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I. Introduction

Recently Sandberg, 1 and Bergen, Iwens and Ra,ul’c2 obtained con-
ditions for bounded-input - bounded-output (b.i.b.o.) stability of contin-
uous nonlinear feedback systems. In this paper, the absolute stability
in the b.i.b. 0. sense of nonlinear sampled-data (NSD) feedback systems
is investigated, and the previous results obtained by the authors3 are
extended. In Reference 3 the main emphasis is on NSD systems with a
monotone nonlinear element, a restriction that is relaxed in this paper.

Conditions for absolute stability of certain classes of autonomous
NSD systems are summarized by Jury and Lee.

It is shown in this paper that the same conditions that Jury and

Lee give also establish absolute stability in the b.i.b.o. sense.

Notation and Definitions.

1o

f(n) f(nT), n=0,1, 2, *+*, the value of f(t) at the nth sampling

instant for a sampler with sampling period T;

0, Vn<o

Vi(n) £ f(n) - f(n-1), the backward difference;

ne

f(n)

jo jw T sT
JY 2 eJ , for values of z = e on the unit circle.

II. Description of System

Consider the single input, single output sampled -data feedback
system S shown in Fig. l. The nonlinear gain element N is memoryless,
the linear plant G is nonanticipative, time-invariant, and completely

controllable and observable.



1)

Assumption 1. The nonlinear element N is characterized by a piecewise

continuous, integrable function ¢(<) defined on (-, +o) satisfying

Oizﬁ_i)-ik<oo,VO'#0 (1)
@(0) = 0 (2)
and -k, 5% <k, (3)

The output of N is given by u(t) = ¢(o(t)).

Assumption 2. The linear plant is characterized by its transfer function

G(s), which has no poles in the right-half s-plane. Hold circuits and
any continuous or discrete compensation networks may be thought of as
being included in G(s). However, G(s) must have a z-transform,
Z[G(s)] = G*(z), which is a rational fraction in z whose numerator
polynomial is, at most, of the same degree as the denominator. Further-
more G*(z) has poles only inside the unit circle in the z-plane (principal
case), or has some poles on the unit circle (particular cases), but is
analytic everywhere outside the unit circle. z(t) is the zero input res-
ponse of the linear plant.

Following the notation of Jury and Lee, 4 an NSD system S
satisfying these assumptions for specific nonnegative k, kl’ k2 is

referred to as an NSD system S of I'(0, k; -kl, kz) .

III. Main Results

Theorem l. The NSD system S of I'(0, k; -0, k for the principal

2)
case, and of I'(e, k; ~o0, kZ) for the particular cases (¢ > 0 arbitrarily
small), is absolutely b.i.b.o. stable if the following inequality is

satisfied for all |z| =1 and some finite nonnegative number q.



w

k,|q]
1 2 ¥ 12
T -3 [(z-1)G (z)|“ > 6 > 0

(T

% 5
ReHl(z) = Re{[l+q(z-1)]G (z)} +
)T
1
In addition, for particular cases, the conditions for stability-in-the-

*
limit must be satisfied. (&6 may assume the value of any positive number).

Corollary 1. The NSD system S of I'(0, k‘;-kz, kz), for the principal

case, and of I'(e, k; -k kZ) for the particular cases, is absolutely

2,
b. i. b. 0. stable if the conditions of Theorem 1 are satisfied for some

finite number q, positive or negative.

Theorem 2. The NSD system S of I'(0, k;-kl,oo), for the principal
case, and of I'(e, k; -kl, ©) for the particular cases, is absolutely b.i. b. 0.
stable if the following inequality is satisfied for all |z| =1 and some

nonnegative finite number q.

ReHy(z) = Re{[1+q 221G (@)} + £ - 5— [(2-1G (z)|%> 6> 0

(T,)
In addition, for particular cases, the conditions for stability-in-the-limit

must be satisfied.

Corollary 2. The NSD system S of I'(0, k';—kl’kl)’ for the principal
case, and of I'(e , k; -kl, kl) for the particular cases, is absolutely b. i. b. o.

¥

k
These conditions require that the system under consideration be

The absolute bars are added to the second q in view of Corollary 1.

asymptotically stable for a linear gain ¢(c) = €oc, € > 0, arbitrarily
small. This is a linear problem which has been extensively treated
by Jurys’ 6 and others. Root locus techniques, for instance, could
be used to check whether the conditions for stability-in-the-limit

are satisfied.

.



stable if the conditions of Theorem 2 are satisfied for some finite
number q, positive or negative.

Corollary 1 and Corollary 2 predict stability for exactly the
same class of systems, but their criteria are different. This is no
contradiction since only sufficient conditions for stability are given.
Corollary 1 gives stronger results for most systems.

Because of the negative squared term |(z-1)G*(z)|2 in inequali-
ties (’I‘l) and (Tz), it is obvious that for particular cases, (Tl) and
(TZ) can only be satisfied for the simplest particular case, i.e., G (z)
has only a simple pole at z = 1.

Note that the stability theorems of Reference 3 can be obtained
as special cases of Theorem 2 (except for the fact that the nonlinearity

can also be time-varying when the stability inequality is satisfied for

q = 0).

Remarks. Without loss of generality, the theorems need only be proved
for

sk
(i) principal cases of G (z),
(ii) the nonlinearity ¢(c) in the reduced sector [e,k-€], i.e.,
e < fP_é_E_) <k-e, v o # 0, where € > 0 is arbitrarily small.

These remarks are justified in Appendix I in a similar manner
3
as shown previously. The method used is the technique of system
transformations of Aizerman and Gantmacher, 8 adapted to sampled-

data systems.

Auxiliary Lemma. The following lemma plays an important part in the

proof of Theorems 1 and 2 and is considered to be the main contribution

of this paper.



Main Lemma. If the NSD system S of I'(0, k;-oo0, kz) {T(o, k;-kl’ )],

which is a principal case, satisfies all the conditions of Theorem 1

[Theorem2], then the following inequality holds for sufficiently small

a> 0
n 1/2 n
Zezazuzu) < 5l cOeZQn +clzezazxz(£)
=0 =0
n 1/2
+c, Z 2 xty -2 L, Va>o0 (u
2=0
where
n
x(n) = Z gn-2)[r(2) - z(0)]
£=0

*
and g(n) is the inverse z-transform of G (z) of the linear plant. c_, ¢

0

and c, are finite positive constants independent of n.

Proof of Theorems 1 and 2. Referring to the remarks we need only to

sk
prove the theorems for principal cases of G (z). Denote g(n) as the
%
inverse z-transform of G (z). At the nth sampling instant the system

S is described by the equation

n
() = r(n) - z(n) - Z gln-L)u(l) (4)
£2=0

or equivalently



n
o(n) = r(n) - z(n) - Zea(n-'e)g(n-!)e-a(n-l)u(i) (5)
£=0

Using the triangle inequality and the Schwarz inequality, we obtain

% 1/2 n 1/2
lom)] < |xn) - 2(n)| + z 2% 42y e m Zem w2(0)
£=0 £=0

(6)

Using inequality (L) of the Main Lemma, we obtain

o0 1/2
lota)| < |x(n) - z(n)] + 2 2 %)
£=0
n n 1i/2
. % ¢yt o Z o"2en-) 2.y, te, z e 2D rogy - 22
£=0 £=0

(7)

*
Since G (z) is a principal case, there exist positive constants KO’ Kl

such that Ig(n)l < Kle_KOn, Vnz 0. Therefore, there exists an «,

0<a<K), such that E?:o 2 2y < A < w. The second and third
sums are bounded for all n > 0 since each of them is the discrete con-
volution of a strictly stable, linear, sampled-data system with a bounded
input. (Note that x(n) and z(n) are bounded for principal cases). Thus

the r.h.s. of inequality (7) is bounded for all n > 0. Therefore,
lo(m)] < B < o, Vn>o (8)

which implies that the output c(n) of the system is bounded. This com-

pletes the proof of Theorems 1 and 2.



Proof of Corollary 1. Suppose the NSD system S of I'(0, k; -kz,kz)

satisfies inequality (Tl) with a negative q. The transformation
¢(c) = ko - ¢(c) (9)

changes this system into an equivalent system S of I'(0, k; -k2+ k,

-~ *®
k,+ k) with G (z) = —'—% . To see this, substitute (9) into (4) and

2
take z-transforms, 1+kG (z) Theorem 1 is now applied to test for
the stability of the transformed system with a positive a = -q. Forming

-~ % -~ %
Re Hl(z) and substituting for G (z), we obtain

2
- “ | Ut R)ql ~
ReH1 (z) = Re{[1-q(z-1)]G (z)} + i (z-1)G (z2)
%
ReH1 (z) x |2 *
= ™ > - kq(l -cos @) = - k|q|(1 - cos @)
[1+x G (2)] 1+kG 1+kG

Since g < 0,

*
Re H1 (z)

~ %

Re Hl (z) =

(10)
|1+kG*(z)|2

It is clear from (1 0) that the satisfaction of (Tl) for a negative q implies

that there exists a &§ > 0 such that
~ % -~ -~
ReH, (z) > & > 0, ¥V |z| =1 with q = -g>0 (11)

&~k
For particular cases, in H1 (z) must be replaced by 1 in order

1
k k -¢
that (11) hold. Inequality (11) implies absolute b.i. b. 0. stability of the

transformed system, by Theorem 1. The original system is then also



stable. This completes the proof of Corollary 1.

Proof of Corollary 2. The proof of Corollary 2 follows the same

procedure as the proof of Corollary 1. By applying transformation
(9) to the original system S of I'(0, k; -kl, kl)’ we obtain an equivalent
system S of I'(0, k; -kl-i- k, k1+ k), to which Theorem 2 may now be

-~

applied with a positive q = -q.

Proof of Main Lemma. Let

f(n) = r(n) - z(n) (12)
Denote for any positive integer N

f(n), 0<n<N wn), 0<n<N
f(m) = aygtn) =

0, otherwise 0, otherwise

Then define crN(n) and VO'N(n) by the following equations.

n
o) = fyln) - Zg(n-z)uNu) (13)
2=0
n
VO'N(n) = VfN(n) - z Vg(n-ﬁ)uN(l) (14)
£=0

Clearly, O'N(n) = o(n) for 0 <n <N and VO'N(n) = Vo(n) for 0 <n <N.
Note that O‘N(n) and VO'N(n) are not identically zero for n > N +1 but

satisfy the following inequalities.



-Kon

|0'N(n)| <K,e ’ Vn_>_N+1

2
-Kon
Vo] < Kje , Vn>N+1

29 K3 are positive constants (depending on N) and KO was
defined in Ig(n)l < Kle B Kon, Vn > 0. Define the following auxil-

where K

ary functions:

N I CR A (15)
kzq

Ugln) = —5— Vo{n) + quy (n-1) 16)

vN(n) = VcrN(n) (17)

where, in (15), y is such that 0 <y < &, but otherwise arbitrary.
Because of the truncation of u(n) and f(n) at N, the z-transforms of
these auxiliary functions are analytic_on and outside the unit circle in

M
the z-plane. Using (13) and (14) we see that they are given by

e

L

* * * 1 *
AN(Z) = FN.(z) - [G (=) +T<- - v] UN(z) (18)

* k,q - - -
Vio(z) = —— [zz 1 F:I(z) - _le G (2) U;(z)] + qz lU;(z) (19)
Valz) = 22 F(z) - 222 GT(2) Ufa) (20)

Next, define a Popov function4’ 7 p(N).

-10-



0
p(N) = Z [(eanuN(n))(ean )\N(n)) + (ean lIJN(n)) (eanvN(n)):I (21)

n=0

where 0 < a < KO » 8o that the z-tranform of each term under the
summation sign is still analytic on and outside the unit circle. Note

*
that in genera.l6 for any y(n) with z-tranform Y (z),

,,?,[eany(n” = YTy (22)

If (22) is used it follows immediately from (A 2.1) in Appendix II that

N
2
(1+2 q) 2an 2
p(N) < [ 2(5 - y) + Zkzq] Z e f (n)
n=0
2 n 2
8(kya) o(n-1) ot
—_— -4 23
t 5y Z Ze gln-2) e £(2) (23)
n=0{| £=0
if
ReH*(e-aTz) >6>0, Vlz| =1 (Ti)

It is shown in Appendix III that for sufficiently small o > 0, satisfaction

1
of (Tl) implies (Tl). 'Kon
Since by hypothesis f(n) is bounded for n> 0 and | g(n)| < Kle ’

it is true that

n

n
Y ga-Diglt) = Y gla-ie), 0<n <N
2=0 £=0

-11-



and
n -K_(n-N-1)

Zg(n—l)fN(l) <K, e 0 , n>N+1
£=0

4

where K4 is a positive constant, independent of N, given by

sup K0 -1
K4=0§ni°°f(n) Kl(e - 1)
Then
N
o(N) < |2 )2 + 2k, q 2% £%(n)
— 2(6 -y) 2
=0
8(k2q)2 N rom n 2 COe2¢sz
e n-£)f(£ + —m—— 24
- ) Y etn-0)5e) g (24)
n=0 =
where c . is a positive constant, independent of N, given by

0
-2(K,

C0 = 32(k2 z

Denote the r.h.s.. of inequality (24) by C(N). Substituting (15) - (17)

into (21), inequality (24) becomes

N
z e?.ozn(o_( ) _%)u(n) +y Z 2an 2( )
n=0 n=0
N 0
k,q k,q
Yy e {qum 1) Vo(n) + —— [Vo(n)]® } = ) P [aym® < om)
n=N+1

(25)

-12-



which is rewritten as

Sl+ SZ + S3+ S4_<_ C(N) (26)

by identifying the corresponding terms on the 1. h. sides of (25) and (26)

with each other. Because of the constraint - < %;_ < kz » the following

area inequality, due to Jury and Lee,4 applies.

o (n)

k,q
qu(n-1) Vo (n) + —22— [Vcr(n)]2 >q 5\ ¢(o)do, ‘v’nzo (27)
a(n-1)

Using this inequality, we show in Appendix iV that

N

2
S, > - > gk(e% -1) Z 2% 20y (28)
n=0

For any finite integer N, S4 satisfies

and may be deleted from the 1. h.s. of (25). Remember that u(n) = ¢(o(n))

and note that 5

(0-"’ff))¢<v>z€-1: -

2 (29)

since it may be assumed that ¢(c) lies in the reduced sector [e,k-¢€],

€ > 0 arbitrarily small. Substituting (28) and (29) into (25) yields

N

N
2
zeZQn [fi(— - %qk(eza-l)] O'Z(n) + y Z ezanuz(n) < C(N) (30)
n=0

-13-



2
The first sum in (30) is nonnegative if ST - % g k(e ®. 1) > 0. For

any € > 0, 0 < q< o, 0 <k <o onecanalways findan o> 0,
sufficiently small, such that
2

0 < (e2a_1) 5“262
qk

(31)

Delete then the first sum in (30) and set y = % s

as longas 0 < y < 6. Using (12) and (24), inequality (30) becomes

since y is arbitrary

N 1/2 N
z eZo:nuZ(n) < 31_ cOeZo:vN + Clz 2an 2( )
n=0 n=0
N 1/2
+c, z ezan [z(n) - z(n)]2 , \V/ N >0
n=0 (32)
where
n
x(n) = Z g(n-2)[2(2) - 2(0)] (33)
2=0

-Kn
which is bounded for all n > 0, since |g(n)| < Kle 0 ,\v/n > 0.

The constants c;, and c, are given by

1
= 32 (k. q)’ (34)
¢ = 24
and
2
c, = 2(1+2q)" + 46k, q (35)

-14-



This completes the proof of the Main Lemma as far as its application

to Theorem 1 is concerned.
To prove the Main Lemma for application to Theorem 2, redefine

the auxiliary function LIJN(n), first defined in (16), by
1
dg(n) = 7k q Vo (n) + quy(n) (36)

and follow the same procedure as above. Need will then arise for

another area inequality (see Jury and Lee)4 given by

1 2 o (n)
qu(n) Vo(n) + Equ[Vcr(n)] > q 5 o(o)do, Vn >0 (37)
o(n-1)

Following the steps of the derivation given above, one obtains inequality

(32) under the condition that
*
ReH, (e aTZ)i 6 >0, Vlz|l =1 (T

Using the same arguments as in Appendix III we can show that for
1
sufficiently small « > 0, satisfaction of (TZ) implies (TZ)'

This completes the proof of the Main Lemma.

IV. Additional Results

It is worthwhile to note that the proofs given in the previous
section do not only establish absolute stability in the b.i.b.o. sense,
but also prove absolute stability of the null solution of the autonomous
NSD system S. To see this, set r(t) = 0 and rederive the term coezaN
appearing in (32). Note also that for the principal case z(t) > 0 expo-
nentially at the same rate as g(n) > 0. From Equation (23) it is clear

that the term of interest is

-15-



00 N 2

2om
SN#1 = z e Z g(n-2)z(L) (38)
n=N+1 £=0

It is easy to show that
-1

2r 2(K_-a) :l -2(K_ - a)N
2 |sup 0 2 0

2 [rbl] 7] e

2aN ' - 2(Ky-a)N

Therefore the term coe in (32) can be replaced by coN e ,
where

2 [ 2(K.-a) -1
' 2_.2 | su 0
cy = 32k, q) K [ nplz(n)l] [e - 1] (40)

With these modifications in mind, for the case r(t) = 0 inequality (7)

becomes

%) 1/2
lom)| < |z(m)| + Zez‘” g2(1)
2=0
-2K n o o 1z
. _;_ c,‘onze o, c, Ze'z"“n‘“xz(f) te, ze-za(n-ﬂ)zzm)
£=0 1=0 1)
where now
n
x(n) = —z g(n-2)z(2)
£=0

Clearly, o(n) is stable in the sense of Liapunov and o(n) = 0

-16-



exponentially as n - . Because the linear plant is assumed to be
completely controllable and observable, absolute asymptotic stability-

in-the-large follows.

CONCLUSIONS

Popov-type frequency criteria for absolute stability in the
b.i.b.o. sense of nonlinear sampled-data systems have been obtained.
The class of systems considered are feedback systems containing a
single memoryless nonlinear element described by a function ¢(c).
The bounds on the slope of the nonlinear function ¢(o) play an im-
portant role in the stability criteria. The stability criteria obtained
in this paper are identica.].>°< to those obtained by other researchers4’ 7,9,10,11
for the a‘bsolute stability of the null solution of autonomous nonlinear
sampled-data systems of the same class. For this reason no examples
demonstrating the use of the developed stability criteria are given,

: s s . 4,7 10,1
since several examples already exist in the literature. '’ 9,10,11

Some authors differ by exchanging the position of the signs, ' > "
and " > ", regarding the sector restriction of the nonlinear element
and the stability inequality. The results obtained, however, are

the same.

-17-



APPENDIX I

Justification of Remarks

*
To justify (i), assume that G (z) is a particular case satisfying

all the conditions of Theorem l. Make the change of variable
plo) = (o) +eo (A1.1)

which transforms the system S of I'(e, k; -0, k?.) into an equivalent

system S of I'(0, k-¢; -0, k, -¢€¢) with the z-transform of the linear

w2
G (z)

*
1+eG (2)

~ %
plant given by G (z) , which is a principal case. Consider

o —

1, i.e., z=er, -7 < w < m, and substitute

~ %
ReHl(z) for all |z]

~ K
for G (z). Then one obtains

R H* ¥yl :

~ e 1(z) Ke G +E

ReHl(z) = — + P o (Al.2)
|1+eG | 1+eG

It is clear from (Al.2) that the satisfaction of (Tl) in Theorem 1 implies

~ *
that there exists a & > 0 such that

'Reﬁf(z) >8>0, Vlz|=1 (Al. 3)

Jw

* * - -
If G.(Az) has a pole at z = e 0, then the r.h.s. of (Al.2) at w = “o

becomes k/[e(k-€)] > 0, -w <& < mw,

0

-18-



If Theorem 1 has been proved for principal cases then (Al.3) establishes
stability of the transformed system g The original system S of
(e, k; -0, kz) is then also stable, which was to be shown.

The same arguments can be repeated for Theorem 2. Applying

~

again the same transformation, one obtains the equivalent system S of

s
. K G (z) . ~ %
(o, k-e;-k1 -€¢, 0) with G (z) = ——=— . Formulation of ReHz(z)
1+eG (2)
K
and substitution for G (z) yields
* * 1,2
ReH,(2) G + -+
~ H
ReH,(z) = 2 __ 4 K Kl V2| =1 (A1.4)
2 *
|1+eG | k-e 1+e¢G

from which the desired conclusion follows as before.
*
To justify (ii), assume G (z) is a principal case and make the

change of variable

p(c) = ¢ (o) -~ €0 (A1.5)

which transforms the system S of I'(0, k; -0, kz) into an equivalent
%
) % G (2)
system Se of I'(e, kte; -0, k2+e) with Ge (z) = ———5—. For ¢ >0
1-¢G (z)

%
sufficiently small, Ge(z) will be a principal case. It can be shown, by
using (A l.2) with a negative ¢, that satisfaction of (Tl) in Theorem 1
implies that there exists a 6e , 0 < 65 < &, such that the inequality

2
. k,te)a]
+2¢ 2

(zml)G:‘(z) > 6, >0, Vlz| =1
(A1.6)

Re{[1+q(z-D]G, (=)} + ¢

-19-



is satisfied for a sufficiently small ¢ > 0. Hence, if Theorem 1 has
been proved for principal cases of G*(z) with the nonlinearity in a
reduced sector [e¢, k-€], then (Al.6) establishes the stability of Se
in the sector [e, k+e]. The original system S of I'(0, k; -, kz) is
then stable in the sector [0,k], which was to be shown.

The same arguments, with slight modification, can be repeated

for Theorem 2.

APPENDIX II

Proposition. Let

00

PoM) = ) Lag(mh i) + dy(m)v ()]

n=0

*
If inequality (Tl) of Theorem 1, i.e., Re H1 (z) > & > 0, is satisfied

for all |z| =1, then

N

2
(1+2q) 2
poM) < {T(é'-ﬂy')‘ +,Zk2q] Zf (n)
n=0
2 o n 2
8(k, q)
e Z Z gln-2) £(2) (A 2.1)

n=0{ £=0

Proof. By the Liapunov - Parseval Theorem '’

-20-



T o~ = OR——
poMN) = 51? S' {U;(eJ“)A’;(e ) + \IIN( eI® )VN(e )}da

Substituting (18) - (20) and using (Tl)

m
1 * 2 % i® * ok
PN = fﬂ{ lug 2[5 - v] + 1+ a(e®® -] Fy T
k,q .- k,q .= 2
2 Jw 2 E Ik Bt —% 3k * 2 Jw % -
— | -1 [F G U+ F G U]+ I(e -l)FNI }dw

Noting- that the r.h.s. must be real and completing two squares

Lk
" [1+q(eJ“’-1)]1?.N 2
poiN) = 5‘ \/ Re[H -y]U - ds
2\/1R H .1
2 e[ I'Y]
i@ * 2
m |[[1+q(e? -1)]F
1 5 N
+ — dw
4w ¥
- Re[Hl-y]
™ *=x | 2
U N Kk, q|e® -1|°F. G
_Ly \/—l-Re[H*- ] U* + 2 N do
2w ) | VZ 1~ Y N n —
2 \/ZRe[Hl-y]
2 §E 4k % 2
(k,a)" o e -1 |F G|
L,
-t Re[H, - vy]
k,q T - x 2
+ —%r— | (e?® -)F | dB (A2.2)



Since by hypothesis ReH;(er) >8>0, -m <w <, itfollows that

% i
ReH1 (er) -y>6-y>0, if 0 <y <&. Therefore,

o - s 2 _
Po™ < Foir ey L|[1+q(eJ°’-n]FN| a3

2
(k,q) T .-
2 jw
t Ty L|e NN
k,q ™ - 2
2 %2 _
+ [ -pF | 6o

or strengthening the inequality further,

1+ZS)
PoN) = 5o v) f

4 2
2 (k,q) "IF* G*Izd"'
T e oY) S_ﬂ N ©

4k,q T .2
;2 5’| 45

4 FN |

Applying again the Liapunov - Parseval Theorem, one obtains (A 2.1).
QO EI D.

3G -aT +jw

This step remains true if ” is replaced by e , a> 0.
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APPENDIX III

'
Proof That Satisfaction of Inequality (Tl) Implies (Tl)' In the expression

1
of (Tl) replace & by 6a. It will be shown that this has no consequence
and that if there exists a 6 > 0 satisfying (Tl)’ then there also exists
1
a 6a’ 0 < Ga < 6§, satisfying (Tl) and |6 - SQl - 0 as a becomes

1
arbitrarily small. Rewrite (Tl) as

Re{[l+q(e *T z-1)]G (e *T2)} + %

k,|ql )
22 (e-aTz-l)G k(e_aTz) > BQ >0, \v’lz| =1 (T

-

Given any principal case G*(z), there exists a sufficiently small o> 0

* -aT
such that G (z) is analytic in the domain |z| > e *. It follows that

-aT

(e ™% 2 167 (e %T2) - (z2-1)67(2)| and |GT(e T 2) - G (2)]

approach zero uniformly for all |z| =1 as o > 0 becomes arbitrarily
1
small. Then there exists 6a satisfying (Tl) such that 0 < Ga < 6 and

|6-6a| - 0.
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APPENDIX IV

It is shown that the following inequality holds.

N
k,q
S, = Z eZV‘azn {qu(n 1)Vo(n) + i-[VO'(I'I)] }

n=0
N
> - 3 qk(e”®-1) Z 290 o210 (A4.])
n=0

Proof. Using (27), one obtains

N
o (n)
> q Z eZan S‘ o(o)do (A4.2)

=0 o(n-1)

Denote

c(n)
vVw(n) = Sy o(o)do
o(n-1)

| and sum (A 4.2) by parts.

: : o(N) d(n-1)
| S3 > quaN S oloc)de - g(l - e 20‘) z S. ¢(c)do

n=1

which yields because of (1) and (2)

-24 -



which was

N
> --%-qk(l—e-za) z e
=1

2an O'Z(n-l)

N
> - —zl-qk(eza- 1) z e2cm0_2(n)
n=0

to be shown.
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