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l. Introduction

A coding theorem and (weak) converse are proved fqr classes
of continuous -time channels with additive white Gaussian noise in which
a different time-invariant linear operation is performed on the trans-
mitted signal in each channel. The proof is accomplished by reducing
the problem to one involving discrete-time Gaussian channels with matrix
operators, which is solved in Ref. 1. The development in this paper
rests heavily on Ref. 2 -4. The paper of Blackwell, Breiman and
Thoma.sia,n2 provides the clue that the capacity of a collection of channels

to be considered simultaneously may be defined as sup inf [expected
p
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value of the mutual information], where the infimum is over the

class of channels, and the supremum is over input probability distri-
butions. The work of G::mllagher3 effectively provides the formula for
the mutual information, and the paper of Kac, Murdock and Szego4
provides an essential asymptotic relation for the eigenvalues of integral

operators of an appropriate type.

2. Description of the Problem

We consider communication channels and classes of channels

that can be described as follows. By a transmitted signal, or input

signal, over the time interval [-T,T] we mean a real-valued function
x which is square-integrable with respect to Lebesgue measure on [-T,T].

If x is the input signal over [-T,T], the received signal, or output

signal, y(t) over an interval [a,b] is to be given by an expression of

the form

T

y(t) = S h(t-T)x (T)dT + z(t), a < t< b, . (1)
-T '

where z(t) is white Gaussian noise with average power density N and
%

mean zero. Unless otherwise stated we shall always assume a = -T,

b=T. Since the communication channel is completely specified once

the function h is specified, we may refer to a channel h, and to collec-

tions é of channels h.
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Footnote to page 2.

The noise term z(t) in Eq. 1 must be interpreted symbolically
since white noise cannot be parametrized with a time variable, but
must properly be parametrized with an element of a space of 'testing

functions." However we deal only with functionals of y(t) of the form

b
Y y{t) ¢ (t) dt,

a

where ¢@e Lz(a,b), or with quantities derivable from these functionals.

Hence we can define

b
y z (t) ¢ (t) dt

a

to mean

b
f o (6)d L (1)

a

where §(t) is Brownian motion and the operations to be performed are

readily justified.



We say a channel has finite memory 6 if h(t) = 0, lt] > 6, for

some & < @ . Obviously this definition distorts the language a little,
because it also requires what might be 'called "finite anticipation.'" It
is mathematically convenient, however, and includes the practical case
of a non-anticipative channel with finite memory. All the results to be
proved will hold, a fortiéri, for non-anticipative channels with finite
mémory. We shall require in everything that follows that each class ‘g
of channels to be considered has the property that each he ﬂ has i_finite
memory &, where & is some positive number fixed for the class 'ﬁ ;
this condition will be referred to by saying that ‘é has finite memory

6.

Let 'é be a collection of channels. By a (G,¢,T) code for %
we mean a set {xl,xz, coesy xG} of distinct signals over [-T,T] and a

set {-Bl, B BG} of G disjoint sets of the output space (of real-

2, o0 0y

valued functions over [-T,T]) such that

T 2
(i) 5‘ x°(@)dt < 2T, i=12,...,G
T * -

and
(ii) Ph(y(t)eBiclxi) <e, i=1,2,..., G, Vhed,

where Ph (Alxi) denotes the probability of the event A given that the

input signal is x, and the channel is h. Here (i) represents the average

-3-



input power constraint and (ii) the condition that the probability of error

is to be less than ¢ uniformly for all code words x, and all channels
he 4 .

We say that R > 0 is an attainable rate for *é if there is a
T R '
sequence of codes {(e n ,en,Tn)} such that lim T = + o and
n~co
lim € - 0. The supremum of all attainable rates for g is denoted
n—>

by C(5)-

As in Ref. 1 we define the capacity C of a class of channels for-
mally in terms of quantities characterizing the class, and then prove
that C = 6. Usually when this is done C is defined first in ter-ms of the
mutual information. However it is inconvenient here to talk about tﬁe
mutual information directly, so we go to an expression that is analogous
to that for the expected value of the mutual information for a class of
discrete Gaussian channels (seel). Let ’;(V ) be the Fourier transform
of h(t), which will always exist because of conditions to be imposed on
the channels. Let ;(v) be the spectral density of a real-valued station -
ary process with mean zero, variance bounded by one and integrable

autocorrelation function (or, alternatively, g(v) is a real-valued, non-

negative, even function satisfying

o o
S. s(v)ydv <1

- 00

and with integrable inverse Fourier transform); let 25{ be the set of
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all such s (v). Then the capacity of the class"é is defined to be

o it 2-
C(ﬁ) = sup inf\g‘ log (1+ h(v) s(v)) dv . (2)

S € he - Q0 N

The object of this paper is to show that under certain integrability
conditions on the functions h and certain compactness conditions on the

A
classes é , both of which are enunciated in the next section, C( ﬂ) = C(ﬂ ).

3. Notation and Further Conditions on ‘é

Let Lp denote Lp(-oo,oo), for 1’ <p _<_ o, where Lp(a,b) is
the Lp space of complex-valued functions p-integrable Lebesgue on the
interval (a,b). Let LP(T) denote Lp(-T,T), for 1 < p < . If fe LP
or LP(T), then Hf“p denotes the norm of f in tﬁat space. I f, geL2
or LZ(T) , their inner product is written (f, g). An operator on a space
7 is a continuous linear transformation of Y0 into itself. P is to

T

denote the projection operator on LP, 1< p < oo, defined by

(Ppx) () = x(t) lt] < T

(3)

1]

o, |t|>T

for all xeLs .
P

~

Let fe Ll' Then its Fourier transform f{ is given by

~ (e 0] .
£(v) = S' fe) 22"V at
- 00
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and f is a continuous, bounded function. If moreover feL then

2’
f eL2 and the operator f-f is an isometry of LZ' For each T < oo,
f defines a compact (actually Hilbert Schmidt) operator FT on L’Z(T)
given by
T
(FTx) (t) = S‘ f(t-t)yx(7)dr, -T <t <T. (4)
-T

Also f defines an operator F on LZ given by the convolution

o
(Fx)(t) = Sl f(t-T)x(7)dT, -0 <t < . (5)
-

With a slight abuse of notation we identify the operators FT and PTF PT.

If f has finite memory &, then

P.F=P FP, . and FPp=Pp, FPp. (6)

#
If A is an operator on LZ(T) or LZ then A will denote its

. .
adjoint. The operator A" is defined by
#*
{(x,Ay) = (A x,Y)

for all x, yeLZ(T) or LZ’ since it is required that A be bounded. If
A is a compact symmetric operator its trace, Tr(A)’ is defined if the

sum of the eigenvalues of A converges, and is equal to that sum.

b=



There are certain conditions required on the classes ﬁ of
channel weighting functions h which will be needed in the proof of the
coding theorem. These are enumerated in the definition to follow and
some immediate implications of them are noted. We shall say ﬁ is an

admissible class of cham_lels if

(i), é has finite memory 6.

(ii) Each he L_, and ||h|i2§1

2’

for all h€ 4 (It would be sufficient to take any bound, but there is no

loss of generality in taking the bound to be 1. )

(iii) If B is the Fourier transform of h, then

-A w® 2 ’
( +(' |h(v)| “dv = 0 as A = o

!

l»-m l.'A

uniformly for all he o .

Now, since each h vanishes outside the interval [-9, 6] by (i),
it follows from (ii) that heL, and ||hl| 1 2 26 forall h € ’é
Therefore the Fourier transform h exists not only in the sensé of the
Plancherel theorem, buf also as a bounded continuous function on R1 .
It also follows from (ij, (ii) and (iii) that '& is a conditionally compact
subset of Lz . In fact we show that the functions '}:.(v), he é , form a

conditionally compact subset of L2 . Necessary and sufficient conditions



v

for this are (Ref. 5, p. 298) that the set {h( V| he ﬁ }. is bounded,

that the condition (iii) stated above is satisfied, and that

oo ~ ~ 2
(‘ lh(V'*'P-) ‘h(v)| ‘dv = O
‘-

as p —~ 0, uniformly in ‘g . But

QO oo .
f I'h(v'i'p.) - h(v)| 2 dv = 5’ | n(t) (-312‘“’”t - h(t)| 2

- OO0 _m

5 .
= ( |h(t)|2|e'12ﬂp’t-1|2dt<41r2p262||h|| < 4n2,% 6"

L %

-5

We shall also have occasion to consider the set of functions
A (‘L) = {l?l(v)l 2 % = Fourier transform of h€ ’é}

Since each h€ L M (‘é) is a subset of L1 As a subset of Ll’ 2N ('6)
is conditionally compact. In fact, the necessary and sufficient conditions

that this be so are (Ref. 5., p. 295): 3¢ (4 ) is a bounded subset of

Ll; condition (iii) is satisfied, and

(‘m
V1 Bml - (R 2 a = 0
-0

as p =~ 0, uniformly in the class. But



, v} - | hv+pl dvf_‘S‘ 1" (v) - b (v tp) | av

<

- Q0 - QO

© o 5 1/2
< 2||nl] f |h(v) - h(v+p)| " dv

- 0o
which approaches zero as above.

4. Preliminary Lemmas

In this section we obtain certain results that allow us to extend
the application of the Kac, Murdock, Szego (KMS)4 theorem on the
asymptotic behavior of the eigenvalues of ;. type of integral operator on
LZ(T) as T - . We need to apply the KMS theorem to compact (in
an appropriate topology) classes of operators, instead of single operators,
and we need to apply it to certain truncated operators which do not mecet
the conditions of that theorem. For convenience we state the theorem

we are referring to:

KMS Theorem. Let pe L1 be an even function and suppose that its

Fourier transform '[)' also belongs to Ll' Let p define the self-adjoint
operators RT and R on LZ(T)’ L2 respectively (RT-= PTRPT). Let
a,b, a<b, bereal numbers and let N(RT,a,b) denote the number of

eigenvalues of RT which lie in the interval (a,b). If

(i) 0 ¢ (a,b)



tw

and

(i) p{v|P() =a or Py =b} =0,
then

. 1 ~
lim 35 N(Rp, a, b) = p{v|p()e(a,b)} .
T -0

w{E} denotes the Lebesgue measure of E.

Throughout this section % will denote an admissible class of
channels as defined in Section 3. Also throughout this section s will
denote the covariance function of a stationary stochastic process with
mean zero with the additional property that s eLl. By known properties
(Ref, 6, Thm. 9) of positive semi-~definite functions it follows that
~ L .
sel,

For each T < oo, he 6 and s as above let us define the
operators HT = PTHPT and ST = PTSPT where H and S are defined

in terms of h and s as in Eq. (5). H_, is then a compact operator, so

T
the positive semi-definite operator
W—PHPSPH*P -HSH* 7
T T T " T T T T (7
is also compact. Finally we define
QT = PTHSH PT = PTQPT. (8)

-10-



Q and QT are positive semi-definite, and QT is compact by virtue of

the fact that Q = HSH is a convolution operator with kernel in L2 .

Indeed, let q = h*s *h, where * means convolution, and h(t) = h(-t).

Then qe¢ Lln L2 (since he Lln L2, s € Ll)’ and its Fourier transform

is

30 = R %30, 9)

which also belongs to L. since 5 (v) is bounded. We note, therefore,

1
that the KMS theorem applies to QT. Lemmas 1, 2 and 3 extend the

application to WT . Lemma 1 is included as a reminder of an essentially

well-known fact,

Lemma 1.

Let A be a positive semi-definite compact self-adjoint operator,
and P a projection operator on a Hilbert space. Let B=PAP. Let

a.> a > ... be the eigenvalues of A and B res-

1 >..., and b, > b

2 1 2

pectively. Then a, > bi’ i=12,....

2
Proof: Let All2 be the positive square root of A; All is compact.
* %
Let C = PAl/z, so that CC = B. Now the eigenvalues pf B = CC = PAP
are the same as the eigenvalues of C"C = AI/ZPAUZ, although the

1/2A1/2

invariant subspaces are different. Since A = A dominates

AI/ZPAU2 the conclusion follows by a standard theorem (Ref. 7, p. 239).

-11-



Lemma 2.

Let the operators WT and QT be as defined in Eqs. 7 and 8 and

%(w) be as defined in Eq. 9. Then

o0
!
(i) 7 Tr(Qp) = 2 (‘ q(v)dv forall T < oo
Y- 00

T—+ 00 Y- o

) 00 o 2
(ii) lim -,i-,-Tr(WT) =2 ((:ooa (v)dv = 2 g‘ |h(v)| s (v)dv

uniformly for all he ‘4 and all se¢ J

Proof. Since S (v) > 0 one can take T(v) = \/ E(v) > 0; then T (v) = F(-v),
and Te LZ' Let R be the convolution operator determined by r, the
inverse Fourier transform of ¥, as in Eq. 5. R is positive semi-
- 2
definite and R = S, so
* P, HR)"
Q'I‘ = PTHRRH P'I‘ = (PTHR)( T )

and
W, = (PTHPTR)(PTHPTR). : (10)

T

One has,

- Q0

o o) [0 o]
(PT HR x)(t) = 5: o { IT(t) S‘ ‘h(t-u)r(u-v) du} x(v) dv

-12-



T 00
(RI—I‘:‘PTX)(t) = g { ’(. r(t—u)h(v—u)du} x(v) dv

-T - 00

and

; 00 T
(PTHPT R x)(t) = u(, { IT(t) .( . h (t-u) r (u-v) du} x(v) dv

~ 00

T

[

r(t-u)h(v-u) du} x(v) dv
Joo :

. sk T
(RPH P_x)(t) = (‘ {

e

where IT is the indicator function of the interval [-T,T].

If we let k(t, w) be the kernel of the operator QT’ it follows that

[e9)
k(t,w) = IT(t) IT(W) C ( (‘ h(t-u) r(u-v)h(w-u')r(v-u') dudu'dv,
[N v o0 .

[N

whence, using the fact that r is even,

T

1 1 o
?Tr(QT) =—T_~('_T k(t, t) dt
T o
-5 (" 11nerl) 2ae = 2 f B 2] Fw] %av .
YT Yo

The existence of the integrals and interchanges of order of integration
all follow from the conditions, he Lln LZ’ Te LZ’ and T(v) bounded.

This proves (i).

-13-



We actually prove (ii) under weaker conditions on ’é , which

will be stated below., Observe first that

2

T o) T .
1 1
T Tr (WT) =T ‘g- . dt .)(‘- o [‘g‘_T h(t-u) r (u-v) du] dv .

For convenience, put

o) T
A = C h(t-u)r(u-v)du, B = ( h(t-u) r (u-v)du .
Y- o v-T

(00}
2
a ( @a?-8YHav
tA_T \'_m

and
@ o ' -
dt (‘ |A+B| - |A-B| av (10
One has,
[0 0}
la+B| <2 (' | h(t-u) r (u-v)ldu = ¢ (t-v) (11)
Y'- o0

where ¢, which is defined by this equation, belongs to Lz , and in

fact satisfies

-14-



Hell, < Hnlly el = HnlHIVE (1, < 1l
Also,

|A-B| < ( | h(t-u) r (u-v)| du
|u|>T

1/2 1/2

(‘ | h(t-w)| |vr(u-v)|2du

< ( | h(t-u)| du

lu‘>T |u|>'l' (12)

The sccond factor on the right side of Eq. 12 is dominated by |« (t-v) ]I/Z

where
o o) 2
a(t-v) = f |h(t-u)| |r(u-v)| du
‘- 00
and
1/2,, 2 . 2 -
12102 < qlally < il =21, = Vel st < Hnl

Hence, from Egs. (10), (11) and (12),

1/2

T

Lrra,-Trw.| <& ( a (oo dv o (t-v) o'/ 2 ( d

T T Tl =T T 3 v e (t-v)a T(t-v) . | h(t-u)| du
i -® |u|>T

1 (T 1/2 1/2
T ( at g [lell, a1, .C | h(t-u)| du .
-T |ul>T (cent 'd)
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cont'd.
T 1/2

—%S dt ‘ | h(t-u)| du : (13)
-T |u|>T

3/2
1

< |1n]]
Now, given ¢ > 0, suppose there is a number A(e) > 0, not depending

~on h such that

f In(r)| ar < (14)
|"r| > A(e€)

for all he é If ‘é is admissible this condition is satisfied a fortiori

since the integral vanishes on the set | | > &. Then, for lt] < T-A(c),

{‘ | h(t-u)| du < 62 )
|uf>T

and we have from Eq. 13 and 14

T-A

-(T-A)
3/2 . 1/2 d
%—|TfQT-Ter| < ||h||1/ ( - dt + g [thll/ —%]

(T-A) -T

T 3/2
1/2 & 2(T-A(c 2A 1/2
e 00 [ -y e AL ) 12}
T-A :

. A(€)
If T is taken greater than P then

-16-



3/2
1

1/2

1
Fltrag -1 wol < 1l @zl inYAe .

Since || h|| 1 is less than a fixed constant, this proves the lemma. We

have proved in fact the stronger result:

Lemma 2a.

Let ﬁ' be a set of functions h(t), -oo < t < oo, such that ﬁ !

is a bounded subset of L. and such that

1
1im ( |h('r)4| dr = 0
A— 00 | TI >A
uniformly in ﬁ '. Then, with the notations of Lemma 2,

T

1 o0
lim =— Tr (W) = 2 (' q (v) dv
T J
T—>00 .

uniformly for he 'ﬁ' and s eld.

Lemma 3.

Let 0 < a < b < o and suppose that

wiv]aw) = a} = p{vla(w) = b} = 0.
Then

(i) lim -,i,]:

N(Qps a,b) = p{v|3()e (2, )}
T

A17-



(ii) lim %[N(WT,a,b) - N(Qp,a,b)] = 0

T—00
(i) lLim = N(Wp,a,b) = p{v|§mc(a,b)
T— o '

Proof: The assertion (i) is given by the KMS theorem, and (iii) follows
from (i) and (ii), so it is sufficient to prove (ii) .

Since h has finite memory 6,

P_HSH P =PHPT+SP H P

QT T T T ) T+6 T

H>:<
PT[PT+6HPT+6SPT+6 ,PT+6] PT

=P W

TVT4s"T a3

i ' >q.>q, ...
If W, > Wy > W > ... are the eigenvalues of -WT+6 and 9 29,293 2

are the eigenvalues of QT, then by Lemma 1,

> ¢ ' ' 16
w, > q (1 6)
It is evident that

1i l Tr (W = 1li -1- Tr (W )

im  FTr(Wg) = Um 7 2x{fr,s

T— o T

so that from Lemma 2 we obtain

-18-



.1 |
lim T Tr (QT) = lim T Tr (WT+6) . (17)
T—> o0 T—oco
From Egs. 16 and 17 it follows [see Gallager3, Lemma 8.5.3] that
lim £ N@.,.,a,b) = lim = N(W b) 18
dmop Npean b = T T+ (1 8)
T— o T—+ o :
But evidently,
lim X N(W._,a,b) = lim =N(W b) 19)
T y A T T+8* 2 2 (
T—+ o0 T->00

Combining Eqs. 18 and 19 gives Part (ii) of the lemma.
The next two lemmas build on Lemmas 2 and 3 to give the results
needed for obtaining a limiting expression for the average mutual infor -

mation for the class é .

Lemma 4.

Let he é , and H be the corresponding operator as given by

Eq. 5. Let QT’ W_. then be given as in Eq. 7 and 8 and denote their

T
eigenvalues by q (T) > q,(T) > ..., and wi(T) > w,(T) > ... , res-
pectively. Let f be a continuous monotone increasing real-valued function’
on the real numbers which satisfies £(0) = 0, f(x) > klx in some neigh-

borhood of 0 and |£(x) - £(y)| f_k‘x-y‘ for all x, yeR for some k <oo.

Then,

-19-



(0 o] o0

lim o= Z fa,(T) = lim >z Z £(w (T))

i=1 Toeo g

(e o] - 2~
= 5 f(Uh )| “s(v)) dv .

- Q0

Proof. For any ¢ > 0, let

S(Tye) =37 ) Ha(™)

{f(a)) > <)

where the summation is over all i for which f(qi(T)) >e. Froma
standard argument that involves bounding both the sums and the inte-
gral from above and below by the integrals of simple functions and using

the KMS theorem, it follows that

lim S(T,¢) = ‘Y £(|h(v)] % 5(v)) dv (20)
E )

T—00
€

where

E = {vlf(mv)lzs(v) >e}.

-

(This argument is given in detail in Ref. 8 for a special case, and the

extension is straightforward). One then has that

-20-



Jim lim S(T,¢) = lim f f(Rw)| %3 ) dv
JE

e+0 T—oo ¢—>0 .

[

R e 2.
81 £f(|h(v)] "5 (v)) dv

00

~

~ 2~
- since the conditions on f guarantee that £(|n(v) | “% (v)) e L1 . To get the
limit relation asserted in the Lemma requires some additional argument,
however.

First, since Q’T has finite trace, we have for all T > 0,

1 T 1 N 1 \
LY amigz Yy o®=z5 ) D

q. > € q.<e i

By an argument like the one indicated just above, -

. 1 ’
lim  gx ) 9y(T)

f |h(w)| 4% (v) dv
T—->m “EF

L€ €
ql

where
~ Zu
F = {v| [aw)|"50n >}

By Lemma 2,

o .
lim == z q,(T) = S |h(v)|2“s’(v) dv

- Q0

=21~



(actually the left sidc equals the integral for all T). Hence,

. 1 }
1 _
m ), oo
T—+o00 Z
qi €

exists. Furthermore, since

~ Qo
lim Y Ih(w)| °% (v)av = S‘ % 5w) dv,

e—~>0 ‘F€ Y- 00

it follows that given arbitrary ¢ . > 0, for all sufficiently smail €,

1

1
. 1 Vo<
lim >T z qi(T) Sey-
T—oo <
qi_‘

Hence, by the conditions on f,

—_— 1 '
3 —_ <
lim 5T 2 f(qi(T)) ke 1
T—>o0

qi<e

for all sufficiently small € ; and finally

lim zl—T z f(q,(T)) < ke, (21)
£(q )<«

for all sufficiently small €. Then,

22~



(o o]
Im gy fa M) <R sma+ Tm g ) feym

T— K T -
B = °° TTR T {fig)<e}

for any € > 0; hence by Egs. 20 and 21

[e0)
lim % 2 £(q,(T)) < y f(lh(v)lzs(v)) dv + ke,
T->00 in1 - 00

for arbitrary € > 0. But

Qo

1 ~ 2~
lim o= £(q.(T)) > £(|h(v)| "5 (v)) dv Ve>o
Toroo 2T Zl i ‘ \YEE 7
Hence,

o ~
lm gy faT) - (7 siRe®3on av .

T+ i -
The proof that
[0 0] .
1 @ ~ 2 ~
lim —= z f(w.(T)) = 5 £(|B(v)| ¢ S(v)) dv
27T i
T—+o0 o1 - 00

is identical, if one uses the extension of the KMS theorem given by

Lemma 3.
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Lemma 5.

Let & (é) be the class of ﬁ; (v)lz, he é , as defined in Section
3. Then it is a conditionally compact subset of L1 . Let f bea real-

valued function satisfying the conditions imposed in Lemma 4. Since

Q.., and W_, depend on h, we can define. functions qT : ﬁ-» R and

T T
W é-'R by

o
aph) = 35 ) a ) (22)
=
and
Qo
wop(h) = 51? Z £(w (T)) ,
i=1

where qi(T) and wi(T) are as defined in Lemma 4. Then,

© T 2w
(i) lim qp(h) = f £(|n(v)| “5 (v)) dv
T—>oo - 0o

uniformly for he é .

|
o

(i) lim (wp(h) - qp(h) =
T+

uniformly for he é .

-24-



§ atior’
(iii) 1lim w.(h) = £(|h(v)| "5 (v))dv
T—o0 T -0

uniformly for he ‘é .

Proof: Clearly (iii) follows from (i) and (ii).
We first prove (i). It is pointed out above that HSH is a con-
volution operator whose kernel has Fourier transform q(v) = lh(v)l 2s(v) .

Therefore Q nd consequently 9. may be regarded as a function of

T @
~ 2 ~ 2

|h(v)| e u (4), and we sometimes write qT(|h(v)| ), although it is an

abuse of notation. Since it is already known from Lemma 4 that qT(h)

converges to the indicated limit, and since @4 ('&) is a conditionally

compact subset of L, it suffices to show (by the Arzela -Ascoli theorem)

1
that the family of functions {qT}, 0<T< o, each q considered as
a mapping from A (é) to R, is equicontinuous.
~ 2 2
Let lhl(v)l R Iflz(v)l e%(é) and let T < o. Define an LI

~

function ¢ by
~ . ~ 2~ ~ 2
o) = min{[h, M5 M), (B, |5 M}

Let ¢(t) be the inverse Fourier transform of p(v). Let & be the con-
volution operator on LZ defined by ¢. Put ‘I’T = PT ® PT’ and denote
the (real, nonnegative) eigenvalues of @T by c,ol(T) > qaZ(T) > eee s

The function Ay is defined for ¢(t) through Eq. 22, even though ¢ may

not belong to é .
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] = < < T i=1,2,e00,
Then, for j =1, 2, QT—Qj,T so that <Pi(T) ___qj,i( ), i=1,2

~ 2 .
where Qj T is the operator defined by lhj(“’)l and qj i(T) are its
3 ]

eigenvalues. Therefore, for j=1,2
~ 2 ~ g~
la gt 1) - ap@/5)]
oo

) flag () - fle, )

i=1l

S

(o 0]
T 1 () - £lomn]

i=1l

[ A

A

(e 0]

k

3 0 195,40 - oyl
i=1

Hl %

Qo .
Y lay, 4™ - (D] = 3 [Tr(@ o) - Tr(@p)]
i=1

b ~ ~ ~
= 2k 5‘ [|h(v)|.zs(v) -p(v)] dv

- 0

o ~ ~ ~
< 2k y ||h1(v)|2- 5,01 %[5 av.
-

An application of the triangle inequality then gives

~ 2 ~ 2
lap I 1% - aptin,|%)

< 4k f ‘lhl(v)l - lhz’.(v)l s(v) dv
\—w .
< 4k max (5 () |h -1, 1l
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so the family of functions qp on % (*&) is equicontinuous for 0 < T < oo.

To prove (ii) we recall that QT = PT WT+6 PT and that therefore,

by Lemma 1, qi(T) < Wi(T +6) for i=1,2,... . Then

QO
lwo(b) - an)] = 5z |Z [£(w,(T) - f(qi(T))]l

i=1

[0 o]
< -2% l Z [£(w (T +8)) - f(qi(T))]l

i=1
fe's}
1 -
+ >T z [f(wi(T+6)) - f(wi(T))] .
i=1
The first term on the right side of this inequality is dominated by
(o)
k k
= Z [w(T+8) - (T)] = 5z [Tr (W ) - Tr (@]

i=1l

which converges to 0 uniformly over ﬁ as T - o by Lemma 2. The

second term obviously converges to 0 uniformly over é » so the lemma

is proved.

As a corollary to Lemma 5 we have:
Theorem 1
Let :4 be a collection of channels h with finite memory 6, such
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that 34 (&) is a conditionally compact subset of L1 . Let s(t) bea
covariance function belonging to L1 with Fourier transform % (v). For
each T < oo, he 7 , let WT be the self-adjoint positive semi-definite
operator

*
WT = PTHPTSPTH PT

with eigenvalues Wl(T) > WZ(T) > ..o o Let N be a fixed positive

number. Then,

oo

— w.(T) oo iy 2~ ,
lim 'Zlf Zlog(1+ IN ) = ‘g log(1+lh(V)1l\IS(V)') dv

T~oo i=1 -® (23)

uniformly over é .

Proof: The function f(x) = log(l + I%I{) satisfies the conditions required

for Lemma 5.

5. The Coding Theorem

In this section we use Theorem 1 of the previous section and the
~
results of [1] to prove that C(5) > C(% ) for an admissible class of
channels :é . Let R < C(é) be fixed. Then it follows from Theorem 1.

that there exists T < o and s ¢ J such that

1 < wylT)
2—(T—-+'—6—)' z log| 1+ N > R (24)
i=1l
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uniformly over 4 , where 6 < oo is the memory of 4 and

wl(T) > WZ(T) ... are the eigenvalues of the operator

wW_ = PTHP

* *
T SPpH Pp = (PTHPT)(PTS PP H Pr) .

T
Let {cpi| 1< i < oo} bea complete orthonormal basis in LZ(T)'
%
Relative to this basis the operators PTHPT, PTS PT’ and PTH PT
have a representation as infinite-dimensional matrices which we denote
by HT’ ST’ and HT respectively. We note that HT is the transpose
of HT and the collection ﬁT of matrices HT form a conditionally com-

pact set in the Hilbert-Schmidt norm. Furthermore, ST can be considered
to be the covariance matrix of an infinite ~-dimensional random Gaussian

vector, and the trace of S, is less than or equal to 2T . Finally the

T

additive white noise z(t), - T _<_ t < T, will have the representation

oo

a(t) = Z 2 g,(t)

i=1

where zl, zz, ... are independent identically distributed Gaussian random
variables with zero mean and variance N.
Now consider the class of discrete, memoryless, infinite-dimen-
sional Gaussian channels A T = {HT} . The input vectors to these
2

e . . 1
channels are infinite -dimensional vectors x = (x , x , ... ) and the output

2
y = (yl, Yy 5 ««+ ) corresponding to the channel HT and input x is given by
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where

1 2 1 . ; ;
=(2 ,% 5e40), and z ,Z , ... are independent identically

distributed Gaussian random variables with zero mean and variance N.
The n-extension of the channel HT is defined in the usual manner so
that it carries an n-sequence of input vectors u = (Xl" sie 5 % ) intoan

) n

n-sequence of output vectors v = (yl, ‘e yn) with
= + i= rz0se
v HT x, tz, i=1, o |

2
where the Zi are mutually independent. If x = (xl, X , «0. ), we define

[1]1° Z B

and we impose the average input power constraint on an n-sequence

U= (X5 000, xn) by requiring that

1
n

lall® = ) Hll* < nemy = 207
F=

We define the capacity CT('ﬁT) of the class ’é T of channels by the

formula
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Qo

w.(T)
. 1 i
CT('éT) = Ssupd Hmfé Pl E log (1+ N )
%t ¥

i=1

where JT is the set of all covariance matrices ST whose trace is

dominated by 2T and where wl(T) > WZ(T) ... are the eigenvalues of

3

the matrix H ST HT

T . From (24) it follows that

CT(ﬁT) > (T+6)R . (25)

N\
If CT( éT) denotes the supremum of the attainable rates for 4 T (for
A
a precise definition of CT see Ref. (1)), then by Theorem 4 of Ref. (1)

A .
we have C (é )y > C (& ) so that from Eq. 25 we obtain
T T — T T :
A
> .
Co(6p) > (T+HR

(T+6)Rn
e ’

Therefore there exists { En’ n} ~ codes for ﬁ T with en-*O

as n*w .

Lemma 6.

T+6)R
If there exists a {e( ) n’

(T+6)Rn
e

en, n} code for 'é T’ then there

exists a € (T+6)n} code for é .

‘ (T+8)Rn
Proof. Let G =e , and let the code words and decoding sets for

,é T be u1= (xll,...,xln), oo s I%G = (xGl, ...,xGn) and Bl,...,BG

respectively. We have ”uiHZ < 2nT for each i and
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PHT {typrooeny ) ¢ Bilu} < e

n

forall i=1,...,n and all H eé . Here P_:
T T HT

ability that the event A occurs when the sequence u, is the input to the

{Alui} is the prob-

channel HT . We now proceed to construct a code for ‘% .
2
Corresponding to each vector xij = (xij , xij y «++ ) define the

function xij(t)’ -T <t <T by,

w -
-— k . .;..._

xij(t)— inj rpk(t) i=1,..., G. i=1...,n.
k=1

Now for i=1, ..., G define the function U(t), 0 <t < 2n(T+8) by

Gi(t) xij(t—T -2(3-1)(T+6) - &) for 2(j-1)(T+8) + & < t < 2j(T+8) - &

j=1 .«cc,n.

0 elsewhere.

Next define the functions ul(t)’ coey uG(t) on the interval

-n(T+8) < t < n(T+8) by,

u(t) = ai (t+n(T+8)) .

From the construction of the funétion ui(t) (see Fig. 1) and the fact that

‘é has memory & it is evident that ul(t), ceey uG(t) are the codewords
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Theorem 2.

ct) > cb).

Proof. Let R < C(é). Then by Lemma 6 there exists a T < oo and

{e(T+6)Rn

a sequence of s€ s (T+8)n}  codes for 4 ‘with en~>' 0 as

A
n—=> o . Therefore R < C('&).

6. Weak Converse of the Coding Theorem.

In this section we will prove that 8(1'2) < C (‘é) .- The usual
way of proving the weak converse to a coding theorem is the following:
One starts with a sequence of codes which yield an attainable rate R.
Then, a stochastic process is constructed from the codes with the
probability measures determined by the .erripirical distriﬁgtion. Ne.}ct
the logarithm of the number of codeword is es sentialiy dominated by the
value of the mutual information determined by this "stocha‘st'ié»pr'olcehs‘s
and the channel. Finally it is shown that the rate of mutual infor'matioﬁ
is domina}ted by the channel cal;acity so that R is less than or ec_;ual to
the channel capacity.i Unfortunately;, in our case we canr'xot follo.w this
program completely, because the empirical distribution obtained in the

above manner gives rise to a non-stationary covariance function, whereas

the capacity was defined by taking the supremum over stationary covariance
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functions only, so that one cannot immediately assert that the rate of
mutual information corresponding to the empirical distribution is dom-
inated by the capacity.

We now proceed to prove the converse in a sequence of steps.

(i) Suppose we are given a (G, % €, T) code for é i. e., G distinct
functions xl(t:), ooy xG(t) defined on the interval [-T,T], satisfying

the power constraint

T 2
‘S" x. (t)dt < 2T
T *

for all i, and G disjoint Borel subsets B, .. ., B_ of the output space

1 G

of real-valued functions on [~T,T] such that

i=1,.¢..,0G, Vhe'é.

N =
m

P, {y(t) B |x,(0)}

Now let é £ be a fixed finite subset of ‘é . Then it is clear that if
n
% (t), n=1, 2,... 1is a sequence of continuous functions which con-

verges to x, in LZ(T) then

:i’: P {y®<B |x’ 1)} = P {y(eB|x, ®)}

for each he ‘é and hence the convergence is uniform over the finite
set ’.é £ Thus we can assume that there is a {G,¢, T} code for 'éf

whose codewords, which we again denote by X)s eees X, are continuous

-34-



functions.

(ii) Next we construct a stochastic process §(t), -T <t < T from

the continuous codewords Xs eoes X by :
1
< ) < - ==
P{g(tl) < ap ) € (tn) < an} G {number of codewords x,
< e o & <
such that X, (tl) < ap ) X, (tn) < an}

for every finite subset {tl, e tn} cl[-T,7T].

The £ process is extended to the interval [-T+6, T+6] by deéining
E(t) =0 for T < |tl < T+ 6. Finally the § process is extended to a
periodic process on the real line, with period 2(T+8), as follows: we
regard g as a random function, i.e. , as a random variable whose
values are real-valued functions defined on the interval [-T+6, T+8].
Let gn, n=0, +1, + 2, ... be a sequence of independent random func-
tions each of them having the same distribution as the randoﬁ funcizion g'.

Now define the § process on the line by (here w is an element of the

underlying probability space),

Ew,t) = € ()0 , S (T48) St TS

Elw,t) = £ (0)(t-2n(T+6)), (2n-1)(T+8) <t < (2n+ 1)(T+5)

1

n=1,2,3...

and
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f(w,t) = gn(w)(t+ 2n (T+6)), - (2n =1)(T+8) > t > -(2n+1)(T + 6)
n= -1, =2, ...

/N
(iii) For convenience, let T = T + 6. For each integer k > 1 let

A A
xk(t) be the process defined on the interval [-kT, kT] by,

() = £(t), lt] < ®-1T

N A
, (k-1)T < |t| < kT,

i
o

A A
and for each Te¢[-T,T] let xf be the translations of the xk process

A

N
defined on [-kT, kT] by,

A
xl_: (t) xk(t -T) for lt - 'r| < kT

=0 elsewhere, see Fig. 2.

A A
Finally for each positive integer n let z:(t), te[-kT, kT] be the pro-

cess defined by

n
k i k
- 2
2 (1) Za <, (0 | (26)
=0
N i A 0 n, .
where Ti =-T + a 2T and an = (¢, ..., @) is a random vector,
k

independent of the x process, and taking on values (1, 0, ..., 0),

(0,1, 0,...,0), «o., (0,0,..., 0,1), each with probability ;_1171- . Thus
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z: is the process obtained from xk by n random, uniform shifts.

(iv) Now we let he'é be any fixed channel. If xk(t), xi (t), z:(t)
: 1

are the inputs to h, let the corresponding outputs (over the same

f

Pa N k
interval [ -kT, kT ]) be denoted by yk(t) +nk(t), V. (t) + nk(t), w:(t) +nk(t)
i
respectively. In these expressions nk(t) denotes the additive white noise

N N
on the interval [-kT, kT]. It is important to note that since the channel

in time-invariant, yk(t) = yk(t-‘r); also
T

n
k . 1 k
w_(t) = o y_ (t)
n Z Ti

=0

0 . ' .
where an = (@, eov, an) is the same random vector as in Eq. 26.

Furthermore, with probability one, each of the processes xk(t), x_ll_((t) s

: i
k k k-1 :
vy (t) and Y. (t) have exactly N= (G) equiprobable sample functions;

i
whereas with probability one, the processes z:(t), w:(t) have (n+1)N

equiprobable sample functions. In the following, when we refer to the
sample functions of these processes we mean those which have nonzero

probability.

k
(v) Let the sample functions of xk = xk s X 3 eeey xf be

T
0 1 n
{cpl, cees <,oN} , {‘PN+1’ cees ¢2N} cees {(PnN+1’ cees ¢(n+1)N} respectively.

Similarly let the sample functions of yk = y& s y& s =e0 yﬁ be

0 1 n

{LIJl, cees LIJN}, {¢N+1’ cees LIJZN}, cees {lpnN+1’ cees q;(nH)N}, respectively.
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Finally let {¢ } i=1,2,... be an orthonormal set of functions

(n+1)N+i
A A
which span the orthogonal complement in LZ[-kT,kT] of the space

spanned by {(pl, ceos ¢(n+1)N}’ and similarly let the orthonormal set

Vo
.3 i=1,2,...} span the orthogonal complement in LZ[-k%,kT]

{¢(n+1)N+1

of the space spanned by {q;l, cees ¢(n+1)N} . Relative to these bases we

have the following representations:

Qo
G W XU

0 i=l

Qo
k k o
x.r. (t) - Z (x,‘_. )i <pi(t) J .— O’ ey NN
j o <

(0]
200 = ) (), 00
i=1l
(0 0)
k k N k
ACREAICE DCARICE
i=l
QO
Ve = ) 6w 5= 0,
. izl
a
NCESDI R RACE

1=
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and finally,
QO
a2 ) @, 4
i=1

Remark

-In these representations, the coefficients of the basis functions

are random variables. For future reference, we note that with probability

k v
one (x_ ), = (yk ).= 0 for j¢ {iN+1,..., (i+1)N} and (zk)j - (wk) -0
T T o N
for j¢ {1, ..., (nt])N}. We also note that the random vectors ((nk)l, e
()N’ 27 W D yNgy? o0 ) @re independent.

Now we define

k

k k k ; k
I(x_r ; Y‘r, +n) = lim I((x_l_ )1-, ooy (x_l_:.l

k k
. . )2 ’ (y_r.)l + (n )1’ ¢ e 0
i i £+ o0 i i

(v, +a9,)
1

and

k k, k . k k k k
I(zn’wn+n ) -;in;) I((zn)l’ e (zn)z: (wn)1+ (n )1’ LA )

k k

where for finite-dimensional random vectors §{ and n I({;m) is the

average mutual information between { and n; thus I({;n)=H(n) -H(n | )
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where H is the entropy function.

Lemma 7

(a) For each £ > (n+1)N
T2 e (22,5 I @ ), + @)
2O e 68,5 6 @ e 61,4 @5,)

so that

b) Iz wSenk) > 16 yF 40 .
n n - - :
Proof. We first prove that

H((w ), + ()0 ees (02, + (0,

ZH((Y)Hn).---,(Y) +(n9),) (27)
i=0

- n+1

Py ) + @), Sap-een 05, + 09, Sa,)
T i -

k k k
= P{yS), + @), <apeees v @) <a ,
Tl 1 =21 i @H)N (n+1)N (n+1)N

k k
(n )(n+1)N+1 = 2nH)NH’ (n ) 5 29 }

(cont'd.) '
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k k k k
= P{(Y-ri )1+ (n h < B oo (Y'ri)(n-l-l)N tn )(n+1)N = a(n+l)N} X

k | k
P N S 2y o0 @) = a,}

by the remark preceding this lemma. Therefore,

H((yfi)1 + 0, ‘Vfi’z + @)

_ Kk k Kk Kk
= By @ s 0 ) ) )

i

+ H((n) L 9,0 (28)

(n+1)N+1° ©°

Similarly,
N |

H((w ), + (05 ees (w2, + @,)

= ’H((w: )1 + (nk)l, oo

k k
> )iyt @ ) ()

+ H(@) L9, (29)

(n+1)N+1" °°
Also,
k k k k
I}{(Y-ri)l tlh)Zay, ... (Y'ri)(n+l)N te )(n+1)N = a'(n+1)N}

(cont'd.)
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(o

N
1 K Kk Kk
= 3 < o o 0 < - 9 oo ey
N Z Pl Sap oo )5 S 2505 71 ™) (N
j:

z 2 (m+1)N?

because (y_l:)j =0 for jd {iN+1, ..., (i+1)N} and the process y:_( (t)
i i
has exactly N equiprobable sample functions. Similarly,

k

Kk Kk Kk
P{w )+ )y Saps «een (W oy () N < a(n+1)N}

(n+1)N

j=1

n

1 T K K K K

@t Z P{(YTi Wty Sap e (YTi)(n-i-l)N OGN S 2N
i=0 S

From the concavity of the entropy function we therefore have

| K Kk K K
H((w )+ @) eees W )00 0 gy

n
1 k k k ‘ k
D — eo oy . .
> ) ity 4 @ e 0 iy * )
i=0 oo
Combining the above inequality with (28) and (29) we obtain (27). Now

since the noise is additive we also have that
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2]

H((w )+ @, e en w1+ @), [0 -ees ()

H (0", ovs (09,)
= H((yf)lw“ (nk)l, cees (3'11_())2 + (nk)l (xI: Do oo (xf)z)
i i i i

Combining this result with Eq. 27 and using the fact that I(; n) = H(n) -H('ql_l_f.)

we see that

LS eees (19, 5 @ 05 ), + @)

n
k k k
> LN M ) G e ), @)
i=0 1 1 1 1

k k :
But the processes x_ (t), X (t) are identical except for a translation.

i j : ,
Furthermore the channel is time~invariant and n is stationary so that

T S R N A PRI

L W S VL NE o WOPPIN (2 PR 18
i i i i _

and the lemma is proved.

(vi) Using a standard identity we have
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k
MG e es 65, 5 ) @ e (7, + @),

"

HOER), e 69,0 - B 60 |65 @ 69, )

= log G* - H(E), .-, (69, |(yk)l+<nk)1, s (9, * (),

|V

(k-1)log G - (k-1)[elogG + log2]

since xk has C':k-1 equiprobable slamples and since the error probability

is bounded by ¢ (see Ref. 9, p. 187).

k
(vii) We now obtain a lower bound for I((xk)l, oy (xk)l 3 (y )1 + (nk)l,
k k s : . k
I ' )£ + (n )1 ). An examination of the construction of the x process
shows that the xk process is obtained by transmitting a sequence (of
length (k-1)) of codewords each obtained independently and with uniform

probability so that

| o
Oy, ees 695 5 F @ s (7, + 0,

X .
DI ee e 65, 5 5+ @D s 7))+ (05))

2 2
T 1 N L W S 10 [N N W
v, +(2D),)

(k-1) 4, say.
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Now the x2 process consists of G equiprobable sample functions so
2 .
that H ((xz)l, eess (x )1 ) = log G. An application of two results of

Fano (Ref. 9, p. 185, 187) shows that
2 2 2 2 2 2
H((x )1, cees (x )1 (y )1+ (n )1, ooy (y )1 + (n )l)
> ¢ logG + log 2 so that

A > (1-¢)log G -1log 2

and therefore

e, e (69,5 (0 F @ eees (79, + (15),)
> (k-1){(1-€)1og G - log 2}
Combining the above inequality with LLemma 7 yields
Iz w +n) > (k-1)[(1-¢) 1og G - log 2]

k . ‘ . -k .
If the process z s replaced by a zero-mean Gaussian process z with

. . k . —k k A
the same covariance function as zn and if wn + n denotes the corres-

ponding output of the channel h then (see Ref.1, Corrollary to Lemma 9)

I(z-:; ;:+nk) > (k-1) [(1-€)log G - log 2] (30)
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Let Zf(t, 5) = E{(z (t) - Ez (1) (=] (s) - E 2 (s))} = E(z, (t)Z (s)

k
be the covariance function of z;: , and similarly let X {(t,s), Xl_: (t, s)

1
k k .
and % (t,s) be the covariance functions of x , x_ and £ respectively.

i

Then
. BV N A
XN(t,s) = H(t,s) for -(k-DT <t,s < (k-1)7T
' A A
=0 for  |t] > (k-1)T or |s| > (k-1)T
and
Xli_.(t,s) = X(t-'ri, S-Ti).
1
Consequently,

k
Z (t,s) = ==

1
o}
+ |~
—
"
“
[
=]
[}
]
_.

. s . . k
Since X is piecewise continuous, the Zn are a convergent sequence of

Riemann sums, and we may write

A
T
"

= (t-T,s-T)dT.

H> H>

zN(t,s) = lim 25(t,s) = — 5' x(t-q-,s_f)d-m_ll_\. Y
n-co 2T Y-T 2T “-
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.. -k . . .
Thus if z denotes the zero-mean Gaussian process with covariance

function Zk(t, s) we see from Eq. 30 that

15, %5+ 0") > (k-1) [(1-¢) log G - log 2] (31)

—_ k - -
Here wk+ n is the output of the channel h due to the input zk . Finally

from Eq. (31) we obtain

lim = I(Ek, §k+nk) > (1-¢) log G - log 2 (32)

Now let u(t) be a zero-mean Gaussian process defined on the line and

with covariance function U(t,s) given by

A
1 T

U(t,s) = — S AS(t-T, s-T)dT.
2T -

We note that since & 1is doubly périodic wiﬁh period Z?, U(t+7,s+7) =
= U(t,s) so that U is stationary. Furthermore Zk(t,s) = U{(t, s) for
-(k-l)/'f‘ < s,t < (k-l)&‘\ . Thus if v+n is the output process of the
channel h corresponding to the input v then

lim £ IS vE +nY) = lim %I(z-k; -

k—>o k—+oo

k+ nk) (33)

where uk, Vk and nk are the restrictions of u, v and n to the interval

~ A
[-kT, kT]. But by the Appendix,
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Ihe) %5 o)
dv (34)

o)
1i —1;\- I(uk;vk+ nk) = S‘ log | 1+
k—+co kT - 00 N

Combining

where su(v) is the Fourier transform of su(-r) = U(0, 1.

this equality with Eq. (32) and (33) gives us (35).

"~ 2~
A |h(v)l s (v)
L (35)

o)
y log { 1+ dv >
- oo N

[(1-€)log G - log2]

H> [

Taking the minimum of both sides over he ,é g we obtain

lH

[(Q1-€¢)log G - log 2]

~ 2~
o [h ()]s (v
( log | 1+ dv >
N

>

inf
heﬁf Y -00

The left-hand side can be dominated by taking the supremum over all

5, € J so that we get

[(l-€)log G -1log 2] = [(1-€¢) log G - log 2]

c(by > _
' T+6

H>|-

We have therefore proved Lemma 8:

Lemma 8.

If there exists a (G, 1/2¢, T) code for :g then for every finite

subset éf of 'é ,
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1
T+6

[(1-€)log G -log2] < C(‘gf)

Theorem 3.

C(b) < c(b).

RT
A
Proof. Let R < C (’&) so that there is a sequence of (e n’ € Tn)

codes for ’é with Tn - oo and en-> 0. For each finite subset ‘é ¢

of é we get

1
c(ty > TFS [(1-2¢ JRT_-log 2]

Taking limits as n = oo this yields

c(f) >R,

Taking the infimum over all finite subsets 45 ¢ of 4 this gives us

inf C(4,) > R
£.Ct

It remains to show that

inf C(ﬁf) = c(f). (36)
fC-

Clearly, the left-hand side is not less than the right-hand side. Now

-49-
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since the set {h(v)|he 'é} is a conditionally compact subset of. L2 ,

and since the Fourier transform is an isometry, the set {h(t)|he ﬁ }

is a conditionally compact subset of L Also if he/{ then h(t) =

20
|t| > &, so that {h(t)lheé} is a conditionally compact subset of L,
and thereforc {ﬁ(v)lhe/é} is a conditionally compact subset of Loo .
Hence given ¢ > 0 therce is a {inite subset ﬁef of ,’g such that for

each he_ﬁ » there is an hfe ﬁ (f such that

Therefore for all se &{ s

Ih(v)l S w) o @+ R ]%S )
Y 1og B~ — dv -‘Sﬁ log N dv
w ~
<§ llﬁ(wlz-lﬁf(v)lz 5 (v) dv
Qo
[ee)
< éezj‘ Smav < % el

- 00

ez which proves Eq. 36.

Zl-

It follows that C(‘éi.) < C(ﬁ) +
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APPENDIX

In this appendix we prove Eq. (34). Recall that u(t) is a stationary

Gaussian process with zero-mean and covariance function s _(t). v(t)+n(t)
u

is the output of the channel h corresponding to input u(t). uk, vk, nk are

A A
the restrictions of the processes u, v, and n to the interval [—kT,k'I‘] .
Lemma.

(o's] )\k

k k k 1 i
I(u;v +n)--2— ZIOg 1+N
i=1

where \

-

> )\; > ... are the eigenvalues of the operator

A = kPTHP

#
T SuPTH P

T T

where

FaS
(i) T =kT
and

(ii) H and Su are the operators defined by the kernels h and S,

respectively.

e
Proof. A, = H_S_H_ where H_ = (PTHTPT) and S, = P SuP

T T T T T T T T®

Furthermore, ST is a positive semi-definite self-adjoint compact

operator and hence can be expressed as ST = SS where S is positive

~51-



semi-definite, self-adjoint and compact. Thus AT = AA where

A = H_S. The operator A

T = A A is also positive semi-definite,

T

self-adjoint and compact, and has the same eigenvalues as the operator

AT . Therefore there is a complete orthonormal basis {Gi}_oc’1 of LZ(T)
1=

such that /A\T = A A is defined by the kernal

lo)
I k
&(t,7) = Z )\i 6i(t) 61(1')
i=1
Let
111(1:) = - (Ad i) (t) .
N,
i
Then

= 6‘; - the Kronecker delta; so that {qi}gzl is also a complete ortho-

normal basis of LZ(T) . Finally, relative to these basis functions we

have the representations.

o) = ) @, 8,00
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MG NT

2 = ) (), my)

k k k. . .
where (u )i, (v )i and (n )i are appropriate Gaussian random variables.

Furthermore the variance of (vk)i is )\]: and variance of (nk)i is N.

It is easy to check that with the various independance relations
k k k k, k k
I((u )1,... , (u )‘2 3 (y )l+ (n )1, ooy (y )2 +(n)2)
k
i

1 i »
=3 log 1+T\I— >

and the lemma is proved.

Finally, combining this lemma with Theorem 1 establishes

Eq. (34).
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