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AN EXTREMAL PROBLEM IN BANACH SPACE WITH
APPLICATIONS TO OPTIMAL CONTROL

1. INTRODUCTION

The theory of optimal control has received a new impetus through
the papers of Gamkrelidze [1] and Neustadt [ 2-4]. It seems clear now
that the optimal control problem should be studied as an extremal prob-
lem in a Banach space or a locally convex space. The motivation for
this generality is derived from the stgdy of optimal control problems
with trajectory constraints. This author has arrived at the problem
formulated in Sec. 3 through the study of nonlinear programming in‘
general spaces [ 5]. The results obtained are' similar to those of
Neustadt, but the method of proof and the motivation appear to be dif-
ferent. It is hoped that this paper will serve as a common framework

for both optimal control and nonlinear programming problems.



2. NOTATIONS, DEFINITIONS, AND A PRELIMINARY RESULT V

Throughout this paper, unless otherwise stated, X and Y will
denote arbitrary real Banach spaces. All undefined terms can be found

in Dunford and Schwartz [ 4].

Def. 2.l.a. A function f:X - Y is differentiable at a point x if there

is a continuous linear function, f'(x), mapping X into Y such that

lim M HEW) S ) gy 2> = £(x) (2) -
E-o0+ &

W—>Z

b. -A function f:X - Y is Fréchet-differentiable at a point x if there

is a continuous linear function, f'(x), mapping X into Y such that

fx +h) - £x) - < £1(x), h>
lim =

|h|~0 |h|

0 ;

f is continuously Fréchet-differentiable at x if it is differentiable in

some neighborhood M of x and the mapping z —f'(z) is a continuous

function of M into B(X, Y). 1

T B(X, Y) denotes the Banach space of continuous linear functions from
X into Y under the usual sup norm.
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In addition to a linear approximation of a function at a point we

shall need a ''linear' approximation of a set at a point.

Def. 2.2. Let A be an arbitrary subset of X and let x ¢ A. For each
neighborhooa M of x let C(A N M, x) denote the smallest closed cone,
with vertex 0, T containing the set {ANM -x} ={z - x|ze AN M}.
Let J/b be the neighborhood system at x. Then the set

LC(A, x) = N canNnM, x)
Me IO

is called the local cone of A at x.

Def. 2.3.a. Let A be an arbitrary subset of X and let x ¢ A. The set

LP(A, x) = {x* e X" |<x*, 2> =0 Vze LC(a, x)}

x11
in X is called the local polar of A at x.

Def. 2.3.b. If L is a cone then P(L) = LP(L, 0)

Remark 2.la. The local cone is a nonempty (it always contains 0)

closed cone and the local polar is a nonempty convex closed cone.

t
LA

All cones referred to in this paper have vertex 0 .

* 3 .
X denotes the Banach space of all real-valued, continuous linear
functions on X under the usual sup norm.
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b. A useful alternative characterization of the local cone is given by

the next fact.

Fact 2.1. The following statements are equivalent.
a. ze LC(A, x).
b. There exist sequences {xn} C A, {)\n} ,» with \_> 0 for all n,
such that x - x and A\ (x -x)—-2z as n - o.
n n''n
c. There exist sequences {zn} C x, {En} , such that En_» 0,

z >z asn->oo, and £n>0, (x+gnzn)eA for all n.

Proof. Trivially b. and c. are equivalent. The equivalence of a, and
b. follows directly from Def. 2.2 using a standard Cantor diagonal

argument.
Q. E . D.

The justification of the two linear approximations is provided by

the following elementary but extremely useful result.

Theorem 2.1. Let f be a real-valued function defined on X, and A

an arbitrary subset of X. Let x¢ A be a solution of (2.1).
(2.1) Maximize f(x), subjectto xe A.
Then, if f is differentiable (see Def. 2.l.a) at x we must have

(2.2) f'(x) ¢ LP(A, x).

-4-
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Proof. Let ze LC(A, x). We have to show that <f'(§) y Z > < 0.

By Fact 2.1 there are sequences {zn} ~and { En} such that z -z,

£->0+asn—>oo, andE >0,x=(x+£ z ) e A for all n. Since
n n n - n'n

x is a solution of (2.1), f(xn) - f(x) = 0 for all n, Hence,

flx + & z) - £(x)

= 0.
n

Passing to the limit as n -~ oo, we obtain (2.2) from Def. 2.1l.a.

Q.E.D.

Remark 2.2. A. fhe deﬁnitions of differentiabilit? (Def. 2.1l.a), local
coné, and local polar, are valid in arbitrary linear topological s.paces.
Fact 2.1 is valid if we replace ''sequence' by ''generalized sequence'' or
"net''. Theorem 2.1 still remains trﬁe.

b. Theorem 2.1 shows that the elements of LC(A, x) can be considered
as ""admissible'" variations about x. For many applications howevér, we
have to consider a more restrictive class of variations. The next
definition defines two such classes. Let A be an arbitrary subset of

X and let xe A.

Def. 2.4.a. A convex cone K is in the local approximation of A at x

if for every finite set {ko, . e ey km} C K and every & > 0, there
is €0 = 60(6, K) > 0 such that for every €. (o, EO] there is a con-

tinuous map :K - A of the form

£.6



with |y6 6(1?)( < §. Here K denotes the convex hull of

{ko, N km} .

Def. 2.4.b. A convex cone K is locally in A at x if there exists

8§ > 0 such that
(x +k)e A

whenever k¢ K and |k| = 6.

Remark 2.3. Using Fact 2.1 we see that in both instances of Def. 2.4

the cone K is contained in LC(A, x).

3. STATEMENT OF THE MAIN THEOREM AND COMMENTS

Theorem 3.1. Let X and Y be real Banach spaces. Let f be a real-
valued function defined on X, and g a continuous mapping from X
into Y. Le A be a subset of X and let AY be a closed convex cone

in Y. Let x be a solution of (3.1)

(3.1) Maximize f(x), subject to g(x) e AY and x € A.

Suppose that there is a closed convex cone K1 C X such that f, g,

K, A

1 By and Y satisfy either I or II.
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I. a. f and g are differentiable at x (Def. 2.l.a). Let G = g'(x).

b. Y is finite dimensional, i.e., Y =R~ for some m < oo.

c. Either G(Kl) - Ayt {g(i)}T # Y, or for every z e K, such

that z # 0 and G(x) + g(x)e A there exists a convex cone K (depend-

Y ’
ing on z), satisfying the following conditions:
(i) zeK C x,
(i) G(K) - Ay +{gx)} =Y,
and (iii) K is in the local approximation of A at x (See Def, 2.4a).
d. The set AY + {g(x)} is a closed subset of Y.
e. The set {y* . Gly:'< € LP(AY, g(x))} is a closed subset of X .
*
f. The set P(Kl) + P(Kz) is a closed subset of X , where

K, = {axlc(ax) <Ayt {g(_}g_)}} .

II. a. f£ is differentiable at x and g is continuously Frechet-

differentiable at x(Def. 2.1.b). Let G = g'(x).

b. Either G(Kl) - AY +{g(x)} # Y, or for every z ¢ K, such

1’
that z # 0 and G(z) + g(x) ¢ AY’ there exists a closed convex cone K
(depending on z), satisfying the following conditions:

(i) zeKC X,

(i) G(K) - Ay +{g(x)} =Y,

and (iii) K is locally in A at x (see Def. 2.4.b).

{g(_:g)} denotes the one-dimensional subspace of Y spanned by g(x).
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c. The set AY + {g(x)} is a closed subset of Y.
% * . *
d. The set {y « Gly e LP(A, g(i))} is a closed subset of X .

‘ %
e. The set P(Kl) + P(KZ) is a closed subset of X , where
K, = {6x|G(6x) € AY + {g(_:'i)}} .
. sk 3
Then there exists a number n 20 anda y €Y , not both zero,

such that
(3.2) uim), x>+ Ly, Gen> s 0 Vexe K,
(3.3) <y, gm> =0,

(3.4) <y y>z0 Vyea,.

Comments: The main deference between conditions I and II lies in the
fact that the requirement of finite-dimensionality of Y is dropped in
II, whereas it is critical in I. But if Y is infinite-dimensional, then

we require that G and K, have to be a 'better' approximation to g and

1

A, respectively. (Compare I.a with Il.a and I.c iii) with L.b(iii).)
Conditions I.c, I.d, and I.e are of a technical nature and can be shown

to be redundant if AY is a polyhedral cone. Similarly, Il.c and ILe

can be shown to be redundant if A_, is a polyhedral cone; although II.d

Y

may not be satisfied even in this case. Thus, if A is a polyhedral

Y
cone, Y is finite dimensional, and K1 is in the local approximation of

A at x, then I is satisfied. Similarly, if AY is a polyhedral

-8-
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cone, K1 is locally in A at x,' and Il.d is satisfied, then II is satisfied.

Finally, it is worth noting that the conjunctibn of (3.3) and (3.4) is

equivalent to (3.5).
&
(3.5) -y ¢ LP(Ay, g(x)) .

4. PROOF OF THE MAIN THEOREM

The proof is divided into two parts; the first takes care of the

degeneracies that may arise, the second case is the important one.

Let Q = G(K) - Ay + {g(x)}

Case l. Suppose Q # Y.

Then Q is a closed, convex cone in Y and Q is a.proper subset of Y,
so that there exists [ 6, p. 452, Theorem10] ay €Y , y #0 such

that

(4.1) <Y*,Y>50 Vyea.

In particular, (4.1) implies that

<yv*, 6> =0 Vexek

1 ?



< Y*, Y>‘20 VYGAY.

and <y, glx) > =0,

, ' *
so that (3.2), (3.3), and (3.4) are satisfied with y # 0 and p = 0.

Case 2. Q=Y.
Let A, = {xeX|g(x)e AY} and let K, = {Gxe X |G(6x) € Ay + {g(i)}}
We will now prove the important fact that if either I or II is satisfied,

then
(4.2) LcAN AX, X) D) K1 n K2 .

Let z ¢ K N K Therefore, z e K, and there exists a number \ such

2’ 1

that G(z) + Ag(x) e AY. Since g(x) e AY’ we can assume that \ > 0.

Also, since LC(A n AX, X), Kl’ and KZ are cones, we can assume that

X =1. Thus we have

Z € Kl and G(z) + g(x) ¢ A

Y .
Suppose that I is satisfied:

Then because of I.c, there exists a convex cone K in X such that

(i) z ¢ K,

(1) G(K) - Ay +{gx)} =Y,

-10-



and (iii) K is in the local approximation of A at x. By Theorem A-l
of the Appendix there exist sequences {zn} C X, {gn} , with En >0,
(x + En z ) e A, and g(x + En z ) e Ay, for each n, such that

z 2z, and En ~ 0 as n - . Butthen by Fact 2.1,

z € LC(A n AX’ x) .
Suppose that II is satisfied:

Then because of I1I.b, there exists a closed convex cone K in X such
that

(i) zekK,

(il) G(K) - Ay +{eg(x)} =Y,
and (iii) K is locally in A at x. By Theorem A-2 of the Appendix
there exist sequences {zn} C x, {En} , with En >0, (x+ En z ) € A,

and g(x + En zn) e A for each n, such that g 2 and En -0 as

Y’
n - . Once again by Fact 2.1, ze¢ LC(A AX’ x). This proves (4.2).

Now by Theorem 2.1, since f is differentiable at x, we must

have (4.3).
(4.3) £'(x) ¢ LP(A Ay X) -
From the definition of the local polar, and from (4.2), it is evident that

(4.4) LPAN AX, x) C P(K; n K,) .

=11~



Combining (4.3) and (4.4), we obtain (4.5).
(4.5) f'(x) € P(K1 N KZ) .

Now K1 and KZ are closed, convex cones. Using this fact, the

definition of local polar, and the strong separation theorem [ 6, p. 417,

Theorem 10], it is easy to show that [5 Fact1.3]

(4.6) P(K N K,) = PK) + P(K,) .

*
Because of I.f or Il.e, P(Kl) + P(KZ) is a closed subset of X , so

that from (4.6) and (4.5) we can conclude
(4.7) | f1(x) ¢ P(K) +P(K,) .
Next we show that

(4.8) P(K,) = B,

where

(4.9) B = {Y* L Gly* e LP(AY, g(‘}i))} .

Let x ¢ KZ and let y* € LP(AY, g(i)) .

-12-



Therefore,

(4.10) G(x) ¢ Ay + {g(x)}

and,

(4.11) <Y*.Y> =0 VYGAY.
(4.12) <y > =o.

Combining (4.10), (4.11), and (4.12), we conclude that
<y"=, G(x)> < 0. Therefore P(K,) D B. Now suppoes that
P(K2 C B. Then, by the strong separation theorem [ 6, p. 417, .

Theorem 10], it follows that there exists a vector x e KZ’ such that,

413 <y G x>=<y"am>>0 Vy e LP(AY, g(gc_)).

But since x ¢ K_, we must have (4.10). It is easy to verify that

2’
(4.14) A, +1{gx)} C LC<AY, g(z))

*
so that from (4.10), G(x) e LC(AY, g(g)). But then v , g(x) > =0
sk
whenever y ¢ LP<AY, g(;_{_)) . This contradicts (4.13), hence (4.8) is
E3
proved. By Il.e or I1I.d, B is a closed subset of X , so that from (4.7)

and (4.8) we obtain

-13-



(4.15) | f'(x) ¢ B + P(K)) .

* %
Therefore, there exists y €Y such that

(4.16) fix) +y - Ge P(K)) ,
and
(4.17) ' vyt e LP(AY, g(_:_c_)) .

But (4.16) is equivalent to (3.2) with p =1, and (4.17) is equivalent to
the conjunction of (3.3) with (3.4). This completes the proof of the

theprem. .
Qo E. Do

5. APPLICATION OF THEOREM 3.1

A. Discrete Optimal Control

Consider a difference equation,
z(k +1) = z(k) + h(z(k), w(k)), k=0, 1, . . .

where z ¢ Z is the state vector, u e U is the control vector and h is
a continuous mapping from Z XU into Z. Z and U are arbitrary real
Banach spaces. Let N be a fixed integer representing the duration

of the process. Let AO and AN be subsets of Z representing the

-l14-



initial and target set, respectively. Let C U be the set of available

controls. The payoff is given by a real-valued function f defined on

x =2V x oM, we are required to find a solution to the following
problem:

(5.1) Maximize f(z(O), e + oy Z(N); u(0), « .o, u(N-l))
subject to

(5.2) ~ z(k+l) - z(k) - h(z(k), u(k)) =0 for 0 =k =N-l

and

(5.3) 2(0) ¢ Ay, z(N) ¢ Ay, u(k) e @ for 0SksN-l.

We make the following identifications:

1. x=zN xuN? 5o that x =<z(0), . « «, z(N), u(0), . ..,u(N-l))

2. Y=ZN

3. g is a mapping from X into Y defined by

g(z(O), e o o+,2(N), u(0), . . ., u(N-l)) = (zo, o« o ey zN)

where z) = z(k+l) - z(k) - h(z(k), u(k)), 0 =k =S N-1.
4, AY ={(0, o s ey 0)}so that AY is a closed convex cone.

5. A =A0 X zN'l X AN XQN. A is a subset of X.

-15-
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Then our problem can be restated as

(5.4) Maximize f(x), subject to g(x) e 'AY and x ¢ A.

Let §=(ﬁ(0), < o ey 2(N), w(0), . . ., E(N-l)) be a solution to (5.4).
Let f(o and f{N be closed convex cones in Z and let Qi for

0 =i =N-1 be closed convéx cones in U, such that the closed convex
cone K, = f{o x zN1 x RN X Q) X+ + X Qu, inX is locally in

A at x(Def. 2.4.b). Let f be differentiable at x and let g be con-
tinuously Fréchet-differentiable at x with g'(x) = G; the latter state-
ment is equivalent to the statement that h is continuously Fréchet-
differentiable at the points (z(k), u(k)) for 0 = k = N-1. We also assume

that the remaining conditions in II of Theorem 3.1 are satisfied. Then

. b3 sk
there exists a number w20 and y €Y , not both zero, such that
(5.5) < (), 6x > + <y, Glsx) > 50 Vexe K|,
(5.6) <y ,egn> =0,
(5.7) <y y>z0 Vyea,.

The statements (5.6) and (5.7) are trivial because g(x) = 0 and

sk

%*
Ay = {0} . Since Y = ZN, therefore Y = (Z )N so that

-16-



y"' = (z*(l), . s e z'p(N)) for some z"(k) e Z . Also using the

definitions of X, Kl and G, we see that (5..5) is equivalent to the

following:

(5.8 < pooer az(O) 52> -z, 52> -z (1) a:(*:)) > <o
VGzef{o

(5.9) < p—= az(k) 5z > +<z*(k) - z*(k+1), 6z>
PR = (}11() §z > =<0
Vsze¢2z, 1 <k s N-1,

(5.10) <95;%-)- 5z > + <z(N1 5z > =0 VazeKN

5.1y < e au(k) ,6u > -z (k) - — (k) , 6u > S0

Vsu e Qk), 0=k =<N-1,

where the derivatives are evaluated at the optimal solution

_>_<_=(g_(0), e o o, 2(N), uw(0), . .., E(N-l)) . The statement (5.8) and
(5.10) represent the so called ''transversality' conditions; (5.11) is
‘sometimes referred to as a ''local maximum principle'. (5.9) can be

rewritten in the familiar form (5.12).

-17-



oh
oz(x) - 0

(5.12) F2 (K -2 (kHl) -z (kH) -

of
H 3z(k)
for 1 <k < N-l.

Remarks. 1. The conditions given in [7] are a special case of the
relations (5.8), (5.10), (5.12) and (5.11).

2. The fact that we allow our state variables to be infinite dimensional
also enables us to consider discrete stochastic optimal control prob-

lems. See [5] for an example.

B. Continuous Optimal Control

Let QCbe the linear space whose elements h(x, t) are n-
dimensional real vector-valued functj.ons defined for x ¢ R and
tel= [to‘, tl]. The functions h satisfy certain smoothness conditions
in x and some integrability conditions in t. Let H be a quasi-
convex subset of J{. For the precise condi';ions and definitions the
reader is referred to Gamkrelidze [1] or Neustadt [2]. The relevance
of the various assumptions made in the sequel to optimal control prob-
lems is also discussed in these references.

Now for any h in H, let x(t) be an absolutely continuous function

such that

(5.13) %(t) = h(x(t), t), for almost all te I.

-18-
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We shall regard such a function x as an element of the Banach space
X of all continuous functions from the compact interval I into R.
We also define A as the set consisting of all tﬁose elements x ¢ X
which are a.Bsolutely continuous and satisfy (5.13) for some h in H.
Now let f be a real-valued function defined on X and let g: X =Y = R™

be a continuous mapping. Let A_ be a closed polyhedral cone in Y.

Y

We wish to solve the following problem:

(5.14) Maximize f(x), subject to g(x) € AY and x € A.

Let x be a solution of (5.14) so that
(5.15) x(t) = h(x(t), t) for almost all tel

for some he H. Let [H] denote the convex hull of H, and consider

the linear variational equation of (5.15),

dh '
(5.16) 8x(t) = 3= (x(t), t) 6x(t) + Ah(x(t), t), tel.

Here Ah is any arbitrary element of the set {[H] - h} and x(t)) = £
is any arbitrary n-vector. Let ¢(t) be the nonsingular matrix solution

of the homogeneous matrix differential equation
dh

o(t) = 37 (x(t), t) o(t)

with é)(to) =1, the identity matrix. Then the solution of (5.16) is (5.17).

-19-



t
(5.17) 5x(t) = o(t) §+5 ¢"1(r) Ah(x(T), T dT>, tel.

%o

Let f{ C X be the set of all §x which satisfy (5.17) for some £e RrR"
and some function Ah e {[H] - h}. Clearly K is convex. Let K be

the convex cone generated by K and let K, = K. Let us suppose that

1
f and g are differentiable at x and let G = g'(x). It has been shown
by Neustadt [ 4, Theorem 3.1] that K is in the local approximation of
A at x, It is easy to see then, that K is also in the local approxima-
tion of A at x. Since AY is a polyhedral cone, it follows from

Theorem 3.1 that there exist numbers pu =0, \1, . o ey )\m not all

zero such that

(5.18)  pfx), 5x > + <\, G6x) > = 0 VexeK ,
(5.19) <\ gm> =0,

(5.20) <Ny >zo \/yeAY,

where \ =(X1, « o ey Xm) .

Remarks. Following Neustadt [3], we can show that the relations
 (5.18), (5.19) and (5.20) imply the Pontryagin Maximum Principle.
The assumption of quasi-convexity implies that K1 is in the local

approximation of A at x. It can be shown that, in general, Kl is not

-20-



locally in A‘ at x. Hence, to apply Theorem 3.1 the finite-
dimensionality of Y is essential. If, however, we are dealing with
a linear control system with an a&missible set of controls which is a
convex polygon, then it can be shown that K1 is locally in A at x so

that we can allow Y to be an infinite dimensional Banach space.
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APPENDIX

Theorem A-l. Let X be a real Banach space and g a continuous

mapping from X into Y = R™. Let A be a subset of X, and AY

a closed convex cone in Y. Let xc¢ X be such that x e A and
g(x) e AY. Let g be differentiable at x and let G = g'(x). Let

z € X be suéh that G(z) + g(x) ¢ A Suppose that there exists a

Yo

convex cone K (C X such that

(i) ze¢K,
(i) G(K) - Ay + {gx)} =Y,

and (iii) K is in the local approximation of A at x. Then
there exist sequences {zn} C x, {En} , with En >0, (x + En z )¢ A

and g(x + En zn) € A for each n, such that z >z and gn - 0 as

Y

n - oo.

Proof. 1. First of all from (ii) and the fact that g(x) e AY’ it is
clear that 0 is in the interior of G(K) - AY + g(x). Let Z bea
simplex in Y generated by the points Vor « * *» Y and containing 0

in its interior, such that = C {G(K) - A, + g(x)} . Therefore there

Y

exist vectors ko, e o ey km in K and vectors ao, ceesa in AY

such that
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(A.1) y, =Glk) -a, +g(x), 0=i=m.

Let 6 > 0 be such thatif ye¢ Y and Iyl =0, thenye Z .
2. Since g is differentiable at the point x, it follows from Def. 2.l.a

that

l -~ -~
hE, 6, k, Ax) =E-{g<_;_:_ + E(z + 6k + Ax)) - g(gc_)} - G(z + 6k) = 0
as E - 0, A&x — 0, uniformly for keK-= convex hull of

{k, ..., km} and 6 € [0, 1]. In other words, for each a > 0 there

0
exists B = B(a) > 0 such that

|h(E, 6, k, Ax)| = @

whenever 0 < £ < B, |ax| =B, 6 [0, 1] and k eK.

3. Since K is in the local approximation of A at x (by (iii)), it
follows from Def. 2.4.a that, for each §> 0, there is an EO = 60(6) >0
such that for every € e (0, EO] , there is a continuous map n

£, 6

from {z + K} into A of the form
(z +T<—) =x + E(z +k + YE 6(z +_k-))

‘16, 5

(z +E}| < §. Here K denotes the convex hull of

-24-



4, a. Let e be a sequence of numbers such that 0 < @ < 9 for
each n,and a - 0 as n — oo,

b. Let ﬁn = ﬁ(ozn) (see 2). We assume that pn - 0 as n -+ oo.
» c. Let 6n = ﬁn’ and Eo(n) = €O(6n) used in the definition of the

maps 118 6(see 3).
d. Let gn = min(B _, go(n), %).

e. Let p =a /0.
n n
5. For each n we define a mapping of p.nZ into itself as follows:
For each By € "an there is a unique vector

= . . * i - Z ., . o . - ,
sn(p.ny) (0’0, crm) with o, 0 for each i % + + L 1

such that By = p.n(cro Yo + ¢ e ot o ym).

For each vector ¢ = (o . ey o-m) with o, 2 0 for each i,

o -

and o, ++ « c+0_ =1, let
0 m

hn(o') p.n(cr k +++++c

0 0 mkm)

In(tr) p.n(cro 2 + o0 o + o am)

and

| T, qn(o-) = - {g(nen’ 6((z + hn(o'))) - g(?_c_)} + G(z + hn(a)) .

hd n

g7

Clearly the maps hn, ln and g, are continuous.
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e

Let A denote the convex hullof {a_, . . ., a_} . For each
. ‘ 0 m
CRAC p.nZ let k ¢ K and a € A be such that hn(sn(p.ny)) = pnk and

,en(sn(p.ny)) = p.na. Then, because of (A.1l)
(A.2) G<hn<sn(unY))) - fn(sn(unY) + g(i))
= G(unlz) - ko3t gx) = p Y.

Also, for each p y ¢ p_ 3, since En =B, and & =P itcanbe

verified that

(A.3) an(sn(p.ny))[ e =po.

But this implies that q_nésn( pnz)) C p.nZ, so that by the Brouwer fixed
point theorem, the continuous mapping q - s, of an into itself has

a fixed point, say by Yo Then,

(A.4 By, = qn<sn(un Yn))

1 - -
] 'E:{g(“sn,ﬁn e+ - g‘f’} " T Rl

where L in = hn sn(“n yn) . From 3,
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(A.5) 'qEn’ -6 (z + M kn) =x+ En(z + L kl‘1 + YE 5 (z + L kn)).

n n’ n

Let

5 (z+|.Lnkn).

En’ n

(A.6) zn=z+p_nkn+Y

Then clearlﬂr x + gn z € A for each n, and z =z asn-—o. Also

from (A.4), (A.5), and (A.6), we obtain

1 -~
(A.7) Ry Y, = -‘Ca;{g(i + En z ) - g(_’i)} + Gz +p k).
Defining a ¢ A by hn sn(p‘n yn) = ko2 from (A.2) we obtain
(A.8) by, = Gly k)-poa +gx,

so that on substituting in (A.7) we have

(A.9) woa toglx) = --i-;{g(i +& =) - g(ﬁ)} + G(z) .
Therefore,
(A.10) glx + En z )= En My 5n + En(G(Z) + g(i)) +(1 - ZEn) g(x).
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- -~ A. > g .
Since a_ e AC AY and En T 0, therefore En b2 € AY Also

G(z) + g(x) ¢ Ay by hypothesis; (1 - 2§ ) = 0 and g(x) ¢ Ay, so that

Y Y’

{1- an) g(x) € AY. Since AY is a convex cone, we conclude that

(A.11) glx + En z )e Ay for each n

and the theorem is proved.

Q.E.D.
Theorem A-2. Let X and Y be real Banach spaces and let be be a
continuous mapping of X into Y. Let A be a subset of X, and let
A be a closed, convex cone in Y. Let xe X be such that xe¢ A and

Y

g(x) e A Let g be continuously Fréchet-differentiable at x and let

v

G = g'(x). Let z e X be such that G(z) + g(x) ¢ A Suppose that

Y.
there exists a closed convex cone K (C X such that
(i) ze¢K,
() G(K) - Ay +{gx)} =Y,
and (iii) K is locally in A at x.
Then there exist sequences {zn} C X, {En} , with En > 0,

(x + €n zn) € A and g(x + En zn) € AY for each n, such that z -z

and En-»o as n - oo.

Proof. The theorem is proved with the aid of Lemmas A-l and A-2.
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Lemma A.1. Let W and Y be real Ba—-ach spaces and let G be a con-
tinuous linear mapping from W into Y. Let K be a closed convex
cone in W such that G(K) = Y. For each p> 0 let

ﬁp = {we W' |w] <p, weK}. Then there is a number m > 0,
independent of p, such that

A.12 ‘ G(K S
(A.12) &) Ds,

where Smp is the closed sphere in Y of center 0 and radius p.

Proof. This result is a generalization of the Interior Mapping
Principle. Although the proof is long, it is a straightforward modifi-
cation of that given by Dunford and Schwartz [ 6, pp. 55-56].

Q‘ El D.

Lemma A.2. Let W, Y be real Banach spaces, and let g be a
mapping from W into Y such that é is continuously Frechet-
differentiable at a point we W. Let G = é'(g). Let K be a closed,
convex cone in W such that 6‘:(12) =Y. Let we K be any fixed vector.
Then there exist sequences {‘;vn} C K, {En} with fn > 0 and

é(_\y_ + En ';vn) = E(E) + G&( E.n vAv) for each n, such that En ~ 0 and

-~ -~

Wn—’W as n - oo.

Proof. Let m > 0 be any number which satisfies (A.12). Let
v:W =Y be the function defined by v(w) = é(zv_ +w) - é(ﬂ) - Ei(w) .

Then,
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<

-

|v(£€v +w) - V(EGV + wz)l

|g(z+ Ew +w1) » g(w + Ew +w2) - G(wl - wz)[

| < é'(_vz‘rgw tw), W - w2> + ol(,lw1 - wzl) - f‘}(wl - wz)l .
Therefore,

|V(£v; +Wl) —V(E\:V+w2)| ol(lwl -wz,)

< aw +Ew +w) - G| +

Wy - w, | v - w, |
Also,
V(€W +w)| = |a(w + Ew +w) - Bw) - GEw)| = o,(|Ew +w ) .

Let Eo>0be such that for 0<E< 0°

IV(E\';V tw)) - v(ev?r + WZ)I

(A.13) < }'_;1_ when le < E
v, - w, | "o
1 2
for i=1, 2
and
(A.14) 02(|€€V+w1|) = O(E) <-r§- for |w1| <€.

Let E € (0, Eo) be fixed.

Let w, = 0. Therefore, é(wo) =0.

0
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Let w, € K such that (.'}(w1 - wo) = -v(EGV +w0), and
1 ~ 1
|W1-W0| <-n—'1 Iv(Ew+wo)l <-n—1-o(€).

For n=1], let w

nil € K such that G(wn+l - wn) = -v(gw + wn)

-~ 1 -
+ V(EW + Wn-l) and |Wn+1- wnl < — o(E). We first show that for

n 20, Iwnl < £ so that the above inequalities are valid. Firstly,

1 1 1 1
|w0| = |o] <-r5°(5) <ZE and le -Wol <o o(§) <3z

1
Therefore, [wl| < ZS .

By induction on n,

| <(Z o)) 1w - wol <(2¢] Mol
IWn+1 " ¥%n m o{c) 1" % 4

Hence, for any integer p 2 0,

<(2e) drmr 7o ol <(3€) & et
Ynip - Wnl 4 1-(1/4) 1 0 4 m )

In particular, |w -wll < €/2 so that Iwn-i-ll <£ . Also w

n+l

converges. Let

lim w = w(f).
n-—>oo n

Then [w(&y| < -;‘11- o(€) and w(€) ¢ K .
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U

Now,.
Glwy) =0,
é(wl) = é(wo) = -V(E\;; + WO) ’

G(w

5) - é(wl) = -v(f\';v + wl) + V(S\?V + Wo) ,

é(wn+1) - G(wn) = V(€W +w )+ v(E w + w_ ) -

Adding both sides, we obtain
Glw, ) = V(€W +w) = -Bw+Ew+w) +gw +HEw +w ) .
Hence,

B(w + Ew + w ) = g(w) + G(Ew) + &wn AR
Passing to the limit, as n - oo, we obtain

Bw+ W+WE) = Bw +GEW) .

Let {fn} be any sequence of positive numbers such that En - 0 as

, - . 1 - 1 - 1 1
n - oo, and define w_ =w + w(g ). Since | W(E )| < o« —
] n En n En n En m

. o(fn), W "W as n- o and the assertion is proved.
Q.E.D.
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3

| Proof of Theorem A. 2.

We make the following appropriate identifications:

l. W=XXYXY,

2. K =KXxA, x{gx},

3. é(x’ Y19 YZ) = g(xl) - Yl + YZ ’

4. w =(x, 0, 0) and % = (z, 0, 0) .

5. G

~ ~ '— -
g'(w) so that, G(x, ¥ Yz) = G(xl) y; vy, -

Then by Lemma A.2, there exist sequences {Grn} C K, {En} , with
En >0 and é(v_v_ + Sn §vn) = g(w) + 6(51‘1&;) for each n, such that

E -0 and w - w as n —> 00.
n n _

- 1 2 : 1
Let w = (zn, Vo yn) . Then z € K, Y, e,AY, and
yi ¢ {g(x)} for each n. Let yrz1 =\ g(x)- From 3 and 4 we obtain

for each n,

g+ & z)- &y +E A e = g +G(E =) .
or

g+ € =) = £ vh + € (gtx) + Gl + (- € -2 € e -
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Now, yi € A

¢ B(® € Ay, g(i) f‘G(z) cAy. Also > 0 as n - o, ;
so tjhaLt for n sy.fficiently large g(x + E n zn) € AY. | Also since K is
iocally in A at x, for sufficiently large n we must have
(x + En zn) e A and the the‘orem.is.proved. |

. Q‘ E. D.
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