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ABSTRACT

The usual definition of the capacity of a discrete-time,
memoryless Gaussian channel is generalized to the case
of a collection of such channels. Each member of the
collection is specified by a pair (A,f2) where A rep-
resents the deterministic transmission matrix, possibly
infinite -dimensional, and Q is the covariance matrix

of the additive Gaussian noise. The definition is justi-
fied by shosl;ving that the capacity is the supremum of the

attainable rates.
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1. Introduction

Suppose a communications system transforms a vector-valued
input signal x into a vector-valued output signal y according to an

equation of the form

y = Ax+z

where A is a linear transformation and z is a Gaussian noise vector.
Suppose further that neither the transformation A nor the covariance
matrix 2 of z are precisely known, but are known only to belong to a
certain specified class. Then each possible pair (A,{2) defines a cer-
tain Gaussian channel, and the collection of all pairs (A,$2) determines
a class of channels. For such a class, we define a channel capacity
and then prove that the supremum of attainable rates is equal to the
~capacity.

Section 2 contains the proof of the direct coding theorem when
x, y and z are vectors of fixed finite dimension. Section 3 contains
the proof of the converse, and Section 4 extends the results of Sections
2 and 3 to infinitely many dimensions under the conditions that the
operators A are Hilbert-Schmidt and the noise is white noise.

It will be no.ted that the A's may be integral operators (of finite
rank to meet the conditions of Section 2, or Hilbert-Schmidt to meet
the conditions of Section 4) carrying L2 fundtions defined on a finite

interval -into LZ functions on a finite interval (not necessarily the same
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interval). The conditions imposed here require that the channel be
reset to '"zero state' after each transmission before being reused.

In the special case of convolution type operators it is more natural to
let the time interval for transmitting and receiving grow continuously
without limit (Ref.6). The different but related problem of defining a
capacity and proving a coding theorem for classes of channels in that
case is the subject of a paper with the same title, Part IL

The general outline of the proof used here is taken from

Blackwell, Breiman and Thomasian.

2. Preliminaries

We consider communication channels and classes of channels
that can be described as follows. A transmitted signal x and a re-
ceived signal y are (column) vectors of dimension p, with real-valued

‘components, and are related by
y = Ax + z

where A is a p X p matrix and z, the noise, is a Gaussian random
(column) vector of dimension p. We assume Ez=0 and de;10te the
covariance matrix of z, Ezz', by Q2. A channel is a pair (A,2).
Specification of a channel determines the statistics of the random vector
y once the vector x is given. We are concérned with classes é of

channels satisfying the following condition: there are numbers
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a @y, 0<a, 0< @ < al such that for each (A,Q)Ye ‘é

O |lall < a, where ||A]] is the operator norm of the matrix A
(ine., ||lAax]|] < all f_all'x” for all p-vectors x, where ||x|| is the

usual ''distance norm'').

(2) @y < }-{—'s?iz < @ for all p-vectors x.
IE3]
Henceforth when we speak of a class é of channels these conditions
will be assumed. We shall sometimes refer to the set of indices vy
itself as 'é
The n-extension of a channel (A,2) is denoted by (A, Q)n; it

carries n-sequences of p-dimensional input vectors into n-sequences

of p-dimensional output vectors according to
yi=Axi+zi, i=1,2,°***,n

where the z, are mutually independent random Gaussian-vectors, each
with mean zero and covariance matrix Q. It is convenient to denote
sequences of x's by u= (xl, X55 *" 0 xn) and sequences of y's by

v = (yl, Yoo ot yn), and to let Un(Vn) respectively, be the set of all
u(v). The '{th component of x(y) is written xi(yi); thus xli is the ith
component of the input vector X and similarly yli is the i_th com-

ponent of Vi
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The average power constraint on the input implies that we are

allowed only to send signals u via the n-extension channel which satisfy
2 n _p i 2 . . .
”ull = Z, 121 1 (xj) < nM, where M is a fixed constant.. M is the
J: - -_—

maximum allowable average signal energy per use of channel.

Insofar as it is reasonable to do so, we shall use the notation and
definitions of Blackwell, Breiman and Thomas ia.n1 in what follows. A

(G,e,n) code with constraint set En for a class ‘g of channels for

G>1, € > 0 and n a positive integer, is a set of [G] ([G] denotes

1 t t 3 t 3 1 1" 3 3 = LR )
greatest integer contained in G') distinct sequences u (xkl’ka’

x k=1,2,°"*, [G] lying in EnC U ,> 2nda set of [G] disjoint

kn) ?

1
such that

subsets B, **°, B[G] of the collection Vn of all sequences v= (yl, soe ,yn),

Py(BiCIui) < e for i=1,2,°°",[G] and all ye é

‘where Py(Blui)’ BC Vn, u, € Un is the probability of the set B of

output sequences, given the input sequence u, and the channel (A,.Q)Y .
The PY probabilities are always given by pn-variate Gaussian density
functions, and PY(B;:Iui) will be defined for all y if Bi (and hence its
complement Bic) is any Lebesgue measurable subset of the pn-dimen-

sional Euclidean space Vn. We call Bi the decoding set for the code

word u, . Suppose a (G, ¢, n) code is given, then when a code word u,
from this code is transmitted over the channel an output word v is

received. If v falls in some B_. it is decoded as uk Thus v is

k
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correctly decoded if and only if it falls in Bi’ and by the definition of a
(G, €, n) code the probability of error is uniformly dominated by €.

A number R >0 is an attainable rate for a class ’é of channels

if there exists a sequence of codes (eRn, en, n) for ‘é where en-> 0 as
¢ 4
n > o. The quantity C( é) for the class is defined to be the supre-
mum of the attainable rates for ‘g .
We choose to define the capacity C of a class of channels ’g
artifically in terms of the mutual information, and then prove that C = C,

the supremum of the attainable rates. Let q(u) = q(x]i, ey, XI{;X;’ Tty

1
XIZ) ARREE ST xi) be an np-variate probability density function, to be
regarded as providing a probability distribution for the input vectors u,
which are to be statistically independent of the noise z. Let ’py(vlu) be

the np-variate Gaussian density function determined by Py(Blu), BC Vn.

Then

p(v) = pr(VIu)q(u)du

(where the integral is actually an np-fold integral over an) defines a
p g

probability density function for output vectors v. The mutual information

for the input density q(u) and the channel (A,SZ)Y is defined to be

P, (v/u)
JY(u, v) = log _Y_p(v) ’

where the dependence on q(u) is not made explicit. It turns out that we
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need consider only Gaussian densities for the input density p(u), as
might be expected since the additive noise is Gaussian. Let é{ be the
class of p-variate Gaussian density functions with mean zero which have
the property that their covariancé matrices each has trace less than
or equal to M., It will be convenient sometimes to let SGJ denote
both a Gaussian density p(u) belonging to SJ and its p X p covariance
matrix, and this should cause no confusion.

We now define the channel capacity for the class »é of channels

subject to an average allowable signal power M to be

C(g): sup inf E J

piwe Fye 5 ¥
where EYJY is the expected value of JY according to the distributions
given by p(u) and py(v/u) with u and z statistically independent. Let
I'(S,A,2) be the matrix ASA' + Q. Then it is essentially well known,

but will be verified below, that

1/2
T'(S,A ,Q2
| ( p)l

E J = log
Y Y |QY|1/2

where |1"| , || denote the determinants of the matrices I' and R.

Hence,

. 2
Ir(s,AY,nY)I”

;('g) = sup , inf  log 1)

SeJye |52Y|1/2
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3. Proof of the Coding Theorem

The coding theorem asserts that for any class ’é of channels as
defined in the previous section, the supremum of the attainable rates is
at least as great as the capacity of the class of channels as defined by
Eq. (1), ire., C(B) > C(D).

Our proof is a modification of the proof given by Blackwell,
Breiman and Thomasian in (1) for a class of finite-state channels and is
based on their fundamental lemma with adaptations to take care of the
particular structure of the channels we are considering. We also use
results and methods of Thomasian. 2 The proof proceeds by a sequence
of lemmas, the first two of which are taken directly from the above
mentioned references.

Lemma 1 to follow applies to a larger class of channels than
were defined in the previous section; in particular, it applies to any
channel in which each input vector x determines a probability density
for the output vector vy, p(ylx) . This generality is needed temporarily
in Lemma 2, as will be seen. We shall denote such a channel in the
customary way, by (Ul,Vl,p(y|x)). Each (A,2) channel is, of course,

a (Ul, V., p(y|x) channel, but not vice versa.

1
Lemmal.

For any channel (U}, V., p(y|x)) with any fixed input density

function q(u), and for any integer G> 1, a > 0, and measurable subset
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E of Ul’ there exists a (G, €,1) code with constraint set E where ¢

satisfies

€ = Ge ¥+ P{J(x,y) <a} + P{EC},
where

P{ET} = | _ak)dx

SRR

and

P{J < e} = f p(y|x) q(x) dxdy.
J<a

2
Proof. See Thomasian, Theorem 2.

. Lemma 2.

1
Let (A,Q)Y, ye é = {1, 2, *»+, L}, be a finite class of channels,
and let g(x) be an input probability density function determining py(x, y)

and JY(x, y).

L
(a) Define a channel (U, V,, ply|x)) by plylx) = %2 =1py(ylx) and

Y
let q(x) determine p(x,y), J(x,y). Then forall «a>0, 6> 0

1 L 6

P{J<al< =" . P{J <a+6}+ Le
{_}_L v=1y{v— }‘

(b) Let EC U1 be a fixed constraint set. Then for any > 0, 6 > 0,

G > 1, there exists a (G, €,1) code for é' with code words in E such
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L
1

-6

¢ = LGe %+ L%+ LP(ES) + = P (3 Satd).

Proof. The proof is a trivial modification of that of Lemma 3(1). We
have stated more than we need, for only part (b) of the lemma is used.
The following lemma gives the known result for the expected

value of the mutual information for a Gaussian channel.

Lemma 3. For any channel (A,Q)

where I' is the matrix ASA' + Q.

Proof. y is a Gaussian random vector with mean zero and covariance

'matrix,
Eyy'= ASA'+Q =T,

I" is nonsingular, since £ is nonsingular. Hence

1

1l
p(y) = 17z eXP[-%Yl“ v].

@mP/?|r|

The Gaussian random vector z =y - Ax has covariance matrix € and

mean zero, hence

p(y|x) = 7z [-5 (y-ax"2 ™y - Ax)]

1
emP/?|a
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Thus J(x,y) is given by

1/2
J(x,y) = log Azl + {% V'F'ly --?lj (Y-Ax)'ﬂ'l(Y-AX)} .
j2|!/? |

The first term is a constant; the expectation of the second term is

1 -1 1.1
s E[yT y-2'2z]=5(p-p) =0,

hence the lemma is proved.
We now obtain an estimate as to how rapidly the distribution of
J(u,v) peaks around its mean value. The calculation is an extension

of one given in (2).

Lemma 4.

Let (A,2) be a fixed channel and consider its nth extension.

Let q(x) be a Gaussian distribution for x with é¢ovariance matrix S,

n

and let q (xl, oo, xn) = I q(xi) . Let A,Q and q(x) determine
" n Byl

J(u,v) = ZJ(xi,yi) = Z log ——— . Then, for any 6 > 0,

p(y,)

4 2

: 452\ 1/2
P{J(u,v) < EJ(u,v) -nd} < exp =P (1 +—> -1
P

Proof. We have already observed in the preceding lemma that

1/2
Euk

ot/
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where

-1
.1 Asc 11 L Ah 1y Ty, (2)

Now P{J(u,v) < E-J(u,v) - né}

= P{zngig -n6} = P{-(nd + zngi) > 0}

n
Ee-t(nﬁ + = gi)

IA

-tnd -nt§

= e Ee , forany t> 0,

since the gi are statistically independent and identically distributed,
and where § is a random variable with the same distribution as each

gi. We now put h(t) = Ee_tg, so that
P{J(u,v) < EJ(u,v) -nd} < (e-tah(t))n. - (3)

In order to compute h(t) we introduce the Gaussian random
vector w = column [x,y] of dimension 2p. Since x and y have mean

zZero, w has mean zero, and its covariance matrix can be written
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where the matrix is a partitioned matrix with p X p blocks. § is given

by Eq. (2) to be %- [y‘l"-ly - (y -Ax)'Q -1(y -Ax)]. If we define partitioned

matrices
0 ' 0
Y = p------ oo
0o !
and
- 1 -
aea 1 ae
Z = |---=-===- E ________ ,
ola ot
we can write
26 = w'Y¥w - w'Zw.

Then,

-1
N -t§ 1 1w'W "w)
h(t) = Ee - (z,n.)PlWIl/Z ye@(-'z

X exp| -% (Ww'Yw - w'Zw) ] dw

2 .
where the integral is a 2p-fold integral over. R P It follows that
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1
(2m)P|w|

h(t) =

172 fexp( - %- w'Q(t)w) dw

-1/2
= (|Qwyw)) for t<t

where the 2p X 2p matrix Q(t), which is given by

Q(t) = wly t(Y-2),

is nonsingular for t less than some t0 > 0. Substitution for Y, Z and

W, and use of the fact that I' = ASA' + @ gives

By a standard result for partitioned matrices,

lQyw| = |1 -tzr'lASA'l

2

|r'1|lr-t ASA'| = |r'1||sz+(1-t2)ASA'|

m 122 o -2 Y2 asara V3012

/ZASA'Q

=1 2. -1 -1/2
It ] |1+ 0P /2

Let )\1, s, )\p be the eigenvalues of the positive semi-definite matrix
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- 2..-1/2 -1/2
0 Y2500 2% Then, |1+ 0-tH2 M 2asae™V
- -1/2 2
Since I' = ASA' + @ = 91/2[52 1/ZASA‘Q 1 + I]Ql/
P
IT] = |2fm @+
and hence,
2
p 1+ (1-t ))\i P 2 )\i
lQpyw| = 1 ————— = m{i-t
1+ X,
1+ A\, : i
i
-1/2
P 2 M /
so that h(t) = II{ 1 -t s 0<t<l.
' 1+ X,
i
Then ht) < S —
- 2 P/Z ’
1-t)
-2 .a_.t
- &6t 2/p e P
~and (e h(t)) < /> 0<t<1.
1 -t
If we put
1/2
P 45%
t = 2_6- -1+ 1+—T
p
2 -2%¢

then 0<t <1, and (1-t) e P is equal to

-] 5-

p 2
|=na+u-tnﬂ,
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1/2
2 2
1 46 . 46
1+"2- -1+<1+—2—> exp | - ‘1+(1+ 2> .

p

-x/2
x

Since (1+zl-x)e- < e for x> 0, we have

2
_ 4
e tht) < exp -% <1+ Lz) -1

which, combined with the inequality (3), proves the lemma.
The same sort of argument is now used to obtain an exponential

bound on P{E®}.

Lemma 5.

Let xi, i=1, ***, n, be independent identically distributed

p-dimensional Gaussian random vectors with mean zero and covariance

matrix S. Let the trace of S be equal to M. Then, for any 6 > 0,

n/2

Lo

P{z" ||xi||23n(M+s)} < (“1\671) e

2 P
where ||x1|| = ijl(xi) .

Proof. Tr(S), the trace of S, is equal to
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2
=P 11~:(xJi) = E||xi||2= M for all i. Let x be a random vector with
J:

the same distribution as the xi, then

2
P(="||x, 1% > nmr )} = PL[x,||* - neM+8) > 0)

¢ |x, 1| - nov+ 6))
< Ee

2 n
=[e4M+MtE;Hﬂ|] | (4)

since the x, are mutually independent. By a standard calculation,

2 p 1/2
Eet”x|| = EetX|x= nmQ - Ztl“'i) , t< to

where Bys o0 }LP are the eigenvalues of S, for t0 small enough so that

all the factors are positive, whether S is non-singular or singular (i.e.,

the equation holds even if some of the B, = 0). Since

P
_2 > - 2 oo = .
Im(Q1 tpi) > 1 t(p1 + + pp) 1-2tM,
2 -(M
-yt tllxl| e (M+3)t b p< L
) - 1/2 ° 2M °

(1 - 2tM)

X 1 6 -
Putting t = Z M(GIM) yields.

2 1/2
e.-(M+6)tEet||x|| i(“f'sxx) L-8/2M
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which combined with the inequality (4) proves the lemma.
Only the case where 'é is finite in the following lemma on
approximation is needed for Theorem 1, but the stronger result is

needed for Theorem 2 and it is convenient to put it all together.

Lemma 6.

Let € > 0 be fixed arbitrarily. Then, there is an Se J such

1/2

|rs,A_,2)]
Y Y > C('g)-e for ye‘g.

that (1) TrS <M, (2) log 72 Z

2|
Y
Proof. First consider a finite set of y's é', 'é '= {1,2,+-+,L}. By

the definition of C(g) one can find an Soe J such that

1/2

I, A2
log (|) |Yl/2Y > C(’g') -%' for all yeé' .
Q
Y

If Tr S < M, there is nothing to prove. So suppose TrS_= M. For

0 1/2 0
fixed y, log -I—l—— is a continuous function of S (where the topology
j2]'/? |

‘ 2
on J is given, say, by regarding each S as an element of RP  with the

usual Euclidean norm). One can therefore change S_ slightly to give

0

Sle )éfso that Tr Sl < M while

1/2

(s, A_.e )|
1 Y Y >C_€, Y:l’z’aoo’L.

log
. 1/2 -
2 Y
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This can be accomplished, for example, by writing SO = O'DO where

O is an orthogonal matrix and D is diagonal and positive semi-~definite,
and decreasing one of the positive diagonal elements of D.
Now consider an arbitrary class é meeting the conditions

stipulated in the previous Section. A triple (S, A,), Se J, (A,R)e€ g,

2
can be regarded as a point in 3p - dimensional Euclidean space where
: 2
each of the matrices is a point in RP . The product set Qof all SeJ

with all (A, )¢ é is a conditionally compact set, because the conditions
on the matrices A, on the positive semi-definite matrices S, and on the

positive definite matrices {2 guarantee that this product set is bounded

2 1/2
3 Q
in R°P ., Now the function §{ = log II‘(S,Al,/ 2)| is continuous on the
D ot O o >
closure of and hence is uniformly continuous on Q . As before,

one can find S0 GJ such that .

1/2

T ,A Q)|
log |0 |Y1/2Y > C(g) —% for all yeé
Q

Y

0 0

the uniform continuity of & on P, a number 6 > 0 such that

¥ Tr S_< M, there is nothing to prove. If Tr S_= M, we can find, by

|£(5.v) - L(S )| 5__% forall y if ||S-S || < 6. We can then, as

before, change S0 into S1 in such a way that ||S1 - SOH < 6 and

Tr S1 < Tr S0 = M. S1 satisfies the conditions of the lemma.
We now prove the direct half of the coding theorem for a finite

class of éhannels.
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Theorem 1
i é' = {(A,Q)Y}, vy=1,2,°*, L, then e( é‘) > C( »é').

Proof. Let R be any positive number less than C( é') and put

€ Jsuch that TrS, =M-§,

0= C(é‘) - R. By Lemma 6 one can find S1 N

p>0, and

,Q

I1/2

0
EJy = log > R+ > : (5)

Q
I Y

for all ye ‘g' . For the n-extension channel let En be the set of all

input sequences u such that ||u||2 = Z)n“xi”Z < nM. Then, by
B

-n=—

A .
Lemma 5, P{Ilullzzn(ﬁ+ﬁ)} <e 2 where M =M - and

A B R

- log (1+1\—4) > 0. Now define G=e" , @

e}

£ n(R+-g—), 6=n-g.
M
It follows from Lemma 2 applied to the n-extension channels that there

is a (G, € n) code for 'é’ with

nR ‘n<R+§) 2 'ne_e' _(32_n
eni Le e e + L e + Le
L
+ z P{JY(u,v) < n(R +:16_)}. (6)
y=1

Since E Jy(u,v) =n E Jy(x,y), it follows from Eq. (5) and Lemmas 3

and 4 that
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P{JY(u,v) < n(R+ g)} = P{JY(u,v) =n(R+ g) -n g}

< P{Jy(u,v) <E Jy(u,v) -n g}

e2 1/2
< exp -I—;R 1-l~—2 -1 .
4
P
Then, from (6),
no np
A T2
enf_(L+L)e 8 + Le
e2 1/2
+ Lexp{--=2|1+—= -1 (7)
4 2
4
p

which approaches zero as n > ®. Since R is any number less than
-C('é) the theorem is proved.

To extend the theorem to arbitrary clas s-es ’éwe need to es-
tabliéh an approximation inequality, and a probabilistic bound on output

power to make the approximation inequality applicable.

Lemma 7.

A
Let (A,2), (A,Q) be two channels and let u be an input n-sequence
of vectors X, . Let Pa Q{v/u} be the np-variate probability density for
2
the output signal sequence v, given u, for the n-extension of the (A, Q)

AN
channel, .and PR S{v/u} be the corresponding density for the (A, Q)
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channel. Then, for those v satisfying Hv”z < nT

/2
Py olv u} Elle
A, Q' — ¢ { [T+a. M + a~/MT |2 -2

Pp oV u} |2]
ai[ +aM] ||A - A||}

where the norm signs on the matrices denote operator norms, and where

ao, a, M are numbers such that: 0_ z'Qz .and Z'sz (i. e.,
2112 1E
-1 AN 1 2 2
e ™|, e s;,—); |all and [[A]] < a, [lu]l®= 2 |x|]" <nM.
0
1/2
18"

P, oy|x)
A,Q
Proof. A (le) = |Q|1/2 exp[-

Sty - A%)'2" (y-Ax) + 3 (y - Ax)2 -l(y-ﬁx)}
(8)

‘ -1 N IN_] A
Now, |(y-Ax)'Q " (y-Ax) - (y-Ax)Q  (y - Ax)|
-1 /\_1 .
< |(y -Ax)'Q  (y - Ax) - (y - Ax)'Q (y - Ax)|
/\_1 A /\_1 N
+ |y -Ax)'Q 7 (y - Ax) - (y - Ax)'Q " (y - Ax)| (9)

The first term enclosed within absolute value signs on the right side of

(9) is dominated- by

A1 Al 2 2 2 ~ '
||e™ -« ”[“Y“ + A" Hxl ™+ 2[JAll |x]l ||v|l] .

. -1 A4l -1.A AL |
Since 2 " -8 " =8 (2 - £2)Q 7, this in turn is dominated by
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A 2 2 2
_13||9-9||[||y|| ¥ a%||x]|“+ 2allx]| ||y||:] . The second term
a .

0 :
enclosed within absolute value signs on the right side of (9) is dominated

by

A Al A_1/2 2 All/2 2
20|A-all =l 187 1yl + 187 Y2 ax||? - 12712 ax||

A A | No1/2A Nol/2
= 2||A-al] lI=ll N2 Nyl + 12" Y2Ax ) - 1127 Y2 ax]))
Norf2e N AL1/2
e YRR+ e P ax )
' 2
2 A T o=1/2 A
< 2 N1A-all =l Iyl + allxll [l2" YA -a) x|
0 o . :
0
2 A . 2 A 2
< 2 |&-all =l yll + 2 )1A-a]] |IxI]
0 0

Now, using these inequalities to dominate the absolute value of the
' 2
argument of the exponential in (8), using ||x|| < M and requiring
n
2 . ‘ .
Alyll® < T gives the lemma for n=1. Since pA’Q{vlu} = .H pA,Q(Yilxi)

i=1
and similarly for pa ﬁ{vlu}, the lemma follows immediately.
?

Lemma 8.

Let (A, 2) be any channel satisfying the conditions (1) and (2) of
Section 2. Let u be any input n-sequence satisfying Hu“2 < nM, ' Then

the output sequence satisfies

n/2

2 2 :
A= PA’Q{HVH > n(2a” M + 2pe; + 2)|u} < (1+—) e
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2 2 2 2 2
proot. ||vli%= 2 ly,I1%= llz,+ ax,l1? < 2 2llzl1®+ laxll?

< 22" |z,]|% + 22 M

Hence, A< P{2 = Hzi“2 + ZaanZ n(ZaZM + 2paf1+ 2)}

= B2 llz,]1*> neey + 1} < PLZ|[2,11° 2 n(Tr 1)

1 n/2

A
—
[
+
|-
S’
(¢]
o
R

by Lemma 5 and the fact that Pa, < TrQ< Pa .
The direct half of the coding theorem for an arbitrary number of

matrix channels follows.

Theorem 2.

Let é be a class of channels (A,Q)Y satisfying the conditions

(1) and (2) of the Section 2, Then

2
N ~ Irs, a9 Y
&d) > C(é) = sup inf log Yl/;./ .

S 4 Q
exd ye IYI

Proof. Let R be any positive number less than C(é) and put 20= C(é) -R.

By Lemma 6 one can find SleJ such that Tr S1 = M-B, B> 0, and
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1/2

|r(s,,A. ,2 )|
1 Yy ¥ >R+ 0 (10)

E JY(X:Y) = log 1/2 i

|2 |
Y
for all ye 'é .
We now pick a finite subset ‘é‘ of 'é such that for every.
A A

(A,Q)e ‘é there is an (K,Q)e é‘ with the property that ||A -A“ <7,

A é .
||2 - Q|| < m. This can be done because is a bounded subset of a
finite -dimensional Euclidean space and hence is totally bounded. By
the inequality (10), and since C(é') > C(.‘é), C( ‘g') > R+ 6. Hence,

. . A Rn 1 ‘g
by the calculations of Theorem 1 there is an (e” , € n) code for @'

such that:

(a) The code words u= (xl, e, xn) are constrained to lie in En,

i.e., ||u”2 < nM.

(b) The probability of error is uniformly dominated by

nb ’[\3'
2. ~ 8 “ny
e! <(L +L )e + L e
n — n n
ez 1/2 -
+ L exp{ -=F 1+ — -1 (1)
n 4 4
P

where ( is independent of n, and L'q is the number of elements in 'é' .

Note that the © appea.ring in (11)is C('é') - R, whereas we can take the

@ appearing in (11) to be EL@;R < C(é') - R, which actually
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weakens the inequality and hence is permissible. 6 does not then,
however, depend on the approximating class 'é v,

We now consider the use of the code words and decoding sets
belonging to the (eRn, e; , n) code for 'g' with the larger class of
channels 'é Let (A,Q)e 'é and (K,ﬁ)e 'é' and such that ||A-X” <

A
|| -2]l < n. Let u be a code word for ‘é‘ and B the corresponding

2
decoding set. Let F = {v| ||v]|” < nT} where T= 2a2M+ Zparl+ 2.

Then

¢ =P, Q{Bc|u} = P {(B°N F)UB°NF)|u}

n A,Q
C C
< P {B"NF|u}+ P {F |u}. (12)
A,Q A,Q
1 n/2
pa
c 1 0
By Lemma 8, PA,Q{F |u} < (1+p_c-z;) e .
By Lemma 7, -
A nf2
Q 2
P, Q{BcﬂFlu} < -L—lm exp —n—z [T-l-a M+a~/»MT]||Q-Q||
? |$2| ’ Zao

P exp{;n—[«/ MT + aM:| ||A-A||} Pa ﬁ{BCﬂFIu} (13)
0 t4

c c
Now Px,ﬁ{B NFlu} < Pg’ﬁ{B lu} < Erlx-'
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Hence, using the fact that

p P
@y < |le < oA

for all yeAg, we have by substituting for e;l,

n/2

- n
2
0 Zao ao
S
X | (L +L%e +L e
n
1/2
92. -
+ L exp(-nZ|[1+—= -1 (14)

n 4 42.

P

It is evident that the exponentials in (14) are all of the form:

-n{K - K n)
2
e Kl where Kl and K2 do not depend on 7, where Kl is posi-

tive and KZ is non-negative.
Consequently for m sufficiently small the (eRn, Er;’ n) code for

é' is an (eRN, € n) code for 'é with € 0 as n > o.
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A
Thus C(é) > R for every R < C('g), which proves the theorem.

4. Converse of the Coding Theorem

In this section we prove thé weak converse of Theorem 2. The
proof is a trivial modification of the one given by Ash (3) for the case
where the class «é consists of a single element. We shall need the
following lemma which is a straightforward extension of a result due to

Fano (4, p. 144).

Lemma 9. Let q be the distribution function of a p-dimensional random

variable y, with covariance matrix I'. Then
1
H (y) < 5 (p+log2m?|T])

where H is the entropy function and |]."| is the determinant of I'. The

‘equality is achieved if q is Gaussian.

Corollary. Let (A,Q)Ye ’é Let q be a distribution on the p-dimensional

input vectors x. Let y be the output vector. Then Iy(q) = EY
1/2

q J(x,y)

T'(S,A ,Q
|T( v Y).I

172 where S is the covariance matrix of x due to

< log
o

the distribution q. Again, the equality is acheived if q is Gaussian.

Proof. We have
I = H -H
SO = H o) -H q(yl:;)
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Now the random variable y = Ax+z has covariance matrix I'=I'(S, AY,Q Y)

so that by Lemma 9,

1 Py:
H ) <5 (p+log(2m) |T 1) (15)

Also, HY q(ylx) = H(z) and z is a Gaussian random variable with co-
’

variance matrix 2 so that by Lemma 9
1
H(z) = 5 (p + log (2mP|a]).

Combining the above equality with (15) gives the result.

Lemma 10. If there exists a (G, €, n) code for 'é with G an integer,

and with average power constraint M, then

nC('é) + log 2

log G < T -c

Proof. Again we use the letter q, with various affixes to denote dis -
tribution functions on the input space Rp, and the expected mutual
information corresponding to a distribution q and a channel ye é will

be denoted by

L@ =H (- Hy,q(xlw =H_ - Hy,q(ylm (16)

Let the codewords be given by u1= (xn, s ,.xln), e, Ug = (xGl’ s ,xGn).

We will say that xij is a component of the codewords. Also if
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1 : .
z, = (zi,. cee, zip) for i=1, 2 are any two vectors in Rp, we say z, < z,
i i

if and only if z < z, for every i. Now for each p-vector x let

q(x) = é;l (number of components xij’ i=1l, -+, G, j=1""",n

which are < x.)

and for j=1,°"°, n let

Ql-

qj (x) = = (number of components xij’ i=1, ***, G

which are < x.)

Then q (x) = % Z;lzl qj(x) so that by the concavity of I (see (5), p. 131),

we have for each y e é

_ 1 n _
IY(q) 2 7 Fa IY (qj) 17

Also if S is the covariance matrix on the input vectors induced by a' then

the trace of S < M and by the corollary for each (A,Q)Ye ‘é

Ir(s,AY,QY)I”?‘
172 . (18)

I() < log
Y 2|
Y

Now let gq(u) be the pn-dimensional distribution which assigns probability
é to each of the codewords ui, i=1, °**, G. Then (see 5, p. 125) we

have for each ye¢ 'é
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N :
IY(Q) < 2j=1 Iy(qj) | 19

Finally if we express Iy(q) as

IY(q) = Hy’q(u) - HY’q(ulv) =log G - HY q(ulv)

then by Fano (5, p. 187) we have

H ulv) < log2 +elog G
v, g8l < log

so that for each ye -é,

Iy(q) > log G -log2 -€log G (20)

The chair of inequalities (17) - (20) yields

2
T, A, 0 [ :

|1/2 + log 2

log G < nlog Y ' (21)
l1-c¢ :

for each vye é Taking the infininum over Y€ «é first and then the

supremum over Se J on both sides of (21) gives the result.

Theorem 3. 8(4) < C(%).

Proof. ILet R be an attainable rate for é , so that there is a sequence
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of (enR, € n) codes for 'é with €~ 0 as n —> o. By Lemma 10

nC('é) + log 2
1-¢€

n

[aR] <

Dividing both sides by n and taking the limit as n -~ « we see that

R §C(4).

5., The Case of w-Dimensional Channels

In this section we extend the results of the previous sections to
to the case where the matrix A, and hence the input vector x and the
output y are oo -dimensional. For simplicity, we assume that the
additive noise is white. Thus if x is the input vector to the channel A,

then the output vector y is given by

y = Ax t+ =z

1 2 ) . . cir
where z = (2,2 , ***) is an o -dimensional random vector with inde-
pendent components each of which is a Gaussian random variable with
. 2 . . .
zero mean and variance ¢ . The n-extension of A is defined as before
so that it carries an n-sequence of input vectors u= (xl, e, xn) into an

n-sequence of output vector v = (yl, cee, yn) with

yi= Axi+ Zi’ i=1l,°***,n

where the z, are mutually independent.
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As before —g will represent a class of channels, i.e., a class
of matrices A. We assume the following:

(1) Each matrix Ace 4, is Hilbert-Schmidt, i.e., if A = {aij} then
2

Zi,j aij < .

(2) For any two Hilbert - Schmidt matrices A = {aij} and B = {bij},
define ||A-B||2 = zi,j laij - bijlz . Then || || defines a metric (in
fact a norm). We assume that ‘é is a totally boupded subset of the

‘metric space of all Hilbert -Schmidt matrices.

As before we impose the average input power constraint M. We
define in a similar manner, a (G, e, n) code for g, and an attainable
rate for é . Again let 6( 'g) be the supremum of all attainable rates.
Now let Jbe the set of all o -dimensional covariance matrices S whose
trace is less than or equal to .M. For each AYE Zand Se:é{, the matrix
.AYS AY' is symmetric and positive semi-definate. Let its eigenvalues

be \Y > xZY > +++. We define the capacity of g to be

.)\Y
1 oo i

C(‘é) = sup 5 log <1+ ——)
,4 ye'é 2 l- 0'2

A
We now proceed to show that C(vé) = C('g).
For any matrix B= {bij} and positive integer k, let B - {b]:]}
k .
be the matrix given by b.j = b.. if i<k, j<k and b}; = 0 otherwise,

For Se J and AYe ’é we denote the e1genvalues of AI;Sk .AI; by
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xl’kg_ )Oé’kg_ .e+ . Note that s%¢ =,

. . . s - . s I. . , . > .
Lemma 11. Let Se J be a fixed, diagonal matrix, i.e., if S> {s IJ}
then sij = 0 for i#£j. Then for each ¢ > 0 there exists k0= ko(e) < o

such that for all k> k_ and for all ye »é

0
0 \Y 0 )\z |
A(y:k) zlog 1+ —21-) - 210g<1+7 < €. (22)

: o . o

i=1 : 1=
Proof: Since S is adiagonal, the operator represented by AysA;

1
dominates the operator represented by AY SkAY . Hence the eigen-
values of AYS AY' dominated the eigenvalue of AY Sk AY‘ . Now
k.k k' k k,' k s s - k
Hence

Ays A = P AYS AyP for some projection operator P

the elgenvalues of A SkAY dominate the eignenvalues of A:: Sk AI; .

Therefore ?\\il > X\i(’k for each i,k and y. Hence

® Y Y
Ay, k) = Z{log <1+ —%) - log <1+—-12->]
; T o

i=l
® Y vk
i . Y Y, k

iZ(Z 2) since )\iz)\i

. o o

i=1

' . )

= L (Trace A SA - Trace Ak SkAk)

2 Y Y Y Y

-
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Let AY = {aij}' Then using the fact that S is diagonal we obtain

) co k k
' 2 2
Trace(A S A -Ak SkAk)- AZS Za Zs Za
Y Y Y Jj Ji
J= 1:1 J=1 1=1
o 0 ) 00
IDEAOAD)
< S.. a.+t S..
- JJ g JJ
j=k+l i=1l j=1 i=k+l
.Since the matrices Aye é are uniformly bogndeci, there is a number
N <o such that Z?o_l aizj < N for every Aye *é . Now S e 4 so that
0 €
< < < =
j=1 Jj < M. Hence there is a kl o such that Z ‘kl"' 1 JJ AT~

Also since the set is totally bounded there is k, < o such that

2

for every vye 'é . Then ko = max (lﬁ’kz) satisfies

) 2

€
<
‘=k2+1 1_] - ZM

(22).

‘Theorem 4. G(6) > G(&) .

Proof. Let R < C(é) be fixed. We want to show that R is an attainable

rate. By definition of C(é) there exists S e J such that

for some 0 > 0 for every ye é . By choosing an appropriate basis

for the input and output space we can assume that S is diagonal. We
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note that the matrix representation of a channel relative to this new
bas.is ml’a.y be different, but this does not change C('é ) which is defined
in terms of the eigenvalues and these are invariant under change of
basis. Since S can be assumed diagonal, it follows from Lemma 11,

that there is a finite k such that

0 )\y,k '
1 i

é o
i=1

. 1
for every ye 'é . But the k:’k are the eigenvalues of the matrix AkY Sk A]:

which is effectively a k-dimensional matrix channel so that from (23) and
A

Theorem 2 we conclude that C(é )> R+ 6/2 and the theorem is proved.

The detailed proof of the weak converse of Theorem 4 is laborious

but straightforward and hence only a sketch is given.

Theoreﬁ 5. e(é) < C(g). )

Proof: Let there be a (G, ¢,n) code for ’é'wi’ch G an integer. Let the

codewords be u1= (xn, e, xln)’ s, U, = (xGl’ .

Then PY(B:|ui) < e for each i

tey, xGn) and let the

disjoint decoding sets be B, ***, B

1 G’

and y. Clearly the same codewords and decoding sets define a (G, €,n)
code for every finite subset ‘gf of ‘é . Now we can find a k1= kl(e) < oo;

and disjoint sets B, ***, B_ (see 5) such that Py(Bi"lu'i) < 2¢ for all

1
Y€ ‘éf and such that the Bi are cylinder sets determined by the first kl
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components of the output. Thus we obtain a (G, 2¢,n) code for ’éf with

the same codewords and with decoding sets given by the first kl outputs.

Next we find a k, = kz(e) < o sugh that the codewords ul, ***,u,. obtained

2 G

from Uttt ug by setting all but the first k2 components of the xij to
zero satisfy, PY(Bilui) < 3¢ for all i=1l, ***, G and all ye éf.‘ Thus

the codeword u, *°°, u

1’ and deconding sets B

**, B_, determine a

G 1’ Pa

(G, 3€¢,n) code for ’gf which effectively uses only the first k = max (k1’k2)

‘inputs and output components. By Lemma 10 therefore,

nC(gf) + log 2
log G < — .
1-3e¢

Taking the infimum of both sides over all finite subsets 'gf of 'g yields

nC(é)+log 2
log G < .
l-3e

A reproduction of the proof of Theorem 3 now gives the result.
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