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I. INTRODUCTION.

The solution of complex optimal control problems is frequently facili-
tated by an imbedding or, to be more precise, by a decomposition into a
family of simple optimal control problems. This paper presents a (single
iterative) decompositon algorithm which shares a number of geometric ideas
with algorithms given by Frank and Wolfe [1], Neustadt [2], Eaton [3],
Gilbert [6],'Barr and Gilbert [7], Polak [10] and Polak and Deparis [11].

In comparing the algorithm in this paper with the ones mentioned
above, the reader will find that it applies to a larger class of problems
and that it is made up of simpler subprocedures which often result in
improved speed. In particular, it makes less stringent requirements of
continutiy of the reachable sets than its predecessors, it only requires
convexity rather than strict convexity of the state space constraints (a
common feature in [2], [10], [11]), it is single rather than double itera-
tive as in the case of the Barr-Gilbert algorithm (see [7]), and it does
not require the search of a minimum along an arc (as is the case in [10]
and [11]). The extent to which the algorithm presented in this paper
differs from its predecessors is indicated to some extent by the fact
that while all the algorithms presented in [2] to [11] construct a mono-
tonically increasing sequence of reachable sets, the present algorithm
produces a sequences of reachable sets which can oscillate.

Actually, to be exact, this paper presents not one, but five algo-
rithms. The first algorithm solves a canonical geometric problem which
is closely related to a large class of optimal control problems. This

algorithm is then endowed with additional features to produce the others



algorithms, each of which is directed towards different groups of optimal
control problems.

The class of problems which can be treated by means of the algorithms
to be presented includes minimum-energy, minimum-fuel and minimum-time
discrete and continuous optimal control problems with linear dynamics and
a finite number of convex state space constraints. As will be seen from
the examples presented, the algorithms are fast enough to be usable for on

line control in many practical situations.



II. GEOMETRIC PROBLEM AND PRELIMINARIES.

It has already been demonstrated in [2 - 11], that a number of optimal
control problems can easily be transcribed into a problem involving two
convex compact sets: a target set T which is fixed and a reachable set,
R()), depending on a scalar parameter A which is usually the cost.

We shall now state this geometric problem and develop some of its
properties which we shall need later.

Problem 1:

Given a convex compact subset T of a real Hilbert space ﬂ# and a map-
ping R(-), from a compact subset A of the reals into all the subsets of
¥, satisfying

(i) R()) is convex and compact for all XA in Aj

(i1) R(') CR(\") for all X', A" in A such that A' < \";

(1ii) R(.) is continuous on A;

Find a A in A and an x in T such that A < A for all X in

{A€A| RO) NT # 6} and x € R(A).

Remark: By R(-) continuous on A we mean that given any neighborhood
N(R(A)) of R(A) there exists a neighborhood N(A) of A in A such that for
all ' € N(A), R(A") CN(R(A)). Note that Problem 1 differs from the

problems considered previously in the literature in two very important

respects. In Problem 1 , the set T is not required to be strictly convex
and the mapping R(.) is not required to satisfy R(\) strictly convex for

all A in A. We shall see later that this enables us to consider optimal

TWe use (.,.) to denote the inner product in (.
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control problems with polyhedral target sets, as well as optimal control
problems with dynamics which are not completely controllable. It should
also be noted that the continuity required of the mapping R(.) is weaker
than the continuity usually required in the literature, as for example
Hausdorff continuity. Consequently Problem 1 is extremely general and,
as a result, a large number of problems can be transcribed into the form
of Problem 1.

Theorem 1. The set {» € A| R(A) N'T # @} is compact.

Proof: 1In order to prove this theorem, we shall show that the set

R={A € A] R(A) N'T = @} is open. Suppose that R is empty, then obviously
R is open; now suppose that R is not empty and let A be in R. The defini-
tion of R implies that R(A) N T = . R(\) and T are closed subsets of a
Hilbert space, then there exists N(R(A)) and N(T) disjoints neighborhoods
of R(\) and T respectively. The continuity of the mapping R(.) on A im-
plies that there exists N(A), a neighborhood of A in A such that

R(A") C N(R(A)) for all A' in N(A). It follows that N(A), neighborhood
of A in A belongs to R i.e. R is open. This implies that the set

{» € A| R(A) NT = @} is a closed subset of A which is compact and is
therefore compact.

Remark: Theorem 1 shows that Problem 1 is well defined.

Definition 1. Let P(-,Q) be the mapping from # x ¥ into all the subsets

of ¥ defined by

@B P(v,s)={x€3(’|<s,x-v>=0}

Theorem 2. The set {A € A| R(A) N P(v, s) # @} is compact for all v and



s in #. The proof of Theorem 2 is basically the same as the proof of
Theorem 1 and is therefore omitted.

Definition 2. Let V(.) be the mapping from # into all the subsets of T

defined by
(2) V(s) = {v€rT| (s, x-v) <0 for all x in T}.

Remark: The compactness of T implies that the mapping V(.) is well defined.

Definition 3. Let Am and )‘max be respectively defined by

in

min {) € A};

>
[l

min

max {\A € A}.

>
[}

max

Definition 4. Let Q(.,.) be the mapping from # x I into A defined by

A pax when P(v, s) NMR(A) = @ for all ) € A;

(3) Q(v, s) = |min {x € A| P(v, s) NR(A) # @) otherwise.

Definition 5. Let z(., ., .) be the mapping from # x ¥ x ¥ into ¥ defined

by:
1) z(a, b, ¢) € [b, c]';
(1) U z(a, b, c) - al <lz - al  for all z € [b, c].
It is not difficult to see that z(., ., .) is jointly continuous in all

its arguments.

Definition 6. Let (., ., .) be the mapping from ¥ x 4 x ¥ into o

~rNot:e: Given two points b and c in ¥, the set {y € I( ] y
= Vb + (1-v) ¢, 0 < v < 1} is denoted by [b, c].



defined by:

(4) w(a, b, &) =0 b - al? =1 2(a, b, ¢) - al®

Obviously, $(., ., .) is jointly continuous in all its arguments.
* % % * * % *
Theorem 3. Let a , b , ¢ be points in H such that {b -a , b - ¢ ?> 0.
* * k% * *
Then ¢y = y(a , b , ¢ ) > 0 and there exists neighborhoods N(a ), N(b )
* * % %
and N(c ) of a , b and ¢ , respectively, such that

*

* *
¢(a, b, c) 3_%—-> 0 for all a in N(a ), for all b in N(b ), for all c in

*
N(c ).
* * % *
Proof: It is easy to show that if (b -a , b =-c¢ ) > 0, then
*

x % % * *
¢ =¢(a,b , c) >0. The existence of the neighborhoods N(a ), N(b )

*
and N(c ) now follows from the continuity of the mapping (., ., .).



II1. ALGORITHM FOR PROBLEM 1.
We shall now give an algorithm for solving Problem 1 . This algorithm
requires the knowledge of two initial points, one in the set T and one in

the set R(Amin). We assume that we can compute exactly a v, in V(Si) and

i
Q(Vi’ si) at each iteration, as required by the algorithm. We shall see

later from the examples to be presented, that this assumption is entirely
justified. Finally, in order to obtain meaningful results, we must suppose
that Problem 1 has a solution, i.e. we shall assume that there exists a

XA in A such that R(A) N'T # @.

Algorithm 1:
: (S (S =
Step 0: Compute an X, T and a Yo R(Amin). Let i = 0 and go to Step 1.

Step 1: If vy is in T set x and go to Step 2, else go to Step 2.

i 7
Step 2: If ﬂyi - xi" = 0 stop, else go to Step 3.

Step 3: Compute s, = Y; ~ Xy and a point v, in V(si) as defined in (2).

i i
Step 4: 1If (si, y-vy ) > 0 for all y in R(Amin), compute Q(vi, Si) as
defined in (3), set Ai = Q(vi, si) and go to Step 5, else set Ai = Amin
and go to Step 5.

Step 5: Compute a w, in R(ki) satisfying (si, w, - vy ) <o0.

Step 6: Compute Vi1 in [yi, wi] and X in [xi, v1] such that

- X

I Yi+1

41 Il <0ly-x1l for all x in [xi, vi] and for all y in

[yi, wi]. Let 1 = 1 + 1 and go to Step 1.

Lemma 1. Consider the sequences {xi}, {vi}, {yi}, {wi} and {Ai} generated
by Algorithm 1 , then:
(i) the sequences {xi} and {Vi} are in T;

(ii) the sequences {yi} and {wi} are in R(});



(111) (y, - x, v, - wi) > 0 for all i;

dv) (x - vy ) > 0 for all i;

i~ %
(v) the sequence {l Yy~ ¥y I} is monotonocally decreasing;

(vi) the sequence {A,} satisfies: A, < X for all i.

Proof:

(1), (1ii), (iv) and (v) are self evident.

(vi) By assumption, Problem 1 has a solution i in A, It follows

that if Ay = Anin® then A, f_i.

Hence the only interesting case to consider is when (Si’ y-vy ) >0
for all y in R(Amin). Suppose that this is indeed the case and that
Ai = Q(vi, Si) > i. Then the definition of Q(Vi’ Si) implies that
R(i) N P(vi, Si) = ¢. But R(i) is convex and contains R(Amin): therefore
(si, y- vy ) >0 for all y in R(;). Now, by construction, (si, x - v, ) <0
for all x in T, and hence R(;) and T must be disjoint, which contradicts
the definition of A. It follows that if (Si’ y - vy ) >0 for all y in
A

R(A ;) then A, <

(ii) is self evident in view of (vi).

x * % %
Theorem 4. Any accumulation point (x , v , ¥y , w ) of a sequence

{xi, Vis Yy» wi} generated by Algorithm 1 satisfies:

(5) <x* - y*, % - v )

]
o

(6) (y* - x*, y* -

1]
(=]

Proof: Consider an infinite sequence {xi, Vi Yyo wi} generated by

*

* % *
Algorithm 1 and let {x , v, y , w } be an accumulation point of this



sequence, then there exists K, a subset of the integers such that the
* % % %
subsequence {(xi, Vis Vi wi)}K+ converges to (x , V , ¥y , W ).

From Lemma 1 we have:

(x; =y % - vy ) > 0 for all i.

It follows by continuity of the scalar product that

* *
(x - y,x -v ) >0,

* * & *
Suppose that (x -y ,x -v ) > 0, then theorem (3) implies that:

* * * *
v =9y ,x,v)>0

% * * * % *
and that there exist neighborhoods N(y ), N(x ), N(v ) of y , x and v

respectively such that:

*
Ix - y“z - “z(y, X, V) - y"z > ZL

* * *
for all y in N(y ), for all x in N(x ), for all v in N(v ). This in turn

implies that there exists a positive integer k such that:

*
2 2 ¥
“xi - yi" - "z(yi, X5 vi) yi“ 2_2

for all 1 > k, 1 in K.

Now by construction, z(yi, X Vi) € [xi, vi] and the definition of Yi+1

+Note: Let {xi} be a sequence and K be a subset of the integers then we
denote by {xi}K the subsequence of {xi} consisting of all the x,; such that
i belongs to K.



and X4 implies that

| - -
Iyia1 = gyl < l2Grys x5 v) -yl
It follows that

X

2y
I
27

ly, - x 12 - Iy, . -
vy = x1t -y,

i+l

for all i > k, i in K. But this contradicts the fact that {(xi, yi)}K

* % * % %
converges to (x , y ) and hence we must have {x -y , x -v ) = 0.

* %
The proof of (6) is done exactly in the same manner, replacing x , y

* % % *
and v byy, x and w .

Theorem 5. Consider the monotonocally decreasing sequence {"yi - xi"}
generated by Algorithm 1 . Then either the sequence is finite and its
last element “yk - xk” satisfies “yk - ka = 0 or it is infinite and the

sequence {"yi - xi"} converges to zero.

Proof: First suppose that the sequences {xi} and {yi} generated by the
algorithm are finite. Then since the only stop command of Algorithm 1
is in Step 2, X, and Yie must satisfy "yk - xk“ = 0. Now suppose that
the sequences {xi} and {yi} are infinite. Consider the sequence

{(xi, Vis Yyo wi)} in # x # x ¥ x . The points x; and v, are in T

which is compact, the points y;» W, are in R(A) which is also compact.

i
In other words the sequence {(xi, Vis Yy wi)} is in T x T x R(A) x R(})

which is compact. It follows that there exists a subset K of the integers
such that the subsequence {(xi, Vi Vi wi)}K converges to a point

*

* * % ~ ~
{((x, v,y ,w)lof TxTxR(Q) x R(O).

-10-



From Lemma 1 we have:

(yg - x5 vy =Wy ) > 0 for all i.

It follows by continuity of the scalar product that:

* * *
(€] (y - x*, v -w ) >0.

The following equality is easy to establish:

* * * * * * * * * * * * * *
(y =x,y -w ) =1y -x“2+(y -x,v —w)l+ly -x,x -v )

1t follows, using (5) and (7) that
* x % * %*
S S S i LN
* *,2
Relation (6) shows that ly - x [© = 0. Since the decreasing sequence

{“yi - xiﬂ} possess a subsequence which converges to zero, the sequence

{“yi - xi“} itself converges to zero, which completes our proof.

Theorem 6. If the sequence {Ai} generated by Algorithm 1 is finite then

max A, = A
1 i

and if the sequence {Xi} is infinite then

sup A, = A
i i

Proof: Let X be defined by
A = max Ai when the sequence is finite,

i

~11~



A = sup A
i

1 when the sequence is infinite.

The compactness of A implies that A is in A. By definition, R(i) NT# ¢.
Suppose that A < A, then it follows that R(\) and T are disjoint. Now T
and R(\) are convex, compact subsets of a Hilbert space # and therefore
there exists an ¢ > 0 such that lx - yll > ¢ > 0 for all x in T and y in

R(A). The definition of A i.e. A, < A for all i, implies that lx - yl > e >0

i
for all x in T and y in R(Ai), i.e., “xi - yi“ > ¢ > 0 for all i, contradicting

Theorem 5 . Therefore A > A, and since by Lemma 1 , A, < A for all i, we

i

conclude that A = A, and the Theorem is proved.

Remark: The sequence {Ai} generated by Algorithm 1 does not necessarily
converge to A. However Theorem 6 does show that the sequence {Xi} has
a subsequence which converges to A. This fact can be incorporated in a

heuristic stopping rule for Algorithm 1 , which could partly be based on

the rate of increase of the sequence {ui} defined below.

Definition 7: Let {Ai} be a sequence computed by Algorithm 1 in the

process of solving Problem 1 . We associate with this sequence a sequence

{ui} defined as follows,

= max {A j < 1} for every i.

My y |

Lemma 2. Let {Ai} be a sequence computed by Algorithm 1 and let {ui}
be the sequence obtained by using Definition 7 , then either the sequence
{ui} is finite and its last element M satisfies My = A or it is infinite

~

and the sequence {uk} converges to A.

~12~



IV. DISCRETE MINIMUM ~ ENERGY OPTIMAL CONTROL PROBLEMS

We shall now show how a class of discrete, minimum-energy, optimal
control problems can be transcribed into a slightly modified form of
Problem 1 . We shall also present a few specific problems in this class
which were solved by means of Algorithm 1 in order to give the reader
a feel for the numerical behavior of this algorithm.

The specific class of discrete minimum energy optimal control
problems we shall consider is the following one,

Problem 2:

Minimize % (uj)2
3=1
subject to
(8) zj = Aj zj_1 + bj uj j=1,2 ... N
) zg = 20;
(10) zZy € T;
(11) lWd] <1 j=1,2...0m

where, for j =0, 1, 2 ... N, z, € E" is the state of the system at time

k|
1, 2 ... N, u) € E1 is the input at time j. The matrices

j and, for j
A. and b, are real and are of dimensions n x n and n x 1 respectively,

h| 3

for j =1, 2 ... N. The set TC E" is assumed to be compact and convex.

~-13-~



As an intermediate step in transc¢ribing Problem 2 into the form
of Problem 1, it is convenient to rephrase this optimal control problem

as a convex programming problem as follows. Let

~

(12) ry = Ay Byg - A1 23
(13) rj=ANAN_1 ...Aj+1 bj j=1, 2 ... N-1;
(14) g = bye

then Problem 2 becomes

N
Minimize E: (uj)
i=1
subject to
N
W g+ T, w)ET
j=1

) <1 3=1,2... N

To complete the transcription in the form of Problem 1 , we define A and

R(.) as follows:

Definition 8. Let A be the subset of the reals defined by:

(15) A=0EE o< <N}

Definition 9. Let R(.) be the map from A into all the subsets of E"

-14-



defined by:
N N
7.2
16) RQ) = {y € D]y = ry + > T, o, W3] <1, PECONRRY
j=1 j=1

The following result is obvious.

Theorem 7. The mapping R(.) defined in (16) has the following properties:
(1) R()) is convex and compact for all A in A,
(11) R(O') CR(O") for all A', A" in A such that 1A' < A"
(ii1) R(A) is continuous on A.

We now see that Problem 2 can be restated as a sequence of two problems.

Problem 3. Minimize )\ subject to
AEA RQA) NT# ¢

where T, A and R(.) are defined as in (10), (15) and (16) respectively.

Problem 4. Given that X is the solution of Problem 3 find the sequence

ul, cees o with the properties that

N
a3 2 ~
W 5 @h=n
3=1
N
) (g + D ryud) €T
3=1

(1i) |3 <1, =1, 2 ... N

-15-



Consequently, if we wish to solve both problems simultaneously we must
add a few pperations to Algorithm 1 in order to take care of Problem
4 . These will be stated in Algorithm 2 below. Since this is a
specific algorithm, it contains exact instructions for carrying out the

computations required by Algorithm 1.

Notation: We shall denote by u the sequence of controls (ul, u2> cees uN).

Different control sequences will be denoted by U, U, etc.

Remark: Algorithm 1 may generate infinite sequences and therefore,
from a practical point of view, some sort of truncation of the sequences
must be included in the algorithm in order to obtain finite computational
time. The positive scalar ¢ introduced in Algorithm 2 fulfills this

purpose.

Algorithm 2: Let ¢ > 0 be given.

Step 0: Compute rj, j=0,1, 2 ... N using (12), (13) and (14). Compute

e = = =
an x, T, set Yo = To» Yo 0, i =0.
Step 1: 1If vy is in T let X =y and go to Step 2, else go to Step 2.

Step 2: If in - xi“ < € stop, else go to Step 3.

M = - E .
Step 3 Compute_si Yy T Xy and a point v, V(si)
Step 4: 1If <Si’ Ty~ vy ) < 0 set u, = o, w, =1, and go to Step 6,

else go to Step 5.

Step 5: Compute a scalor Vv < 0 satisfying

N
2: (rj, sy ) sat {vr
j=1

j’si)=(vi-r0’si).

-16-



If no such v exists, Problem 2 has no solution, stop,.

else set

3

u

+ .
; = sat (vrj, s; Y ', j=1,2, ..., N;

€
]

i + EE_ rJ ui,

and go to Step 6.
: (S
Step 6: Compute X1 [xi, vi]
S
and ¥4 € Dygo Wyl

satisfying

“yi+1 - xi+1“ < ly - xl

for all x € [xi, vi], for all 'y € [yi, wi].

Step 7: Compute £ € [0, 1] such that

yi+l = (1"5) Yi + £ Wi

and set LI (1-&) uy + £ uy

+1

N
Step 8: Let Ai+1 EE (ui+1

set 1 = i+l and go to Step 1.

t . 1 1

Note: The function sat (.) : E* > E* is defined by
sat (@) = o if |a]| <1

sat (¢) =1 if ¢ > 1

sat (o) = ~-1if a < -1

-17-



In view of Lemma 1 and Theorem 5 , the following result is clear.

Theorem 8. When Problem 2 has a solution, Algorithm 2 generates

finite sequences

}k k k

oy ok
ey ticor D93dim00 Tugdig and 450

x4
such that

N
(1) yk=r0+z r uJER(Ak);

(1) x € T;

(iii) ﬂyk - xk" < €3
N
. 2 ~ ~
(Av) A, = Z (u13<) < A, where A is the optimal cost for Problem 2;

@ Il <1 3=1,2..w

Remark: The definition of R(Ak) implies that
N
= je
Y = To + Z rj u R()\k).
j=1

By (ii) in Theorem 7, R(Ak) CR(\). Together these two facts imply that

Vi € R()).

The reader can see easily that if vy is determined in Step 4 of

Algorithm 2 then (si, w, - vi) < 0, and if w, is computed in Step 5

i

of Algorithm 2 then <Si’ w,o- vy ) = 0. 1In either case LA satisfies

-18-



(si, LA ) < 0 as required in Step 5 of Algorithm 1.

i

Computational results

In order to obtain an idea of the computational behavior of Algorithm

2 , Problem 2 has been solved for:

(17) n =10
(18) N = 50
09 0 0 ©0 ©0 ©O0 ©0 O0 O 0
O 0.9 0 0 0 0 O ©O0 0 O
(19) A, =
3 o o0 05 0 0 0 0 0 0 0
o o0 ©0 05 0 0 O 0 0 0
o 0 ©O0 ©0 09 0 0 0 0 0
o o O0 ©O0 0 09 0 O 0 O
o o o0 O0 o0 0 0.6 0 0 0
o o o0 ©0 o0 0 ©0 0.6 O 0
o o o0 o 0 0 ©O0 ©0 0.9 0
o 0 0 0 ©0 O0 0 0 0 0.9
for 3 =1, 2 ...50
(20) by = (7.6, 7.6, .1, .1, 15.2, 15.2, 0.1, 0.1, 7.6, 7.6)
for § =1, 2 ... 50
(21) ;0 = (3000, 3000, 1000, 1000, 6000, 6000, 1000, 1000,

3000, 3000)

~19-



Algorithm 2 was programmed in Fortran IV and the computations were
carried out on a CDC 6400 computer. The value of ¢ used in the algorithm
was taken to be 0.2. The problem was solved for 3 different target sets

T: a point, a ball and a cube in E".

Case 1: T = {t}, i.e., T is a point in E", with
(22) t = (0.6, 0.6, -0.07, -0.07, 1.2, 1.2, -0.08, -0.08, 0.6, 0.6)

The problem was solved in 2 iterations, the computation time being 1.21

second. The terminal cost was found to be 0.727.

Remark: The system defined in Problem 2 with Aj and b, as given in (19)

|
and (20) is not completely controllable and hence R(.) is not strictly
convex. Incidentally this fact also made it somewhat difficult to comstruct

a target set for which a solution exists.

Case 2: T is a ball in En, i.e.,

(23) T

{x | XP x + pT x + 7 < 0}
where P = I, the n x n identity matrix

(0.8, o, 0, 0, 0, 0, O, O, 0, 0)

o
1]

T =-9

The origin in E" was used as the initial point x, € T for Step 0 of

0
Algorithm 2 . The problem was solved in 15 iterations, the computation

time being 1.68 seconds. The terminal cost was found to be 0.725.

-20-



Case 3: T is a unit cube in En, i.e.,

(24) T={x€E |xf] <1 1=1,2...n)

The origin in E" was used as the initial point X, € T in Step 0 of
Algorithm 2 . The problem was solved in 52 iterations, the computation

time being 7.68 seconds. The terminal cost was found to be 0.734.

Remark: Because of lack of space we do not give the values of the sequence
{xi}, {vi}, {yi},'{wi} and'{ui} generated by Algorithm 2 for the

cases 1, 2 and 3. However, we think that an indication of the number of
iterations and of the computation times should be sufficient to give an

idea of the behavior of Algorithm 2 in the three specific cases considered.
We stated the final value of the cost in each case in order to indicate that

the three cases considered are in some sense "comparable".

Remark: At this point, it must be obvious to the reader that Algorithm

‘2: can be modified easily to solve problems which differ from Problem 2

N . N .
only in that they use the cost function I |u)| instead of = (ud) .
j=1 j=1

N .
Problem 5: Minimize I IuJI subject to (8), (9), (10) and (11).
3=1

To solve Problem 5 we use Algorithm 2 with the Step 5' below

replacing Step 5.

Step 5': Compute a scalar v < 0 satisfying

(rj, sy ) EE;'((vrj, sy ») Z.(Vi - Tp» Si)

‘M =

[ -7
[}
)

-21-



and

N
(rj, s; ) dez ((vrj, sy ) j_(vi - rO’.Si>
j=1

where dez(.) and dez(.) are functions from El into El defined by

.
0 if |a] <1
dez(a) =¢ 1 if o > 1

-1 if a < -1

.

(0 if la] < 1

dez(a) =¢ 1 if a > 1

-1 if o < -1

\

If no such v exists, Problem 5 has no solution, stop, else set

;i =1 if (vrj, sy ) > 1

;i =0 if l(vrj, sy Y] <1

i{ =1 if (vrj, s;) <-1

let J = {j| I(vrj, sy Y| # 1}

o
I

= {j| <vrj, s ) 1}

-1}

o
]

(il (vrj; sy )

then the ﬁi » j € J, U J_ are determined by solving the following trivial

problem:
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find scalars Gi » J € J, U J_, satisfying

() 0<w) <1 j€ 3
(b) —lf_ﬁgf_o i€ I
~3 _ - _ ~J
(c) ZE (rj, s; ) uy = (vi rys Sy ) :E. (rj, s; ) uj
3,93 jEI
N

= ~3
Then let W, =T, + Z{ rj uy and go to step 6.

j=1

In view of Lemma 1 and Theorem 5 the following result is clear.

Theorem 9. When Problem 5 has a solution, Algorithm 2 , with Step 5'

k k

i=0’ { i=0

replacing Step 5, generates finite sequences {xi}§=0, {yi} }

Ui
and {A }k such that
1" i=0

N .
(1) y = 1o+ O Ty v € ROYS
j=1

(i1) X € T;

(iii) "yk - xk" < g3

< X, where X is the optimal cost for Problem 5;

>
g
]

M =
e
=

A

(iv)

) Iuil <1 j=1,2...N
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V. A SPECIAL CASE OF THE GEOMETRIC PROBLEM:

So far, we have always considered Problem 1 in its most genéral
form. We shall now consider a special case of Problem 1 and obtain
for it a specialized form of Algorithm 1 . As we shall later see, dis-
crete minimum time optimal control problems reduce to this special case

of Problem 1.

Problem 6: Given two convex compact subsets T and R of a real Hilbert
space ¥, find a point in T N R. Problem 6 is a problem of the form of

Problem 1 , with A containing only one point.

Algorithm 3:

Step 0: Compute an X, €T, a Yo € R and set i = 0.

Step 1: 1If vy is in T set X, =Yy and go to Step 2, else go to Step 2.
Step 2: If ﬂyi - xi“ = 0 stop, else go to Step 3.

Step 3: Compute 8, T Yy " Xy

Step 4: Compute v, € T satisfying (Si’ vy ) Z_(si, v) for all v in T.
Step 5: Compute ;i € R satisfying <si, ;i ) f_(si, w ) for all w in R.
Step 6: If (si, 5& - vy > > 0, stop, Problem (6) has no solution, else
go to Step 7.

Step 7: Computg Yi41 in [yi, G&] and X1 in [xi, vi] such that

"yi+1 - xi+1" f_“y - xl for all x in [xi, vi] and for all y in [yi, G&].

Let i = i+l and go to Step 1.

In view of Lemma 1 and Theorem 5 the following result is clear.

Theorem 10. When Problem 6 has a solution i.e. when T N R # 0,
Algorithm 3 generates sequences in} and'{yi} in T and R respectively

such that:
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(i) the sequence {“yi - xi“} is monotonocally decreasing;
(ii) when the sequences {xi} and {yi} are finite, their last element
satisfies “yk - xk" = 0;
(iii) when the sequences'{xi} and‘{yi} are infinite, the sequence

'{“yi - xi“} converges to zero.

Theorem 11. When Problem 6 has no solution i.e. RN T = ¢, Algorithm

3 stops in Step 6 after a finite number of iteratioms.

Proof: Let R NT = ¢, then Algorithm 3 cannot stop in Step 2. Suppose
that Algorithm 3 does not stop in Step 6 after a finite member of
iterations, i.e. it generates an infinite sequence {(xi, vi, yi, 5&)}.
The compactness of R and T implies that there exists an infinite subset
of the integers K such that the subsequence {(xi, Vis Vyo ;i)}K

* k Kk —%
converges to some point, say (x , v, ¥y , w ). From Theorem 4 we get:

* x % *
(x -y,x -v ) =0

and
* x Kk —k
(y -=x,y -w ) =0.
* *  — * * %, 2 .
This implies that {y -x , w -v ) = ly" = x ", By assumption R and

*

] 2
T are convex, compact and disjoint, therefore ly - x i1 > 0. It follows

by continuity of the scalar product that there exists a finite integer

k € K such that

- - i €
(yi Xio Wy -V > >0 for all i > k, Kk EK

i.e. <si, G& - vy ) >0 for all i >k, k € K. This contradicts the hypothesis

that the algorithm doesn't stop in Step 6 after a finite number of {iterations
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and therefore the theorem is proved.

Remark: Theorem 11 is extremely important in that if Problem 6 has
no solution, then Algorithm 3 will indicate this fact in a finité number
of iterations i.e. in a finite time.

The author's computational experience leads them to suspect that the

following conjecture is true.

Conjecture 1. If (int T) MR # ¢, then Algorithm 3 generates finite

sequences {xi}lj;1 and {yi}?=1 such that "yk - xk" = 0 i.e., the solution

of Problem 6 1is obtained in a finite number of steps.
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VI. DISCRETE MINIMUM-TIME OPTIMAL CONTROL PROBLEMS.
In order to show the versatility of Algorithm 1 , we have adapted

and used it to solve a few discrete minimum-time optimal control problems

which we shall now describe.

Problem 7: Minimize the integer N subject to

(25) zj = Aj zj_1 + bj uj j=1,2 .., N
(26) zy = ;0;

(27)’ Zy €T

(28) lud] <1 j=1,2 ...

where, for § = 0, 1, 2 ..., zj € E" is the state of the system at time j,
and, for j=1, 2 ..., uj € B is the input at time j. The matrices

Aj and bj are real and are of dimension n x n and n x 1 respectively for
j=1, 2 ... . The set TC E" is assumed to be compact and convex. As
an intermediate step in transcribing Problem 7 into the form of Problem

1 we rephrase this optimal control problem as a convex programming pro-

blem as follows. For N=1, 2 ..., let

(29) rg() = Ag Ay L ..o A zgs
(30) rj(N) =A A, - Aj+1 bj j=1,2 ... N-1;
(31) Ty () = by.
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then Problem 7 becomes: minimize the integer N subject to

N
(32) (r) + 3 r,(u)) €7
3=1

(33) lWd] <1 3=1,2...1N

The transcription in the form of Problem 1 1is completed by defining

A and R(.) as follows:

Definition 10. Let A be the subset of the reals consisting of the positive

integers.

Definition 11. Let R(.) be the map from A into all the subsets of E"

defined by:
N

(34) RM) = {yGEnIy = rO(N) + Z I ul, |uJ| <1 j=1, ...N}
j=1

Problem 7 can now be seen to be equivalent to the following one.

Problem 8: Find the smallest positive integer N such that R(N) NT# ¢
where R(N) is defined by (34).

At this point it must be obvious to the reader that for a fixed
positive integer N, the sets R(N) and T are convex and compact, it follows
that the solution of Problem 8 can be obtained by trying to solve a

sequence of problems of the form of Problem 6 with N=0,1, 2 ....,

Theorem 11 shows that Algorithm 3 will indicate that R(N) N T is empty
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in a finite number of steps if N < ﬁ. We note that the solution éf
Problem 7 consists of ﬁ, the optimal number of steps and of
; = (;1, ;2 .o ;N), a sequence of scalars satisfying (32) and (33).
The algorithm we are about to Aescribe includes a feature which generates

automatically this control sequence.

Algorithm 4: € > 0 is given.

)]

Step 0: 1If Z, € T, stop, else set N = 1 and go to Step 1.

Step 1l: Compute rj(N), j=0,1, 2 ... N using (29), (30), (31) and an

Xy € T; set Yo = ro(N), uy = 0 and i = 0.

Step 2: If vy €T, set x Yy and go to Step 3, else go to Step 3.

i
Step 3: 1If “yi - xi" < € stop, else go to Step 4.

. = - S .
Step 4: Compute P P and a point vy V(si)
Step 5: 1If (81’ ro(N) - vy ) <0, set uy = o, ;i = rO(N) and go to Step 7.

If (si, rO(N) - vy ) > 0 set ;i = ~ sgn (si, rj(N) >y =1, 2 ... N;
N

= _ o

vy = ot 2 T, My,
3=1

and go to Step 6.
Step 6: If <si, 53 - vi? >0, set N=N+ 1 and go to Step 1, else go to
Step 7.

Step 7: Compute X1 € [xi, vi] and Yis1 € [yi, wi] satisfying:

- - € w
"yi+l xi+1" < lly - xll for al1 y [yi, wi],

for all x € [xi, Vi]'
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Step 8: Compute £ € [0,1] such that

set Ui S (1-¢) uy + £ u, 3

set i =i + 1 and go to Step 2.

In view of Lemma 1 and Theorem 5 , we now get the following result:.

Theorem 12. If Problem 7 has a solution, then Algorithm &4 generates

finite sequences {xi], {Yi}, {ui} such that their last term satisfies:
N

1)y =y + D xS (N)ui;
j=1

(ii) “yk - xk" < €, where X, € T;

(iii) N < N the solution of Problem 7;
(iv) Iuil <1,3§=1,2...N.

Computational results:

~

We use again the system described in section IV i.e. n, Aj’ bj and 2,
are giﬁen the values defined in (17), (19), (20) and (21). The value of
€ used in the algorithm was taken to be 0.2. Again the Minimum Time
Optimal Control Problem was solved with the target sets: a point, a ball

and a cube.

Algorithm 4 was programmed in Fortran IV and the computations were
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carried out on a CDC 6400 computer.

Case 4: T = {t} where t is defined by (22). The solution of the problem
was obtained in 2.52 seconds. The minimum number of steps necessary to

reach the prescribed neighhorhood of T was found to be 37.

Case 5: T is a ball in E" defined as in (23). The origin in,En was used
as the initial point X € T. The problem was solved in 2.33 seconds. The
minimum number of steps being 36.

Remark: Due to the particular structure of Algorithm 4 and the fact
that in this experiment the target set T has an interior, the algorithm

generated a point in the interior of T in a finite number of steps, which

support Conjecture 1.

Case 6: T is a unit cube in E" defined as in (24). Again, the origin in
E" was used as the initial point X, € T.

The problem was solved in 2.18 seconds, the minimum number of steps
necessary to reach T was found to be 36. As in the preceding case, the
algorithm generated a point in the interior of T in a finite number of

steps.
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VII. CONTINUOUS OPTIMAL CONTROL PROBLEMS.

A large number of continuous optimal control problems can be cast
into the form of Problem 1 . However, when the approach defined in
section III is applied to continuous optimal control problems, the
computati®nal difficulties encountered can (but need not) be considerably
greater than in the discrete case. 1In order to show how computational
difficulties arise, we shall examine a specific continuous minimal-time

optimal control problem.

Problem 8:

Consider the system described by the differential equation
(35) 2(t) = A(t) z(t) + b(t) u(t)

where z(t) € E" is the state of the system at time t, u(t) € E1 is the
input at time t and A(.) and b(.) are continuous matrix valued functiomns
of dimensions n x n and n x 1, respectively. Let U[to,m) be the set of

all Lebesgue-measurable functions u(.) from [to,m) into E' satisfying:
|u(t)| < 1 for almost all t in [to,w).

Given the initial state z(to) = 0 at time ts and a convex compact
target set T in E" find the smallest time ; in which the system (35) can
be taken from z(to) = 0 to T by a control function ;(.) in U[to, E].

We shall suppose that a solution to Problem 8 exists and that we

know a tmax < = gatisfying



Definition 12. Let A be the set

1
= {t €
A={t€E |t0 <t )

Definition 13. Let ¢(.,.) be the state transition matrix of system (35) i.e.

(1) ¢(t0’ to) = I3

(1) L 4(e, ) = A 6(t, ty).

Then, since z(to) =0,

t

(36) z(t) = f ¢ (t, T)b(t)ulr)drT.

%o

Definition 14. Let R(.) be the mapping from A into all the subsets of

E" defined by:

t

(37) R(t) = {y|y =[ ¢ (t, t)b(t)u(r)dr; u(.) eU[to, t]}

%o

The following result is classical and is given without proof (see [2]).

Theorem 13. The mapping R(.) as defined in (37) satisfy,
(i) R(t) is convex and compact for all t in A;

(ii) R(t') CR(t") for all t', t" in A such that t' < t'";
(iii) R(.) is continuous on A.

It follows that Problem 8 can be rewritten in the following form

Problem 9. Given a convex compact subset T of E" and a mapping R(.) from
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A into E® defined by (37), find t in A satisfying
R(t) NT # ¢;
t < t for all t such that R(t) N T # ¢,

It must be obvious at this point that Algorithm 1 can be applied to

Problem 8 . We note that in this case, Q(v, s) is defined by:

t ax when P(v, s) MR(A) = ¢ for all X € A;

(38) Q(v, 8) =|min {t € A|P(v, s) NR(t) # ¢} otherwise.

The quantity Q(v, s) can be characterized in a different way.

Definition 15. Let f be a mapping from A x E® x E® into E' defined by

t
(39) f(t, v, 8) = -(s, v) - f (o(t, T)b(1), s sgn {(t, T)b(T), s dr
t

0

Lemma 2. When the set {t € A|P(v, 8) NR t) # ¢} is not empty then
Q(v, s) satisfies:
(1) £(Q(v, s), v, 8) <0

(i1) Q(v, s) < t for all t in A such that
£(t, v, s) < 0.

The algorithm needed to solve Problem 8 is now given.
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Algorithm 5:
Step 0: Compute an X, € T and set Yo = o, uO(.) =0, i = 0.

Step 1: 1If Yy €T, set x and go to Step 2, else go to Step 2.

19
Step 2: 1If “yi - xi“ < € stop, else go to Step 3.

Step 3: Compute 8y T Y T X and a point v

Step 4: 1If <si, A ) > 0 set ;i(.) =0, w

(=
1 V(Si)'

1= 0 and go to Step 6, else

go to Step 5.

Step 5: Compute t, satisfying:

i

ti = min {t 2_t0| f(t, vi’ Si) f.O}

then compute ;i(.) - sgn (¢(ti, IDb(.), si>

t

i ~
w, = [ ¢(ti, T)b(T)ui(T)dT

%o

and go to Step 6.

. € € :
Step 6: Compute x 1 [xi, vi] and Yi41 [yi, wi] satisfying

i+

"yi+l - xi+l“ < ly - xll for all x in [, vi], for all y in [y, wi].

Let i = i+l and go to Step 1.

In view of Lemma 1 and Theorem 5 the following theorem is clear.

Theorem 14. When Problem 8 has a solution, Algorithm 5 generates

}k k

k : k
174=1" {Yi}igoa {ui}i=0’ and {ti}i=0 such that

finite sequences {x

t

k
(1) Yy = [ ¢(tk, T)b(t)uk(r)dr;

to
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(11) xk.-e T;

(111) llyk ~x 0 < e

(iv) tk < t, where t is the solution of the minimum-time optimal

control Problem 7;

(v) luk(t)l <1 for all t in [to, E].

A close examination of Algorithm 5 reveals several difficulties.
To compute ti in Step 5, we must solve the nonlinear programming problem:
minimize t subjeét to f(t, vy si) < 0. This problem is not amenable to
finite step solution. While procedures such as the Fibonacci search (see
[12]) can be used to obtain an arbitrarily good approximation in a finite
number of steps, the calculations can become quite time consuming because
of the need to integrate in calculating f(t, Vis si) as defined in (39).
In addition, one may have some difficulty in ensuring that the integration
subroutines used do not lead to an accumulation of excessive errors.

Because of the above mentioned difficulties, for efficient implemen-
tation on computer, the Algorithm 5 must be modified by the inclusion
of e-procedures, analogous to the ones outlined in [10]. Since one also
has to use e-procedures when one cannot compute exactly a v € V(s) in a
finite number of steps (as in the case when T is strictly convex and has
edges), and since these e-procedures are quite complex and difficult to
describe, the authors work on the use of e-procedures in solviﬁg Problem

1 will be presented in a separate paper.
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VIII. CONCLUSION.

This paper presented five closely related decomposition algorithms
for the solution of optimal control problems, The examples given, as well
as other experimental evidence available, indicated that these algorithms
are very efficient and that they do not suffer from undue ill-conditioning
effects.

Preliminary work indicates that the range of applicability of these
algorithms can be considerably extended by the addition of so called e-
procedures. These procedures are used to obtain various approximations in
a finite number of steps while preserving the convergence properties of the
algorithms. The authors will present their work in e-procedures in a

separate paper.
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