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REPRESENTING MARTINGALES AS STOCHASTIC INTEGRALS

Eugene Wong

I. Introduction

Let (Q,Q, () be a probability space and {Oi:’ 0<t<T) an
increasing family of sub-o-algebras. We assume that Q. and every OE
Iis complete with respect to@. Further, we assume that the family
{O-t, 0 <t <T} is right-continuous, i.e.,

(1) n a-=a.

s>t s t

Let {Xt:’ OE, 0sts T} be a sample continuous second dfder martingale.
Mayer [1] has shown that there exists a unique sample continuous in-
creasing process {At, 0 <t £ T} such that
(2) xi -A =Y, 0S¢€=T
is a martingale. For simplicity we shall assume Xt = 0.

Let B denote the o-algebra of Borel sets in [0,1], and consider
the measure
(3) U (dwde) = P(dw)A(w,dt)
defined on O’1® B. 1f y is equivalent to the product measure@(dw) dt

then there exists a Brownian motion {wt,a

(4)

e 0 < t £ T} such that

t
X, = Jf Yy d W
t 0 ] s

with probability 1. The integrand {y , 0 < t < T} is given by



) v @) = [P(dw) A(w,dC)}l/z‘

t P(dw) dt
Even if y is merely absolutely continuous with respect to d6>dt, a
representation of the form (4) still exists, but the adjunction of a
Brownian motion may now be necessary [2, p. 71].

We note that Y is absolutely continuous with respect to d Pdt
measure if and only if At(w) is absolutely continuous with respect to
the Lebesgue measure for almost all w. However, Eégéel is not auto-
matically jointly measurable. Hence, (5) is a more natural choice for
wt(w), although it may appear to be more complicated than necessary.
The condition that almost sure absolute continuity of At with respect
to the Lebesgue measure implies a representation of the form (4) was

discovered by Fisk [3], who made use of an earlier condition of Doob

[2, p. 449], namely, the existence of a wt(w) such that whenever t > s

© EaS(Xt - xs)2 =ft Eastpg dt.
5
Neither Fisk's condition nor Doob's condition is easy to verify.
We shall show that a sufficient condition for (4) is that there exist
positive constants o and £ such that

2420
E[x, - x|

(7 sup Tia < o,
0<|t-s|<B |e-s|

In addition, we shall consider a stochastic integral representation

which is more general than (4) but almost as useful. The sufficiency

condition (7) will be modified accordingly.
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II. A Stochastic Integral Representation

If X, can be represented as in (4) then we have

(8) t
E X2 = f sz ds.

t . s

0

Therefore, a simple necessary condition for (4) is that the increasing
function
2
9) F(t) = E XL
should be absolutely continuous (with respect to the Lebesgue measure).
Using this condition, we can generate at will examples of sample con-
tinuous second order martingales which cannot be represented as in (4).
Take, for example, a Brownian motion wF(t) with a scale F(t) which is
continuous, but singular with respect to the Lebesgue measure. Clearly,
wF(t) cannot be represented as in (4). An obvious modification of (4)

is a representation of the form

t
(10) X, = j; Vg dWg (o)

where the increasing function F(t), 0 < t < T, is defined by (9). If
F(t) is absolutely continuous with respect to the Lebesgue measure,
then (10) can be rewritten in the form of (4). In a sense (10) is a
more natural representation than (4), since the time scale F(t) is now
determined by the martingale itself.

Now, define the function
(11) Fl(t) = inf {s: F(s) = t}
and define a new process

(12) X, =X _, , 0%¢t<F()

The process {it, 0<ts< F(t)} is a martingale with respect to the



family of O-algebras {ai = C%'l(t)’ 0< ts F(t)}. Although Fi may be
discontinuous, {it’ 0<t< F(t)} is sample continuous with probability
1, and {&%, 0 tg F(t)} is right continuous. Hence, {it’ at,

0 < t< F(t)} is a sample continuous second order martingale with

(13) E)"(f =F(F L) = ¢

Now set

£ = inf {s: F(s) = F(t)} = F L(F(t)).

Then for every t € [0,T]

(14) Xe = X¢ = ;('F(t)

with probability 1. It follows that {Xt, 0<tg T} has a representa-

tion given by (4) if and only if {it’ 0<ts F(t)} can be represented as

(15) X =f$ dw.

I1I. A Sufficient Condition

Let {Xt,(2 0 tzs T} be a second order sample continuous

£?
martingale and let F(t) be defined by (9). Let {At, 0<t«x T} be the
increasing process defined by the Meyer decomposition (2). By virtue
of the correspondence between Xt and it’ it follows that if At is
almost surely absolutely continuous with respect to F(t), then Xt has
a representation given by (10). A more easily verifiable sufficient
condition is given as follows:

Theorem. Let {Xt’ Qﬁ, 0< tg T} be a sample continuous second

order martingale and let F(t) be defined by (9). Suppose that for

some finite positive constants o, B.and K



EIX - X 2+20.
t S

Fo e

(16) sup K<

|1+a -
0<|F(t)-F(s) |<B
Then Xt admits a representation of the form given by (10).

Proof: By'virtue of the correspondence given by (12) and (14),
we can assume
a7 F(t) = t.
Let {At} be the increasing process defined by the decomposition (2).
By the Lebesgue decomposition and Radon-Nikodym theorems we can write

t

(18; A W) = fo b, (s + B_ ().
We assume that {ws(w),se [0,T],we Q} has been chosen to be jointly
measurable. This can always be done, if necéssary, by defining ws as
in (5). In (18) Bt(w) is almost surely singular with respect to the
Lebesgue measure.

Now, from (2) we have
(19) EA_ = Exf- = t.
Therefore, if Ewt = 1 for almost all t in [0,T], then Bt is almost
surely equal to zero and At is absolutely continuous (Lebesgue measure)
with probability 1. Conversely, if At is absolutely continuous with

probability 1, then Ewt =1 for almost all t. Next, define wn(m,t)

as follows:
( 22
20) Y (w,t) = A _(w) - A (w)
n T VT v-1)T
VT ;n

2" 2

for ﬁziixl £t«< §§ V=1,2, ..., 2"

By an application of the martingale convergence theorem, Doob [2, p. 346]



dA_ (w)
has shown that for each W wn(w,t) converges to —g— for almost all t.

Hence for almost all (w,t) (dojdt - measure)

(21) lin y_(,t) = ¥ _@).

n->e

Since Ewn(w,t) = 1 for all t and n, E¢E = 1 provided that
(22) sow [ 4 @0 @) — o

n wn(w,t)>N N> 0
By assumption we have

Elxt-
It _ S|1+a

X I2+20t
S

(23) sup
0<|t-s|<B

= K < o

for some 0, B>0. We now proceed to prove that (23) implies (22).

Mayer [1, p. 118] has constructed approximations to At of the form

h e £0° (x§+h' xi)
(24) A = [ ds
t h
0
as 2
ft E (XS'H'I- X )
= h ds

h
and has shown that EIAt - At‘_EI6+ 0. Now set

AA = A—\LT-A\)_IT
(2“) 2“)

h_ ,h _ ,h
pA" = AlT Av_lT
(2") (2“)

where vV is the smallest integer greater than 2"(t/T). Then, from (20)

we can write

. 2n
Vole) =S AA

2% h h
< —,-I,-{AtA + |AtA - AtA|}.

Now, if B, C and D are positive random variables and



(26) 7 BL<C+D

then
27) delP < f(c+D)d6’
B2 N B=N
< f (C+D)d e
max (C,D)2N/2

2 j~ cd® + 2 f Dd P
(C>D,C>N/2) (D2C,D2N/2)

72}

< 2fca9+2fnd0.
c2N/2 D2N/2

h .
Since EIAt - Atl —316* 0, we can find h(n,N,t) such that

h £ h(n,N,t) implies:

21'&

h 1
(28) T E|AtA - AtAl <y

On the other hand, from (24) and using the Holder inequality, we get

(.& T 242
(29) n 4 .n 2“) E|x .. -x |F%®
2" ,h 2 s+h s
T T T ds-

Al P h

(2“)
Therefore, for all h < B

’ 1+a
2" h

(30) E(T AtA) <K

where K is defined by (23). The Markov inequality now immediately

implies that for 0 < h < B

n (0 2
(31) f Z ahmaPc i«
2n L T t Na
T AtAZN/Z

Combining (25), (27), (28), and (31) and choosing h sufficiently small

so that both (28) and (31) are satisfied, we get



o
(32) [ v0ePsZ ek
b (£)2N N

which verifies (22) and completes the proof for the theorem.

IV. An Example

Suppose that Fl(t) and Fz(t) are two continuous and increasing
functions on {[0,1] such that as Borel measures they are mutually singu-
lar. Let Wt and Vt be two independent standard separable Brownian
motions. Define

(33) Xt = aWFl(t) + waz(t)

where a and b are two bounded random variables independent of the

Brownian motions but not necessarily independent of each other. If we

a -
denote by (& the completed o-algebra generated by {wFl(S), WFZ(S),

0<sst }, then {Xt’ af’ 0st¢« l} is a sample continuous second
martingale with

Exi = F(t) = (Eaz)Fl(t) + (Ebz)Fz(t).

It is by no means obvious that Xt admits a representation of the fcrm

t
Xt=.stdF@).
However, by direct computation we find
B, - x)" = 3{@HIF® - F )1 + @Y, ® - )
+ 28%b2[F (£) - F (s)1[F,y () - Fy(s)1}.

By the Schwarz inequality we get

4

EX, - X )" < 3[F(e) - F()]°



so that 4

E(Xt - Xs)

[F(t) - F(s)]2

sup < 3

and condition (16) is satisfied. Hence, Xt can indeed be represented

as in (10).
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