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ON DETERMINABLE CLASSES OF SIGNALS
AND LINEAR CHANNELS

ABSTRACT

In a recent paper, Root[l] inaagurated a study of the measure-
ment and processing problems arising when a signal passes through an
unknown linear channel, Subsequently Prosser and Root [2] character-
ized bounded determinable classes of signals and channels which are
Hilbert-Schmidt operators on LZ(--oo, ). In this paper we consider
the signal space to be an arbitrary Hilbert space H and a channel to
be any continuous endomorphism on H. We obtain a characterization
of e -determinable convex classes of signals by relating thig property
to the concept of n-dimensional diameters introduced by Tikhomirov [3]
and thus demonstrating the relevance of our results to the theory of
best approximations, We next generalize the results of Prosser and
Root dealing with bounded determinable classes of channels, and also
obtain some properties of various classes of unbounded sets of chan-
nels, The motivation of dealing with abstract space of signals and
channels is the applicability of our results to various problems in

control-system identification and the theory of approximations.



I. INTRODUCTION

In a recent paper, Root[l] has inaugurated a study of
measurement and processing problems arising when a signal passes
through an unknown linear channel. He develops a terminology and
shows that it is useful for formulating a large class of problems which.
involve channel identification. Some of the questions provoked by
this paper have been subsequently answered by Prosser and Root {2].
Specifically, they show that if it is assumed that the unknown signal
belongs to a fixed bounded subset of LZ(—oo, ©) or the unknown channel
belongs to a fixed bounded subset of the Hilbert-Schmidt operators on
LZ(-oo, ), then that subset is determinable if and only if it is condi-
tionally compact. This characterization is exploited to yield a number
of useful, interesting results,

1n this paper we remove the condition of boundedness and deter-
minability on classes of signals and impose convexity, i.e., we study
the properties of ¢ ~determinable convex classes of signals ¢ontained
in an arbitrary Hilbert space. Since the convex closure of compact
sets are compact, this condition does not impose restrictions for
bounded, determinable sets, Furthermore, almost all the classes of
signals appearing in the literature are convex. The main result of
this paper is the relationship between ¢ -determinable convex c¢lasses
of signals and their n-dimensional diameters. The concept of the
n-dimensional diameter of a set has been extensively studied by
Russian mathematicians, notably Tikhomirov [3]. As a corollary of
this relationship we show that a convex set of signals is determinable
if and only it is contained in the vector sum of a finite~dimensional
subspace and a compact set. Furthermore, for a convex set of signals
linear determinations are '""almost as good'' as nonlinear determinations.
These results are given in Section II.

In Section IIl we study the problem of channel determination. We

allow the channel to be any linear continuous transformation of the
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signal space H into itself. We generalize the results p!," Root and
Prosser for bounded determinable classes of channels. We also study

some special cases of unbounded determinable classes,



u

II. DETERMINABLE CLASSES OF SIGNALS

By a signal we mean an element x of a real or complex,

infinite-dimensional Hilbert space H, By an n-measurement we mean
a fixed n-tuple of vectors (yl, v, yn) from H, An n-estimator func-
tion is a continuous mapping f from En (the n~dimensional vector
space over the real or complex field depending on H), into H, The
estimator function is said to be linear if f is affine, By a (linear)
n-experiment (Yl’ X A% f) we shall mean an n-measurement

(yl, ceo, yn) and a (linear) n-estimator function f,

Let C be a subset of signals. C is said to be e -determinable

if there is an n-experiment (yl, TR A% f) such that

|x - (= v, coo(x y )[2 e, for xinC

where |z| is the norm of z in H. C is said to be determinable if
it is ¢ ~determinable for each ¢ > 0, | |

An n-variety L= (a, N) of H is the set L= a + N where
ae¢H is a fixed vector and N is a fixed n-dimensional subspace of
H. By the distance of C from L= (a, N) we mean the number

(possibly +oo)

d(C, L) = sup inf Ix-yl

xeC yel,

sup |(x-a) - P (x-a)
xeC

where PN is the orthogonal projection of H onto N, By the

n-dimensional diameter of C we mean the number (possibly +ow)

d (C) = inf{d(C, L)| L is an nrvariety of H},

For elaboration on the above definitions the reader is referred to

Root [1] and Tikhomirov [3].



Lemma 2.1, If the n-dimensional diameter of C is equal to ¢,
then for each 6 > 0, C is (¢+6)-determinable by a linear n-experiment,
Proof. Let L= (a, N) be. an n-variety such that
sup |(x~a) - P (x-a)l <g + 6.
N -
xeC
Let Vpoeres ¥, be an orthonormal basis for N and let f(xl, poe, kn)

= (a + \,y,+* -~+)\nyn - PNa). Then for x in C,

171

IX - f(‘<x9 Y1>: ct <X, yn>)l

n
Aaall
=lx- - (x, Y'i>yi + a - PNa = l(x-a)-PN(x-a)l <e+56.
i=1
Q,E.D.
A set C of H is said to be symmetric about a point 4 if

c0+)\(c~c0) isin C for ceC and |h|§1. C is said to be
symmetric if it is symmetric about 0. As a partial converse to
Lemma 2.1 we have Lemma 2. 2.

Lemma 2.2. Let C be a symmetgic, convex.set o}',sign&ls; If

C is c¢-determinable by an n-experiment, then the n-dimemnsional
diameter of C is dn(C) < e. '
Lemma 2,2 is a corollary of Theorem 2.1,

Theorem 2.1, Let C be a symmetric, convex set. Let N be

any n-dimensional subspace of H, Then there exists an n-dimensional

subspace N, of H (dependent on N) such that

1

_— POCE, (c N~ (2.1)

1 1

where N’L(Ni') i's the orthogonal complement of N(Nl) in H.
Before proving (2.1) let us prove Lemma 2.2 (assuming

Theorem 2.1).



Proof of Lemma 2.2. Let C be ¢-determinable by the n-

experiment (yl, AR A f). Let N be the subspace generated by

1 2
have Ile-xzii < 2¢. Since C is symmetric this means that for x in

{yl’” . yn} . Then for x, and x, in C and PN(xl-xz) = 0 we must

C and PNx = 0 we have |x| < e. Now let N1 be an n-dimensional

subspace which satisfies (2.1). Then

d(C, N )=sup |x- P _x
1 xeC N1
= sup |P L ¥
xeC Nl

sup P x
xeC ﬂN‘L| Nil'

But xe C nN'L means that x ¢ C and PNx= 0, so that leis.

Hence d4(C, Nl)f e so that dn(C) <e. Q.E.D.

by (2.1).

- Proof of Theorem 2.1. The proof proceeds by induiction on the

dimension n of N. The case n=1 is treated in the Appendix.

Let us assume that the theorem is true for subspaces of dimension
m <n >1 and let N be any (n+l)-dimensional subspace. We factor
N arbitrarily info N=L @ {x} where L is an n-dimensional sub-
space and {x} is a l-dimensional subspace generated by a vector x
in H. By the induction hypothesis there: is a subspace’ Ll» of dimen-
sion n which corresponds to L, Itis therefore enough to show that

there exists a vector y in H such that,
P (c)C P cNreox=.

(L, @ iyh' T o e iyh'

Now (L '@ {x} )J' =t %t ana (L @ {y} )’L = Lln yl, so that we

must show, for some y in H, that



Loy Lnyl<c ﬂL’mel),
1 .

PP, P (OCP P | l(cﬂlfﬁ ).(2.2)
y Llﬂy L y Lﬂy L

1
By the induction hypothesis, P .l.( C) (; P 1 (C n L'L). Let

L Ll

1

=C ﬂ L'L. Then (2. 2) is equivalent to

PP, P @CPP P (Q ﬂxl).
yLﬂy'L1 yLﬂy L
or
: 1
P P P (@+L)C P P ) s+ L),
ot Linyl L_L .L .Ln.l. f( 1)
(o X o
PP, (Q+L)CP P, l((Qﬁxl)\ur..l),
y Llﬂy y Lﬂy
or
P, Pie+L)CP l((Qﬂxl)-l-Ll).
Lﬂy y LNy

1

Hence, it is enough to show that there is a y such that

P (Q+L) (;Pyl((Q Nty + Ll), or

Q+L +{yt C@Nxh+r +{y}. (2.3)

Now Q=C n L“L is a convex symmetric set so that by the induction
hypothesis, for n =1, there exists a vector y (depending oh x) -such
that, .o
- e
P (QC P, (Q,fﬁﬁ'x ),
y y

Q+ {y} C (@ Nxty + {y}.



" Hence (2. 3) is satisfied by this y so that the theorem is proved.
Q.E.D.
Since the n-dimensional diameter and the ¢-determinability of a
set is invariant under translation, we immediately have, from Lemmas
2.2 and 2.1, the following corollary.

Corollary 2.1, Let C be a convex set, symmetric about a point.

If C is g¢~-determinable By an n-experiment, its n-dimensional diameter
is less than ¢, and for 6 > 0, C is (¢+8)-determinable by a linear
n-experiment,

For arbitrary convex sets we have another corollary,

Corollary 2.2. Let C be a convex set which is ¢ ~-determinable

by an n-experiment. Then dn(C) < 2t and for § > 0, C is (Zs-ff))-
determinable by a linear n-experiment,

Proof, Let the n-experiment of the hypothesis be (Yl’ RETS A% f),'
and let N be the subspace generated by {yl, oo, yn} . Then for x

1

. . e ) = - < ith-
and x, in C with PN(x1 XZ) 0 we must have |x1 le < 2¢. With
out loss of generality we assume that the origin is in C, and we con-
sider the convex symmetric closure [C], of C, If the underlying

field of the Hilbert space is real, then
A ‘
= = - > = .
[c12(cly {klxl k%, |x, € G, Kk, 20, k +k, 1}
If the underlying field is the complexes, then

[c] £ [c]c=[xx|xe[c]R, In < 1}.

In either case it is easy to see that for any x ¢ [C] with PNx =0
we must have |x| < 2¢. From the proof of Lemma 2.2 we see then
that dn([C]) < 2¢ so that dn(C) < 2¢. The second assertion follows
from Lemma 2.1. Q.E.D.
Our final result of this section deals with determinable sets,

As an alternative characterization of convex, determinable sets we

have Theorem 2.2.



©

Theorem 2,2, A convex set C is determinable iff C (_'____N + K

for some finite-dimensional subspace N and some com‘f)a(;t set K.
Proof, From the proof of Corollary 2.2 it suffices to prove this
statement for symmetric convex sets, Now C is determinable if and
only if dn(C) -0 as n—>oo, Hencg for each n there exists an n-
dimensional subspace N_ suth that
Iim sup |x - P xl = 0,

n—wo xeC Nn

We can assume that NnC_: Nn+1 for each n. Let n, be such that

sup |x - P xl < oo,
n
0
and let

n

xeC
X € C}.
0

Then K is bounded and C gNn + K. It is easy to see that K is
0

Kz{x-PN X

also determinable and hence by a result of Prosser and Root [2], K
is compact. The argument is trivially reversible so that the theorem
is proved, | | Q.E,D.
Remark. Itis conjectured that Theorem 2.2 is true without the
2xe s g
convexity assumption. It is worth noting that we have also shown that
if a set, convex or not, contains a sphere of radius bigger than ¢,
then the det is not ¢ -determinable, Furthermore, we have shown that
a symametric convex set is ¢ -determinable if and only if it is contained
in the £ -neighborhoed of an n-dimensional subspace, for some n < ,

and in this case it is ¢ -determinable by a linear n-experiment.



111, DETERMINABLE CLASSES OF CHANNELS

Henceforth we take the signal space to be the real or complex
Hilbert space H. As before, we denote the norm of a signal x in H
by |x| and the inner productof x and y in H by (x, y). Bya
channel we shall mean an element k of the Banach space B(H) of
continuous endomorphisms on H. The norm of k in B(H) will be

denoted by Hk“ where “k” = sup{lkx”er, le < 1}.

By an n-measurement we mean a fixed n-tuple of pairs of vectors
((xl, yl), (xz, yz)' . '(xn, yn)) in H. The n-measurement is said to be
practical if X = X%, =

mapping f from E" into B(H). The estimator function is said to be

e = xn' An n-estimator function is a continuous

linear if f is affine, An n-experiment is an n-measurement together

with an n-estimator function; it is said to be linear or practical if the

corresponding estimator is linear or practical.

A subset K of B(H) is said to be ¢ -determinable if there exists

an n-experiment ((xl, yl), s, (xn, yn); f) such that
Ik - f(¢kpy ypyo o oes (x, y M <6, for keK. (3.1)

K is e-determinable in practice if there is a practical n-experiment

which sati#fies (3.1). K is said to be determinable (in practice) if

for each ¢ ¥ 0 it is ¢-determinable (in pracﬁce). For a motivation
of these definitions and further elaborations the reader is referred to
references [1] and [2].

We first obtain a generalization of two results of Prosser and
Root [2].

Theorem 3.1. Let K g B(H) be a bounded set of channels.

Then K is determinable if and only if the closure of K, k_, is compact.
Proof. The proof for necessity is the same as that of Prosser

and Root [2] . By definition of determinability for each ¢ > 0, there

is a linear map g.: B(H)—>En and a continuous map fe: o - B(H)

such that

-10-



||k-fe(ge(k))l[ <e, forall k in K. (3.2)

Since K is bounded and ge is linear, gs(K) is bounded in En and
hence totally bounded. Since fs is continuous, fe(ge(K)) = Ke is
totally bounded and also from (3.2), K C Ke + sa, where ss is the
sphere in B(H) of radius e. Therefore, K is totally bounded, i.e.,
K is compact. |

We prove sufficiency through the following lemma.

Lemma 3.1. Let K be a totally bounded subset of B(H)., Then

for each ¢ > 0, there exists an n-measurement ((xl, yl), e, (xn, yn))

with [xll <1, Iyil < 1 such that for every pair (k, k') in K

if I (k"k')xi, Yi I i 8, for i:l’ oo -’ n

then [k-k'| < 12e. (3.3)

Procf. Let ¢ > 0 be fixed. Let K8 = {kl, -~,km} be a
finite set such that K g Ks + Sb_. For each pair ki’ k. in Ke let
xij be an element of H such that Ixijl <1 and |(ki-k.)xi.|
> iiki—kj [ -¢. Nowlet k, k' bein K and suppose that |k-k'| > é¢
By definition of Ks there exist i and j such that "k—ki" < ¢ and
[[k‘wkjli < ¢, It follows that "ki-kj" > 4c. Moreover,

1 - _ - l_ | -
| (k-k )xijl = |(k k)%, - (k kj)xij + (ki\kj)xij|
1
2 et | - (et | - 0<%, |
t
e R L o e L e
>4 -¢g - -¢g=¢, (3.4)

Thus we have shown that if ||k-k'|| > 6e¢ then |(k-k')xijl > e for
some Xij' Now, since K is totally bounded, the set Qij = {kxijlk e K}

-11-



is totally bounded for each i, j, and hence forms a determinable

subset of H. Hence, there exists a finite set Yij in H such that

Ik'xij - k'xijl > ¢ implies that I((k-k')xij, y)l > ¢/2 for some y

in Y... Combining this fact with (3.4) yields (3. 3). Q.E.D.
1JWe return to the proof of Theorem 3.1. The n-measurement

of Lemma 3.1 yields a linear mapping g: B(H) - E" with the ith

coordinate g of g given by gi(k) = (kxi, yi) . We will construct a

function f: E" — B(H) with the following properties: (1) f is continuous

and (2) !gi(k) - gi(fog(k))l < ¢ for i=l,+--,n andforall k in K.

By Lemma 3,1, therefore, “"k-f((kxl, yl), <o, <kxn, yn))“ < 12e

for k in K and the theorem would be proved.

Construction of f, Let K8 = {kl’ cee, km} be defined as in

Lemma 3,1, and let [Ks] be the convex hull of Ks' Let Qe‘ = g(Ke).

Then Q3 is a finite setin E" and [Qs] ='g([KE]) since g is linear,
Let Q= g{K). For each q in Q let @ be the unique point in [Q's"
closest to q. The mapping d: q >q of Q onto -[Qe] is continuous,
and furthermore iqi-al < ¢ for i=l,-++,n. If we treat [Qe] as a
simplicial complex we can easily construct a continuous map
h: [QE]—>[KS] such that g(h og(k)) = g(k) for k in [Ke]. Putting
f=ged we see that f has the required properties. Q.E.D.
The next result characterizes bounded sets of channels which are
determinable in practice. |

Theorem 3.3. Let K B(H) be a bounded set, Then K is

determinable in practice if and only if (1) K is determinable, i.e.,
K is totally bounded, and (2) for each ¢ > 0, thereisan x in H
such that for each pair (k, k') in K, the closure of K,

[k-k'l > e = |kx - k'x| > 0. (3.5)

Proof. The necessity of the two conditions follows from the

definition. It remains to prove sufficiency. Let ¢ > 0 be fixed and

-12-



let x ¢ H satisfy (3.5). We can assume that le < 1. Since K is
compact in B(H), K X K is compact in B(H) X B(H), The set
PC K XK givenby P= {(k, k")|k, k' inK and [[k-k'[| > ¢} is also
compact, Let w: P —>H be the map given by w(k, k') = (k-k')x.
Because P is compact and from (3.5) we see that there is a number
n > 0 suchthat |w(k,k')] >n for (k k') ¢ P so that we have for
each pair (k, k') in K that

[k-k'[l > ¢ => |kx - k'x| > n. (3.6)

Now the set C = {kx|k ¢ K} is compact since K is compact, hence
there exists a finite set {y'l, see, yn} g H, Iyil < 1 such that

[kx - k's| > n = |(x - k', Y>l z 2 for some y.. (3.7

Combining (3. 6) and (3.7) we get for each k, k' in K

| (x-k)x, y, | < % i=l, +- o, n=p ||k-k'|| <e, (3.8)

i.e,, the practical n-measurement ((x, yl), cee, (x, y )) deﬁnes‘\ a
linear mapping g: B(H) ~E" with the ith coordmate g, g1ven by
g, g.(k) = : (kx, y1> such that for all k, k' in K

g k)] <3 sl n = k] <,

Let K "2 {kl, see, k } be a finite set such that K C K n/2 +S 02
Using K n/2 we can construct a continuous map f: E" - B(H) (as in
the proof of Theorem 3.1), such that for k in K, [k - fe g(k) | <.
Hence, the practical n-experiment ((x, Yl)’ eee, (x, yn); f) constitutes

an ¢ ~determination of K, Q.E,D.

'

The next sequence of results deals with special classes of

unbounded sets of channels.



Theorem 3,3, Let N be an n-dimensional subspace in B(H)

generated by the linearly independent channels {kl, see, kn} . Then

N is determinable by a linear n-experiment, Furthermore N is .
determinable in practice if and only if there is a vector x in H such
that the vectors {klx, oo, knx} are lineérly independent,

Proof. Since {kl’ ceo, kn} is a linearly independent set there
exist n pairs of vectors ((Xl’ yl), see, (xn, yn)) in H such that the
n X n matrix A = {aij} with aij = <iji’ yi) is nonsingular, The
n-measurement ((xl, yl), cee, (xn, yn)) defines a2 one-one mapping g,

from N into En as follows:

g k= N a’iki "’((kxlo Y]_): e, <kxn: Yn>) =
i=1
where a = (a:l, seo, czn), Clearly, the mapping f: E" >N given by

f()\l, e, )\n) = . ak
i=1
where « = Aml)\ is continuous and the composite mapping geo f is
the identity operator on N, This proves the first assertion. In the
second assertion the necessity is clear. Thus, suppose x ¢ H is such
that the vectors k. x, k

1 2
vectors y. in H such that (k X, y) =0 for i#j and (k X, y)

X, e, k x are linearly independent. Choose

Then the matrix A is the 1dent1ty matrix and the rest of the proof

follows as in the previous case, o Q.E.D.
Th.e.finall result is given withouf proeof. It can be proved by a com-

bination of-the techniques used in the proof of the two ﬁrevious theorems,

Theorem 3.4. Let K be a set of channels conta.1ned in the vector

sum of a finite-dimensional subspace and a compact set, Then K is -
determinable, K is determinable in practice if and only if for each
e > 0 there is a vector x in H such-+that for k and k' in K

[x-k'|l > ¢ = |kx - k'x| > o0.

-14-



Y APPENDIX

Proof of Theorem 2.1 for n=1

Let C be a symmetric, closed convex setin H. Let x e H.
We have to show that there exists a vector y in H, depending on x

such that

1
PYl(C) Ce cMNx), | (1)

Proof. Equation lis equivalent to showing that there is a vector

y such that
c+{y}C cNxh+ {y}. (2)

Let M be any subset of H. We define the polar of M- to be the set

Moz{erlsup |(m, x)| 51}.

meM,
Since the sets in Eq. 2 are closed,convex and symmetric, using the
Bipolar Theorem it is enough to show that
0

(c+ {yh® Dic Nxh + (y}) (3)

From the definition of the polar we see that Eq. 3 is equivalent to
ANy De NNyt (4)
which in turn is equivalent to
Nyt D+ = Nyt (5)

Let Q= Co. Q is a convex symmetric set and we have to show that

there exists a vector y such that

o Nyt D+ {xh Nyt (6)

-15-



If Q 2D(Q+ {x}) the assertion is trivial. Therefore, suppose that

ax § Q for some a. Now define

P+= {q+ozx|a'>0, qeQ, q+ozx¢Q}

and

P = {q+ax|a<0, qgeQ, q+oaxdQ}.

Then P = -P+, and 0 ¢ P+. It can also be verified that 0 does not
belong to the convex hull [P+] of P.. Therefore, 0 ¢[P]. 0 can

therefore be separated from [P+] , i.e., there exists a vector y in
H such that

0 < (y, py, for pe[P+].

It can be checked that y satisfies Eq. 6. Q. E.D.

-16-
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