Copyright © 1968, by the author(s).
All rights reserved.

Permission to make digital or hard copies of all or part of this work for personal or
classroom use is granted without fee provided that copies are not made or distributed
for profit or commercial advantage and that copies bear this notice and the full citation

on the first page. To copy otherwise, to republish, to post on servers or to redistribute to
lists, requires prior specific permission.



STABILITY OF A NONLINEAR TIME-INVARIANT FEEDBACK
SYSTEM UNDER ALMOST CONSTANT INPUTS

Memorandum No. ERL-M249

2 April 1968

ELECTRONICS RESEARCH LABORATORY

College of Engineering
University of California, Berkeley
94720



Revised June 7, 1968

STABILITY OF A NONLINEAR TIME-INVARIANT FEEDBACK SYSTEM
UNDER ALMOST CONSTANT INPUTS

C. A. Desoer and M. Y. Wu

Unlversity of California, Berkeley

Summary--We consider a multiple-input multiple-output feedback
system consisting of a linear time-invariant subsystem and a
memoryless tlme-invarliant nonlinearity. The linear subsystem
is represented by its impulse response which includes a unit
step (1.e., an integrator). The nonlinearity 1is not required
to be of the noninteracting type nor to be bounded away from
zero by some sector condition. It 1s shown that for any
"almost constant" input the error e, 1s bounded and goes to

zero as t— .

I INTRODUCTION
The Popov criterion has been a significant departure in
the stabllity theory of nonlinear feedback systems [1-4].
Many generalizations of the criterion have been published

[5-13]. The present paper extends previous results in
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several directions. A multiple-input multiple-output feed-
back system 1s considered. The linear time-invariant
subsystem 1s described by a convolution. The matrix impulse
response contains a step at the origin, l.e., the subsystem
contains an lntegrator. Furthermore the impulse response may
contain an infinite number of Jumps provided that their total
variation be finite. Equivalently, the time derivative of
the impulse response is required to belong to the convolution
algebra (7 [14-15]. The nonlinear subsystem is required to
be memoryless and time invariant. However the nonlinearities
may be interacting. Also, even though there 1s an integrator
the nonlinearities are not required to be bounded away from
zeéro. The multiplier considered i1s of the form P + sQ where
the constant matrices P and Q need not be diagonal. Finally,
even though there are only very weak assumptions on the non-
linearities, the error will g0 to zero as long as the inputs
are "almost constant" that is, the agsumptions on the inputs
require them to become asymptotically constant. The results
presented below extend previously published ones in at least
one of the following aspects: (1) the class of linear sub-
Systems consldered, (2) the class of nonlinearities considered,
(3) the class of inputs considered and (4) the class of

multipliers considered.



II NOTATIONS

In the following we shall encounter real numbers,
vectors (in R®) and elements of function spaces. The symbol
I'I is used to denote the magnitude of a real number and the
norm of a vector in R”. We denote by R, the set of nonnegative
real numbers. The developments that follow are valid inde-
pendently of the choice of norm in RP® because all norms in RD
are equlvalent. For functlon spaces we use the followlng
norms: let f:R,— R?, then by definition,

<], = suplece)]

lef, & J,7lecor]ee.

wWith these norms, the resulting normed spaces are denoted by

[.

applled to a matrix or to a matrix-valued function, they

Lgpand Li, respectively. When the symbols I-land are

denote the induced operator norms.
The subscript T, as in fT’ denotes the truncation of the
function £ at time T, namely,

£.(t) = {f(t) for 0 <t < T

0 for t > T
The scalar product of two functions of R, into R" is
-denoted by <.,.>; this scalar product can be truncated and we

define T
<x, y>p 2 f x'(t) y(t)at
0



III SYSTEM DESCRIPTION AND ITS ASSUMPTIONS

Consider the multiple-loop feedback system shown in
Flg. 1. The variables Uy, Us €15 €5, ¥V, Vo denote func-
tions defined on [0, ) and having values in R®. The block
labeled G denotes a linear, time-linvariant, nonanticipative
subsystem whose lnput-output relation is given by a

convolutlion:
V() = (@ * e)(t) €30 (1)

where G 1s an n x n matrix-valued function, identical to
zero for t < 0. The block labeled y denotes a memoryless,
time-invariant nonlinearity. The equations of the systems

are

ey = Uy + G * e (2)
e, =u - ¥(e,) (3)

Upon Imposing certain restrictions on G and ¢, we shall
prove that, provided the inputs 1, and u, belong to certain
classes, the resulting functions ei, yl, e2 and y2 are in
Lgo 3 furthermore e2(t), yé(t)-—ao as t—oo0.

For ease of reference, we state the more expliclt
assumptions concerning the system of Flg. 1 as follows:
Gl. The derivative (in the distribution sense) of G belongs
to the convolutlon algebra (/: By that we mean G is of the

form



. (e ¢) . A .
6(6) - {Rb(t) + 1§1R16(t-'ci) + G,(t) = Rs(t) + Ga(t) for t > 0

0 for £t <O
(%)

where R and the Ri are constant n x n matrices such that

@ .
Z3|Ril< o, 0< tl < t2 < eee Ga I1s a function in Ll.
i=0

(8 9]
| Note that G, (t) 4 1§1315(t-t1) + Gy (t) for t > 0, and zero

elsewhere.
G2. The open-loop impulse response matrix of G is further

assumed to be of the form

Ri(t) + G (t) for £t >0
G(t) ={

(5)
0 for t < O

where 1(t) denotes the unit step. It is further assumed that
GcL € Ll. The assumptions pertaining to the nonlinear sub-
system are as follows:

Nl. w:Rn——;Rn and 1s contlnuous.

N2. For some constant real matrix P

$(£)'pe > 0 for all g ¢ R" (6)
where ' denotes transposition and
v(g) =0 1ff € =0
N3. There is a function V ¢ Cl mapping R” into R such that

v(g) >0 for all ¢ € RM

and for some constant real matrix Q

Q'y(g) = Vv(e) for all £ € R" (7)



Concerning the feedback system we make the following
assumptions:

U. The inputs are subjected to the conditions
W, 4 €LY and ., 4. el
1) Y n Up, Uy n
(where the derivatives are calculated in the interval (0,00))
2 .
and, for any such inputs, e s e2, Yy and y2 € Lne s
roughly speaking, for such inputs there is no finite escape
time.

IV COMMENTS

I. The class of open-loop impulse responses allowed
by Gl and G2 include many special cases: a typlcal
element of G has the behavior shown in Fig. 2. The class
of allowed impulse responses include those of linear time-
invariant differential Systems whose transfer function goes
to zero as[s I——ia), of plants with several transportation
lags, of systems with tapped delay lines, of distributed
Systems. Note also that @ has a unit step and that, as a
consequence of Gl and G2, the elements of G are in L% also
G(t)— R as t—o00: indeed, from Gl and G2 it follows that
|6,(t)—0 as t—c.

ITI. As a consequence of tﬁe assumptions on the inputs,
1t 1s easily verified that u, € L:L N Ln R u2 € Ll N L and
w, € L We might describe uy, as "an almost constant input"
because u2 € L1 N L2 and, consequently, u 2(t)——>u203(a con-

stant vector in R") as t-—oo.



III. The absence of finite escape time can be
guaranteed at the cost of an additional assumption on .
If for some constant k, [y(g)ls klgLV'g € RP thgn, together
with ¢ € L%, the Bellman-Gronwall lemma implies that e,
1s bounded by an increasing exponential; then exponentlal

bounds on Yo, €1, ¥yp follow easily.

V MAIN RESULT
'Theorem 1.
Let the system S of Fig. 1 satisfy thé assumptions
Gl - G2, N1 - N3, and U. If the constant matrices P and Q,
defined in N2 and N3 are such that the matrix PR is real
symmetric and positive definite and the Hermitian matrix

(P + Jua)&(Juw) + 6'(-Ju)(P' - Jud) (8)

is positive semi-definite for all w € R, then €15 €55 ¥y,
. 00
Yy, and €, are in L ~. Furthermore ex(t), yo(t)—0 as

t— o,

Proof.

First let us make a simplifying observation. By the
linearity of G the effect of u; on e, can be replaced by an
equivalent input (at the second summation point) given by

A o0 * .
G *u =v,. Since ¢ € L™ and ¢ € /5 and also Uy, Uy € Li

we have (taking derivatives in the distribution sense)



o B o

L] = b *
v2 G ul €L

)

v2==G*l:11€L

3

Thus the equivalent input satisfles the assumptions required
A
of UW,. Therefore, we set uy = 0 and replace uy, by u =

u2 + G * ul. We wrlte

#(t) 2 ylep(6)] for t > 0 (9)

Consequently the system equation obtained from (2) and
(3) 1s

€ =u - G * ¢ (10)
Differentiating both sides and using (5), we obtain
¢ =0 - [R+6 (0)1F -6 *g (11)
Consider the function w defined by

t
w(gt) = PL(G * #)(t) - R | g(t')as'] + [QD(G *2)1(t)
0 (12)

where D denotes the time-derivative operator. Let
A t
n(t) & jo #(t")at! (13)

then with (10) and (11)

w = P(u - e - Rn) + Q(u - é2) (14)
Let us truncate these expressions to [0,T] and calculate

using Parseval's theorem



T
g = [ w(e)19(t)as

=1 [ Pax, a
=L | 0 (g0l (gu)aw

]

enr -

mA* A A
L | wﬁT(Jw)[(P + 00)8(g0) - 35 PR (Ju)dw  (15)

where we used the fact that over [0,T], w(ﬁ,t)T = w(ﬁ&,t).
Since the integrand in (15) depends only on the hermitian part
of the bracketed matrix, and since -PR/(Jjw) is a skew her-

mitian matrix, we obtain

mA A ~ -~
Wy =g [ B L(BR)G (30)46% () (P'-J0Q') 1Bp(Jw) dw
| -® (16)

Finally, using the assumption (8) of the theorem we conclude
that

<w, ﬂ&T >0 for all T > 0O (17)
Use now (14) into (17)
<Pu + Qu, #> - <PR >
Q:gT ‘n:ﬂT
- <Pey, > - <Qep, #>,20 forall T >0 (18)

Applying integration by parts to the first term of (18)

1 1

m L] (1]
and noting that u ¢ L and u € L N L:)and u€ L, we

obtain successively



<Pu + Qﬁ,ﬁ&T = <Pu + Qi, 7>,

Ul

(Pa(m) + Qix(m))'n(T) - <Pi + Qif,m>_
< |pu(m) + Qa(n)|n(o) +]Pa + qil] o)

< (|e[uco) 4]

o] + ¢ 8

i

AT ) Iyl

k"nT [lm (19)

IA

where‘”nT”GDQ te?g?len(t)l and k is a constant depending

on P, Q, u, U, u and is independent of T.

Since PR 1s real symmetric and positive definite

<PRn, ¢$T = <PRn, ﬁ>T

-1

L n'(T)PRn(T)

>3 M| () |2 (20)

where A\m is the least eigenvalue of PR, a posltive number.
Now for the last scalar product in (18), we obtain

successively
<Qé2’ ¢>T =<é2('), Q'$[e2(.)]>T
T
£ & (t)VVlen(t)at

es(T) .

e2(0
VIea(T)] - Ve, (0)] (21)

]

-10-



Using all the results above in (18), we conclude that,

for 2all T > O,

L xp|n(T) 12+ <Peg(-),¥lep(+)1> ¢ Viep(T) 1< k|| Nl o Ve, (0)]
i (22)
Now, by N2,<Pe2(-), $[e2(-)]>T > 0 for all T > O and, by

N3, V[eo(T)] > O for all T > O hence (22) glves us

L g n@)]° < kg VIE2(0)] (23)

We note that (23) 1s true for all T > O and since the
right-hand side is a monotonically increasing function of

T for all T > O we may replace ln(T)‘ oy HnTuaa in the

left-hand side of (23) and we have

Lyl < geo * VEo2(©)] (o)

The inequality (24) implles that “nT“ca is bounded by a
constant independent of T, l.e., n € ng.

We now truncate (10) and take the ngnorms of both sides;

we obtaln

[e2t]o0 < [Urw* € * Mo (25)

where we have used the facts that ¢ = ﬁ and G * ﬁ =G *n

(in the distribution sense). Since G €7 and n € LSP, we

o)

have ¢ * n ¢ Ln [14-15]. This comblnes with u € LGD to
2, n

give us e, € Ln

o . With thls result 1f we observe that






¥o(t) = ylex(t)], and y is a continuous map of R" into R7,

we conclude that ¥, € Lgbbecause ¢ maps compact sets into
compact sets. Filnally y; € Lgabecause Yy = €2 - U both of
which are in LY.

The last step 1s to show that e,(t) and yo(t)— O

as t —o00. Use (11) and take L% -norms of both sides and

gl 8ot ARI*ioq@D el il o (@)

Each term on the right-hand side 1is finite and 1s lndepen-
dent of T, hence &, € Lgo. As a consequence the bounded

function e2(') is uniformly continuous on [0, ). Now going
back to (22), we have

<Pe2(o), ¢[e2(~)J>T < oo .for all T e [0,m)(27)

In other words, for some finite M, independent of T, we
obtain

T

| ereat)1' ep(s) at < m for all T> 0  (28)
0

By N2, the integrand in (28) is positive whenever e,(t) # O.
Since e2(-) is uniformly continuous on [0, oo) and takes
values in the closed ball B( O,|ey,l a) -- which is a com-
pact set in R™ -- and since the function ¢(-)'P . is a
continuous mapping of R" into R®, the mapping t+—o

w[ee(t)]'P ee(t) is uniformly continuous on [0, oo).

~-12~
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Hence (28) implies that y[ey(t)]'P en(t)—0 as t - .
In view of the continulty of ¢, the boundedness of e, and
N2, this implies that ey(t)— O as t— o consequently so
does yo(t) = ¢[e2(t)]. This concludes the proof of the

theorem.
VI CONCLUSION

Under very general assumptions pertaining to the linear
subsystem, the nonlinearity and the multiplier, we have
established sufficient conditions of the stability of a
multiple-input multiple-output time-invariant feedback
system under almost constant inputs. The results extended
previously published ones in several directions: the linear
time-invariant subsystem is decribed by a convolution.\ The
matrix impulse response contains a step at the origin, i.e.,
the subsystem contains an integrator. Furthermore, the
impulse response may contain an infinite number of jumps pro-
vided that their total variation be finite. THe memoryless
time-invariant nonlinearities may be interacting and although
there is an integrator the nonlinearities are not required to
be bounded away from zero. In contrast to most previous
work on generalizatibns of Popov criterion to the multiple
feedback systems, the multiplier considered need not be a
scalar function or a diagonal matrix. Finally, even though

the inputs are present, the error will g0 to zero provided

that the inputs are "almost constant'.

-13-
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Fig. 1. Multiple-input multiple-output system under consideration.



| X3

Fig. 2. Typical behavior of the ij-element of the impulse response
matrix G(t). '
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