Copyright © 1966, by the author(s).
All rights reserved.

Permission to make digital or hard copies of all or part of this work for personal or
classroom use is granted without fee provided that copies are not made or distributed
for profit or commercial advantage and that copies bear this notice and the full citation

on the first page. To copy otherwise, to republish, to post on servers or to redistribute to
lists, requires prior specific permission.



CONSTANT RESISTANCE ONE-PORTS
WHICH INCLUDE NONLINEAR TIME-VARYING ELEMENTS

by

C. A. Desoer
K. K. Wong

Memorandum ER L-M158
6 May 1966

ELECTRONICS RESEARCH LABORATORY

College of Engineering
University of California, Berkeley
94720



LT

Manuscript submitted: 15 March 1966

Lk3

The research reported herein was sponsored by the U. S. Army Elec-
tronics Material Command under Grant DA-ARO-D-31-124-G 576 and
by the National Science Foundation under Grant NSF GK-569.



ABSTRACT

Methods for generating constant resistance one-ports
with nonlinear and time-varying elements are proposed.
The first step is a general characterization of constant
resistance one-ports with linear time-invariant elements.
This characterization is then used to generate classes of
one-ports whose elements may be nonlinear and time-
varying. Examples are given of constant resistance

one -ports that include one-ports which neither need to
be current-controlled nor voltage-controlled. In one
case, the necessary and sufficient conditions for con-
stant resistance are given.

This paper deals with the following question: is it possible to
have a one-port with nonlinear and time-varying characteristics which
still exhibits the property of constant resistance. Constant resistance
one-ports with linear timé -invariant elements have been known for a
long time. 1 E. C. Cherry2 has exhibited purely resistive one-ports
which are constant resistance. We have shown3 that there were con-
stant resistance one-ports which had nonlinear and time-varying reactive
elements. Some preliminary results of the present research have been
published (without proof) and reported orally. 4 In the present paper we
use the state-space approach to exhibit a general theorem which shows
how given any constant resistance one-port it is possib_le to make the
element characteristics time-varying and often nonlinear while still main-

taining the property of constant resistance: all the constant resistance
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one-ports that we have previously considered are now special cases of
this general theorem. It is of interest to point out how deeply the state
) ) ] . 5,6,7
space approach, recently used successfully in nonlinear circuits,
is indispensable in order to obtain the results: the concepts of reacha-
... 8 - . '

bility = and unobservability are essential. In the last part, we give three
cases in a far more general context: we deal then no longer with nonlinear

elements but with nonlinear one-ports which need not be zero-state current-

controlled nor zero-state voltage-controlled.

I. Preliminaries

Given a one-port U6 it is usually possible to determine a state
of the one-port such that if 7% is in that state at time tO and if 00 is

either open or short-circuited for t >t , then its port voltage and current

0

are identically zero for t >t For example, if 0% is made of linear

0"
elements such a state would correspond to having all its branch voltages
and currents set to zero. It is also true that some linear and some
nonlinear one-ports may have more than one state with the property above:
if such is the case, we assume that one of these states is chosen and

henceforth called the zero-state of the one-port. ? Throughout the paper

we assume that each one-port is z-s (zero-state) determinate under

both voltage source and current source drive; by this we mean that each
of its branch voltage and currents are uniquely determined by the source

waveform (the function e or i), given that the one-port is in its z-s.
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when the source is applied.
Suppose a one-port % has the following properties: (1) it is in

the z-s at time to, (2) if it is connected at time to to an arbitrary

/
one-port % then its port-voltage and port-current satisfy v(t) = i(t)

for t>t

2t The one-port 0% will be said to be constant resistance

iff these properties hold for all to. The theory of constant resistance

one-port will be greatly simplified by the following

Assertion. Let the one-port 0% be z-s determingte and z-s equivalent

to a one ohm resistor when it is driven by a voltage source. Under these
conditions, if it is connected to an arbitrary one-port % then its terminal
voltage and current are uniquely determined and the one-port 7% is con-

stant resistance.

'
Proof. Let at time tO % be in the z-s and be connected to 06 as shown

on Fig. la. We wish to show that v, =i, on [to,oo). Consider all the

KVL and all the KCL equations of the circuit. Call U ( €, resp.) the
subset of the KVL (KCL, resp.) equations which include branch voltages
(branch-currents, resp. ) of 76 . Change the equations of U and C as
follows: (1) in each equation of (64 replace the sum of branch voltages

of %l by v (or -v_, as required); (2) in each equation of C replace

0

the sum of the branch currents of [/ by io {or -io, as required). This

modified set of equations consists of all the KCL and KVL equations of

the circuit of Fig. 1b. By assumption, this circuit has a unique solution



n/

0

Fig. 1(a). The one-port TG is zero-state equivalent
to a 1-ohm resistor when driven by a volt-

age source as shown in (b).

o

Fig. 1(b). UZ is still zero-state equivalent to a 1-ohm
resistor when it is connected to an arbitrary

(14

one -port ¥ as shown in (a).




and vy = io on [to,oo). Hence the same must hold for the circuit of
Fig. 1b.

Thus, from now on, if we show that a one-port is z-s equivalent
to a one ohm resistor under voltage source drive, then this one-port

has the same property under all one-port terminations, i.e., it is con-

stant resistance.

II. General Method

Our general method for obtaining constant resistance one-ports
made of nonlinear time-varying elements is based on a general charac-
terization of such one-ports made of linear time-invariant passive ele-

ments.

Characterization. Let %‘ be a one-port made of linear time-invariant
passive RLC elements (inductive coupling is allowed). Let its input be
a voltage source e(-) and the current through the source be i(+). Under
these conditions, (a) if 0b is a constant resistance one-port, then there

is a representation of % of the form
x =Axtbe M
i=<c,x>+e (2)

where A, b, c are, respectively, constant n X n, n X 1, n X 1 matrices

subject to the conditions that



o

<E_,ék12> =0 for k=0,1, **, (n-1); (3)

(b) conversely if 7% has such a representation satisfying (3), then it is

a constant resistance one-port.

Proof. A. We write the state equations following the idea of Bryant. 10
We use the notations of Kuh and Rohrer. 7 7% is driven by a voltage
source e. We pick a tree so that it includes the voltage source, the
maximum number of capacitors, then the maximum number of resistors

and, finally, the minimum number of inductors. Since 0% is constant

resistance, there cannot be a capacitor -only path connecting the terminals

of the voltage source, for otherwise the driving point impedance would
go to zero as s > w. Therefore, in the notation of the Kuh-Rohrer

paper, e _ = 0 and the state equations read (see their (56) and (57)).

pa
[Xe]
Q

|o

] -0
¢l - B QC * - + ¢ e (4)
L ¥ G \e £ \&) b

where the second term in the right hand side of (4) is

(5)

The passivity of the elements is required in order to guarantee the



invertibility of @ and 9 . Let us now establish (2). Consider the

fundamental cut-set defined by the voltage source: in view of the way

the tree was selected, this cut-set includes only resistive and inductive

links, and
iy = _@-1e - @,'1F ‘lq -@‘11? R.F, 0‘6—14) (6)
iR tr-& Zpc L 4. ZRGZ22LG & 2L
._i.L =4 iL (7)

Thus the current through the cut-set is a linear function of the state
(g_c, $L) and of eR’ which in our case is a vector whose components
are e, -e or 0 since there is only one voltage source in the circuit.
Thus the form of (2) is established; the coefficient of e in (2) is unity
because the driving point impedance of U5 is one ohm. It remains to

prove (3). Let r be the degree of the minimal polynomial of A , then12
A
At - Z @ (1) A (8)

The zero-state response is then easily computed from (1) and (2):

r-l . ¢ ‘
i(t) = Z <c,A " b> 5" ak(t-t )e(t')dt' + e(t) (9)
2 2 b '
k=0

For any fixed t > 0 and for any 0 < 1:1 < t there is an input ;(-)



identically zero over (tl,t] such that the r integrals of (2) are equal to
r arbitrarily prescribed numbers Yor Ypr ooes Yo g this follows imme-

diately from that the r function ak(-) are linearly independent over any

open interval. Hence for such input &(-)

r-1
i) = ) <e, A%b> y (10)
k=0

The constant resistance condition requires that i(t) = 0, hence (3) must

hold.
B. The converse follows immediately from (9).

Comment: the condition (3) states that the set of reachable state58 from
the origin lies in the subspace orthogonal to c. It is easy to see that if
e is considered to be the input and i the response, then any state in that
set is equivalent to the zero state.

We turn now to a theorem which will allow us to construct constant
resistance one-ports made of nonlinear time-varying elements. Using
the notations of the proof above, and if we call Ve and iL the tree-

branch capacitor voltages and the link inductor currents, then for the

one-port of the above theorem we have

v Q—l 0

[Xe}
Q

(11)

[
(=]
126
A
(32



7

Suppose we let the capacitors and inductors be nonlinear and time -varying

such that |
Yo et o
N R L2 | (12)
21, = &
1
where x = (S-C’-CRL)
£(0,t) =0 forall t (13)

£ is Lipschitz in x and, for each fixed x, is a regulated function

of t. (14)
The resulting one-port has the representation
x = Af(x,t) +be. (15)

i=<c, fx,t)>+e (16)

Theorem. Let QR be the subspace spanned by b, Ab, *--, én-lb.

Let W% be a linear subspace of R™ such that (1) W O &, (ii) W3 . [
(iii) A @& C W& . Under these conditions, if, for all t, f(7%,t) C%,

then the one-port is constant resistance.

Proof. The differential equation (15) is equivalent to

(17)

t t
x(t) = S‘ A £(x(t"),t") dt" +ES' e(t')dt" t >t
t t

0 0
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where we assumed }_g_(to) = 0 since we consider only zero-state responses.
We study (17) by considering the following successive approximation

scheme: let £ be the zero-state solution of (1) to the same input, then

we set
t t
El(t) = S. é_{(g(t'),t‘)dt' +E 5 e(t')dt’ (18)
t0 t0
and for k=1, 2, «--
' t t
x4 (1) = f Af(x, (t),t)dt' +D jﬂ e(t)dt' (19)
t t .
0 0

The curve §_(t ), t, <t <o, lies in @ , hence in o, by (i). Since

0
£ maps m into 00 , since A 0% C % and since be 000G , it follows

that il(t), t <t < o lies in 006 . The same considerations apply to

0

(19) for each k: all curves x, lie in 406 . Since over any finite interval

k

the convergence is uniform and 797G is closed, the solution x of (15) is
in MG . Sois £(x,(t),t), then by (ii) and (16) we get i(t) = e(t) for all
> .
t>t,
This theorem calls for the following remarks:

1. & is the subspace of all states reachable from the origin (in the

linear one-port described by (1) and (2)). U

2. Conditions (ii) and (iii) of the theorem imply that 7% is included
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in the set of all unobservable states (call itu); indeedU/ is the

orthogonal complement of the subspace spanned by ¢, étg, cees(A)  c.

3. If GL = U , then in the theorem m must be GL itself.

~/

A Necessary Condition. Let 2'6 be a one-port described by Egs. (15) and

(16) subject to the additional condition that f(x,t) be continuous in t for
each x. Then rﬁa is constant resistance if and only if <g,i(§(t),t)> =0
for all t and for all z-s responses x(-). Let to be arbitrary, i(to-) =0,
and e(t) = A6 (t - to), where M\ is an arbitrary constant. By (15),

i(to'*') = Ab. For t> to, put x(t) = Ab + £(t), then §_(t0+) = 0 and

joer

—
o+

S
1l

A f(x(t), t)

= ALL0NBt) + £ (b OE(R) + v ]

[y

1
where f denotes the derivative of the mapping f(.,t). Solving by iter-
ation, the solution may be written as a series whose kth term is of the
order of (t - to)k:
t

t ' 1 t 1 ! 1" 3]
£(t) = S.éi()\_}z,t)dt + S‘ Af (\b,t)| |\ Af(Ab,t )dt | dt
t

tO 0 t0

1

Using this result in the constant resistance condition, we get
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<c, f(Ab+ £(t),t) > = <c, f(ADb,t)> + <3,£‘(>\h,t)§_(t)> + oeee

t 1 1 t
= <c,f(\b,t)> + y <c,f(Ab,t)Af(Ab,t)> dt + -,

Yo

Since the leading terms of this series dominate only if (t - to) is small

and since f is continuous in t, we conclude with the

Corollary. If for some \ and for some t, either < c,f(Ab,t)> #£ 0
1 ns

or <c,{f ()\h,t)éi(k].l,t) > # 0, then the one-port 70 is not constant

resistance.

We turn now to examples of the theorem and of the corollary.

ExamEle 1.4 Start with 70 » a constant resistance one-port, made of
lumped, linear, time-invariant passive RLC elements. Construct f@
from 0b as follows: let y be a real-valued positive continuous function
which is bounded away from zero; replace each capacitor Ck of ?25 by a
capacitor Ck/kll(t) and each set of coupled inductors with inductance
matrix L‘k of 0% by a set with l_;_k/np(t) as inductance matrix. Clearly

referring to (11) and (12) we have

f(x,t) = x §(t) (20)

~/

All the conditions of the theorem are satisfied, hence the one port 3%
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made of linear time-invariant resistors and linear time-varying reactive

elements is cons tant resistance.

Example 2.3 The bridge network %z shown on Fig. 2 is constant resis-

tance since S

1

q]. -1
éz -1
¢, 0
¢4 -1

1 = < S

with

=
|

C

=SZ= ]__'3
-1 0
-1 1
-1 0
0 0
,§>+e

(-1, -1, 1, 1)

=4

= (ql,q2,¢3, 4>4)

=1.

Its equations are
9 1
9, 1
+
¢3 1
by 1

(21)

(22)

(23)

(24)

Let f be a real-valued function satisfying the conditions of the theorem.

If the reactive elements have the characteristics

<
"

<
1}

, = fa,, 1)

£(4,, )

£(d,,t)

we see that, in the notation of (12) we have

-13-
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Fig. 2. The one-port is made of linear time-invariant
elements and it is constant resistance; yet if
all the reactive elements have the same non-
linear time-varying characteristic it is still
constant resistance.
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L) = (fap 0, 6@y, €0, [, 1) (27)

From (21), A is spanned by (1, 1, 1, 1)'. By (27) and with 0% = AR , we

see f (x,t) defined by (27) satisfies the conditions (i), (ii) and (iii) of the

theorem. Hence the one-port 0%, , whose topology is that of %z shown

on Fig. 2 and whose element characteristics are given by (25), (26), is

a constant resistance one-port.

Example 3. Let 7%3 be the ladder shown on Fig. 3. Its equations are

ql -1 0 0 0 9 1 e
q, 0 0 1 -l a, 0
= + (28)
s 0 -1 -1 1 g 1
¢, 0 1 1 -2 ¢, 0
and
]
c = (-1,0,1, 0) (29)

It is easy to check that R is spanned by (1, 0,1, 0)' and (0, 1, O, 1)'.
Clearly by (29), the conditions (3) hold and hence %3 is constant resis-
tance. Let now fl(- » t), fz(- »t) be two real valued functions satisfying

the conditions of the theorem and let
/
£t = (flap 0, 10,0, §65,0, Le,.0)

-15-



Fig. 3. The one-port shown is made of linear time-
invariant elements and it is constant resistance.
It is still constant resistance when the reactive
elements are nonlinear and time-varying, the
first pair of reactive elements having one
characteristic and the second pair having another
one.

Fig. 4. The one-port shown is constant resistance if
and only if the reactive elements have the same
characteristic.
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With m =R , the conditions of the theorem are satisfied. Therefore

the one-port %3, whose topology is that of %3 shown on Fig. 3 and

whose elements have characteristics given by

<

il

[wH
1

<
!

is a constant resistance one-port.

Example 4.3 The linear time-invariant one-port mt} is shown on Fig. 4.

In this case

A=[a1 o\, b=[{1\, c=/[1 (30)

Let f be a scalar valued function satisfying the conditions of the theorem
/
then with f(x,t) = ( f(ql, t), f(¢2,t)) , it follows from the theorem that

A
the corresponding one-port 0%, is constant resistance.

4
The converse is also true. The corollary requires that for all

real N and t, <c, f(Ab,t) > = 0. Since the subspace orthogonal to ¢

is spanned by b, this condition is equivalent to

fl()\,t) = fz()x, t) for all X and all t> 0.

Thus we conclude: the one-port %4 whose topology is that shown on Fig. 4

17-



is constant resistance if and only if the reactive elements have charac-

teristics

v, = f(q;,t) i, = #(¢,,1)

where f is a scalar valued function satisfying the conditions of the

theorem.

III. Special Classes

All the previous examples were concernea with circuits which
allowed a detailed description in terms of nonlinear ordinary differential
equations. It is of great interest to show that one can also exhibit the
property of constant resistance for some one-ports which themselves
include very general one-ports whose description is in terms of a
relation j(,’ which gives tﬁe zero-state response v (or i) in terms of
the prescribed input i (or v): thus we write i=X (v). Here i and v
are real valued functions of time and to each v there may be several
possible i's. It is for this reason we called % a relation rather than
a function. Of course if the one-port :}C is embedded in a network and
the resulting network is zero-state determinate, there will be for each
v, only one branch current i through % . The class of one-ports
des cribed by a relation such as K is very large, in particular, it
includes the lumped determinate one-ports with nonlinear and time-

varying elements.
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Example 1. The one-port (17 1 is made by interconnecting a one-ohm

resistor, two identical one-ports N and two identical one-ports N as
sk

shown by Fig. 5. N is the z-s dual of N . (/[ 1 is assumed to be z-s

determinate under voltage source drive. We assert that 0 1 is constant

resistance.

A i [ i - -
nalysis. Call Vi iy the z-s branch voltages and the z-s branch

currents due to the source es . The branch relations are

v, =¥ ) ' (1a)
vy =X (iy) (1b)
i, =¥ (v,) (1c)
i, =X (v,) | (1d)
Vg = 15 (le)

It should be stressed that in the equations above, the Vk‘s and

ik's denote functions and not the values of the corresponding functions at

some time. In (la) and (1Db), " is not necessarily a function: it states

that v, is the voltage across N when i, flows through N ; it does not

1 1

assert that N is z-s current-controlled; however, given the network
of Fig. 2, given e and given that 7% 1 is in the zero-state when eS is

applied, then by assumption all the ik's and all the vk's are uniquely

-19-
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Fig. 5.

3
With N and N being dual one-ports, the
one-port T 1 is constant resistance.
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specified. (l-c) and (1-d) follow from (l-a) and (1-b) by duality. Pick
branches 6,1 and 3 as a tree for the graph of 7% 1 with e connected

to it. The fundamental loop and cut-set equations are

e, = v, +K (i,) , | (2-a)
e, =V, +XC (i) (2-b)
e, =K (i) +X (i) - v, (2-c)
i =}((v2)+3{(v4) - v, ' (2-d)
v = K vy - (2-c)
Vg = K (vy) - i, (2-1)

Let us repeat (2-a) and (2-b), eliminate v_ among (2-c), (2-e) and

5
(2-f), and drop (2-d); we thus obtain the system

e, = v, +X (i;) (3-a)
e = v4+]{ (i) (3-b)
e =i + X)) + X (i) - X (v,) (3-c)
e =iy, + X (1) + K (iy) -X (v,) (3-d)

Clearly any solution of the set (2-a) to (2-f) is a solution of the set

(3-a2) to (3-d), conversely any solution of the set (3-a) to (3-d) is a

-21-
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solution of (2-a) to (2-f) where i6 is calculated by (2-d). The z-s
determinateness of 00 1 implies that the system (3-a) to (3-d) has a

unique solution. Let to be the time at which e, is applied, then we

assert that the solution of (2-a) to (2-f) is such that

i =v, =i, = v, = § (4)

where £(+) is the unique solution of

e, = £+ 2 (&) with £(t)) = 0 : (5)

Let us proceed with the verification: vV, =V, (from (4)) implies, by

(3-a) and (3-b), that
K i) =K 1y (6)

This together with i, = i3 (from (4)) implies, by (3-c) and (3-d), that

1

Kv,) =X (v,). (7)
2 4

From (4), and i, have the common value £ but we do not

Y Vo Vg 3
yet know that}C (il) =X (VZ)’ To show this use (3-a) with (6) and

(3-d) with (6)
eg= £+ K (i)
eg= £+ 2K (1) - ¥ (v,)

-22-



hence

K i) =% v, (8)
Thus (6), (7) and (8) show that (3-a) to (3-d) reduce to

H ) =K (v,) =30 (£) = e-& (9)

and we have shown that (4) and (5) determine the solution of (2-a) to

(2-f) where

ig = 2K (E) - (K(E) -§) = e (10)
Hence (& 1 is constant resistance.

Example 2. The one-port 7 2 is made by interconnecting two one-ohm
resistors and two one—p01;ts N and N * as shown on Fig. 3. N ¥ is the
z.s. dual one-port of N . %2 is assumed to be z-s. determinate under
voltage source drive. We assert that Téz is constant resistance. We

do not give a detailed proof of this fact since it is obtained by a method

similar to that of the Example 1.

Example 3. If in any of the one-ports described above we replace one
or more of the one-ohm resistors by another such one-port and if we
repeat this process any number of times we obtain a one -port that is

still constant resistance.
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Fig. 6. N and N* are dual one-ports and % 2 is
constant resistance.
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