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1. Introduction. We consider games in which there are two players I

and II whose respective states x(t)eRn, y(t)eRm at time t obey the

differential equations (1) and (2) respectively.

n

(1) x(t) = f(x(t), u(t),t)

(2) vit) = gly(t), v(t),t)

The control functions u and v are constrained by u(t)eU v(t)eV where
U C RP, vC Rq are fixed compact subsets. The game starts at time

t = 0 in some specified initial states x(0) = X y(0) = Yo and ends at a

specified time T, at which instant I receives from II a certain amount -~
the payoff. We consider two kinds of payoff. The payoff of the first kind
is the value of a functional P(x,y) where x and y are the trajectories of

the two players. The payoff of the second kind is the smallest time t for

which the triple (x(t),y(t),t) belongs to a specified closed subset
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FC R®X R™ X R where it is assumed that R* X R X {T} C F

and T < oco. Ateach time t player I selects a control u(t)eU based
upon his observations of the trajectory of II up to time t in such a way
as to maximize the payoff; conversely at each time t player II selects
a control v(t)eV based upon his observations of x(T1), 0 i T '_<_t, in such
a way as to minimize the payoff. Games with payoff of the first kind
have been called games of prescribed duration [1], while games with
payoff of the second kind have been called pursuit-evasion games (player
I is the evader, II is the pursuer). Now it is difficult to make precise
the notion of a strategy for the players which takes into account the
information available to them at each instant of time. In this paper we
shall propose a precise definition of a strategy (which agrees with our
intuition) and we justify it by demonstrating the existence of a saddle
point. Our definition is an extension of that given in [ 2] in a direction
suggested by Roxin [ 3].

Whereas the technique that we use to prove the saddle -point
theorems (Theorems 7,8, 9) is borrowed to a large extend from Fleming[4],
the spirit of this paper is closer to the approach of Ryll-Nardzewski [ 5].
In the next section we state standard assumptions on the systems (1) and
(2) which guarantee compactness of the space of trajectories of the two
players. In Section 3 we define classes of strategies with differing
information patterns and prove an important (although easy) result which

allows us to compare these different classes of strategies. In Section 4
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we use this result to give a very simple proof of Fleming's theorem for

a payoff of the first kind, namely we show that the optimal payoff for

the majorant and minorant games (see [4]) converge to the same limit
VF as th‘e discrepancy in the information patterns vanishes. In Section 5
we propose our definition of the game and show existence of saddle -points
for a payoff of the first kind (Theorem 7). The value of the game agrees
with that of Fleming. As a corollary to this result in Section we
obtain existence of saddle -point for payoffs of the second kind. In Section
7 we give one example which seems to show that our definition cannot

be made more attractive.

2. Conditions on the differential systems. We make the following as-

sumptions on the differential systems (1). Corresponding assumptions

are made (but not stated) regarding (2).

(i) For each fixed t, f is continuous in (x,u) for all (x,u)eRn X U

(ii) There is a measurable function k, integrable on finite intervals,
A . n

such that for every ueU and x,x in R,

£(x,u,t) - £(%,u,t)| < k) |x -%]

(Here and throughout | | denotes Euclidean norm in R" or Rm)

(iii) There are positive numbers M and N, and a measurable function

£, integrable on finite intervals such that for every x in Rn, and u in

U,



lf(x,u,t)| < 2(t) (M+N)

and finally

(iv) Convexity condition: For every x in R", t in R, the set
f(x,U,t) = {f(x,u,t) IueU}

is convex.
A measurable function u(v) is said to be an admissible control
if u(t)eU(v(t)eV) for all t. A solution x of (1) (y of (2)) is said to be

an admissible trajectory if it arises from an admissible control.

Definition: Let XT(xo) denote the set of all admissible trajectories x of
(1) which are defined on [ 0,T] and which start at x, at time 0 i.e.,

x(0) = Xq- Similarly we define YT(yO).
We consider XT(xo) as a subset of the Banach spaces C; -=- the
space of all continuous functions from [0,T] into R" under the max norm.
Similarly YT(yo) is a subset of C,ITTI. The next result is well-known (see
for example [ 6] or [ 7]); the first part is a consequence of the assumption

that the sets f(x, U,t) and g(y,V,t) are convex whereas the second part

follows from the assumption that f,g are Lipschitz.

Theorem 1. (i) If XO C R" and YOC R™ are compact then

U X (x)CcCp and LGJY Y lyy) C Cp

*0¢ %0 Yo¢to



are compact.

(ii) XT(o), YT(o) are continuous functions of their arguments. (Here

continuity is with respect to the Hansdorff metric.)

Let X, Y  be compact sets and define X _, = U X (x),
0’ "0 T T70
x €X
0 "0
YT= U YT(yo). Let uer and voeV be fixed. Let & > 0. Suppose
Yy GY x
that x¢€ XT is obtained from an admissible control u. Let Hs(x)ex,r

be the solution of (1) corresponding to the control u_ where ua(t) =u

) 0
0<t <5 and ua(t) =uft-56), 6§ <t <T, and the initial condition x(0) at

0. Similarly define the function IIY:Y -Y

5 T T° Note that if xeXT(xo)

X ~ Y
then l'I6 (x)eXT(xo) and if erT(yO) then II6 () eYT(yo) . The proof of
the next result requires arguments which are standard in the theory of

differential equations. Hence the proof is omitted.

Theorem 2. Let £(5) = Sup{”x-ﬂ?x”

XEXT}
+ Sup{|| n? | lyey..}
plily - yll Jyev,

Then lim 6(6) = 0. (Here and throughout || || denotes norm in the
6—+0
n m
Banach spaces CT’ CT ).
3. Strategies. Let Xy Yo be specified initial states. Throughout this
paper the symbol & (with or without subscripts) represents a number
which is equal to 1/2" for some integer n > 0. We now define three
' . 6
classes of strategies AB(XO’YO) = {aa}, A(xo,‘yo) = {a}, and A (xo.yo)

= {06} for player I and three classes of strategies B6(x0,y0) = {[36} ,
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B(XO’YO) = {B}, and BG(XO, YO) = {ﬁs} for player II.

Definition. (i) A6(x0’ yo) is the set of all functions 06 : YT(yo) - XT(xo)
such that if y, ¥ are in YT(VO) with y(T) = 9(1’) for 0 <7 < idT then

aay(T) = aay('r) for 0 < T<(i+1)8T; i=0,1,..., ¢ - 1.

. ) . . . & -
(ii) A (xo,yo) is the set of all functions a : YT(yo) XT(xo) such that
if vy, 9 are in YT(yo) with y(T) = 9(1’) for 0 <7 <idT then aby(T) = aéy('r)

.

1
for Of_Tii6T; i=0,1,e0., Y
(iii) A(xo,yo) is the set of all functions a: YT('yO)-' XT(xo) such that if

y,Q are in YT(yO)- with y(T) = Q(T) for 0 <7 <t then ay(7) = agr\('r) for

. & .
The sets of strategies B6(x0,yo), B(xo,yo) and B (xo,yo) are defined
in the same way.

It is convenient to regard the strategies for I as subsets of
F(YT(yO),XT(xo)) -- the space of all functions from YT(yo) into XT(XO)
with the topology of pointwise convergence. Similarly we regard BS’ B,
B6 as subsets of the topological space F(XT(XO), YT(yO)). By the Tychonoff
theorem F(XT(xo), YT(yo)), F(YT(YO), XT(xo)) are compact.

The first part of the next result is a direct consequence of the
definition while the proof of the second part is a duplication of the argu-

ments in Lemma 4.1 of [ 2].

Theorem 3. If 61 f_ 62 then




LY

re

XTXY

&

o)
i A CA CACA'CA?®
5, %)

and
8 %
Bﬁzc 351C BCB CB".

’

(ii) The sets A_, A, A6 are closed and hence compact subsets of

5

F(YT(YO), XT(xo)). Similarly the sets B_, B, B6 are closed and hence

)
compact subsets of F(XT(xo),YT(yo)).
X Y

Recall the definition of the maps H6 , HG and the function € (8)

in Theorem 2.
. . . 6 6 65 _6
Theorem 4. (Approximation Theorem). (i) If e ¢ A", P e¢B then
X

(Ha o 06) and (ar6 o Hz) belong to A6’ (l'l;[ o (56) and ([36 ° II;() belong

to BS'

(i) | aﬁ(x) - (nx ° 06)(x)|| < €(5), for aaeAa, xeX, (x.) and
5 - T 0

1850 - 1 o 8% 1| <E ) for B°¢B, yeX oty ).

Proof. (i) is a consequence of the definition while (ii) follows from

Theorem 2.

4. Payoff of the first kind; Fleming's Theorem. Let XO C Rn, YO C Rm

be fixed compact sets. Let XT= U XT(xo), YT= U YT(yo). The

xoeXO yoeYo

payoff is a continuous real-valued function p defined on the compact space

T* Let xoeXO, yoeYo be specified initial states. Following

Fleming [4], for each & we define a majorant game Gé(xo,yo) and a

-7-
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minorant game GS(XO’YO) as follows: In the majorant game, player IL
picks a strategy B6 € BG(XO’YO) and then player I picks a strategy
6 .6

a €A (xo,yo) . The outcome of these choices is a unique pair of tra-

jectories xeXT(xo), erT(yo) such that aa(y) = x and ﬁa(x) =y. We

shall denote these trajectories by x = x(aa, (36), y = y(aa, [36) . The

payoff is p(x,y). In the minorant game, player I selects first a strategy
. 6 6 . .

ac eAS(XO,yo) and then II picks a 3 €¢B (xo,yo) . Again the outcome 1is

. . )
a unique pair XGXT(xo), erT(yo) such that QG(Y) =x, B(x)=y. We
shall denote these trajectories by x = x(aa,ﬁﬁ), y = y(af6,[36). The payoff

is M (x,y). Since I tries to maximize and II tries to minimize the payoff

we define

Ve y) = Min s Max b (xla®, B yia) B))
[38€B6(xo,yo) a €A (xo,yo)
. ) )
VG(XO’YO) = Max 5 in H(X(Q’G,ﬁ ),Y(aa,ﬁ )]
o €A _(x ,y,) B eB (x.,y,)
& 8V0°70 0’70

From Theorem 3(i) it follows that

8 &
1 2
< < <
VGZ(XO’YO) V61(x0,y0) Vv (xo,yo) \ (xo,vo)

- . 5
It follows that the two limits V(x , yo) =1limV (xo,yo)

whenever & f_ )
5—0

1 0

2 .

and X(xo,yo) = ];_r:)vﬁ(XO
) .

it should be clear that an alternate definition of V ,V 5 is the following

,yo) exist. From the definition of the strategies
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characterization which is closer to that of Fleming [ 4]

\

Va(x »¥.) = Min Max Min Max .o
ol 1 ! X 2 Y ! 6T 2 X 1 6T
y eY yg) X e X (xg) v eY,ly (6T)) x e X,(x (8T))
(3)
Min Max K(x,v)
1/6 1/86-1 1/6 1/6-1
€Y T (L-8)T)) X e X b ((A-8)T))
VS(XO’YO) = 1MaLx 1Mi.n : e
X eXl(xo) vy eYl(yo)
(4)
Max Min p(x, y)
1/6 1/6-1 1/6 1/6-1

7 eX 6 U THA-T)) Y Yty (A-8)T))

where, Xl(xo) (Yl(yo)) is the set of all admissible trajectories xl(yl)

of (1) ((2)) defined on the interval [0,8T] and starting at xo(yo); and
inductively if xi(?i) has been chosen Xi+l(xi(18T)) (Yi+1(yi(i.6T))) is the
set of all admissible trajectories xi+1 (yi+1) defined on [i86T, (i+1)6T]

and starting at time i86T in the state xi(iﬁT) (yi(i6T)) . The outcome

(x,y) is defined by x(t) = xi(t) (y(t) = yi(t)), (i-1)6T <t < i8T, i=1, 2,000,
%-. Since the various sets of trajectories Xi’ Yi are compact and vary
continuously with initial conditions (by Theorem 1), and since M is a
continuous function it follows that V6, V6 are well-defined and vary con-

tinuously with their arguments (xO, yo) € Xo X Y0 .

. . )
The next lemma gives two other alternate expressions for V-,



Lemma 1.

(1) Vs(xo, yo) Max Min p(x, y) (5)

6 .06

vs(go,yo) = Min Max L (x,v) (6)
6 6
p EB (XO’YO) 06€A6(XOQY0)
(@) Voxyy,) = Min Sup g bx, By()) (M
Bge Bylxg ) xeXplxy)
Vilxgyy) = Max  Inf  plagy)y) (8)

06 eAﬁ(xo,yo) erT(yo)

Sketch of Proof: We shall prove (5) and (7). A proof of (5) can be ob-

tained by noting that for any sets W, Z and any real-valued function
y on W X Z, the following equality holds:
Inf Sup y(z,w) = Sup Inf vy(s(z),2)
zeZ weW seS zeZ
where S is the set of all functions s from Z into W. This equality
together with the representation (3) of V5 and the definitions of 016,
[35 can then be used to give (5).
Evidently Vs(xo,yo) is at least as large as the right-hand side of
.. 6 8 .
(7). On the other hand if o € A (xo, yo), [366 BB(XO’YO) and if

X = x(aa,ﬁﬁ), y = y(aé, (36) is the outcome then

(oy) = (%, By )
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and so the right-hand-side of (7) is bigger than Va.

Following Fleming we propose the following definition:

Definition: The game has a value VF(x oY 0) provided that the two
e = . 6, qs
limits V(xo,yo) = ;.1:3 v (xo,yo) and !(xo,yo) —3;::(1) VS(XO’YO) are

equal. In that case we define the (Fleming) value of the game:
VF(XOS Yo) = v(xo’ Yo) d
Lemma 2. Let 1> 0. Then there is a 6% such that for all 6 < &%

and all (xo,yo)exo X Yo,

6
< -V <

Proof. Since p 1is continuous on the compact space XT X YT there

is & *> 0 such that

Ip'(x’Y) - p'(&s?)l _<_ n (9)

whenever ||x-%|| < €%, lly =% 1] < Ex x,:’zeXT; Y. yeY. .. Let

T
6% > 0 be such that for all § < &%, €(8) < E* where £ () is the function

defined in Theorem 4 (ii). Now let § < §%, (xo,yo)eXO X YO be fixed.

6 &
Let aopteA (xo,yo) be such that

)

& )
V <
(e yg) Sk (el oy s Py)s y(cropt

,Bg)) for all B eBy(x,,y) (10

X
The existence of a:pt follows from (5). Let a =1, © 06 Then

6 6 opt”’
. 6 &
gaeAa(xo,yo) by Theorem 4 (i). Let B €B (xo,yo) be arbitrary and
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suppose that xeXT(xo), erT(yo) are such that
6y =
e N=x, BX=y.

Let £ =a® dlet p. = p® o . Th - (%) and B.¢B
et x = aopt(y), and le 9—6 =p 5 ° en x = Il (x) and P eB
and furthermore,

6 A A
a) = X BglD) =y

It follows from (10) that
6 A
< .
v (xo,yo) < p(x,y)

But ||x-%]| = an(:’é) -2 < E5) < € *, so that by (9)

6
<

Since a 5 eA8 and since [36 € B6 is arbitrary it follows that

6 . ) 6
a. €A ﬁ6< 36
6§ 6

=n+t VG(XO'YO) .

The lemma is proved.

Theorem 5. (Fleming). Under the assumptions (of Section 2) on the

differential equations (1) and (2),

-12-



Furthermore VF( » ) is continuous on Xo X YO.

Proof. The equality (11) is a corollary of the preceding lemma whilst
the continuity of VF follows from the fact that V6 is continuous and

the fact that V6 converges uniformly to V.

Remarks: The class of systems considered by Fleming is more gen-
eral than the class treated here since his systems are of the form

x = f(x,u,Vv) i.e., both players control the same object. However the
conditions under which he can prove the existence of VF are more
restrictive. Also the class of payoff functions is more restrictive.
(This generalization is important in view of the manner in which we
consider pursuit-evasion problems). Incidentally this theorem proves
a conjecture of Fleming (p. 207, [ 8]), (at least for the class of systems
considered here) namely the function V(x, T) defined in [ 8] is the same

as V(x,T) defined in [4].

5. The Fair Game: Existence of Saddle-points for payoffs of the first kind.

In this section we propose a direct definition of a game. Our

definition is in some sense a limit of the games G, G, as & goes to

6

zero. However our formulation is much closer to that of Ryll-Nardzewski[ 5].
As before let xo,yo be specified initial states. Player I choose a

strategy aeA(xo,yo), player II chooses a strategy Pe B(xo,yo) . It would

be natural to define the outcome of such choice to be any pair xeXT(xo),

yeY T (y 0) such that

-13-



a(y) = x, B(y) = x

Unfortunately, the above pair of equations may have either no solution
or it may have more than one solution. The existence of a solution (but
not uniqueness) can be guaranteed if o, are required to be continuousv
functions; but then as we shall show in Section 7 we cannot guarantee
existence of optimal strategies. We therefore propose the following

definition:

Definition: Let aeA(xo,yo) and Pe B(xo, yo). A pair xeXT(xo),
erT(yo) is said to be an outcome of (a, ) if there is a sequence
anXT(xo), yneYT(yo) n=1,2,3, ... such that

lim x = lim a(yn) =x; lim v, = lim ﬁ(xn) =Y.
n—co n—+co n—+co n-+*oo

(Evidently if @ and B are continuous at y, x respectively then «(y) = x,

B(x) = vy).

Let 0(a,B) = {(x,y)](x,y) is an outcome of (a,p)}.

Theorem 6. For e_ach aeA, BeB, 0(a,B) is a non-empty closed subset
of XT(xO) X YT(yO).

Proof. The closed-ness of 0(e, ) follows from standard diagonal argu-

ments. We now show that 0(a,P) is non-empty. Let 6 k=1,2,... be

k’

X
a sequence decreasing to zero and let o, =(II_ ° a)eA_ . Let (x ,vy )
Sk Bk Gk k' 'k

be the pair such that

-14-



Q'Gk(Yk) = xk, ﬁ(xk) = Yk‘
Since XT(xO), YT(YO) are compact we can assume (taking subsequences
if necessary) that there is xeXT(xO), erT(yo) such that

lim =lim o (y.)=x; lim y =1lim f(x)=vy.
k-*ooxk ko0 6k k k—+c0 k k-+co k

But llaﬁk(yk) - ety || = H(n;‘ko @) (y,) - ety [ < €66

by Theorem 4 (ii). Since lim & (Gk) = 0, the assertion follows.
k>
Definition: For each BeB(x_.,vy,.), let u+(ﬁ) = Sup Max K(x,y)
—_— 0°°0
QEAJXO,YO)(X:Y)fokbﬁ)

and for each a€A(x_,y.) let & (@) = Inf Min R(x,y) .
0’70 -
+ . + :
Now let V (x.,y.) = Min K (B)
% BeBEyy,)
0’7o
V (x,.,y,.) = Max p ()
o’ ’o -

In order to show that the Min and Max in the definition of V+,

V actually exist the following result will be helpful.

Lemma 3. 1'(B) = Sup  p(x,B(x)) | (12)
Xe XT(xo)

and B (@) = Inf M (a(y),y)
yeYrlyy)
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Proof. We prove the first equality. Clearly }-L+(B) is at least as big
as the right-hand-side of (12). Now let aeA and let XX be in XT(xO);

Vi ¥, in YT(yO) for n=1, 2, ... such that

13 ¢ = 11 = . i =13 = 5
im x lirm a(yn) x; lim ¥, lim ﬂ(xn) v

n—+oo n—+co n—+co n—*coo
Then,
lim  (x ,P(x)) = (x¥)
n n
n->oo
It follows that p+(ﬁ) < Sup (%, B(x)) .
xEXT(XO)

‘ + . g
Lemma 4. p (B) is a lower semicontinuous function of Pe B(XO, YO)

B (@) is an upper semicontinuous function of aeA(xo,yo) .

Proof: We shall only prove the first half of the assertion since the proof

for the second half is analogous. Let z be a real number and let

+ ;
B = : X < g
z = BIBeBE .y ), 1 (B) < 2}

We must show that Bz is closed. Let {f(k)} be a net in Bz converging

to B in B, i.e., for each XEXT(XO) lim B(k)x = B(x). Let xeXT(xO).
k ,

Then by definition K (x, B(k)x < z for all k. It follows from the con-

tinuity of B that p (%, B(x) :~’_ z. Hence }~l+(l3) < z.

Corollary: There is a P*e B(xo, yo), a*eA(xO,yO) such that

=16



@ w'en < w'e), BeB
b (@® > p (a), acA
) b¥EN = Vi yg) = VRlkg vy = V gy =k _(e¥ and

(iii) Min p(x,y) = Max p(x,y)

(x,y) € 0(a*, p*) (x, y) € O(a*, B¥)
Proof. (i) follows from the preceding lemma and the fact that B(xo,yo)
and A(xo,yo) are compact spaces. Again from the same lemma and

.. +
the definition of V we see that

1}

Min Sup K (x, B(x))

EEH = Vi)
ﬁeB(xo,yo) xeXT(xo)

| A

Min Sup Mo(x, ﬁs(x))
66e Bﬁ(xo. Yo xeX(x)

)
- V (XO’YO)
where the last equality is the same as Eq. (7). Similarly
= \% >V
B(@) = V_ x5y 2 Vslxpsyo)

so that (ii) follows from Theorem 5. To prove (iii) it is enough to note

that by definition of P and p+,

b (a®) < Min bix,y) < Max bx,y) < KT(BH)
(x, y) € O(er*, B¥) (x,y) € Ofa*, B¥)
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and then (iii) follows (ii).

We can now define the fair game and prove the existence of a
saddle point. The game G is defined as follows: Player I selects a
strategy a€A(x,y) whilst II independently selects a BeB(x,y). The
payoff is given by p(x,y) where (x,y) is an arbitrarily chosen pair from
0(e,B). The saddle-point theorem shows that the value is independent

of the arbitréry choice of the outcome.

Theorem 7. (Saddle-Point Theorem) There exists a*eA(xo, yo),

B*e B(xo, yo) such that for all aeA(xO, yo) and all Pe B(xo, yo),

Max px,y) < Max K(x, y)
(%, y) € 0(a, B¥) (x,y) € O(a*, B¥)
= Min r(x, y) ._<_ Min K(x,y)
(x, Y) € 0(a¥, p*) (X, Y) € O(Q’*: p)

Furthermore p(x,y) = VF(xo,yo) for all (x,y)eOf(a*,p*),

Proof: By the definition of p+, i we see that

Max bix,y) < uT (B, k(@M < Min m(x, y)
(x, y) € 0(a, p*) (x, y) € 0{a*, B)

The result now follows from the previous Corollary.

Definition. Given two players I and II with dynamics (1) and (2) respec -

tively, and a continuous payoff p of the first kind, the (Fleming) value
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of the game corresponding to initial conditions (xo, yo) will be denoted

by

6. Payoff of the second kind: Pursuit-Evasion Games: In this section

we consider payoffs of the second kind. Before we define the game we

introduce a definition which will be helpful in relating these games
to the games considered in the last section. '

Let F C R™ X R™ X [0, ®) be a non-empty closed set. For

< . . . 4 -
each T < oo define the function Ko XT(xO) X YT(yo) R by
podx,y) = Min{[x(t) - x| + [y(t) - y]| + [t-t]| |[(x,y,t)eF,te[0, T]}

It is easy to show that K is continuous. Evidently p.T(x, y) is non-

negative and
p.T(x,y) = 0 if and only if (x(t), y(t),t)eF for some t. (13)

We now define the game: There is given a closed set F C R™ x Rmx [0, c0)

n m -
<
and a Tm o such that (x,vy, Tmax) € F for all (x,y)eR" X R~ . The

ax

game is played on the fixed time interval [0, Tmax] . Player I (the evader)

selects a strategy ac¢A(x ) whilst II (the pursuer) independently

0’Yo
selects a strategy Pe B(xo,yo) . The payoff given by

t(x, y)
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where (x,y)e0(a,B) is chosen arbitrarily and t(x,y) is the smallest

capture time i.e.,

t(x,y) = min{t|(t, x(t), y(t)e F}

Player I tries to maximize the payoff while II tries to minimize it. As

before we define

' _(xo, yo) = Sup Inf Inf t(x, y)
aeA(xO,yo) ﬁeB(xo,yo) (%, y) € 0(a, B)
+
v (xo, yo) = Inf Sup Sup t(x,y)

BeBlxy,y,) @cAlxy,yy) (xy)<0(ap)

+
Theorem 8. V_(xo,yo) =V (xo,yo)

Proof. Evidently V (x,,y,) < V+(x0;y0). Let € > 0. Then from the
definition of V_, for every strategy « there is a strategy P and a

(x,vy)€ (a,B) such that
<
t(x,y) < V_(xo,yo) + €.
i.e., thereisa t < Te =V (xo,yo) + ¢ such that
(x(t), y(t), t)e F . (14)

Now define the continuous function kp om the set XT (x 0) XY

T (Yo)
€ €

as in the beginning of this section, and consider the game defined on the
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fixed time interval [0, Te] with the continuous payoff function By -
€

By Theorem 7 this game has a value VF(pT X g yo) . However be-
€

cause of (13), and the argument leading to (14) we conclude thé,t

Going back to Theorem 7, the saddle-point property implies the exist-

ence of a strategy P(¢) such that for every acA(x ) and every

0’ Yo
(x,y) e 0(a, B(e))

uTe (x,y) = 0.

From (13) we can then conclude that for every aeA(xo,yo) and every

(%, y) e O(a, B(e)),

t(x,y) < T€ = V_(xo,yo) + ¢
It follows that
v ) <V (x,v.) + ¢
o' Yo = Y ¥ Yy

Since € > 0 is arbitrary the theorem is proved.

s ' +
Definition: Let T%*= V (xos YO) = v-(XO’ Yo)'

Theorem 9: There exists a strategy P*e B(xo, yo) such that

~
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Sup Sup t(x,y) = T* < Sup Sup t(x,vy)
Q€A(Xo, YO) (x,y) € 0(a, p*) QEA(XO, Yo) (%, y) € 0(a, g)

for all Pe B(xo, yo)i, e there exists an optimal pursuit strategy.

Proof: Consider the game defined on the fixed time interval [0, T*]

with the continuous payoff function B e Clearly VF(}LT*; xo,yo) =0

and so there exists a strategy P* such that for all aeA(xo, yo) and all

(x,y)€0(a, B%), }J-T A%,y) = 0; this implies that t(x,y) < T*. Q.E.D.
Unfortunately, trivial examples show that in general there does

not exist a strategy ar*eA(xO, yo) such that

T* = Inf Inf t(x,y) (15)
BeBlxg,y,) (x,y)eO(a%,B)

We can therefore only assert the following theorem.

Theorem 10. If there is a strategy a*eA(xo,yo) which is optimal for
player I (i.e., satisfies (15)) then the pair (a*,p*) from a saddle point

i.o €. F] fOl‘ 3,11 QGA(XO’ Yo)’ pe B(xo’ Yo) )

Sup t(x,y) < Sup t(x,y) = T* = Inf t(x, y)

(x,y) € 0(a, B*) (x, y) € O(a*, %) (x,y) € 0(a*, B¥)
< Inf t(x, y)

T (x,y) € 0(a¥*, B)

Various conditions can be placed on the set of trajectories and the

endzone F which guarantee existence of an optimal evasion strategy a*.
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One such condition is the following:

(C) As the initial states and time (x O’Y o,t 0) approaches F the value
* .
T (xo,yo,to) approaches 0
In this case we can show that the function

T(a) = Inf Inf t(x,y)
Be B(xo: YO) (x, Y) € 0(a, B)

is an upper semicontinuous function of a€A(x ) and hence there

0’Yo
exists a* such that T(a*) > T(a) for all @. Evidently then T(a*) = T*

and a* satisfies (15). We now sketch a proof to show that Condition (C)

above implies the upper-semicontinuity of T(a).

Definition. Let aeA(xO,yo). We say that a pair (x,y)eXT(xo) X YT(yo)
is a possible outcome if there is a sequence y,» Bn= 1,2,... in YT(yo)
converging to y such that a(yn), n=1,2,... converges to x. Let P0O(e)
be the set of all possible outcomes.

It is easy to check that

T(a) = Inf t(x, v)
(x,y) € PO(a)

Now let z be any real number and let

A = {alecA(xy,y), T(a) > z}

We must show that Az is a closed set. Let {a(k)} be a net in Az
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converging to a and let (x,y)ePO0(a) i.e., let {yn} C YT(yo) be a
sequence such that Y, converges to y and o:(yn) converges to x.

Suppose that t(x,y) = z - ¢ for some € > 0. This means that
(x(z-€), y(z-€), z-€)e F

Since lim Ilyn-yll = 0 and lim Ha(yn) -x|| = 0, given n > 0 there is
n—+oo n--co f ‘
N(n) < oo sufficiently large such that

P{(Q(Yn)(z-ﬁ), Yn(z'e)! z-€), F} <n

whenever n > N(n). Now lim a(k) (yn) = a(yn) . Hence for k sufficiently
k
large,

p{(a(k)(yn)(z-e), yn(Z-G), z‘e)9 F} < 2"1

But then by condition (C) T(a(k)) < z-€¢ + y(n) where lim y(n) = 0.
n~0

It follows that for all sufficiently large k, T(a(k)) < z which is a con-
tradiction. Hence Az is closed and so T(a) is upper semicontinuous.

We can summarize our results as a theorem.

Theorem ll. Suppose that (1) and (2) satisfy the assumptions of Section
2 and also suppose that condition (C) holds. Then there exists a*e A(xo, yo),

e
B B(xo,yo) such that for all aeA(xo,yo), Be B(xo,yo)

f p{(x,y,t), F} = min{ ‘x“;c\l + lY';'\l + |t "'?:l (Q,;\I,%)GF}
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Sup tx,y) < Sup t(x,y) = T*

(x, y) € 0(a, B*¥) (x, y) € O(a*, B%)
= Inf tx,y) < Inf t(x,v).
(x, y) € O(ar*, B*) (x,y) € 0(a*, B)

7. An example. System Equations

x(0) = y(0) = 0, final time T=1. x,y,u,v, are real numbers; x is the

state of player I, y is the state of player II. The payoff p is justa

function of the final states x(1), y(l) and is given by:

[x(1) ] for x(1)y(l) > 0

B(x,y) =

(L- |y =] for x()y(1) < 0.
Consider the strategy B* for II givein by PB(x) = -x for all xeXi1 . Then

n(x, B¥(x)) < 1/4

Let a*: Y1 g X1 be the strategy given by

(a*y)(t) = y(t) for t < 1/2

y(/2)+t for t>1/2 if y(@/2)>0
(a*y)(t) =

y(@/2) -t for t>1/2 if y(1/2) <0
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Then for all ye Tl’

Kla¥y),y) > 1/4.

Evidently (a*,B*) are optimal. Furthermore a* is not continuous,
although it can be approximated by continuous strategies; moreover

every continuous strategy is inferior to a*.

26~



-t

REFERENCES

1.

5'

7.

Fleming, W. H., '"A note on differential games of prescribed
duration,' Contributions to the Theory of Games, vol. III
(1957), pp. 407-416.

Varaiya, P. P., "The existence of solutions to a differential game, "
SIAM Journal on Control 5 (1967), pp. 153-162.

Roxin, E., "On Varaiya's definition of a differential game," presented
at the "U.S. -Japan Seminar on Differential and Functional
Equations,'" Minneapolis (June 26-30, 1967).

Fleming, W. H., '"The convergence problem for differential games, "
Journal Math. Anal. and Appl., vol. 3 (1961), pp. 102-116.

Ryll-Nardzewski, C., '"A theory of pursuit and evasion,' Advances
in Game Theory, Princeton University Press (1964), pp. 113-126.

Eggert, D. and Varaiya, P., "Representation of a Differential
System,'" E. R. L. Memo No. M 177, Univ. of California,
Berkeley. (to appear in J. of Differential Equations.)

Roxin, E., "The existence of optimal controls,' Michigan Math.
Journal, vol. 9 (1962) pp. 109-119.

Fleming, W. H., "The convergence problem for differential games I, "
Advances in Game Theory, Princeton University Press (1964)

pp. 195-210.

27=



	Copyright notice 1968
	ERL-241

