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SUMMARY

Sufficient conditions for the stability of feed-
back systems containing a single linear time-varying
element are obtained by using the methed of Popov.
A frequency-domain criterion, which utilizes infor-
mation on the time derivative of the time-varying
element, is developed. In this paper, the linear
time-invariant subsystem is described by a convo-
lution integral, that is, no assumptions are made
concerning the internal dynamics of the linear time-
invariant part. An application of the main result to
a parametrically excited system is given to illustrate
the improvement of the new stability criterion over

the existing results.ll



INTRODUCTION

With the advent of parametric devices and the control problem
encountered in the design of space vehicles, the need has arisen for
stability criteria which can be applied easily in the design of linear and
nonlinear time-varying systems. Consequently, in the past few years,
the development of sufficient stability conditions has been of great
interest in the study of feedback systems containing a single nonlinear

and/or time-varying element, ™2 7 14, 15

These stability conditions
have been sought in terms of the real-frequency characteristics of the
linear time-invariant subsystem and the bounds on the nonlinear and/
or time-varying element in a manner analogus to the Nyquist stability
criterion for linear time-invariant feedback systems.

Frequently, in the practical analysis of nonlinear time-varying
feedback systems, more information is known about the time-varying
nonlinearity than the fact that it lies in some finite sector. When more
information is available, it is expected that better stability results will
be obtained. Rekasius and Rowland6 have investigated this problem by
taking into account the rate at which the characteristic of time-varying
nonlinearity varies. In this paper, a different approach is made to the
stability problem of linear time-varying systems using the method of
the Popov theorem. A new stability criterion is derived which shows
the improvement over the existing results. 4, 7

In this paper, the linear time-invariant subsystem is described
by a convolution (i.e., input-output relation), no assumptions are made

concerning the internal dynamics of the time-invariant part.



Description of the System

Consider the following system:

Fig. 1. Linear time-varying feedback system.

where N is a linear time-varying memoryless element, G is a non-
anticipative, linear-time invariant subsystem. N is assumed to

satisfy the following conditions:
(N.1) o(t) = c(t) n(t), c(t) is continuous and differentiable
over [0, o) such that there exist positive real numbers
¢ and k with the property that

0 <e <ct) <k-e¢ forall t > 0. (1)

G is characterized by the following:

(G.1) If a is its input, its output y is given by

t
y(t) = z(t) + So git - Ne(r)dr fort >0 , (2)

2=



where g is the unit impulse response of G, z is the

zero-input response of G.

(G.2) For all initial state, z(0) is finite, % exists on [0, )
and z, 2 are elements of LZ(O’ ) and z(t) 50 as
t —»oo.

(G.3) ge LI(O, ®)N L,(0, ), § exists on [0, o) and belongs
to LZ(O’ ).

The input u is assumed to satisfy the same conditions imposed on z.

Note that from (G.2) it is readily seen that z is bounded on [0, co).

From Fig. 1
n(t) = u(t) - y(t)
. t
= u(t) - z(t) -S gt - 7 a(r)dr
0
t
= -zl(t) -5 g{t - TYa(r)dr for t > 0 (3)
0
where z) =-u + z.

Define G(s), the Laplace transform of g, by

@ t
G(s) = 5 g(t) e” 5t dt .
0

Theorem 1: Let Fig. 1 be the single-input, single-output linear
time-varying feedback system under consideration, where N is a
linear time-varying memoryless element which satisfies (N.1), and G
is a nonanticipative linear time-invariant subsystem satisfying (G.1),
(G.2) and (G.3).‘ If there exist real numbers 6, q and m such that

(i)  <ft) [1 -—CE“-)] -3 cft) >m >0 forallt>0 (4)



and
(ii) Re(l + iwqg) G(iw) +% > 6> 0 for all we(-00, ). (5)

Then for any initial state, the output
ye L,(0, )N L (0, o), and y(t) »0 as t > (6)

Proof: By Lemma 2 (see Appendix), in the proof of the theorem, gq

may be assumed to be nonnegative.

The system is characterized by (3), i.e.,
t

n(t) = -zl(t) -5 gt - ) a(7r)dT for t > 0.
0

Let am be defined by
aft) for 0 <t <T
ap(t) = (7)

0 otherwise

where T is a finite positive number. Denote 'r]T(t) by

t
'qT(t) = -zl(t) -S. gt - 1) aT(T) dr for t >0 (8)
0
then
. t
'r']T(t) = -'zl(t) - g(o0 )aT(t) -S. gt - 7) azT('r) dr for t > 0.
0 (9)
Define
. aT(t)
XT(t) = T]T(t) +q T]T(t) - k (10)
r(t) = zl(t) +q él(t) . ' (11)



Our assumptions (G.2) and (G. 3) on the differentiability of 2, and q
imply that they are continuous and hence bounded for finite t. By taking
absolute values of both sides of (3) and using (1); the Gronwall-Bellman

lemma implies that
T
| n(m | < max |z1(t) | exp | max | g(t) IS' c(r)dr
0<t<T 0<t<T 0 (12)

which is finite for finite T, therefore, aop is bounded and belongs to
LZ(O, o). Thus from (8), (9) and (11) we see that Neps ﬁT as well as r
are elements of L,(0, o). Let Ap(iw), AT(iw) and R(iw) be the

Fourier transforms of @rps )‘T and r respectively.

Then from Egs. (8) - (11)
AT(iw) = - [(’l + iwq) G(iw) + 1%:] Ap(iw) - R(iw) (13)
Let

[0 o]
o(T) = 50 p(t) aqp(t) dt. (14)

Since Re(l + iwq) G(iw) + ¢ > & < 0, by Lemma 3 (in Appendix) we

have

T T
p(T) = «S\o {n(t) a(t)} a(t) dt + qS‘o a(t) A(t) at < C1 (15)

oo
where C, S' | z(t) | dt = = | z,(t) +q Z)(t) |2 dt, is finite
0
and independent of T. Since a(t) = ¢(t) n(t), by adding and substracting
T . 2
S c:(t)zfl t) dt in the left-hand side of (15), we have
0



T T
SO {n(t) - L(Ez(_ﬂ(t_)} clt) n(t) dt - 3 50 &ty n2(t) dt

+3 (T 2%(T) < C; +3 c(0) n%(0) (16)
or

{c(t)l: C(t):l-%é }n(t)dt+qc(T)n(T)<C (17)

where Cik = Cl +% c{0) nZ(O) is finite and independent of T, since

n(0) = - zl(O), is a finite number.

Since c(t)| 1 - <74 ¢(t) > m > 0 and q is nonnegative,
K 2 Z g

each integral in the left-hand side of (17) is nonnegative. Therefore

{ c(t) [1 _efe) | -‘Zl é(t)} nz(t) dt < cl (18)

and
(1) n4T) < ¢ 1
3 (1) nT) < C; . (19)
From (18) and from the fact that Cf is independent of T we have

e
3R

® 2 !
S‘ n (t) dt < —, a finite number, . (20)
0 — m

i.e., ne LZ(O’ ©). Hence oa(t) ¢ LZ(O’ ®). From (3), as t—»>

t
lim nt) = - lim gt - ) a(T)dT. (21)
t - 00 t—-0 v0

By Lemma 1 (in Appendix)

lim n(t) = 0. ' (22)
t->00

-b-



Hence n e LZ(O’ o) and n(t) »0 as t »o00. But n(t) is bounded for
finite t, it is readily seen that n(t) is bounded for all t > 0. Thus, in

view of (3)

y € Li,(0, ) N Loo(o’ o) and y(t) -0 as t - co.

o
b

2C

Note that for q # 0, m(t) is bounded by —E—-CII (from (19)). Q. E. D.

In the theorem we observe that as | ¢(t) | approaches zero for
all t > 0, the Popov condition5 is obtained. Moreover, if € is chosen
to be arbitrarily small, q must be chosen small accordingly. In the
limit, Theorem 1 coincides with the results obtained by Rozenva.sser4

and Sandber g. 7

Corollary 1: Let m, and m, be two positive real numbers such that
-m, < é(t) < m, for t > 0. Then if, in the theorem, the condition (i)
is replaced by (i)':

. 2¢ € 2¢ €
L - —_— - —
(i) m,; (1 E) <a<g (l k) (23)
the same conclusion holds.

Proof: Since 0 <e < c(t) <k -¢, we see that

c(t) [1 - %_):l > e (1 - %) for all t > 0. Hence for q such that

2¢ € 2¢ € . _et) | 9.
-KI<I-E) <q<-nT2<l-E> the function C(t)[ T ZC(t)
is positive for all t > 0. By Theorem 1, the same conclusion holds.

Q. E. D.

Frequently, in the study of parametrically excited dynamical
systems, the variation of the time-varying gain is sinusoidal. We have

the following:



%
Corollary 2: Consider the same feedback system as shown in Fig. 1,

in which the time-varying gain is of the form:
k -
c(t) = > [1+a sin(w, t + 0)]

>0, 0<acx<l.

for all t Z 0 with wg

Liet the hypotheses of Theorem 1 be satisfied with

V1 - aL2

2 . 1
IQ|<———T—— if <al
“0 V2
or
la| < E%f- if 0<acx<
“0 ~ V2
If Re(l +1i w q) G(iw)+%36>0

is satisfied for all we (-0, o), then for any initial state,
y eLZ(O, )N Loo(o’ o) and y(t) »0 as t-»00 .
c(t .
Proof: Let h(t) = c(t) [ - —Ii—):l - % c(t)
then, by putting (24) in (27), we have

k

h(t) = Zl:l- az sinz(w0t+ 0) - q 2w, cos(w0t+GE| .

After the general result stated in Theorem 1 had been obtained,

(24)

(25)

(26)

(27)

(28)

the author noticed that a similar result for sinusoidal case (stated in

Corollary 2) was obtained by Rekasius and Rowlandl3 for lumped

systems only in an unpublished report. However, our approach and

results are different from theirs and our results hold for lumped as

well as distributed systems.
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It is shown in LLemma 4 (in Appendix) that h(t) > 0 for all t > 0 if

and only if (25) is true. Hence by Theorem 1, we conclude that
y € LZ(O’ )N L (0, ) and y(t) »0 as t-»o0 . Q. E. D.

Suppose that the linear time-invariant subsystem G includes

an integrator. Then with slight modification on the system, we have

Corollary 3: Consider the same feedback system as shown in Fig. 1.

Suppose that 1) 0 < e < c(t) <k -¢ for all t > 0, 2) G has the unit

impulse response of the form g(t) = d + gl(t) for t > 0, where d is a
positive real constant and g; satisfies the condition (G.3), 3) zl(O)

is finite, zl(t) -~z  as t +00 and (zl -2 ) 21 are elements of

L2 (0, ) where z is a finite number. Then the conclusions of

1l oo
Theorem 1 still hold.

Proof: As shown in Lemma 2, the original system is equivalent to the

system with @, G replaced by &, G respectively, where

a(t) = &(t) n(t), &(t) = k- c(t) (29)
and G(s) = 1 ;i(s)s) X (30)
9

It can be shown’ that the equivalent system satisfies all the conditions

of Theorem 1. A direct calculation shows that for all w

A 1
Re(l-iwq)G(1w)+k_€
0
1 1 ‘0
- Re(l +1i » q) Gliw) + }+ _ (31)
|1+kG(iw)|2{ K[ "k - <))



where €, > 0 and is sufficiently small. We see that, for all »

0

Re(l +iwg) Gliv) + £ > 0
implies that Re(l - iwgq) é(iw) + lEl-_e >0.
0

Now, we observe that

A o
é(t)[ -—CIQ:I-% Aty = c(t) [1-%—") - $ ¢
for all t > 0.

Since &(t) is a bounded function, it follows that, for all t > 0,

c(t) [1 - f%)] - % ¢(t) >m > 0 implies that

6(t)[: -E;%q%i] - %.é(t)gz M > o.

By Theorem 1, the equivalent system <"3 is stable with

(32)

(33)

- (39)

(35)

e < &(t) < (k - eo) - ¢ for all t > 0. This then implies the stability

of the original system with ¢ < C(t) < k - ¢, which is precisely what

was to be proved. Q. E. D.

Note that from (31) we can weaken the inequality (32) to

Re(l +iwq) G(iw) + -1-1— > 0 provided G(iw) £ - Ilé for all w.

Application: We now apply the main result to the following

parametric circuit (Fig. 2):

-10-



/-£S(+)=SO'(|-Bcos wpt)

Fig. 2. A simple time-varying circuit.

Let n be the charge on the time-varying capacitor. Applying

Kirchhoff's laws to the circuit, we have

2
ﬁz'l+%g—t'l+§f—)n=0 for t > 0 | (36)

where S(t) = So(l - B cos wpt) for t > 0, and R, L, So, B, s are
positive. w_ and B(0 < B < 1) are the pump-frequency and the index

of modulation respectively. Let

wn

L
0T "

Then (36) can be rewritten, by adding D b0 n to both sides, as

follows:
a%y + A3 L Db q=-@-D)b,|1-P coswt
w2 dat oM = 0 T -D) p | M

for t > 0 (37)

11-



where 0 <D K< 1 suchthatl—% <1.

From (37) we obtain

t
n(t) = z(t) -S gt - 7 [c(r)n(m)] dr for t >0
0

in which z is the solution of

dzz dz
dt

and

c(t) = (l-D)b0 l:l- (I?D) cos wpt]

gt) =L {G(s)} =L {—F } .

s +As +Dbos

In accordance with our assumption that A and Db0 are

positive, it follows that z, g satisfy the conditions of Theorem 1.

by Corollary 2, if there exist 6§ and q such that

A-(rts)”

1

i |aqf <

1-D . 1
or |q|<[3w if OSI—-ELﬁf.

p V2’

and

(ii) Re rILALL T t DT —
(-w° +Dby) +iAw 21 - D) B,

for all w.

-12-
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(38)

(39)

(40)

(41)

Thus,

(42)

(43)

(44)



Then for any initial state, n is bounded and approaches zero as

t = o0.

Let Q = \/bo /A, the quality factor of the resonant circuit
with S(t) replaced by S0 . By a straight-forward calculation, it can
be shown that if

20%[1-VD(z-D) ] -1

szO QL - D)

qQ > q, (45)

then condition (ii)‘ is satisfied for all w. Let us take B = 0.16,

Wy = 2 b0 » D =0.8 as an example. Using (42) (since B/1 - D = 0.8)
and incorporating with (45) we find that if Q < Q‘O = 8.68, then there

exist q and & such that both (i) and (ii) are satisfied. For values of

D other than 0.8, the corresponding values of QO are obtained and

plotted in Fig. 3.

max.00=8.68 at D~ 0.8

0O 02 04 06 08 10

«13-



Figure 3 shows that, with § = 0.16 and wy =2 bO’ Qo attains its
maximum for D = 0.8. In other words, if Q ='\/ bolA is less than
8.68, then the circuit is stable.

Table 1: Qo is computed for W =2 \/bo

g 0.024 0.04 | 0.06 0.08 0.12 0.16 0.20

59 35 23 17.8 11.8 8.68 | 6.8

Ql 41.7 25 16.7 12.5 8.3 6.3 5

QZ 100 50 33 25 17 12.5 10

N

The values of Q0 given in Table 1 are obtained in a similar
manner with Wy = 2'\/;: and P ranging from 0.024 to 0.20. It says
that if, for a given B, ‘\/T)?/A does not exceed the corresponding value
of QO’ then for any initial state the solution of (36) is bounded and
approaches zero as t +»o. For comparison, it is of interest to con-
sider the recent results of Sandberg11 concerning the solutions of
second order differential equations similar to (36) with the exception
that S(t) is no longer a periodic function of time. Sandberg finds that
if, with a given B, '\/-g;/A does not exceed the corresponding value of
Q1 in Table 1, then for any S(t) (not necessarily periodic) such that
So(l - B) < S(t) < So(l + B) for t > 0, all solutions of (36) approach
zero as t »o. We observe that, for the special case of (36) with
¥p, = ZVb—O: our results show the improvement over Sandberg's results.

In the above example we have chosen wp to be 2 \/ bo. This is
because we also want to make comparison with the results of Phillips]'2
concerning the determination of the values of reactance variation in

order that parametric oscillations can just be maintained in the same

-14-



circuit of Fig. 2. Using a semigrap'hical technique and the results of
McLachlan concerning the Mathieu equation, Phillips finds that if, with
a given B < 0.2, ‘\/E_(;/A exceeds the corresponding value of Q2 in
Table 1, then there exists wp’ in the neighborhood of 2 bO’ for which
all solutions of (36) do not approach zero as t -+ . Observe that the
values of QZ are only roughly 1.5 times the corresponding values of

Q,.

It must be noted that if @, is reduced, then, with a given B,
the corresponding value of Q0 will be increased. For example, let
B = 0.16, wp = %‘-\/—b—O, the corresponding QO is obtained to be 21.5,
which is much larger than 6.3 as was obtained by Sandberg for the
general case. Moreover, as 0y approaches infinity, values of QO

approach the corresponding values of Ql'

CONCLUSION

In this paper we have obtained sufficient conditions for the
stability of feedback systems containing a single linear time-varying
element whose input-output characteristic lies within a finite sector.
An improved frequency-domain criterion, which utilizes information
on the time derivative of the time-varying gain, is developed. The
main.result stated in Theorem 1l together with its corollaries holds for
general distributed systems as well as lumped systems. A restricted
class of inputs, which satisfies all the conditions imposed on the zero-

input response, is also allowed.

An application of the main result to a parametrically excited
system is given to illustrate the improvement of the new stability
criterion over the existing results. In general, when more information
about the time-varying element is available, better stability results

can be obtained.

-15-
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APPENDIX

Lemma I: Let f

10 fZ be real-valued functions and elements of

t .
LZ(O, o). If h(t) = S‘ fl(t -7 fz(T) dt for t > 0, then
0 -

lim h(t) = 0.
ts+00

Proof: Let Fl(iw), Fz(iw) be the Fourier transforms of f,, fz

respectively. Then

h(t) = -k °°F . . iwt
= J(iw) Fo(iv) e " dt (A-1)
-00

But Fl(iw) and Fz(iw) are elements of LZ(O’ o), it follows by
Schwartz inequality that Fl(iw) Fz(im) is an element of Ll(o, ).

Thus by Riemann-Lebesque lemma,

lim h(t) = 0. (A-2)
t->00

Q. E. D.

Lemma 2: Let the hypotheses of Theorem 1 be satisfied with q > 0.
Then the same conclusions hold if the same hypotheses are satisfied

with q < 0.

Proof: Let a(t)

kn(t) - a(t)

2(t) n(t) (A-3)

where &(t) = k - ¢(t), which satisfies the same condition on c(t),

i.e.,

0<e<?@t)<k-e. (A-4)

«16-



Then it is readily seen that (3) is equivalent to:

t
nt) = -21(1:) - 50 Bt - ) &1 dr for t> 0 (A-5)
where
-1 (A - -
e =L (&) =L (e (A-6)
t
= -g(t) +kS. gt - T g(mdr for t> 0 (A-T)
0
and
A LA
zl(t) = zl(t) +kS‘ gt -1 zl(-r) dt for t > 0. (A-38)
0 -
Next, the geometric interpretation of the condition (5), 35 which is

satisfied by G, implies that the Nyquist diagram of G does not
encircle the critical point ( - -1%, 0) and G(iw) ;‘- - % for all w», i.e.,
1+kG(s) #0 for Re s > 0. Then ge L;(0, o) implies that

ge Ll(O, ®) by appealing to a theorem of lz.’aley a’nd Wiener.8 By a
theorem in Ref.10, it follows that ﬁ, 21, 'g‘ and '21 are elements of

LZ(O’ ®). Moreover, from (A-8), %1(0) = 21(0) is a finite number,

g , t
and as t»o0, lim Z(t) = lim kS gt - ™ z(r)dT = 0 by
t »00 t >0 0

Lemma 1. Thus the equivalent system (A-5) satisfies the same con-
ditions of the original system (3). A direct calc:u.l.ation3 shows that for

all »

1
|1 + &k G(iw)

. A . 1 . . 1
Re(l - iwq) G(iw) + ¢ = {Re(l +iwq) G(m)+E}

%
(A-9)

=-17=-



Since G(iw) is bounded for all w, Re(l +iwq) G(iw) + é > 0 implies
A
that Re(l - iwq) G(iw) + -1% > 0. Furthermore, we observe that

At l:l - -el(;t-) - 34w = e [1 - 31(5-):\ -3 an . (a-10)

Therefore, if (4) and (5) are satisfied by G for some q < 0 and some
k, then the same conditions (4) and (5) (with a different but still positive

A
8) are satisfied by G for -q > 0 and the same k.
Q. E. D.

Lemma 3: Let fl’ fz, f3, h be real-valued functions and elements of
LZ(O, o). Let Fl(iw), Fz(iw), F3(iw), H(iw) be their corresponding
Fourier transforms. If

F)(iw) = -H(iw) Fy(iv) + F (iv) for all (A-11)

and if there exists a real number 6§ such that

Re H(iw) > 6 > 0 for all w (A-12)
then
. 2
o 1 oo | Fz(lw) |
where
Al @ . 12 1 2
C, = 5% S'-w | Foliv) [“dw = o= S‘_Oo | £,(t) | at . (A-14)

Proof: The proof is a straightforward application of the completing

the square technique (see Refs. 3 and 5).

«]8a-



Lemma 4: The function,
k 2 . 2
h(t) = I l-a" sin (wot +6) - qa wg cos(wot + 0) (A-15)

with w, > 0, 0 < a < 1, is positive for all t >0 if and only if

0

2V1-a? 1

|q| < —_— if <a<x<xl
wg :‘FZ
‘and (A-16)
1 : 1
|q| < = if 0 <a <
aw, - Z"f‘?

Proof: Differentiating (A-15), we have

dh(t k. 2 2 '
—d-t——) =7 sm(:,oot + 6) [-Za wq cos(wot + 0) +qaw0:l . (A-1T7)

dh(t l
t t=t
m

one obtains either (i) cos(m0 t o+ 8) = qu/Za or (ii) sin(wo t,t0) = 0.

Let t be some time such that = 0. Then from (A-17)

For case (i) we have

qw
l_zaﬂ <1 or J|q|<Z& (A-18)

“0

and from (A-15)

[ 2 2
_k 2 a4 @9 19
ht)=7|1-2 <1";‘2—) - 939y 35
[ quZ
=3|1-2" - (A-19)°

: -



Yy

2 2 ‘
2 19 2V1-a%

fl-a®- —— >0, i.e., |q] < = (A-20)
0
then h(t_ ) > 0. But
m
2 2
2 ka"w
d " h(t 0 . 2
) = —— sin (wotm +0) >0, (A-21)

dt t=t
m

we conclude that at t e h(tm) attains minimum. Hence for

V1-a

Iq|<2 2a

and |q| < ~, h(t) > 0 forall t > 0.
0

W
For case (ii), sin(wotm +0) =0, or cos(m0 tm +0) =+ 1, then

from (A-15)

1;— [1-qaw for cos(:ootm +6)=1 (A-22-a)

0]
h(t_) =

S[1+qawy] for cos(wyt_ +6)=-1 (A-22-b)

Taking the second derivative of h(t), one obtains

2
d%h(t) _k 2 2 , 3 ,
— =7 [ -2a wy COS 2(.ootm +0)+ qa wy cos (“’Otm +0)]
dt | t=t
m
kwg

-z (-2a + qmo) for cos(:»0 L 6y =1 (A-23-a)

sz

0 :
e (-2a - qwo) for cos(wotm +6) = -1. (A-23-b)

Corresponding to cos(:ootm + 0) =1, if qaw, < 1 and qw, > 2a, then

a%ht)

h(tm) > 0 and
dt tztm

> 0. Hence h(t) > 0 for all t > 0.

-20-



Corresponding to cos(motm +0) =-1, if -qaw

a%n(t)

then h(tm) > 0 and >
E dt t=tm

t > 0. Combining the two, we see that if | q| awg < 1 and

|a| w, > 2a, then h(t) > 0 for all t > 0.

0

> 0. Hence h(t) > 0 for all

< 1l and -qw, > 2a,

Thus we have shown that h(t) > 0 for all t > 0 if and only if

either
2
. 2 -
(i) lal < __w_}_a_ and
0
or
@) lq] < ;To and

" But (A-24) is equivalent to:

2V1 - al

W

1q] <

- or

la]| <
la| >
1

(A-24)

(A-25)

Hence, the lemma is proved. The family of q - a curves of (A-25)

with equality sign is shown in Fig. 4.

a21-
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lal = =—=——
Fig. 4. Family of

‘ 1
|q| ——— for 0 < a <
3w, - - ;TZ.
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