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1. Introduction

Let‘{Xt, t > 0} be a sample-continuous second-order martingale. Then

2

{Xt’ t Z.O} is a sample-continuous first-order submartingale and the con-

[1]

ditions for‘Meyers' decomposition are always satisfied so that we can

write

2
1) Xt=Mt+At, t>0

where M is a martingale, A is an increasing process, and both are sample-

continuous. The decomposition is unique if we set MO = Xg. Following
Kunita and Watanabe[2], we shall adopt the suggestive notation (X % for
At.

In this paper we present two related results. First, we shall obtain
a sufficient condition under which a second-order sample-continuous martin-
gale can be represented as a stochastic integral in terms of a Brownian
motion. Secondly, we shall show that if X and Y are sample-continuous

second-order martingales (not necessarily with respect to the same family
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of g-algebras) and if either X + Y or X - Y is almost surely of bounded
variation then (X )t"= (Y )t' This rather simple result has some surpris-

ing consequences.

2, Martingales and Stochastic Integrals

" Let (@, A, CP) be a probability space, and let &;A%, t > 0} be an
increasing family of sub-o-algebras. A process‘{Xt, t > 0} is said to
be adapted to &;4t} if for each t Xt ischi-measurable. We say that

{Xt,L]4t} is a martingale if X is adapted to ﬁJAi} and for every t > s

(2) E X =X

almost surely. If {Xt,LJQt} is a sample-continuous second-order martin-
gale then the increasing pfocess (X )t introduced earlier is well-defined

and E (X')t < o,

If {Wt,LJQt} is a sample-continuous second-order martingale such that

for t > s
' kjis 2 _
3) (Wt Wé) =t-8

- then W is necessarily a Brownian motion and for each s {Wt - WS, t > s}
is independent Of(“43[3’ P- 384]. We describe this situation by saying
that {Wt,'J4£}.is a Brownian motion. Let {Wt,QJQt} be a Brownian motion

and let {¢t, t > 0} be a measurable process adapted to £J4t} such that

oo
(4) | fE¢sds<°°
0



t
for each t. The stochastic integral f ¢s dws is well-defined as the

0

quadratic limit of a sequence of sums I ¢ _(n) [W' @) -wW (n)J , where
vty toh ty

{t\()n)} is a sequence of partitions of [0, t] such that

max (t(n) - t(n)) —* 0

v Vil v n + o

If we define
t

(5) X, = f ¢s dw_
0

and choose a separable version for X then {Xt, 'J(t} is a second-order

sample-continuous martingale, with

, . u4

2 _ s ,2
6) E(X, - X)) —fE $2dt ,0<s<t
s
If, instead of (4), ¢ merely satisfies
. £,
¢D) ' J- <bs ds < | a.s.
0

t .
then j‘ ¢S dWs can be defined as follows: Let Tn(w) be defined by
b .

t 2
inf (t : J‘ ¢S(w) ds > n)
(8) T (W) = ¢ (2)
o if f fbs(w) ds < n for all't
0



and set

©) 6 (@

¢ (w) s < T (W)

= 0 s > Tn(m)

t t
For each n f ¢ dW_ is well-defined. It can be shown that f ¢ 4w

o Dt8 8 ¢ p ne s
converges in probability as n > », and we define Jﬂ ¢S dws as this limit.

t 0
Now, the process Xt = Jr ¢s dWs need no longer be second-order or a martin-
0
gale, but it is still sample-continuous if a separable version is chosen.
Moreover, if we denote min(t,s) by tas then for each n'{XtAT ,5J4t} is a
n
[2]

second-order martingale. By definition X is a local martingale.

If X is a stochastic integral of the form
t
(10) X, =X, + j ¢, dW_
0
and f is a twice continuously differentiable function of a real variable

then Ito's differentiation formula[4] yields

' t
(11) f(Xt) = f(Xo) +.ﬁ‘ f'(Xs) ¢s dWS
0

t

1l " 2

+2ff(xs)¢sds
A |

In particular

12) A “6?
’ 't Y0 xs ¢s dWé + ¢s ds
0 0



If ¢ satisfies (4) then X is a second-order martingale. Furthermore, the
term 2 f t¢s XS dws in (12) is also a martingale, though not nécessarily
second—ogder. It follows that (12) is in the form of the Meyer decompo-
sition of Xi with X(?S + 2 J(; t¢s Xs dWS being the martingale term and with

the increasing process given by
2
(13) (X)t=f¢sds
0

If X is a martingale of the form (10) then we can define stochastic

t
integral f
0 Ips dxs by

t ’ t
j ws dxs - f Ips ¢s dws
0 0

" _
provided that f 1112 d)i ds < © almost surely. More generally, if Z = X + Y,

0
- where X is of the form (10) and {Yt’ t > 0}_ is a process with sample func-

tions almost surely of bounded variation, then we can define

t t t
f lbs dZS = f ws dXS + j \IJS dYS
0 0 0 :

provided that the first integral exists as a stochastic integral and the
second as a Stieltjes integral. If Y is also sample continuous and F is
any twice continuously differentiable function, then Ito's differentiation

rule is extended to read

t . 1 t ., 2
F(Zt) = F(ZO) + f F (Zs) dZS +-§ f F (Zs)‘bS ds
0 0



We note that in particular

t t

2 2 2 -

zt-zo—fzzsdzs f‘bsds'(X)t
0 0

which is independent of Y.

3. Representation of Martingales

Not every sample-continuous second-order martingale can be represented
as a stochastic integral in the form of (10). It is clear from (13) that
for such a representation to be possible the increasing process (X ) (w, t)
must be an absolﬁtely contindous function: qf t (w.r.t. the Lebesgue
measure) for almost all w . As Fisk has observed[sl, this condition is

.also sufficient by virtue of a theorem ovaoob[3’ P- 449], but it may be
necessary to enlarge the underlying probability space by the adjunction

of a Brownian motion. Specifically, Doob proved the following:

Theorem 3.1 (Doob) Let'{Xt,£J4t, 0 < t < T} be a sample-continuous
second-order martingale. Suppose that there exists a non-negative measur-

able process {wt’ 0 < t < T} adopted to ﬂJAt} such that for t > s

. 4} t "A
S 2 _ s
(14) E S - xs) = f E Sy dt
S A

If the set {(w,t): Y(w,t) = 0} has zero dq)dt measure then there exists

a Brownian motion. '{Wt,'JAt, 0 < t < T} such that

t .
- 1/2
(15) X, =X, +fxps dwS
0



with probability 1. - Without the hypothesis that { vanishes almost nowhere,
representation (15) is still valid with the adjunction of a Brownian motion
" to the probability space.
The condition that (X ) be almost surely continuous with respect to
the Lebesgue ﬁeasure is both somewhat stringent and difficult to verify.

Perhaps, it is more natural to consider representations of the form
‘ t
(16) X, () = Xy (W) + J' by W) Wy (s (@)
: 0

where W 1s a Brownian motion and F is an increasing function defined by

(17) F(t) 2

E(Xt - XO)

E (X >t

If a representation of the form (10) exists then F is necessairly absolutely
continuous with respect to the Lebesgue measure and a change of variable
puts (10) into the form of (16). Of course, (16) may exist even when (10)
does not. For example, if F is a continuous increasing function singular
with respect’ to the Lebesgue measure and W is a Brownian motion then Wf(t)

has no representation of the form (10).

Theorem 3.2 Let {xt,(JAt, 0<t f_T} be a sample-continuous second-
order martingale. We assume that'ﬁj4t} is right continuous (i.e. N g}4 =
g}&t) and each ij&t is completed. A representation of the form (12;Texists
'if and only if (X} is absolutely continuous with respect to F with proba-

bility 1.



proof; We only need to prove the theorem for the case F(t) = t,

because {Xt,<JAt} can be transformed into a sample-continuous second-order

martingale {it,LA i} with E ii = t by defining
_l _
F ~(t) = inf {s: F(s) = t}
X =X
t F 1(t)
A, = AL
F ~(t)

Even though Fi may be discontinuous {;Qt} is right continuous and X is
still sample-continuous, because F(t) = F(s) emplies Xt = Xs almost surely.

Since Xt = XF (t) with probability 1, a repregentation :

t
Xt=X0+f¢des
0

~

where {Wt,ud( t} is a Brownian motion implies a representation. ’

. F(t),
Xt N XF(t) = x0 + f ¢s dws
0

t
< [
0

which is just (16).
To prove theorem 3.2 for the case F(t) = t, we first note that neces-
sity follows from (13). To prove sufficiency, we assume that (X ) is abso-

lutely continuous with probability 1 and write

t
(X)t(w) = J tps(m) ds
0



wheve Y can always be chosen te be a measurable process because (X} is a
measurable process. For each t wt is measurable with respect to s:t' s
which is equal t0(J4t by assumption.

Because X is a martingale

A

s 2 _ S w2 _ 2
E (Xt - Xs) = E (0.4

e~ %)

It follows from the definition of (X ) and (18) that

2

8 S
E %X, -X)" =E “KX)_ -(X) ]

tulks .
IE wt dt
S

so that condition (14) is satisfied. Applying theorem 3.1 completes the
proof.

Theorem 3.2 is basically the same as theorem 2.1 o , except for

(I51]
the introduction of the increasing function F. We now come to the main
result of the section, namely, a sufficient condition for the representa-

tion (16) that can be verified in terms of two-dimensional distributions

of the martingale X.

Theorem 3.3 Let {Xt,tj4t, 0 < t < T} be a sample-continuous second-

order martingale and let F(t) = E(Xt - XO)2 = E{(X )t' Suppose that there

exist finite positive constants o and B such that
E IX - XS|2+20

19) ' ' sup £ < ®
' 0<F(t) -F(s) <B [F(t) - F(s)1™*®




then (X ) is almost surely absolutely continuous with respect to the
Lebesgue measure, and X has a representation of the form of (16).

proof: By virtue of the Lebesgue decomposition, we can always write

t
(20) (X)) = I ¥, ) dF(s) + 1, (W)
0

where Y is almost surely singular with respect to F. Now, E ws = 1 implies

t

Eut=—de(t)+E(X)t=0
0

which in turn implies that U = 0 almost surely since Y is non-negative and
sample-continuous. Therefore, we only need to prove that (19) implies
E ws =1, 0<s<T.

Let Tn = {tén), v=20, 1,..., n} be a sequence of nested (i.e.,

Tn+1 ) Tn) partitions of the interval [0, T] such that

e [5(e82) - 7o) 552 o

Define wnt’ 0<t<T, as follows:

(X) -(X)
(21) ‘ ' t\(;:i "\(»n) (n) (n)
Yar = ) )y ty Lttty
F(tv+1) - F(tv )

It is well known [see e.g., 3, pp. 346-347] that for each w wnt converges

for almost all t (F-measure) to the Radon-Nikodym derivative of the abso-

+1pt

lutely continuous component of (X ) with respect to F. That is , wnf

-10-



for almost all (w, t). Since it is obvious that Ewnt = 1, the desired
result EY = 1 will follow if for each t A{wnt} is a uniformly integrable

family of random variables.

Now, it is known[6] that for any p > %-there exlists a constant K
such that
, P 2p
E|{(X) -«(X) < K EIX - X
t s - p t s
Therefore, if we let N be the smallest n such that
@)y _ gy <
max [F(e3)) - F(e ;™)1 < 8
then
EIX _ X |2+2(1
sup Ewl+a < K sup t S
nt — 1+ 1+a

n>N 0 < F(t) - F(s) < B[[F(t) - F(s)]

< o

so that {wnt} is a uniformly integrable family of random variables.
This, together with theorem 3.2, complete the proof.

Theorem 3.2 is reminiscent of Kolmogorov's condition for sample
continuity and has similar advantages, the primary one being that it can

be verified in terms of the two-dimensional distributions of X.

4. Quadratic Variation

Let Tn‘= {tén)} be a nested sequence of partitions of [0, T] such

(n) _

v tén)) ?——v+,0 . Let tas denote min (t, s). Fisk[®]

. that max (t
v n > o

has shown that the sequence of sums

-11-



@2) B G R  e h

converges to (X 4 in L1 - mean, i.e.,

——— 0
n=>w

(23) E'Qn(t) - <x),

For this reason (X % is said to be the quadratic variation of X on [0, t].
Now, suppose that'{zt, 0 < t < T} is a sample-continuous process the sample
functions of which are almost surely of bounded variation. Then there

exists an almost surely finite random variable A such that

n g Zt(n) i Zt(n) =4
v+l v
Therefore,
: 2
z -z <A z -2
ol RGN C V] Il GO R )
vl v v+l v
a.s. i 0
n -+ o

so that Z has zero quadratic variation on [0, T].

Iheorem 4.1 Let'ﬁ24£} and ﬁJ1t} be two increasing families of
o-algebras and let {Xt,ajxt} and {it’L;lt} be sample-continuous second-
order martingales. If Xt + it or Xt - it is of bounded variation then
(X % = (X % almost surely.

grodf: We can make use of the fact that a sample continuous process

of bounded variation has zero quadratic variation and the inequality

-12-



(NT a2 - = 2)2< (a4 ) < (JZ‘.aZ =7
= %k khk—k(k-—bk)-— = Tk o+ %‘.bk)
to show thét‘the quadratic variation of X must bé equal té that of X
Since (X ) is the quadratic variation of X, this proves the theorem.

. We should note that in theorem 4.1 we dé not assume that X and X
are martingales with respect to the same family of o-algebras. If they
are then X + X and X - X are both marfingales. If one of them is also
with probability

0 0
1 for all t € [0, T]. 1In which case the result of theorem 4.1 trivially

of bounded variation, say X + X , then Xtr+ it =X +X

follows. The more interesting cases arise when neithér X+ Xmnor X-X
is a martingale.
An interesting application of theorem 4.1 is in connection with quasi-

(7]

martingales . A process {Xt, 0<t f_T} is said to be a quasi-martin-
gale with respect to ﬁJAt} if there exist {B , 0 < t < T} and {Mt, 0<t<T}
both adapted to ﬁJ4£} such that X = M + B, B is of bounded variation, and |
{Mt, ;)4t} is a martingale. We shall be interested only in those cases
where both M and B are sample continuous and where the total variation of

B has a finite expectation. Uhder these assumptions if’{Xt,<J4t} is a
quasi-martingale then'{Xt,(JAkt} is always a quasi-martingale, wheregjlxt
denotes the o-algebra generated by {Xs, 0<s f_t} . Of course, tﬁis
statement is vacuous ifgj@t =(J4xt . If not, then there exist B and ﬁ,.
distinct from B and M, adapted to ﬁJAkt} such that X = B + N , B is of

‘bounded variation, {ﬁt’(J4xt} is a martingale, both M and B are sample-

continuous, and the total variation of B has finite expectations.

-13~



It follows from theorem 4.1 that if M and M are secui.l order then (M)t =
(M )t for every t.
An important class of quasi-martingales is made up of Ito processes,

which are processes having the representation

t t
(24) Xt=xo+jwsds+f¢sdws,0itiT
0 0

where Y and ¢ are measurable processes adapted to an increasing family of

o-algebras {u4t} s {Wt, {‘At} is a Brownian motion, and X

0 is u"( O—measurable .

In addition, we assume

T
(25) : fE|(pS| ds < @
0
T 2
(26) - "‘wsdsw
| )A

"It is clear that {Xt,u:(t} is a quasi-martingale. Thus, {Xt,u‘lxt} is
also a quasi-martingale and the representation of X as a quasi-martingale

with respect to {"At} has the form

27) - x+f( xsw)ds+M

where {ﬁt’ ua(xt} is a martingale. Since the quadratic variation of the
t

martingale term in (24) is f ¢§ ds , Mt has a representation
0

~14- .



t
(28) M, = [ .| dir_
0

where W is a Brownian motion. Since

~ t2
(29) (), = fq)s ds
0

and ¥ is adapted to ﬁj&xt} , ¢i islext—measurable for almost all t.

These results can be summarized as follows:

Theorem 4.2 Let {Xt’ 0 < t < T} be an Ito process satisfying (24) -

(26). Then there exists a representation of X in the form

£ t
(30) X, = X_ +f b (xX3) ds + f § (x5) aii_
0 0

where Xg denotes'{XT, 0<T<s}, Wis a Brownian motion, and for each

t ﬁt and $t are functionals on C[0, t] defined by

. A
VN T @) = & *) W
and
1
(32) | .xp@) = [ 5 ¢x1% = o, ]

In (32) %E- stands for Radon-Nikodym derivative and (X ) is defined by

t

-15~



2 .2 ¢
(33) <x>t=xt-x0-zfxsdxs
0

Theorem 4.2 can be viewed as a generalization of a result, due
' 9
originally to Wonham[8] and termed the innovation theorem by Kailath[ ],

which corresponds to the case ¢ = 1. For that case we can write

t ul’(xs _ iy
f[nps-E‘ 0] ds = W+ W
0

where both W and W are Brownian motions.

The fact that ¢i (or |¢t|) iS()Axt—measurable for almost all t is
a simple observation based on considerations of quadratic variations.
Yet, it has surprising consequences. For example, (24) is often used
as a model for a system disturbed by a Gaussian white noise, with ;gg
formally playing the role of the white noise. An incidental result of

theorem 4.2 is that

Xt ~
£y | = g,

for almost all (w, t) , so that if ¢ never changes sign then it is
completely recoverable from observing'{XS, 0 <s <t} . This clearly
has implications for such models. Implications of quadratic variation

for singularldetection have already been observed in a previous paper[10]

Finally, we ~trongly suspect that Theorem 4.1 is also true for local
martingales[zl. However, for local martingales the quadratic variation
interpretation of {X ) needs modification, and the proof of Theorem 4.1

is no longer valid. Extension of Theorem 4.1 to local martingales would

allow (25) and (26) to be removed from the hypotheses of Theorem 4.2.

—_‘f_b_
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