a,, 5“):E[L(a, Xn)/fn] z L(a., By ) P()\ }-"i/l‘.n)'

l_
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We shall now derive hl and hz. Let us remember that the hi‘s
are defined by (35) as (hi' fj) = 5ij' hl' h, are then a reciprocal basis to
the basis vectors fl’ fz.

Thelfollowing form for the h.'s is easily arrived at using the
Schmidt orthagonalization process.

g v fos el
h (x) = a“\/Z_w 2o 20"\/1r—
1 ,

v2

exp - \————

1 20

40 T : 40'21r

2
L exp - {(“1'**2) } L oo - { L en )z}
40lm ¢ 0'1/2_11' 20'2 2

40 20
- Y3
{(P’l'}"z) }
exp - | ——5—
1 - 20
40'41r 40 w

2
(g -15)
R R e R P
20

ocVar 20 20
l-exp - —_—
, 20



\/2- exp - {-Tl (x- )Z}- _1_
h, (x) = 242 12 Var

By {40) we have

o
]
5|
x
W Mo
ol
Fo
[}
—

n
Z -‘/——exp -
k=1
2
(4y-15)
] l*;_ xp - 1
2
o o

9 -
i
By (43) we have

8
120 a

v———

.=35-

e T
(871 + (&3]

- n
An =1; > [hl(xk) hy

\
\

/

k+l
x

)]

i=12.



2
(- 1) }
1 727 . 1 k 2 1

exp,-{ ————( exp - ——.._.(x - ) 2 exp -

' 20'2 {2&72 2 P 202
1 (xk+1- )2 J
22 ) .

(g

e

(xkﬂ' )2}' 2 exp - {:(HI-HZ)Z lex -
Bl P | exp

oVan { 20'2
Similarly we find the expressions for é?. Egl' ng. Using (44) we get
. AN +
an [8];]
gij =

Anqt Anyt
[gu + [giZ]

By (57 and Theorem 3.2 we shall adopt the following decision rule:

forn < m,

tA(x") = a, where k is any integer 0 < k < 3 such that

P8(ax") = min [ 0pfa), x™), By, x™), dalag, ™).

forn > m,

¢ JA=IN

tAX 0) = a, where k is any integer 0 < k < 3 such that

™o n, . =0 n, A0 n, A0 n
P8" @ x) =min [ #4 " (a;, x"), P (ax), 0L (agx) ]

- as defined in (55)

r,1\—10 n, _ A.n _ n-m A.n _ n-m
P57 @x)) = [Lia,w) POA" = p /x""™0) + L(a, k) PO =, /%7 0) ]
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and

pr(a.gt_n) = [ L(a, ) 9( \? = p.1/_>gn) + L(a, ué) f’()\n = p.z/ﬁn)]

where
2 2 2
PPy, /X T0) = T = i
.o AD AN a-1 n
21 kz=1 ?‘1 ,21 47 85 By 567 O b L )]

A
ure is illustrated in Fig. 3, where A\® denotes the guess

The above proced
t A7 , and can take on the values iRy Ko

abou
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