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ON SECOND-~ORDER NECESSARY CONDITIONS OF OPTIMALITY
I. INTRODUCTION

In the past few years, it has been shown [1,2] that most of the
problems of nonlinear programming, the calculus of variations and
optimal control can be treated in a unified menner by transcribing
these problems into a simple canonical form. Necessary conditions of
optimality for this canonical form may then be obtained, and related
to the original problems through the structure of each particular
problem.

For finite dimensional problems, this canonical form is given as

follows.

(1) Besic Problem: Iet £ : E° »E, r »E® —E™ be continuocusly

differentiable functions, and let Q be a subset of E°. .Find a vector
% in E" such that (1) £ €@, r(X) = 0, and (i1) for every x in Q with
r(x) = 0, £(X) < £(x).

Following the convention of nonlinear programming, an 2 satisfying
(1) will be called feasible, while an X satisfying both (1) and (ii)

will be called an 6ptima1 solution to the Basic Problem (1).

A similar problem, common in mathematical programming, is perhaps

better known.
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1
(2) Nonlinear Programming Problem: ILet £ : E- —E, r : E° »E" and

A

g : E° - E" be given functions. Find X such that r(X) = 0, g(X) <0
and £(X) = min (£(x)|r(x) = 0, g(x) < 0}.

This problem may be put in Basic Problem form by identifying Q as
{x|g(x) < 0].

As a more interesting example, consider the following discrete
optimal control problem: Ilet fio : E{'-oEl, fi : EP x E{'—>En
. n m . .
i=0,1, ..., k-1 g:E - E  be given functions and Uia

given set in Ef'for i=0,1, «+ ¢« +, k- 1. Find a control sequence

k-1
(uny © * *, u,_ ,) which minimizes L f.o(u ) subject to:
0 k-1 j=0 1 i
(i) yk+l = y = fi(yiJui) i = 0) l) b .J k = l
(11) yo = Jo 8y ) =0 wye U, 1=0, 1, -+, k-1

To see that this problem may be case in Basic Problem form, let

kt kel g
x in E"” be given by x = (uo, ..., uk-l)’ £flx) = X £ (ui)’ r(x) =
i=0

g(yk(x), where y, is given by solving (1) with Yo = §O’ and, finally,
Q= UO X Ul X o ¢ o X Uk—l“

The demonstrated generality of the Basic Problem (1) makes it a
convenient vehicle for the introducﬁion of second-order conditions of
optimality. By a second-order condition of optimality, we mean a
condition vwhich augments or replaces the usual first-order conditions,
and generally, involves a second derivative of one or more of the cost
or constraint functions.

First- and second-order conditions are not independent in that =

second-order condition, usually, is only meaningful when a first-order
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condition 1s degenerate in some way. To clarify these ideas, we shall
state a fundsmental first-order necessary condition for the Basic
Problem (1). This requires a tractable local representation of

the set Q.

.

(3) Definition [1]. A convex cone C(X,2) will be called a conical

approximation to the constraint set Q at the point % if for any collec-

tion [Bxl, . ..y, sxk} of linearly independent vectors in C(X,Q) there

exists an € > O (possibly depending on X, 8x,, * + +, dx. ) and a con-

l)
tinuous map {(.) from the convex hull of {0, &x

k

IR Bxk} into

Q - X, of the form:
(&) £(dx) = edx + o{edx)

where llo(8x)ll/llexll - 0 as llsxll - o.
If the map £(-) 1is given by {(dx) = edx, then C(X,Q) will be

called a simple conical approximation.

(5) Fundamental Theorem [1]. If X is an optimal solution to the Basic

Problem (1), and C(X,Q) is a conical approximstion to Q at X, then
there is a nonzero vector ¥ = (wo, « v o, ¥™) in Ewﬁﬂ;with ¢0 < 0, such
that:
A o i,
(6) whe®) + £ vivrl(@),ex) <o
i=1
for all 8x in C(X,Q), the closure in E- of C(%,0).

There are several circumstances under which a condition like (6)

may be considered to be degenerate. The first is when the multiplier



Wo mist be chosen to be zero, and hence no information about the cost
function f(-) enters into the necessary condition (6). This occurs
most often when there is only one x in Q satisfying r(x) = O and may
be avoided by introducing a regularity condition, usually called a
constraint qualification [3], on r(-) and Q. We shall not be concerned
with this case.

The second instance for which (6) may be degenerate is when the
vectors V£(X), Vrl(:?) ; * + +, Vr'(X) are linearly dependent, since one
can then always choose a ¥ # O which satisfies WQVf(f) + ﬁ'inri(f) =0,
and hence (6), without reference to the optimality of X. i;§1s type of
degeneracy does not usually lead to a second-order condition unless it

arises from the fact that one or more of the gradients Vf(X), Vrl(f),

o e .y, vrm(f) are the zero vector. We shall call this the zero gradient

case.

There is another situastion when a second-order condition is
meaningful, even though the condition (6) may not be degenerate in the
above senses. This occcurs when for every bx contained in C(g,ﬂ), we
have (Vf£(%), 8x) = O and (vri(f), ) = Ofor i =1, » » -, m. Thus, it
is possible to satisfy (6) irrespective of the choice of the vector V.
Such vectors 5x are, in a sense, critical (see (25)) and second-order
conditions for this case correspond to examining second-order effects
along curves tangent to dx at %. of course, any combination of the
above three effects may occur simultaneously.

In Section II of this paper, we survey briefly some of the known

second-order conditions, corresponding to zero gradient and critical
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direction type of degeneracies.

The major contributions of this paper are given in Section III--
theorem (26) for the critical directions case and theorem (27) for the
zero gradient case. Both of these theorems are expressed in terms of
local approximetions to the set Q, since, in well-formulated optimization
problems, Q has an interior, which ensures the existence of such approxi-
mations. Several ways by which such approximations may be constructed
are also given. It is also shown that most second-order necessary con-

ditlons are special cases of theorem (26) or theorem (27).

In Section IV, proofs for theorems (26) and (27) are given. These
proofs display the fact that some of the techniques useful in first-
order theory, in particular the use of fixed-point theorems, can be

applied to second-order theory.
II. A BRIEF SURVEY OF SOME SECOND-ORDER CONDITIONS

Since our interest is in the Basic Problem (1), or the closely
related Nonlinear Programming Problem (2), we shall not cover any
special results from the caldulus of variations [4,5] or optimel con-
trol. [6,7]. Nor shall we be concerned with sufficiency conditions
either, because in many cases the required strengthening of the neces-
sary conditions may be obvious, or because our local

approximation to the set 2 may not be sufficiently rich to describe
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completely the nature of Q in the vicinity of X.
In the following, it is understood that any derivatives used are

d
assumed to exist, with (V£(X),dx) or Ei (%) (8x) representing the first

a1 82f A 162f A
differential of f(-.) at X, 5 (ox, 5—5 (X)8x) or 5 g—g (x) (%) repre-
X x

senting the second differential of f(.) at x, etc. Vectors in Em+l
will be understood to have components numbered from O, 1, * * -, m.

Perhaps the simplest second-order condition arises when the gradi-
ent of the cost f(-) at the optimal solution is zero and we do not

choose to isolate the equality constraints for special attention.

(7) Definition [6]. ILet Q be an arbitrary set. The sequential tangent

cone STC(X,2) of 2 at X < Q is the set of all dx such that there is a

[ ] o0
sequence {xi]i_ in 0, and a sequence [di}i_ of positive scalars, such

1 1

that
(1) xi -3 s

(i1) (x; - >’E)/ai - 8% .

(8) Tneorem [6]. If X is an optimal solution to the Basic Problem (1)
and VE£(X) = 0, then (dx, %Eg (X)6x) > O for all &x in STC(%,Q'), where
at = (x|r(x) = 0, x < al. *

This is seen to be a simple but general result for one of the
degenerate cases mentioned, however its application depends on our
having a characterization for STC(?,Q'). In some cases, we m8y repre-
sent STC(X,2') as the intersection of STC(X,Q) and STC(X, (x|r(x) = 0}),

and this facilitates matters. However, this 18 not true in general.

For the critical vector case, we are able to obtain second-order
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conditions without requiring the gradient of the cost to be zero.

(9) Theorem: Ilet X be an optimal solution to the Basic Problem (1),
and let x : El —E” ve any twice continuously differentiable function
such that x(0) = X and x(@) is feasible for all 6 € [0,8], with 8 > O.

If df(x(0))/d8 = 0, then <5t2f.’(x(o))/de2 > o.

In general, without making additional assumptions about r(-) and
Q, the conditions of theorems (8) and (9) cannot be decomposed into more
struétured forms.

One approach to a more structured condition is that followed by
Dubovickii and Miljutin [8,9]. Essentially, for a fixed BxX satisfying
(v£(R),8%) = 0 and (vr'(R),8%) =0 for 1 =1, - * +, m (i.e., oX is

critical) they consider the following sets.

(10) €,(8%) = (5x| there exists an €, > O and a function o:[0,e ] —»E",

0

{
with lim 'l°€€)“ = 0, such that r(f + % + o(2)) = 0 for all
e~ 0
€ €. [0,€0]}.

(11) 01(835) = {6x| there exists an e(; > 0 such that
X+ ebx + ezﬁxén for all e & [0,66]} .

"> 0 such that

(12) Cf 8x) = (5x | there exists an €

£(%X + edx + 525x) < £(X) for all e € (o,e(')‘]}.

(13) Theorem [9]: If X is an optimal solution to the Basic Problem (1),

~ o Lo ¥] - o Y3 T
then CO(Sx) n Cl(bx) A Cz(Bx) = ¢.

)
fThe interior of a set C is denoted by C.



Whenever CO(SE) is a linear manifold, and Cl(S§), 02(8§) are
convex cones (possibly translated) with nonempty interiors, the condi-
~ o] ~ (o] ~
tion Co( &x)N Cl( ox) N 02( 8x) = ¢ guarantees the exlstence of affine
functionals, co(°),c1(-),c2('), not all zero, with co(-) vanishing on
CO(SE) and ci(°) nonnegative on Ci(8§) for i = 1, 2, such that
co(x) + cl(x) + c2(x) = 0 for all x in E° [8). When specialized to the

Nonlinear Programming Problem (2) with rather restrictive assumptions,

this gives a result similar to theorem (15) below.

Finally, McCormick [10] has observed that in some cases the first-
order necessary conditions for the Nonlinear Programming Problem (2)
display a multiplier vector which can also be used in a second-order

condition.

(14) Definition [10): Consider the Nonlinear Programming Problem (2).

The second-order constraint qualification is said to be satisfied at 3

if for each &x such that (vrl(£),6x) =0 fori =1, « + +, m, and
(Vel(®),8x) = 0 for 1 € I(X) 2 (1lg1(R) = 0}, there is a twice contin-
uously differentisble function x:E' —E® and a 8 > O such that:

(1) x(0) =%, ax(0)/as = &x ;

(i1) for all 8 € [0,0], x(0) is feasible, and moreover, gi(x(e)) =0

for i € I(X).

(15) Theorem [10]: If X is an optimel solution to the Nonlinear

Programming Problem (2), and the fn’:l.rst'.-o:r‘tie:"r [10] and second-order

*The first-order constraint qualification is a statement of the
Kuhn-Tucker constraint qualification [ll] for a constraint set defined

by both equalities and inequalities.



constraint qualifications are satisfied, then there exists multipliers

*l’ « o o’ \ynl and ul’ e o o’ uk with ui -<- for i = l’ ¢ty k SuCh that:
m i, k i i,A
(1) ve@®) + & vivri(R) + I u'vg'(R) =0 ;
i=1 ) i=1
(i1) (u,g(x)) =0,
and

(i1i) for every 8% such that (Vr (X),8%x) = O for i =1, 2, - - -, m,
and (ti(‘ﬁ, &%) = 0 for 1€ I(X) ;

(- @) @) Wt @)W S0
ox = ox h ox

Conditions (1) and (ii) above represent the first-order necessary
conditions for the Nonlinear Programming Problem (2), with the first-
order constraint qualification ensuring a nonzero cost multiplier, -1,
in (i). Choosing Bx such that CVri(i),8§) =0fori=1, « + », m and
(vai(R),5%) = 0 for 1 € I(X), we see that (1) and (ii) imply
(V£(X),5%x) = 0, i.e., 8X is critical. The second-order constraint
qualification then leads to‘the third conditiom.

It is also clear, however, that CVf(Q),S§) = 0 also follows from
the optimality of x and (1), since if (V£(X),8x) # O, then either
(ve(R),8%,) < 0 or (V£(R),-8%) < O, and (14) leads to a contradiction
of optimality. Thus, it is apparent that the first-order constraint
qualification may be removed to obtain a slightly weaker theorem. In
addition, one would expect to have a condition in terms of curves x(6)
that are feasible for 6 € [0,8], rather than in terms of feasible curves
which satisfy the rather demanding condition: gi(x(e)) = 0 for
1€ 1(X).



Our task in the next section will be to obtain optimality condi-
tions without explicit assumptions relating r(-) and Q i.e., without

constraint qualifications.

III. SECOND-ORDER NECESSARY CONDITIONS

We have seen that the Fundemental Theorem (5),which gives first-
order necessary conditions of optimality, relies on a local approxima-
tion to the set Q. While this approxXimation can also be used for some
second-order conditions, it is convenient to introduce a new local

approximation.

(16) Definition: A pair {C(%,8%,Q), 5x*} will be caelled a dx-directed

conical approximation to @ at ¥ if C(%,8%,Q) is a convex cone, and for

any collection {Bxl, o e, Sxk} of vectors in C(X,8x,Q), any k - 1 of '
which are linearly independent, there is an € > 0 and a continuous map

¢ (), (possiblsr depending on %, 8%, 5x*, ®x., * * -, 6x.K) from
ox

l,
[O,eO] X co{&xl, < e, &xk} into Q - X, of the form:

2
(17) & (e,8x) = 8% + £~ (ox* + bx) + o(e(bx* + &x)), where
bx

lo(ax®)|l/llex |l =0 as {lox*|l - 0.

We shall refer to (C(X, 8X, Q), 5x*} simply as a directed conical
approximetion when & is clear from the context. The special cases
which arise when C(X, 8%, Q) = {0}, or 8x* = 0, or even &% = 0, (or
any combination of these) are not excluded from consideration.

There may, qf course, be many directed conical approximations for. )
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a single 63'(, as well as useful relations between the conicel approxima-
tion defined in (3), and the directed conical approximations defined
above. Thus, if {C(X, 8%, @), 5x*} is a directed conical approximation,

the ray {6x|8x = aBx, A > 0} may be regarded as a trivial conical

approximation with map {(&x) = ;(AS}) = eAdx + -,Z—- )\2(5;(* + Bx) +

0(€27\2(5X*'"’ 8x)), where &x is any vector inc(X, 8%, Q) and o(-) is given
by (17). Conversely, we may often obtain directed conical approxima-

tions from conical approximations, the most important case being the

following one.

(18) lemma: If C(X,0) is a simple conical approximation to Q at %
and dX is any vector in C(%,2), then (Ro(8%,C(X,0)),0) is a ®X-directed
conical approximation, (where for any set S and x € S, we define
RC(x,8) = {dx| there exists a X > O such that x + \&x € § for 0 < A <
).

Note that if &x €C(X,2), then C(®,2) CRC(8%,C(%,9)), with strict
inclusion whenever -8x # c(X,Q).

We digress to indicate several important cases for which simple
conical approximations may be constructed. (For 2 = {xlgi(x) <0,
i=1,- -, k] and x € 2, the index set I(x) £ (1|1 € (1, - -, k) and

gi(x) = 0}.)

(19) Lemma: Suppose Q = {xlgi(x) <Ofori=1, + - ., k} and xE2.

If the set
(20) 1C(X,2) & (8x|(Wel®), ) < 0, 1 £1(3))

is not empty, then it is a simple conical approximation to . at X.

-11-



(21) Lemma: If % is contained in Q and Q% is any set containing X
such that @ N Q* is convex, then RC(X, @ N 2%) is a simple conical

approximation to 2 at .

(22) Lemma: If C(X,Q) is a conical approximation with nonempty
A 06
interior S(X,Q), then C(X,2) is a simple conical approximation to Q

~
at x.

Whenever Q has the description given in lemma (19), it is comsis-
tent with our idea of a well-formuilated problem that Q will have an
interior, and hence IC(X,2) (20) will be nonempty. Now, let 3% be an
arbitrary vector contained in EEZ?:ET, and let the index set I(X,8x)

be defined by:

(23) ¥R, %) = (1 e 1(R) (et (R),s%) = o) .

[xlgi(x) <0, i=1, ">, k} and X belongs

(24) Iemma: Suppose Q
to 2. If IC(%X,Q) # ¢, then for any 8% contained in IC(X,Q), there
exists a &x* in E" such that (8%, g-zgi (R)8%) + (Vg(X),0x*) < O for
all i € T(%,5%X), and the pair [{Bxl}(chi(i?),éx) <0, i€ T(X,8%)]},0x*%)
is a Bx-directed conical approximation. (If T(%,6x) = 6, then the pair
{En,Bx*} is a Bx-directed conical approximation for any O&x* in En.)

To illustrate the usefulness of lemma (24), and to see that there
are situations when 3x* must be nonzero if one wishes to obtain a
directed conical approximation, let x = (y,z), @ = {x|g(x) 2

2

% ((y - 1)2 +2° - 1) <0}, and let X = (0,0). With 8x = (0,1) there

is no cone C such that (C,(0, 0)}is a §%~directed conical approximation,

-]12-



however {IC(%,0),(1,0)} is a (0,1)-directed conical approximastion.
We now isolate those vectors ®x for which, in the context of the
Basic Problem (1), a sx-directed conical approximation will lead to a

very general second-order necessary condition of optimality.

(25) Definition: A vector 8x is said to be a critical direction for

the Basic Problem (1) if (v£(f),8%) < 0 and (vr'(%),8%) = O for

i=l,°.', me.

(26) Theorem: Suppose X is an optimal solution to the Basic Problem
(1) and & is a critical direction. If {C(X,8X,0),5x*} is a Bx-directed
conical approximation, then there exists a nonzero vector

¥ = (Wo, Wl, o . °,Wm) in Em+l with Wo < 0 such that:

(1) %@ + % vivrl(%),8x) < 0 for all &x in C(%,0%,2)

i=1
0 ~ aef(}?) ~ P *
(11) v ({ax, 52 ox) + (V£(X),8x "))
m 32,1
i ~ ANV i/,a
+ L v ((ex, —— (X)ox) + (vr (X),8x*)) < 0
i=1 ox

end ¥0 = 0 1f (vE(X),5%) < O.

Remark: Note that inequality (6) $f theorem (5) may also be obtained

from theorem (26). 1In fact, if C(X,0) is a conical approximation with

map {(dx) = edx + o(edx), then, setting X = O, C(f,O,Q)==C(%;Q),6xﬁ:= 0, and
go(e,ax) = 2—2 &x + of -253 8x), we find that part (i) of theorem (26)

yields the .same result as theorem (5), but part (ii) carries no informa-

tion. However, the inequality (26(1)) will often hold for cones
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C(f,8§,a)which are nuch larger than any conical approximstion to Q at
.

It is appropriate at this stage to comment on the crucial differ-
ences between theorem (13) by Dubovickii and Miljutin [8,9] and theorem
(26) of this section. Note that theorem (13) is essentially a dis-
jointness condition in the domain space of the map F(-) = (£(.),
rl(~), e« «, ¥+)), (i.e., in E) while theorem (26) represents
separation conditions in the range space of F(-) (i.e., in Em+l),
which requires simpler assumptions. Thus, to obtain from theorem (13)
inequalities of the form (26(i)), (26(ii)) it is necessary to make
fairly strong assumptions on each of the sets CO(S§), C1(8§) and 02(8§),
(see (10), (11), (12)). On the other hand, any time Cl(SE) is of the
form Cl(6§) = gx* + C(6%), whefe c(86%) is a convex cone, we find that
(c(5x),dx*) is a dx-directed conical approximation to Q at X, and ve
obtain (26(i)), (26(ii)) immediately.

Before further discussion of theorem (26), we consider the zero
gradient case. It is assumed that at most one gradient corresponding
to an equality constraint is zero. We define the ray R in Em+1 by

R={ylyo.<.°andyi=0fori=l, « « «, m}.

(27) Theorem: Suppose that X is an optimal solution to the Basic

Problem (1) and thatC(®,Q) is a conical approximation to Q at X with

14~



nonempty interior 8(%,q).

(1) If V£(X) = O, then the ray R has no points in the interior
of the set
0 2% A 1 i '
(28) L, = (yly = (5x, g—é- (R)ox), y~ = (vr(®),dx), i =1, « * », m,

X

(o]
8x €C(X,a)).

(1) 1r Vrl(>?) = O, then the ray R has no points in the interior
of the set
Bzrl
0 - 1 A i i/
(29) L, = (yly” = (ve(x),8x), y~ = (o, 52 (R)ox), y= = (vr (X), &x),

X

(o]
1=2, «+ o, m 5x € C(X,02)]}.

(111) If V£(R) = vrH(R) = O, then the ray R has no points in the

interior of the set

o an ) N aer )
(30) L, = {yly~ = (x, —5 (X)&x), y~ = (&, —5= (xX)dx),
ox ox
yi = (Vri(:?),ﬁx), 1=2, ¢+, m Sxég(ﬁ,ﬂ)lo

o)
Remark: The above theorem remains true even when c(ﬁ,a) is replaced by
the relative interior of C(%,2). Also, if only the case V£(X) = O is

considered, it can be shown that the following is true.

(31) Theorem [12]: Suppose that % is an optimal solution to the
Basic Problem (1) and that C(X,Q) is & conical approximation to Q at
A

£. 1f v£(®) = O, then the rey R has no points in the interior of the

set
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82f A i i A
— (X)dx), y~ = (vr'(X),8x) for 1 =1, - - .
X

2

(32) 1} = (yly” = (sx,
m, 8x € C(X,q)}.

It can be shown that theorems similar to (31) cannot be obtained
for all situations covered by theorem (27), i.e., 8(2,9) cannot be
replaced by C(X,2). In fact, consideration of example (33), with
2= {(y,z)|(y - 1)% + (z -1)2-2 <0}, X = (0,0), and C(X,0) =
{(y,z)|y + z > 0}, will confirm this.

Theorems (26) and (27) represent two different approaches to
second-order conditions. Theorem (26) is well structured and neatly
supplements the first-order conditions in theorem (5). Theorem (27),
on the other hand, is in rather awkward form, since the sets L., Ll’ 1?
are in general neither convex nor even conical. However, in spite of
this, theorem (27) enswers some Questions which theorem (26) does not,
and in some cases leads to a;ternate expressions. We now demonstrate
this.

Examination of theorem (26) indicates that the mhltiplier vector
¥ depends on the critical direction X However, it is clear from
lemma (18) that we may be able to find a pair (C,8x*} which is a
directed conicel approximation for more than one critical direction
8x. The natural question to ask, then, is whether there is a multiplier
vector ¥ which will satisfy the conditions of theorem (26) for all
these critical vectors &x and the given pair {C,dx*}. Unfortunately,

as will be seen from the following example, this is not always true.

(33) Example: lLet x = (y,z) and consider the Basic Problem (1) with
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£(x) = -(y ~ 2)2, r(x) = y2 - 22 and @ = {x|y >0, z > 0}. Clearly,
the point X = (0,0) is an optimal solution since the only feasible
points are defined by the intersection of the line y - z = 0 and the
positive quadrant. Since V£(®) = Vr({) = 0, each &X in @ is a critical
direction and vwe may take C(X,8X,0) = @, ox* = (0,0). Now, since each
gradient is zero, if there is a single multiplier vector ¥ which
satisfies theorem (26) for all 8X in Q, it must satisfy
0w %8 favarvy o (loan 32 [oyer ~ 0
vo(dx, é? (x)8x) + ¥ (ox, a—é (x)ox) < O for all &x € Q, with ¥ <O.

X

This is equivalent to requiring that the cone V = {v = (vo,vl) IVO =
2 2

(&x, %—g (R)8x, vt = (5x, é—-g- (X)ox), with dx € Q) be separated from
x< X

the ray R. It is trivial to verify that V is the set {(0,0)}U

{v.lvo <0, WOyt >0}y {v!vo <o, w0

- > 0}, which cannot be
separated from the ray R.

We see that in the above example the set Q also serves as a
simple conical approximation to Q at (0,0). Since 2 has an interior,

and both V£(X) and Vr(£) = O, theorem (27) can be applied to answer

the question as to when there is a single multiplier vector satisfying

0, 3% a 1, % a
vo(ex, =5 (x)ox) + v(5x, 2 (X)dx) < O for all & € Q. In particu-
ox X

lar, it yields the following modification of theorem (26).

(34) Theorem: Suppose that the Basic Problem (1) has only one equality
constraint, 1. e., r : E® »E" If X is an optimel solution to the
Basic Problem (1), with V£(X) = vr(X) = 0, and if C(X,Q) is a conical
approximation to Q at X such that the set L, (30) is convex, then

there exist scalars ’lfo, ¥! not both zero with ‘lfo < O puch that:
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2 2
O(ex, é—-ﬁ- (R)ox) + vi(ox, 2—32-' (X)8x) < 0 for all &x in C(X,0) .
X X

Proof: Since there is only a single equality constraint and both

v£(R) and Vr(R) = 0, the set L, is conical, and by assumption also
convex. - Suppose 12 is not separated from R. It follows that R has
points in the interior of the set 12
Thus, R and 12 mist be separated, which proves the theorem.

, which contradicts theorem (27).

When r(+) = O, we have a somewhat simpler situation and theorem
(31) leads to the following result.

(35) Theorem: Suppose that in the Basic Problem (1),r(.) = 0, and
% is an optimal solution with V£(R) = 0. If (c(%,2)| a €A}, vhere
A is an index set, is any collection of conical approximetions to 0
at 2, then

3%¢ . VTN

(&x, N (R)sx) > 0 for all 8x in c(x,2) .

ox o €A
Proof: Ilet & be arbitrary in A, and let ca(f,a) be the corresponding
conical approximation. Applying theorem (31), we see that the set LO'

is one dimensional and hence the statement of the theorem is that

2
(ox, é—% (X)8x) > 0 for all 8x in Ca(f,Q) .
ox
Thus,
2
(5%, é—g (X)5x) > O for all 8x in U Ca(f,Q)
ox ae A

and by continuity this 1s also true for the closure, which completes

the proof.
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For the case r(+) = 0, if we assume that there is a family of

conical approximations, (CQ(SZ,Q) e € A}, such that U C(x,Q) = STC(x, Q), f

a€A
then we have obtained theorem (8) of Section II.

When r(. )=0, we can also obtain a corollary of theorem (26),

similar to theorem (35).
(36) Theorem: Suppose that in the Basic Problem (1), r(.) =0. If

X is optimal and A is a set such that for each a¢c A there is a critical
direction 5;50[ and corresponding directed conical approximation

(c(%, 6§a,n), &x*}), then

(1) (ve(X),8x) > 0 for all &x inU C(X, a?ca,n)

afA
and

2
(11) (&x_, o7t (R)ex_) + (vr(R),5x*) > O for all o e A.
(04 axz a [0 A

Proof: Let @ € A be arbitrary and let {C(R, a?c,a),axg} be the corres-
ponding 6§a-directed conical approximetion. From theorem (26), since

¥ = (‘!’0) is nonzero, and satisfies ¢° < 0, we may teke 0 = -1, Thus,
2
A A~ ~ OF Ay~
(ve(x),dx) > 0 for all &x € Ca(x, Bxa,n) and (Sxa, _8x2 (x)&xa) +

(Vf(:?),&x&") > 0. Since Q was arbitrary, the theorem is true.
Theorem (9) of Section II is obtained as a special case of (36).

. 1
Thus, suppose X:E - E" is a twice differentiable function such that x(8)

is contained in Q' for@ in[0,6], § > 0, that x(0) is optimal, and that

aE , .
:i-é (x(0)) = 0. Taking the critical direction 6X = 4x(0) and the corre-

dé

de?‘

sponding directed conical approximation {C(x,6x,Q'),sx*} = {{0},

dx(0)
df

. 2
we obtain from the second term of (36) that < d;{e(o), 9 fz(;?)
08
2
+ (), u"ng' > 0, which
de -

The sequential tangent cone is always closed.
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2
corresponds to the condition (x(O)) > 0 of theorem (9).
d9

Theorem (26) will now be applied to the Nonlinear Programming
Problem (2) to obtain & generalization of Theorem (15). We note that
as long as the total number of equality and inequality constraints is
less thann, (where x € E") and @ has an interior, critical directions

with nontrivial directed conical approximations will exist.

(37) Theorem: If X is an optimal solution to the Nonlinear Programming Problem

(2) and IC(X,2) is not empty, then for each critical direction Bx €

IC(x,Q) there exists a vector 8x* in E7, mu1t1p11ers ¢ 4, e

all zero, with L|J <0, and mu1t1p11ers u L0 satisfying u1 =0 if

i 1(x,6%), such that:

32 ’
()?)6):) + (Vg (x) Bx*) < 0 for i€ I(x,éx)

(1) (%,
x

. X - .
(11) v%oe(R) + % Vor@ + & uvg(®) =
i=1 i=1

2
(1) ¥ 5 @) + (72D, 00m)
X .
2

+ Z ¥ ((5 7r (£)ox) + (Vr (X),5x%)) <o
i=1 dx? =

and Wo =0 ifr (vr(%),s%) < 0.

Proof: let 6x € IC(X,2). By lemma (24), there 1 & ©x* which patisfies
(1), and moreover [6x[(Vgi'(£),6x) <0, 1 ¥(&,ox)), ox*} 18 a ox-
directed conical approximation. Thus, by, theorem (26), there is a

nonzero miltiplier ¥, with WO < 0, such that:
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m .
(\FOVf(J?) + izl \Vinl(J?),Sx) < O for all 8x € {dx ](Vgi(ﬁ),éx) < 0 for

i ¢ I(X,8%)), and, in addition, this mltiplier satisfies condition
(ii1). Applying Farka's lemma [13] to the inequality above, there
are scalars - ur > 0 for i€ I(X,5X) such that

W) + T ovirl@) - 3 _uvelt@ .
i=1 i¢3(£,sx)

Defining ul =0 fori ?f?['(:?, 8X) completes the proof.

(38) Corollég 1. If in the statement of theorem (37), dx* satisfies

(8x, S 2x 5x) + (Vgi(:?),ax*) = 0 for 1 € 1(%,5X), then condition
X
(i1i) may be replaced by: -
2 n 21 K 21 |
(1) (L@« T EE @)+ 2 o T8 @) <o.
‘ ox =] Ox i=1 Ox

Proof: ILet ul be the scalars given in the statement of the theorem.
k. 2 i~ . . .
Then = u'(<6x, a—g-fﬁl 5%x> + <vg (%), 5x*>) = 0, and therefore this

i=1 0 X

term "i'nay-"be added to: (iii) without changing the sign of the inequality.

However, from condition (ii)
k

we have VO(Ve(R),ex¥*) + E V@), + T oulwel @), = o,
i=1 i=1
which gives éondition (iii') above. This completes the proof.
A sufficient condition which ensuz;es that IC(%,Q) is not empty and
that a &xi* satiéfying the hypothesis of (38) exists is that the vectors
Vgi(:?), i€ I(X),are linearly indepéndent. However, while this assump-

tion simplifies theorem (37), we are again faced with the question of
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determining when the multiplier vector ¢ does not depend on the critical
direction 8x. The following, a generalization of (14), will be shown
to be a sufficient condition for a single multiplier vector to satisfy

theoren (37) for a class of critical directions.

(39) Assumption: Iet 8x be a given critical direction in IC(X,Q) with
index set I(X,0x), and let K(8X) be the set (8x|8x is & critical direc-

tion in IC(%,0) and I(X,8X)cI(X,8x)}. We assume that for every 5x in

K(8X) there 18 8 gynction x:E = E anda § > 0 such that x(0) = x,

d—:ég)= 6x, x(0) is feasible for 6€[0,6], and, in addition, gl(x(e)) =0
N A~

for i€ I(x,6x).

(40) Corollary 2. Suppose that X is an optimal solution to the

Nonlinear Programming Problem (2), and that for the critical direction

—————

&x in IC(X,Q), assumption (39) holds. Then there exists multipliers
e s i
Ll‘o,\l»'l, cen LIJm not all zero, with ¢° < 0, and multipliers u < 0

i o s N
satisfying u = 0 if 1¢I(x,6‘,x), such that:

\ kL .
1) voe@) + T vivel@) + T dvet @) = o

1=1 i=1
2 n 21 k 2 1 ~
(1) (o, WCE R + L VIZ@ + Lt TE @ <o
- ox 1=1  Ox i=l  Ox :

7 for all &x belonging to K(&x),
and o0 = 0 if <VEE),6%> < 0.

Proof: Assumption (39) is a sufficient condition for the existence of
a bx* satisfying the requirements of corollary (38) for the critical
direction 5%, thus (i) and (i1) above are satisfied for ©x, and some

multiplier (¥,u). Now, let ®x be an arbitrary vector in K(8x), with
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corresponding function x(.), and let (y,u) be as given above for &x .

Consider the function 2(8) defined by:

. k
£(0) = v%(x(0)) + T wirlx(e)) + T ulel(x(e)) .
i=1 i=1

By assumption (39), for @ in [0,8] we have £(8) = wof(x(e)). e ¢° =0,

2
then 29*2' 0) . 0; thus, from (37(i1)), we obtain
2 2 m 2 1
9__;;(91 - %, ?_g; Pex) + % vi(ex, %—;— (%) &x)
X

dae ox i=1l

k 1 82 i
+ L u(éx, ——g— (X)ex) =0,
i=1 ax

which satisfies (ii) above. If \Vo = -1, then we have 4(8) = -f(x(6))

2 2
and, since by (37(ii)), ar(x(0)) _ 0, we require ax(e) _ _df (x(8))
ae 462 462

< 0. (cf. theorem (9).) Again, from (37(ii)), the inequality (4i)
above is obtained. This completes the proof.

A sufficient con@ition for the cone. IC(:-?,Q) to be nonempty and
for assumption (39) to hold is that the vectors Vri(f), 1=1, °°° m
end Vgl (®), 1€ I(R), are linearly independent. From (37(ii)) end the
fact that V¥ 1is nonzerd, this is also sufficient to guarantee that IVO
in (37(1i)) must be nonzero.

q——————

To _illustrate how theorem (37) augments the first-order theory

for the Nonlinear Programming Pi'oblem (2), suppose that x is a
candidate optimal solution, 6x is a critical direction, and either I(}-() =@,
or &€ IC(x, Q). Then, since ?['(:-:, 5:}') = @, (37 (ii)) requires that

- m -
WQVf(X) + X ‘l’ini('f) = 0. If vf(x), Vrl(;:), ...,9r (x) are linearly inde-
1=1 )

pendent, we conclude, since ¢ # 0, that x cannot be optimal. Similarly,
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if <vf(x), 6x> < 0 and Vrl(:-c), ce ,Vrm(:-c) are linearly independent we
conclude that x cannot be optimal. However, if (37(ii)) is satisfied,
then (37(iii)) would have to be examined, and this is an easy task when-
ever the multipliers are unique.

As a further illustration of theorem (26), consider the quadratic
programming problem, minimize El <x, Qx> + <d,x> subject to Ax=D,
where Q is an n X n symmetric matrix and A is an m X n matrix with
m <n. Assume that X is optimal and that the rows, a; i=1,...,m,
of A are linearly independent. Then, choosing a vector & such that
A8% = 0, we may set {C(x,6%,E"), 6x*} = {E",0}. Thus, from (26(i)),

0, = ™ 0 :
Y (Qx + d) + 2 P a, = 0, and clearly ¢ must be strictly less than 0.
From (26(ii)1)—1ve obtain <6%,Q6 x> > 0,and since <px,Qx +d>=0,
then <d,6x>=0 if Q6x =0. In other words, we have the necessary
conditions: (i) <6 X,Q6x> 2\0 for every 6x such that A6x = 0, and
(ii) <d, 6x>=0 for every 6% such that A6x = 0 and Q6x = 0. Note that
these cox';ditions do not involve x. In fact, it can be shown that the exis-
tence of one feasible solution, together Qith conditions (i) and (ii), are

sufficient conditions for the existence of an optimal solution to the

quadratic programming problem above.

Remark: In view of theorems (26) and (27), one may be inclined to think

that more information about a candidate optimal solution x could be obtained,

and verification of the necessary conditions simplified, by transcrib-

ing the original problem into an equivalent form with siniple structure
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or many critical directions. Thus, for any problem of the form (1),
an equivalent problem with a single equality constraint, 7 : E? - E',
can always be defined by letting r(x) = Z (ri(x)) . Since Vr(R) =

2 Z r (x)vr (X) = 0, we can now always apply either theorem (27) or
th;oiem (26) with the set of critical directions being

“(Eﬂgﬁﬁ_)_, 6@_; o}. Unfortunately, theorems (26) and (27) cen be
satisfied trivially for this new problem and so it is seen that the
transcription does not increase the amount of information available
about the optimal solutions of the original problem. (Since

52;’ A 2 i, a 2
(3x, — (%) &x) =2 T (Vr'(X),&x)" > 0 for all &x, in theorem (26)

dx i=1
ve may take Wo = 0, \trl = -1, while in theorem (27), again by the above
inequality, the ray R will have no points in the interior of L1 or L2.)
Thus, we have shown that most second-order necessary conditions of

optimality are special cases of theorems (26) and (27), which we shall

.now proceed to prove.
IV. DERIVATION OF THE MAJOR THEOREMS

In this section, proofs for theorems (26) end (27) are given.

Both proofs rely on the Brouwer fixed point theorem (14, 16] We shall

use here the more convenient notations g;{ (x) (6x), -—E (x) (6x), etc.,
‘ Ox
rather than the gradient and Hessian notation.

Proof of Theorem (26)

let us assume that X is an optimal solution to the Basic Problem

(1) and that 8x is & critical direction with directed conical approxima-

m+l _
tion (C(X,8x,0),05x*}. Ve define the map F:E'=- E , by F(x) = (£(x),

~ . —mitl 3 F evem 4+ & 3y ex%).
rl(x),. .o .rm(x)), and the vector 6y in E by O = 5 2 (x)(8 x) + % () (8%)
X
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The convex cones K, R in F.Jm+1 are defined by:

(41) K = {8y|oy = %f— (X)(5x), 6% € C(x,8%,0)}

(42) R = {6y]6y < 0 and 6y =0 for i=1,...,m]

Let us first assume that %(ﬁ)(f&) = 0. For this case, theorem

(26) claims that the convex set 8y + K = [dy|dy = &y + &y', &y € KJ,
and the ray R, must be separated. We shall therefore assume the con-
trary, and obtain a contradiction on the optimality of X.

Now, if 5; + K and R are not separated, there must exist vectors

e ———— b e

S, et

0X.y o .y 6xm in C(§,6§,Q), with a corresponding eO > 0 and map

1 +1
C5 52(. ,.) defined as in (16), such that:

(43) Cs'i(e,Sx) € Q- % for all € 6'(0,60] and 5x € co{&xl, o e,
6xm+l].
(4h) The set L = co{8§l, RN 5§m+1} with
- 32r (%) . or or’
By, = —5— (&) + — (%) (ox¥) + — (%) (8x,)
x ox ox.

for 1 =1, + + +, m+1, isa simplex in E% containing the

origin in its interior.

(45) . £(X + 8x) - £(X) < O for all dx¢€ Qai(e,co(ﬁxl, « ..,

5xm+l}) and ee (O,eO].

R

1..A simplex in E® is a convex polyhedron with m + 1 vertices, which

has an interior.
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Now let us consider the case g—i—(i}) (8 ;c') < 0. With \VO = 0, the

claim of theorem (26) is that the origin in E" is not an interior

2
polnt of the set 2—;; @) + 3 @) + I @R, K,0)). Agata,

if we assume the contrary, then there must exist vectors 6xl, st e,
Bx_,q in C(X, 8%,Q) satisfying (43) and (44) above. Since %f—{(;}) (6x)< 0,
(45) will also be satisfied for all ¢ € (0, eb], for some eb >0,
and, therefore, there is an eo > 0 for which (43), (44) and (45) will
be satisfied. Thus, whether &(i)(é X) =0 or 'aa;f (X) (6%) < 0 holds,
the contrary assumption leads to the above conditions, which we shall
now utilize to complete the contradiction.

Now, let Y be a m x m matrix whose i-th column is 6-3:1 - 8;m+l’
i=1,2, «*°, m and let X be a n x m matrix whose i-th column is
5xi - 6xm+l’ i=1,2, ++ ¢+, m. Then Y is nonsingular since 2 is a

simplex. Hence, for every 8y € L and ¢ € (6,60]

=1, = = : )
XY “(&y - 6ym+l) *0x € co{axl, . .., axm+l} s

and
—1, — = A
Coe(es XY ~(8y - By, ) + 8% ) €0 - X

For ¢ € (Q,e'ol, we now define the map Ge = o E" by:

(46) G_(87) = 8y - 55 r(R + L (e, XT ey - 87 ,.) + bx ) -

m+l
e

Then, recalling the form of §8§("') (see (16)), we obtain:

(7 ¢ (8y) = & - 55 (x(R) + g-a BT ey - oy,

€ X

2
)+ 5 SR (o,

2y 2 B2r

o! 2 &
N (x)(éx*)‘*—a—(x)(Bx*)* a (x)<sx>+o'<e 2, 65)) = - e ,ty)
X

2 ox
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2 - —_— [—
where |lo'(e ,6y)”/e2 =088 ¢ 20, uniformly for 8y € = . Hence, there
exists on elé (0,¢ O] such that Ge (+) maps ¥ into E, and therefore, by
1

Brouwer's fixed-point theorem, there is a By* in T such that G (oy*) =
€

_ 1
dy*. But from (46), we see that the point

}(* = ﬁ + g&'i(el)xrf-l(b-y-* - G;m'l'l) + me"'l)

satisfies r(x*) = 0, and since from (43) and (45), x*€ ' and
f(}é:;) < f(;i), we have a contradiction.
f -~ ~ ~
Thus, if g;(x)(é x) =0, 8y +K and R (with K and R defined as in
of ~,. .~
(41) and (42)), must be separated, while ifg;(x)(é x) < 0, the set

3%, dr dr

- (R)(8x) + — (X)(ox*) +— (R)(C(X,?x,0))
Ox Ox dx

is contained in a half-space in Em, and hence the statements of

theorem (26) follow.

Proof of Theorem (27)

We shall regquire the following lemma.

(48) lemma: ILet AO and A, be n x n symmetric matrices and let 8,y
+ + +, a be vectors in E?, Suppose that for i =0, 1, 2 the
m

+1

al,

functions H, : En —>Em

1 are defined by:

(1) Hoo(x) = (x,Aoic), and Ho‘j(x) = (aj,x) for j =1, * * +, m

(i1) Hlo(x) = (a),%), Hll(x) = (x,Ax), end H ) (x) = (a,x) for

J=?,...’m
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1

(1i1) Heo(x) = (x,on), Hzl(x) = <x,Alx), and Hej(x) = (a,,x) for

J

Iet C be a convex cone in E°.

If for any i € {0,1,2} the point A

interior point of the set Hi (C), then there exists an x in C such that

- (-l,o’ . L] .’ O) is an

dH.
B, (X) = Yy and the Jacobien matrix —— (X) has renk m + 1.
ox

Proof: We shall prove the lemma only for H2(~); the proofs for the
other two cases are similar.

Thus, assume that A is an interior point of H2(C). From this,
it follows that:

(1) there is an x € C such that He(;) = y,, and

o¥»8p ° ° ', 8 are linearly independent.

If all the vectors Q)f,Ali,ae, * * *, a_ are linearly independent,

(i1) A

we are finished. If they are not, then we shall construct a vector x

satisfying (47). Thus, if A, l§,a

then since (;,AOE) # 0, we must have

X, A oo ' * °*» & are linearly dependent,

- moy
(49) Ax= X Ba, .
=2

Now, we may choose X %5 in C such that He(xl) = (-1,-7,0,0,- + +,0)
and H2(x2) = (-1,7,0,0,+ + «, 0) for some y > 0. For u > 0 and X € [0,1],

let x(\,u)

x + u(kxl + (1 - l)xg). Observe that x(A,u) € C, and that

(a,,x(\u)) =0 for i =2, + » ) m. Using the symmetry of A, and
i 1
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Bt]

(49), we f£ind that (x(x,u),Alx(llu) = ue()\xl + (1~ x4, (x, +
(1 - }\)x2)>,hence there is a A* € (0,1) such that (x(}\*,u),Alx(l*,u))
= 0 for all u 2> 0. Wow, let u* > O be chosen so that {x(A%,u*),

Ax(W,u%)) < - % end let ¥ = ox(3*,u¥), where
= l/[I(X(R*:u*),“ox(k*,u*))l]1/2 >0.

Then H (;E) = (-1,0,0 « « <) and AO;’ A ;c‘, &y * * *, & are linearly

independent , since otherwise A x + WA x. + u*(l - A*)A_x_ =

11 12
Z gai, for some B , L =2, ¢ ¢+, m i.e., from (49), MA X, +
i=2
(1 - }‘*)Al o = Z Ba for some Bi, i=2, ** ¢, m But this implies

i=2
<xl’A1x2) <0 and <x2’Alxl) > 0, which is impossible and hence the

lemma is proved.

Let us now consider theorem (27) and assume that X is an optimal

solution, and that —(x)( )=0, —r—E)( )gE 0; or thatf 8f (x)( ) #E 0,
1

o
oy ) a,fgx) B =
_3x (x)(~) = O, or that 3x (-) and - (x)( }) = 0. Since we need not

distinguish in our proof between the above cases, it is convenient to

Y

define the indicator functions ol, i=0,1,2,...,m, as follows:
11if 8f =
= @) #0

~ O otherwise

o =

1 if ——’(:‘c)( ) # 0
(50) ot = {

Ootherwise
i
- =1fori=2, « ¢« ¢, m.
+
We define the map H : E? »E" lby:

2
(51) ®(ex) = o° ZE @)ex) + 5 (1-0°) 2L Ry

Bx
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and

i 13 i 2 i
(&x) =0 —(x)(esx) + = (1 ol 2 2 (x)(6x)
ox
for 1 =1, *+ « ¢« m. The claim of theorem (27) is that the ray R =

#1, 0
(y € y% <0, yt =+ + + =™ = 0} hes no points in the interior

of the set L = (y|y = H(&x), d®x¢€ 8()?,0)}.

Ilet us assume the theorem is false. Then it follows from lemma
(48) that there is a vector 5x in 8(:?,9) such that H(8x) = (-1,0,0,
« « «,0) and that the Jacobian ?ri(&') has rank m + 1. We may assume
without loss of generality that the first m + 1 columns of ?rg (8%) are

linearly independent. Hence, letting x = (8x',8x'') where &x' =

~m+l) te _ ( ~m+2

(&%, « - ., X , * * ¢, 8X"), it follows from the
implicit function theorem [15] that there are closed neighborhoods

U, V of the origin in E™'T such that H(:) is a 1-1 function from

{ex' + U} x (8x''} onto By, + V. We shall denote the contimuous inverse
of this function by H ().

Since we may aessume that U is sufficiently small, there is a
linearly independent set of vectors ox,, * * *, & ., in c(%,0), with
corresponding mep {(+) defined as in (3), such that {63'2'-1- U} x {&x''}c
co[O,le, Coeey DXL
continuous map Ga(-) ¢ Vo> B by

}. We now define, for & € (0,1], the uniformly

(52{%(53') = 8y - D (F(R + Lo ey * &) - F(R) + oy,

vhere F(x) (£(x), r (x), * % rm(x)): SYO = (-1, 0,0, -« ¢, 0),
and D, = [d(a)ij] is an m + 1 X m + 1 nonsingular diagonal

matrix such that for i,.j=0,1,2,...,m
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Re]

a(@)y ={ i 1

2
~ Qo+ (l - o'i) g— i = j
with the o * defined as in (50).
Expanding (52), we obtain:
- -
(53) Gy(&) = oy - M o — @ E Ty +onr — — @& (6y,+ 69))
- Ox 2 0Ox

+o(a,5y)} + By, -
This may be rearranged to yield:

by, + By - H(E (8y, + &y)) - B;'S(e, 8y) = - %5(a, 8y) |

6,(8y)

vhere, for 1 = 0, + - +, m, [oX(a,by)|/(aet + (1 - ob) g—e ) =0 as
@ = O,uniformly for 83} € V. Thus, we may choose 0* € (0,1] such that
%+ ((a*H" (8y_ + 8y)) € @ for all y€ V, and G.x(8y) € V for all
By € V. From Brouwer's fixed point theorem, there is a By* € V such

that Ga*(ay*) = dy*, and hence from (52), the point |
X* = X + g(a*n‘(s% + By*))

satisfies r(x*) = 0, and f(x*) < £(X). Since x* is also in Q, we
have a contradiction. of the optimality of J?, which completes the proof

of the theorem.
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Conclusion

We have constructed in this paper a theory of second-order condi-
tions of optimality, which is consistent with the modern approach to first-
order necessary conditions. Also, we have shown that this theory not
only results in a number of new conditions of optimality, but also yields
most, if not all, the previously known second order conditions. The
application of our results to specific nonlinear programming or optimal
control problems is reasonably straightforward and, consequently,was
not emphasized in our treatment.

In conclusion, we should like to point out that a number of the
results in this paper extend trivially to optimization problems in linear
topological spaces. These extensions are obtained by stipulating the
existence of suitable linear and bilinear functionals to replace the gradients

and Hessians used in this paper.
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