Copyright © 1970, by the author(s).
All rights reserved.

Permission to make digital or hard copies of all or part of this work for personal or
classroom use is granted without fee provided that copies are not made or distributed
for profit or commercial advantage and that copies bear this notice and the full citation

on the first page. To copy otherwise, to republish, to post on servers or to redistribute to
lists, requires prior specific permission.



iq

ON THE SOLUTIONS OF A STOCHASTIC CONTROL SYSTEM

by

T. Duncan and P. Varaiya

Memorandum No. ERL-M273

3 August 1970

ELECTRONICS RESEARCH LABORATORY

.College of Engineering
University of California, Berkeley
94720



‘a

ON THE SOLUTIONS OF A STOCHASTLC CONTROL SYSTEM
by

[ .[.. 8
Tyrone Duncan and Pravin Varaiya I

ABSTRACT

The control system considered in this paper is modeled by the stochastic

differential cquation
dx(w,t) = re,x(-,w), u(t,w))dt + dB(t,w),

where B is n-dimensional Brownian motion, and the control u is a non-anti-
cipative functional of x(w,*), and takes its values in a fixed set U. Under
various conditions on f it is shown that for every admissible control a
solution is defined whose law is absolutely continuous with respect to the
Wiener measure M, and the corresponding set of densities on the space C
forms a strongly closed, convex subset of Ll(C,u). Applications of this
result to optimal control and two - person, zero-sum differential games

are noted. Finally, an‘example is given which shows that in the case where
only some of the componcnts of x are obscrved, the set of attainable

1
densities is not weakly closed in 1L (C,11).
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1. INTRODUCTION AND CONTENTS

A stochastic control problem is defined by the specification of
the stochastic differential equation which models the system dynamics,
the information available to the controller and thg corresponding set of
admissible control laws, and thé cost incurred by each control law. Of
theoretical interest is the "éxistence" éroblem, which means determining in
terms of the above three defining characteristics a class of control problems
for which there exist control laws achieving minimum cost. Published results
([1, 2, 3], see especially the excellent survey article [4] of Fleming) differ
from one another and are not usually comparable because either the models are
different or the set of admissible control laws are different.

There are two basic steps involved in obtaining an existence result.
The first step involves determining conditions which guarantee that a
solution of the stochastic differential equation is defined for every admis-
sible control law. The next step involves the search for a topology under
which the set of solutions (or an equally good substitute) is compact, and
the cost function is lower semi-continuous. Thus, for instance Fleming and

Nisio [1] consider stochastic differential equations of the form

dx(t) = £(t, x(+)) u(t)dt + o(t, x(-),'B(-)) dB(t), 0 <t <w

where u(t) is any process taking values in the unit cube, and independent
of future increments B(tz) - B(tl), t < t1.: t2, of the Brownian motion B.
Various conditions on £, 0 are imposed to guarantee a solution for every

admissible control. It is then shown that the set of laws of all the

solutions of the differential equation corresponding to the different
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control laws is compact in the Prohorov matric. Benes [3] considers

stochastic differential equations of the form

dx(t,d) = £(t, x(-, &, u(t, ®)de + dB(t,w), 0 < t < 1. )

where f is measurable with respect to its arguments and continuous in u.

The control law is any non-anticipative, measurable functional u(t, w)
v(t, x(+, W) which takes values in a compact set U. He assumes that f

satisfies a linear growth conditionm,

lECe,x (-, m,u) ] % < kL + Ix(e, ol 2.

The existence of solution to (1) for every control law is guaranteed by a
result of Girsanov [5] (see Corollary 3 below). The resulting law is ab-
solutely continuous with respect to the Wiener measure u on the space C
of all continuous functions from [0, 1] into R™. Bened shows that if
f(t, x(+,w), U) in convex for every t € [0, 1] and x(*,w) € C, then the set
of densities corresponding to all the admissible control laws is convex
and strongly closed (hence weakly compact) subset of Ll(C,u).

In this paper, we show that the above result holds, if the linear

growth condition is replaced by the growth condition (2),
leCe, xC, 0, wl < (Ix¢, 9l (2)

where foz R -+ R is irncreasing, and the condition.
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1
f[exp {Z (f(t, B, u), dB(t)? _%./o. |f(t, B, u)|2dt]u(dB) =1
C

for every admissible control law. An example is given to show that (2)

(3)

does not imply (3). The Linear growth condition implies (3) (sce Corollary 3).
Condition (3) also follows from (2), if the drift term. [ in (1) has a delay (scc
Corollary 4). Finally we show that in the important casc wherc the control
is allowed to depend only on some components of the state x, the set of
densities is in general not weakly closed in Ll(C,u).

In Section 2 we give some preliminary results and definitions, and in
Section 3 we pfesent the main result on weak compactness of the attainable
densities. In Section 3 we give conditions which guarantee (3), in Section

\
4 we present applications to optimal control and stochastic differential

“games, and in the final section we present the negative example for the

’

problem with partial observations.

2. PRELIMINARIES

In the main, we adopt the notations and definitions of Benes {3].

Consider the stochastic differential equation (1),

dx(t)

f(t, x, u(t, x)) dt + dB(t), 0 <t < 1,

(1
x(0)

0,

where B(t) is a standard n-dimensional Brownian motion process with
cont inuous sample paths, x(t) is the statce of the system and u(L,x) is the

control law which takes values in a compact subset U of R™. To state the



precise conditions which f, u must satisfy we need the following definition.

Definition 1

(a) Let C be the Banach space of all continuous functions z : [0, L]->Rn

max l|z(l)|| 0 -t =11, where ly| is the Euclidean norm

with norm [zl

of y « R,
(b) ¥or each t : [0, 1] let ’dt be the smallest o-[icld of subsets

of C which contains all scts of the form {z I z(1) « A} where 1 ¢ [0, t]

and A is a Borel subscet of Rn.

() Let A = 4.

We shall define the solution of (1) in such a way that the sample paths
of x are continuous (and have no explosions), so that f is a map from

[0, 1] X C X U > R". We impose throughout the following conditions on f.
4

Cl f is measurable with respect to the product c-algebra 8 @J @Bu,

where dg( @?u) is the set of Borel measurable subsets of [0, 1] (U).

C2 For fixed t ¢ [o, 1], £f(t, -,-) is measurable with respect to the

product v-algebra _4¥t ® g -
u
C3 For fixed (t, z) ¢ [0, 1] x C, f(t, z, *) is continuous on U.

C4 There exists an increasing function foz R + R such that |f(t, z, u)|

< fo(“z") for all (t, z, u).
c5 f(t, z, U) is closed and convex for every (t, z).

Definition 2

(a) An admissible control (law) is any map u:[0, 1] x C + U which is
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measurable with respect to & ® ,.& , and lor cach [ixed t = [0, 1], u(u,-
is measurable with respect to ,é L Let QL be the set of all admissible
control laws.

(b) For each u ¢ 4 , the drift corresponding to u is the function

g=g, : [0, 1] xC-~ R" defined by,

g(t, z) = f(t, z, u(t, 2)).

Let-vg={gu|uc'u_}.

(c) Forg ¢ .4 , and N > 0, let g': [0, 1] x C » R be defined by

g(t, z) if Iz('r)| <N for v <t

N
g (t’ Z) =
0 otherwise

Let VN =1a" |ge ).

Definition 3

A function Y:[0, 1] x C -+ R” will be said to be causal if it is B @-‘J
measurable, and if for each fixed t ¢ [0, 1], ¥(t, *) is measurable with
respect to ,J £

From [6, Lemmas 1,2]| we can obtain the following uscful character-

ization of & . Condition C3 is needed only for Lemma 1.

Lemma 1

A causal function g : [0, 1] x C » R" belongs to ,H if and only if

- g(t, 2) € £(t, z, U) for all (t, z).

It will prove convenient to work with sets larger than ,&', ,g N.

(-



Definition 4

Let ¢ be the set of all causal maps . ¢: [0, 1] x C > R™ such that
o (e, 23] < £, lzl) for a1l (¢, 2). Let N =% | e, |pt,z)<N

for all (t,z)}.

Throughout the rest of this paper let Q be a fixed space and let [ﬂlt,
0 <t<1,be a fixed, increasing family of og-fields of subset of Q. Let
a = 5Ll. We say that z(t) or z(t,w), 0 <t <1, is a family of n-dimen-
sional random variables on (4, CLCL if for each t, z(t, *) is a map from
u into R" which is measurable with respectl Lo 6Lt. We shall need to
consider various probabiliiy measures on (L. If z(t), 0 <t <1, is a
family of n-dimensional raﬁdom variables on (%, CLt) and we wish to con-~
sider the stochastic process generated by z(t) corresponding to a particular
probability measure P on QA , we will say that z(t), 0 <t <1, is an n-
dimensional stochastic process on (Q, &Lt, P). Finally let P0 be a dis-
tinguished probability measure on CL, and let x(t,w), 0 <t <1 be a fixed

n-dimensional, Brownian motion process on (%, 61

2 PO) with sample paths

x(+,®) € C. We assume that the o-fields 6zt are complete with respect to P.

Definition 5

Let ¢: [0, L] x C » R" be a causal Function such that

L
J/'|¢(t,z)|2dt < w for all z ¢ C. (4)

0
Then ;t(W), 0 <t <1, is the stochastic process on (Q, th’ PO) with

continuous sample paths, defined by
t y 1 2
@ = f 0, @ g flueg e (5)
0 0
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For convenience, let ¢(¢) = ¢ (). (In (5), the first integral is to be
interpreted as an Ito stochastic integral).
The results of this section are immediate consequences of the work

of Girsanov [5].

Theorem 1 (Existence)

Let ®%: [0, 1] x C > R™ be a causal function such that (4) holds.

(i) Then,

_/;xp Le(g)] I’O(dm) < L.
§2
(ii) Suppose,

Jexp 1z pyaw = 1, 6
Q
and define the probability measure P¢<n1£l by

Pw(A) = _[eXP [c@W)] P (dw) , Aell .

Then the stochastic process B(t) defined on (Q, Lz.t, P¢) by

t
B(t,0) = x(60) - [0, xCoo ae, 0<ecl,
0

is a Brownian motion.

(iii) If ¢ is bounded, then (6) holds.

(i), (ii) and (iii) are immediate consequences of Lemma 2, Theorem 1,
and Lemma 1 respectively, of [5].

Theorem 1 immediately gives us a sufficient condition for the existence

of a solution to (1). Because let u € ‘Y , and let g be the drift



corresponding to u. 1f,

_/;xp [ z(g)] Po(dw) =1,
Q

then the stochastic process x(t) on (&, CLt, Pg) satisfies the equation

t
x(t) = fg('r, x)dT + Brownian motion.

0
The following results show that at least when ¢ (-, z) is bounded for
bounded z , (6) is essential (Cor. 1), and furthermore, every solution of
(1) has the same law (Cor. 2). Recall Definition 4.

Lemma 2

Let v e d Let y(t), 0 < t < 1 be a stochastic process on
«, a e P) with continuous sample paths, such that the stochastic process

B(t) on (R, O-t’ P) defined by
t

B(t) = y(t) - _[ v(t, y)dt , 0<t<l, | 7
0

is a Brownian motion. Then, the measure V induced by y on (C,,S) is mutually

absolutely continuous with respect to the Wiener measdre u, and

1 1
% (y) = eXP[-.l)'(lP(t,- y), dB(t; >-% ,_{I\b(t, Y)lzdt]. (8)

Proof

Since |lb(-,z)| < fo(“z"), it follows from Lemma 7 of [5], that the

measure y on (C, )2)) defined by

~9..



1 1
u(s) = /;xp [— f(tp, dB)——;—/'ﬂ;'zdt]d\)
S 0 0

coincides with the Wiener measure. It is easy to see that

1 1
exp[—f(rp, dB )--;-fhvlz dt]>0
0 0

v-almost everywhere. The result follows.
Corollary 1.
Let ¢ ¢ ¢ , and let y(t), 0 © t < 1 satisfy the hypothesis of

Lemma 2. Then

1 1
fexp [f (e, 2), dz(e) V- 3 f lw(c,z)lzdc] u(dz) = 1.
c 0 0 9)

Proof

From (8),

1
1= f%:j) (y) u(dy) = _fexl) [f('b(t,y), dB(t) ?
C 0

1
+ % f |¢’(t,y)|2dt] H (dy)
A :

]

From (7) we can substitute

dB(t) = dy(t) - y(t,y)dt

into the previous equality, and obtain (9).
Corollary 2

Let ¢ € ® , and let y(t), 0 < t < 1, satisfy the hypothesis of

’
\

Lemma 2. Then the measure‘ V on (C,.a ) induced by y is uniquely specified

-10-~



by ¢ and is given by

1 1
v(s) = fexp [ f(np(t,z), dz (L) —.—;— fllp(t,z)lzdt] p(dz). (10)
0 0
S

Proof
From (8)
r 1 1
v(s) = feXP [ﬁ v(t,y), dB(t) +%f |w(t,y)|2dt] u(dy)-
S 0 0.

Substituting dB = dy - w(t,b)dt gives (10).

3. MAIN RESULTS

Definition 6

For any subset L C ¢ | 1etjD (X) be the subset of Ll(Q,Ll,, P)

0
defined by,

D) = fexp 2(9) | ¢ € 1}

Lemma 3

j)(@N) is a bounded subset of LZ(Q,Ll , P).

0
Proof

If ¢ € ¢N, then by definition |#| < N. By Lemma 1 of [5], it follows

that

ﬁ/;xp 2 cl(¢) Po(dw) < exp th.

~

For the rest of this paper let EO denote expectation with respect to
cqs 1
the probability measure PO' Also if y e L (Q,[Z s PO) then Eo(yl Cz't)

denotes the conditional expectation of Yy with respect to [lt.

-11-



Lemma &4
N, . 2
P (o) is a closed subset of L (Q,a., PO).
Proof (Benes [3])

Let ¢n, n=1,2,3,-++ be a sequence from ‘PN and let P be such that

Lim k. |o-cxp ¢ )% =0 (11)
nre 0 n

and
lim exp (',((l)n) =p a.s. PO. (12)
n-+wo .

First of all p >0 a.s. P,. Because, let A

0 {w|p(w=0}. Then from

(12),
lim c(cbn) (w)‘= -© for WEA (13)

n>®

Also,

=

1 1
() = jo"(tbn(s, x), dx(s) - _/0.|¢n(s»x)|2 ds

and, |¢n| < N so that from (13),

1]
I
8

on A.

1
lim f (¢n(s, x), dx(s)?

n->o 0

But

1 1

2 2 2

E, [f (¢n, dx(s))] = E, ﬂ¢n(s)| ds < N7,
0 0

so that Pn(A) = 0. By Ito's representation [7], there is a causal map

¥ : [0, 1] x ¢ > R" with,

-12-



1
f llp(t’ Z)Iz dt < w
0

for z in C, such that

1

p=1++ “/r (¢, x), dx(t) ? a.s. PO.
0

Let,

¢
p(t) = Eo(p|at) =1+ f (P(s, x), dx(s) ).
0

Then, by Jensen's incquality

1

1 -
t 2 , o 2
/ F-Olo(t) - exp o (p )T de < f Eq lp = exp (4 )] dt
0 0

which converges to zero, so that taking subsequences if necessary we can

assume that

p(t) = lim exp ;t(¢n) a.s. 2, (14)

n->r°

where £ denotes Lebesque measure on [0, 1]. Next, by Ito's differentiation

rule,

1
exp C(¢n) =1 +-.}f exp Ct(¢n) ( ¢n(t), dx(t) ) a.s. L
/ .

so that

1
E, [ |exp r__t(«bn) ¢ () - lp(t)|2 dt = E0|exp £ - D|2
0

converges to zero, and therefore, taking subsequences if necessary, we

can assume that

V(e = lim exp £5(0) 0, (8)  a.s. 22,

n->oo

Since p(t) > 0 a.s. PO, we see using (14) that

(t) . .
. %?EY = iiﬁ ¢n(t) a.s. 2(:)P0 (15)

13-



It follows that there is a causal map ¢ : [0, 1] X C > R"

¢(t, x(+, w)) = lim ¢n(t, x(-, w)) a.s. & X% P0

n->-o

and

t
p(t) =1+ / n(s) (d(s, x), dx(s) ).
0

From Tto's differential rule we sec that
1 2
d(Log p(r)) = (hp(o), dx() ) -5 [¢)]" ac,
and hence
p = exp ().
Because of (15) we can assume that |¢| < N, so that the lemma is proved.

We shall also need the next result.

Lemma 5

N, .
i)(¢ ) is a convex set.

Proof
Let ¢, ¢ o', X, >0, i=1,2, with A . 's di
i » Ay 20, 2, wi 1 + Az = 1. By Ito's differentiation
rule,
t - t { )
dlexp £ (4,)] = exp £ () (¢ (), dx(t) .
Def ine,
p(t) = A  exp L (§)) + 1, exp L 4,).
Then
dp(t) = A exp c"(¢l) (o, (b), dx(t) + 1, exp g (9,0, (0), dax(e)

which we can rewrite as

do(t) = p(t) {o(r), dx(t) , (16)
where
Xl exp Ct(¢l) i XZ exp Ct(¢2)
¢(t) = —5 $,(0) + 3 ¢, (t).
Z Ai exp ct(¢i) zxiexp Ct(¢i)M
i=1 i=1

—14-



Evidently ¢ € ¢N since ¢(t,z) is a convex combination of ¢l(t,z) and
¢2(t,z). By Ito's differentiation rule from (16) we obtain a7z
1 2
d(log o(t)) = Co(t), dx(t) ¥ - 5 [¢(e)|"de

and p(0) = 1 from (14) so that integrating (17) yields

t t
log p(t) = f(¢(S) dx(s) -% f 6 (s)] %ds.
0 0

Hence p (1) = exp £(¢) and the lemma is proved.
We can now prove our main result.
Theorem 2
1 DY) is a convex set.

(ii) Let

JO0=tg ] ge g, B lexp () = 1.
, 1
Then,ae(,&o) is a closed, convex, subset of L™, a, PO).
We shall develop the proof through a sequence of lemmas.

Lemma 6

P ) is convex.

Proof
Let gi(t, z) = £(t, z, ui(t,z)) with u, € Ta&, i=1,2 and let Ai >0,

with A] + AZ = l. By [to's differentiation rule,

d(exp I;L(g.l)) = exp !,t(gi) <gi(t), dx(t) ) i=1,2.

Define,
p(t) =X, expg(gy) +1, exp L (g,)
1 1 2 27"

Then if we repeat the proof of Lemma 5 we can conclude that, (noting

p(0) = 1),

-15-



p(l) = A, exp c(gl) + X, exp c(gz) = exp £(¢),

where ¢ (t,z) is a convex combination of gl(t,z) and gz(t,z). Since gi(t,z)

¢ [(t,z,U), and since this set is convex by condition C5, we sce that

¢ (t,z) e £(t,z,U)

and hence ¢ € @/ by Lemma 1. The lemma is proved.

Lemma 7

® (,@0) is convex.

Proof

The set

1
®=10]pcL (@, (L, Py)sp 20, Egp = 1}

is convex, and

0
DY =puth nff
so that the result follows from Lemma 6.

Next let g , n = 1, 2, be a sequence from A&/O and let p be in

Ll(u,éz . PO) such that‘

lim exp;C(gA) =p a.s. P_. and in Ll(Q,(Z', P

0 (18)
n->w

o

For each positive integer N, let

gn(t,z) ' if |z(1)| < N for v < t

N
g, (t,2) =
0 otherwise,

-16-



N
and for N =1, 2, 3,--. define inductively, subsequences 8 > k e KN, and

¢N € @N as follows:

For N=1, let gi, k € K,, be a subsequence of gi, n=1,2,3,... and let

1’
¢1 € ¢l be such that

1 1
exp 7(¢7) = w. lim exp z(g,)

kE:K1

(Here and in the remainder w. 1im means the weak limit in LZ(R,Clﬁ PO)')°
From Lemmas 4 and 5 4)(4”) is a weakly, scquentially compact subsct of
2 N N .
L@, &4, P) and B, v ¢ so that the above construction makes sense.
N N N . N+1
Suppose By > k ¢ KN’ and § ¢ are defined. Then let 8 k € KN+1

be a subsequence of gﬂ+l, k € KN and let ¢N+l € ¢N+l be such that

N+1 , N+1
exp (¢ ) =w. lim exp ¢(g )

keKyy

Lemma 8

Let C; = {z |z e C, |z(1)| <N for 7 < t}. Then we can assume that

for i > 0,

o (e2) = N, for 0 <

"
I
| A
—
~

N
(@]
"

Proof

First of all from

. lim exp c(gg):

-17-
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it is immediate that

Eo(exp CGPN) |(lt) w. lim Eo(exp t(gk) | 6Lt)',

k € KN

Secondly since
. N _ ., N _
Ege@)) =1,  E(E(g)) =1

it follows that a.s. Po,

exp £ = B (exp £@™) I£,), exp t5(e)) = Eylexp tep) |,
and hence,

exp ct(qu) =w., lim exp ¢ (gk) (19)

k € KN
Next let
ot = {u | we @, x(+, 0 € cty.
N ’ ’ N

By definition, for i > 0

N+i

N t
g (T x(*,w) =g, = (1, x(+p)) for T <t,we Q

N

so that from (19) we can assume that for i > 0,
t, N+i

exp 250 TT) (W) = exp £TGY) (W), T <t, we 9;

The result now follows if we note that

0 flexp 6 - exp 16™ % P (dw) -f[_/;xp 5o e (), ax(e)

N

-18-



- Cxp (_t(([;N) (npN(L), dx(t))] 2 I’O(dw)

|
=f Vexp ZI,t (¢N) |¢)N+i (t, x(*,0) - ¢N(t, x(o,w)lzdt] Pn(dm)
0 .

Qgi
t, N
so that since exp ¢ (¢) > 0 a.s. PO, we must have

~

1.
f[f|¢N+i (E,x (o) = ¢, x| dc] Py(dw) = O
al Lo

and the lemma is proved.
Because of Lemma 8 we can define a causal function ¢: [0,1] * C > R"

such that

oct, z) = ¢Mi(e,z) for 0 <t <1, lzl <N, i>o0. (20)

From the proof of Lemma 8, and from (18) it follows that

p = exp (o) a.s. P

0
Lemma 9 completes the proof of Theorem 2.
Lemma 9 We can assume that,
¢ € ,#
Proof
Because of (20) and Lemma 1 it is enough to show that
¢N
(t,z) € £(t,z,U) for 0 <t <1, Mzl <N. (21)

By our construction

N
exp £(¢ ) = w. lim exp t;(gllj).

k € Kl

-19..



. 2 S s .
From the properties of weak L™ convergence it is known that there is a

N
convex combination of the exp K(gk) which converges to exp §(¢N) in the

2 . -
L norm topology. More precisely, for cach n, therc are non-negative numbers

‘ n . n
A e with AT + -« + A" = | such that
1 n 1 n

n

. N n N, 2
lim Eolexpc(¢ ) - :z: Ai exp c(gi)l =0

n--o i=1
Let,
n
n N
h (€)= :E: Ay exp o(g,).
i=1
Repeating the proof of Lemma 5, we can conclude that
h_(t) = exp rt(n ) a.s. P
n ’ n R ¢ I

. . . N
where, nn(t,z) is a convex combination of gl(t, z),

(22)

.
R (t,z). In

particular, from the convexity of f(t, z, U) and the fact that g?(t, z) =

gi(t, z) € £(t,z, U) for “z" < N, it follows that for Izl <N,

n,(t, z) € £(t, z, U).

Next,
1

(23)

By lexe 00"~ exp o] = kg | [ e cf0) M), axce))

0
1
0

t
-exp £ (n) nn(t)l2 dt

=20~

B fexP (n ) (n_(8), dx(e) |* =

1

E, f lexp £E¢o™) oM (t)
0 .



converges to zero by (22). Taking subsequences if necessary we see that

exp tEN) @) oNee, x(-,m))

= lim exp (,’L (nn) (w) nn(t, x(-,0)) a.s. £ ® »p

n->

0

where ¢ denotes Lebesque measure on [0, 1].

Also a.s. PO’

exp £5(41) = E (V) 18), exp t(n) = Eg(z(n ) |4,)

so that from (22)

1
lim '/f E0 Iexp ct(¢N) - exp ct(nn)|2dt =0

n-»»

and hence we can assume taking subsequences if necessary that,

exp ;t(¢N) (w) = lim exp ;t(nn) (w) a.s. L ® PO.
n->o

Since exp gt(¢N) > 0 a.s. Po, we conclude from (24) that

$V (e, x(-,w)) = lim n_(t, x(,w)) as.2 @ P,

n--w

(24)

and hence from (23), and the fact that f(t, z,U) is closed, we see that

¢N(t7 X(’,M)) € f(t’ x(-,w), U) for "x(-,w)" f.N>

By appropriately modilying ¢N we can assume that (21) is satisfied.

a.s. L ®P

0

From Corollary 1 of Lemma 2 and (rom Theorem 2 we obtain Theorem 3.

Theorem 3

Suppose £ satisfies €l - C5 of Sectiom 2.
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(i) For an admissible control u Ei?l, there exists a solution to

(1) with continuous sample paths (without explosions), if and only if

EO exp ;(gu) =1,
(ii1) The set of densities {exp ;(gu)l,Eo exp c(gu) = 1} is a convex
set, which is closed in the norm topology of'Ll(Q, a, PO).

3. SUFFICIENT CONDITIONS FOR E0 exp ;(9) = 1

Lemma 10

1
Let ¢ : [0, 1] x C > R" be a causal map such that j[ |¢(t,z)|2 dt < =
0

: C->Cby

for all z in C. Define T¢ :

t
Te(2) () = z(t) - f ¢(t, z)dT. (25)
0

Suppose that for each N > 0 there is M > 0 such that IT, (2)l < N implies

¢
Izl < M. Then,

EO exXp C(¢) =1,

Proof

Immediate from Lemma 7 of [5].

As a consequence of Lemma 10, we can obtain the following sufficient

conditions. The first result is due to Bene$ [3].

Collary 3

Let ¢: [0, 1] x C + R" be a causal map and suppose there is a constant

K such that

|¢(t, z)| < K(1 + max |Z(T)l)
l<t<t
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Then,

Ey exp z(¢) = 1.

Proof

Let‘T¢(z) (t) = y(t), and let y(t) = max |2(1)|. Then, from (25)

O<t<t
t
v(t) < |y(e)| + fK(l + y(t))dt
0
t
< ( Iyl + k) + fK v(t) dt.
0

By the Bellman-Gronwall inequality,

lzl = y(1)

IA

(exp K) Y(0) + (exp K) (lyl + ®)

(exp K) (2lyl + k),

In

and the result follows from Lemma 10.

The next result is useful if we have a control system with delay.

Corollary 4

Let ¢: [0, 1] x C » R" be a causal map such that for some § >0,

|6 (t,2) | < £ (  max |z (1) )
0 <1< t=¢

where fo: R > R is increasing. Then,

Eo exp z(®) = 1.
Proof

Let y, Y be defined as in the previous proof. Then,
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y(8) < Iyl + fo(y(O)),

Y(29)

| A

Iyl + £,(v(8))

I

lybe £ ( Iyl + £_(4(0))

= fl( Iyl , v(0)) say.

By induction,
v < £yl , v(©0))

where f1 is increasing in each argument. Evidently if (m-1)¢§ < 1 < m§,

we see that
v = Izl < £ Iyl , |z(0) ])

and the result follows from Lemma 10.

Remark
McKean (p. 66 of [8]) has shown that if § >0 then all solutions of the

one-dimensional diffusion equation

1+5
|x|

dx(t) = dt + dB(t), 0<t<w

explode with probability 1. It follows that condition (6) is a non-trivial

restriction.

4. APPLICATIONS

Consider a control system

dx(t’w) = f(t> x(',w), U(t; x(-,w))dt + dB((l), t),
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where the control u takes values in a set U and f obeys the conditions

¢l - gélof Section 2. Let us impose an additional restriction.

C6 For every admissible u e 24,
o E, exp z(g ) =1

or equivalently (and directly in terms of u) for

. 1 1
0 (2) = exp[f(f(c,z, a(6,2), dz(e) - [lece,z, u(t,z))|2dt] (26)
0 0

C,/;u(Z) u(dz) =1

Instead we can limit ourself to the subset 2(0 consisting of those u
in 7 which satisfy C'6.
Next let L : C + R be a bounded function, measurable with respect to

/4 . L is the cost function,and assigns to every ue 1[0 the cost

J(u) = fL(Z) pu(Z) u(dz). 27)
C

Theorem 4

*
Suppose fLo is non-empty. Then, there exists u € ﬁﬁ,o such that

*
J(u ) < J(u) for all u e ‘zLo.

Proof
By Theorem 3, the set {pu | u e ‘ZLO} is a strongly closed, convex

subset of Ll(C,‘4;,u). Hence it is weakly compact. Since

-25-



fL(Z) Pu(Z) u(dz)
C

is linear and continuous in Py’ the result follows.
Let us note that a cost functional of the type (27) allows for a
variable endpoint problem as follows. Let'tj be a closed subset of

n

[0, 1] x R® which includes the set {1} x R . Let A: [0, 1] x C » R” be a

bounded, causal function, and to each u eiLP assign the cost

t(z)

J) = f[ fut,zmt] 0, () udz),
C .0

where t(z) = min {1 | z(7) €]} . The term in brackets is clearly of the
form L(z) in (27).

As a second application consider a zero-sum stochastic differential
game, with two players I and II, with controls ul(t) € Ul and u2(t) € U2

respectively, and dynamics given by

dx(t) = £(t, x, ul(t), uz(t))dt + dB(t).
Suppose that f splits as

fl(t, X, ul)

R X v w) T e x, u) )

Agsume that f satisfies Cl - C5 with g; now restated as

"fl(t, Z, Ul) and fz(t, Z, Uz) are closed and convex for each (t,z)".
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As before, we define the admissible controls for player i, as all causal
map u, : [0. 1] xC = Ui’ i=1,2. Letju‘; consist of those admissible controls

u, which satisfy

i
o
Py, (2) u(dz) = 1,
Cc i
where,

1 1
i 1 2
pui = exp[u/Zfi(t, Z, ui(t,z)),dzi(t)) -3 |fi(t,z,ui(t,z))| dt].
0

0 (28)

£

z £
Here we have split z = (zl) to be compatible with f = ( l). Let
2
L : C >R be a bounded function, measurable with respect to Ag and to each

pair (ul, u2) € 41.; X ‘2‘; assign the payoff to player I

J(uy, u,) = ) ﬁ‘(z)"(ul’uz)(Z) u(dz). (29)

Theorem 5
: *
Suppose?l.g is non-empty for i=1,2,. Then, there exist u, € ?u,g,
i=1,2 such that

*

. % * * o
J(ul,uz) j_J(ul,uz) j_J(ul,uz) for all u, 5‘7Li’1=1’2'

Proof

From the definition (26) of p and the definition (28) we see that

(ul’uz)

1 2
I(ay,u,) = Cf L@ g, (Do, () u@a) (30)
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Next, from Theorem 3, the sets {pi. | u; € Zl.g} are convex, closed sub-
sets of Ll(C,_<8, W), hence weaklylcompact. Finally the integral in (30)
is concave (in fact linear) and continuous in pil for fixed piz, and convex
(in fact linear) and continuous in pﬁz for fixed ptl. Hence from the well-
known results on two-person zero-sum games the existence of a saddle-

* *
point (ul, u2) follows.

5. PARTIAL OBSERVATiONS: A NEGATIVE EXAMPLE.

Again consider the stochastic differential equation (1).
dx(t) = £(t, x, u)dt + dB(t) 1)

The conditions on f are as before, but now suppose that we consider the
important case where the control u can only depend upon the past history
of the last m (m < n) components of x. More precisely, let Qt be the sub-

o-algebra of ,ﬁt generated by all sets of the form

{z | zec, zi(r) € A}

where 7 < t, A is a Borel subset of R and n-m+l < i < n. Let 2Lm be the
set of all causal maps u: [0,1] X C > U such that u(t,*) is measurable with

respect to Qt' Evidently,

U, C U= Ly

First of all we can see from the proof of Lemmas 5 and 6 that the set

lexp £(g ) | ue 2 }
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may fail to be convex. Also we know from Theorem 3, that this set is

weakly compact in Ll(Q, a., PO) if and only if it is weakly closed, and
then we could obtain an "existence" result like Theorem 4. We give a simple
example to show that in general we do not have weak closure.

Consider the two-dimensional system, x = (xl, xz), with u € R depending

only on Xy

dxl(t) = f(t,xl)u + dBl(t)
dxz(t) = dBZ(t)
where,
0 , t <1/2
£(t,x,) = 2 , £ > 1/2, x,(1/2) > 0
s t >1/2, x1(1/2) < 0.

The control set is U = [-1, 1]. We shall define a sequence of control laws

u, (t, x2) such that

0 t <1/2

u (t,x,) =
nt2 Y G, (1/2) > 172,

where the functions Yn are defined below. It follows that,

(U]
I

1 1
- 1 2 2
n C(gun) = ff(t,xl) u () dx;(t) -3 ff (t,x;) u_(t)dt
0 0
2 2
= o B Yn - % B Yn

where,
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2 if xl(l/Z) >0

a = xl(l) - x1(1/2) , B
1 if x (1/2) < 0.

Therefore,

2 2

- 1
exp L = exp(aB v ) exp (- 5 B Yn) (31)
We shall select Yn such thatlynl © 1, so that (31) simplifieslto
exp & = exp (aff y_ ) ecxp (---L 62) (32)
‘n n 4 :

We define Y, 28 follows:

Let £: R -+ R be a measurable function such that under PO, E(x2(1/2)) is

uniformly distributed over [0,1]. For each integer n > 0, define n: [0,1] ~»

{-1,1} by
. 2m 2m+1
1 if on 5E<‘—2£—, m=0,1,°**, n-1
n (§) =
" -1 if 2‘;:]' <g< 2‘;:;2, m=0,1,:+-, n-1

Finally, let
Y, (x,(1/2)) = nn(fl(xz(l/Z)))-

Lemma 11
1 1 .2, .
exp Cn converges to 5-[exp (aB) + exp (-aB)] exp (- Z-B ) in the

weak topology of Ll(Q,[Z . PO).
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Proof

Let Aa’ B’ A be Borel subsets of R and let I, denote the indicator

A

function of a set A. Let

n - fIAa(am)) Iy (66 I, (66 (e 5)0) By @
2

Now under P0 the random variables a, B, are independent, so that

& Ze Ag £

P(E) P R P o),  (33)

where Pa’ P P_ are the marginal distributions of a, B,£ respectively.

B ¢
From the way N is defined and the fact that £ is uniformly distributed

on [0,1] it follows that for fixed a,B

t t
lim exp(aBnn(E))exp(- %-Bz)Pg(di) = d/r 2[exp(OLB) + exp(- aB)lexp(-
n')°° 00 ‘ 00

1,2
uniformly for t € (-~, ®), It follows that exp (aBnn(E)) exp (- i B™)
: o1
converges to %—Iexp (0B) + exp (- aB)] exp (- %—Bz) weakly in L7 (R, Pg).

Since the integrands in (33) are uniformly integrable, it follows that

Linn, = f 1 (@ 1, ® 1, ©) 5 lew @) + exp (o)
n->w 3 o B8 £
R

exp (- 7 8 P (dE) P,(dB) P (do).

From this it follows easily that exp (aBnn(g)) exp (- %-32) converges to
% lexp (aB) + exp (-aB)] exp (- 7 B°) weakly in L' (®°, P, @2, ®Pp)

and the lemma is proved.

-31-
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Finally, we can see that there is a function d(t) ¢ [-1,1], with
u(t) = 0, for t < 1/2 and u(t) depending on the past of Xy and Xy such
that exp g, converges to exp z(g.) in the weak topology of Ll(g, 2, Po)'
u

Next, if u is any control law such that exp ;(gu) = exp ;(gh) we must have
y u
g, = & a-8: 2(:)P0. It follows that the set of densities exp C(gu) with u

depending only on X, is not weakly closed in Ll(Q, CL, P

0)'
Incidently this example also shows that to guarantee weak closure,
the convexity condition C5 is necessary. Because even though un(t)g {-1,

1, 0} for all t, it is not the case for u(t).
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