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I. INTRODUCTION AND CONTENTS

Consider the linear system

2(t) = Az(t) + u(t) - v(t) , t>0

z(0) = z, ,

where at time t, z(t) is the state, u(t)[v(t)] is the control selected by
player P[E] subject to the constraint u(t) € Ulv(t) € V], where U[V] is

a fixed subset. A is a constant matrix. There is also specified a fixed
subset M, called the target set. It is the objective of P to choose u(t)
for each t, based on the information available to P at time t, in such a

way as to steer z(t) to M. We say that capture has occurred if z(t) € M.
On the other hand, E selects v(t) based on the information available to

E at time t, in such a way as to prevent capture.

Various situations must be distinguished, depending upon the infor-
mation available to each player. We shall distinguish two main types,
open loop and closed loop. We are interested in the latter case only,
but it is sometimes helpful to analyze the former case. A different
classification is obtained depending on whether we require the capture
to occur at a fixed time T independent of the control employed by E, or
whether we permit the capture time to vary according to E's control.
These situations are precisely defined in the next section.

Target functions are defined, and some of their fundamental proper-
ties are studied in Section III. The basic idea involved consists in

substituting for the eventual fixed target M an immediate moving target



F(t) for each time t. The function F(t) should be such that if

z(t) € F(t) for all t, then eventually capture must occur. The attrac-
tiveness of this approach dependé upon the ease with which one can dis-
cover target functions and derive closed loop controls from them. 1In
this sense the approach is analogous to Lyapunov's second method. 1In
Section IV we present .some ''matural' candidates for target functions.
There we also show that many of the solutions proposed in the literature
correspond to selecting one of these candidates as a target function.

The last section consists of some critical comments.

ITI. PROBLEM FORMULATION

Consider the linear system

z(t) = Az(t) + u(t) - v(t)
where z(t) € Rn, u(+) and v(+) are input functions under the control of
players P, E respectively and constrained by u(t) € U, v(t) € V where
U and V are fixed compact, convex subsets of R®. A is a constant n X n
matrix. |

Let M be a fixed closed, convex subset of R". M is called the
target.

Definition 1l: a. A control u(.) [v(.)] defined over some interval

[a,b] is said to be admissible if it is piecewise continuous, continuous
from the right, and u(t) € U [v(t) € V] for all t € [a,b]. We sometimes
denote this function as u[a,bj [v[a,b]]°

b. If u[a,b]’ v[a,b] are admissible, then z(b,z ]) is the

a*"[a,b]*V[a,b

state of (1) at time t, corresponding to the inputs u[a,b]’ v[a,b] and



initial state z(a) = z, -

Definition 2: a. Starting at z(0) = Zgs P _can capture E in time T

, with u(T)

if for all admissible V[O’T] there is an admissible u[O,T] .
= P(z(T1),v(T)) depending only on z(T) and v(T), such that z(t ) € M for
* *
some t € [0,T]. (Note that t depends on z, and v 2)
, 0 [0,T]
% * *
b. Let T (zo) = inf {t |starting at 2y P can capture E in time t }.

If P cannot capture E starting at z, in any time T < », we let

0

*
T (zo) = oo,
c. For each t, let

* *

Z (t) = fzolT (zy) = t}.
Let

* *

zZ = {zOIT (zy) < w}
Remark 1

The assumption that at time T, P knows the current control v(t) is
less realistic than a closed loop formulation where P only knows the
past. However, it is very helpful technically and can be rationalized
as follows. Let z(0) = z

0

a closed-loop control using which P can capture E in time T, in the

with T*(zo) < @, Let u(t) = ¥(z(T),v(T)) be

sense of Definition 2a. Let € > 0. Then there is § > 0 such that with
the closed-loop control uG(T) = w(z(T),v(T-S))T, P can €-capture E in

time T i.e., for all admissible v

[
[0,t°1°V[0,¢

*
[0,T]° there exists t € [0,T] such that
;]

*
z(t 32U *]) €M+ Se» where S_ = {z|z € Rn,lzl 5_6}T+ Note that the

+We set uG(T) = ug, 0 < t < § where u, € U is arbitrary.

0

*Here and throughout |zl is the Euclidean norm of z € R".



control u6 is based on the present state and past control of E. The

proof of the above statement follows easily from the boundedness of V

and the fact that T*(ZO) is finite.' It is even possible to let € approach
zero. However various dellcate technical problems arise which are not of
importance here. The interested reader may consult [1] - [3].

* *
Now let z, be such that T (zo) < o, In some cases the time t in

0

Definition 2a, can be chosen to be independent of the control V[O 7] of
b

E. Such situations are of interest because some important cases fall

into the category, and the problem is greatly simplified when this pro-

perty is taken into account. We therefore propose the following

definition.

Definition 3: a. Starting at z(0) = Zq» P can capture E (in the

absorbtion sense) at time T if for all controls+ V[O 7] there is a control
- — ]

Urg,r)? With u(™) = $(z(1),v(1)) depending only on z(t) and v(T) such

that

v c
Z(T,ZO,U[O,T], [O,T]) Mo
bo Let

T(zo) = inf{Tlstarting at Zq» P can capture E at time T}

If P cannot capture E starting at Zq at any time T < «, we let

T(zo) = o,

¢. For cach t, let

+
From now on whenever we say control we mean admissible control,



Z(t) = {zolT(zO) = t}.

Let
Z = {zolT(zo) < w}

Remark 2

(1) The condition that the capture time be independent of the con-
trol of E is highly re;trictive. First of all it is clear that T*(z)
< T(z) for all z. In fact as shown in Example 1 below it may easily be the
case that T*(z) < ® but T(z) = o, |

(11) The set Z(t)'is convex. To see this let zg € Z(t), and let
ui(T) = wi(z(T),v(T)) be the closed-loop control which captures E at
time t starting in Zgs for 1 =1, 2. Let 0 < A < 1. Then from the
linearity of (1), for the closed-loop control u(T) = le(z(T),v(T))
+ (1-)) wz(z(r),v(T)), we can see that (le + (1—A)22) € Z(t). ‘The con-
vexity of Z(t) makes it very convenient to characterize, and therefore
much of the work reported in the literature [4],[6]-[9],[13],[19] deals
with the probiem of capture in the absorbtion sense. Example 2 below
shows that Z*(t) need not be convex.

(iii) Definitions 2 and 3 are both concerned with closed-loop

capture as opposed to open-loop capturc where P knows at time 0 the

open—loqp control V[O,m) chosen by E. This problem is not very interest-
ing from our point of view, however it has received some attention [7],
[10],[11]. We might add that these papers ére concerned with open-loop
capture in the absorbtion sense.

The problem of pursuit can now be defined as characterizing the sets



Z* and Z, and finding the closed-loop pursuit control u(t) = Y(z(T),v(T))
which achieves capture. We are not restricting ourselves to finding
closed-loop controls which achieve capture in minimum time i.e., controls
which guarantee capture in [at].time T*(zo) [T(zo)]. Indeed in this case
the only general technique is to solve Isaac's main equ;tion [12] (see
[13]’for an application of this technique for a particular case of
capture in the absorbtion sense). Rather if I*(zo) < o [T(zo) < ] ywe
want to find some closed-loop capture which achieves capture in [at] some

finite time.

‘ * ,
Example 1: (T(zo) o T (zo) < ©), Consider the 3-dimensional

system él = u, 52 = Vy» 53 = v, where u € [-2,2] and

v' = (vl,vz) € {)(1,1/2) + (1—A)(1/2,1)|0 < A < 1} are the constraints
on the control for P and E respectively. Let M = {(zl,zz,z3)']zl = zz}.
By inspection we can see that for the initial condition 26 = (0,-1,0),

*
T (zo) = 2 but T(zo) = oo,

*
Example 2: (Z(t) convex, Z (t) not convex). Consider the 1-dimen-
sional system z = u - v with v(t) € [-a,a] and u(t) € [-2a,2a] where
*
a>0. Let M= {0}. Then 2z (t) = {-ta,ta} whereas Z(t) = [-ta,ta].

*
It might be conjectured that U Z (t) is convex. The next example
<t

shows that this is not true in general.

Example 3: Consider the 2-dimensional system,

0 -1
zZ = z+u-v
1 0



where u € U, vE V and U = V is an arbitrary set.

Let M = {(zl,zz)'lz1 € [a,b], z, = 0}. Then, VU Z*(T) = U z2(1
' <t <t

= {(r cos 8,r sin 6)'|a < r < b, 0 < 8 < 2mt} which 1s not convex for

t > 0, unless a = 0.

/

III. TARGET FUNCTIONS: BASIC PROPERTIES

If F CR", then 9F denotes the boundary of F. If G CR" and z € Rn,
then d(z,G) = inf {|z-x| x € G}.
From now on we consider the fixed system (1), with constraint sets

U, V and target M.

Definition 4: A target function is any set-valued+ function

F: [0,) -+ R" such that F(s) is closed for each s, and F(0) C M.
The basic idea behind the target function approach is given by the

next elementary result.

Fact 1: Let F(s) be a target function and define A(z,s) = +d(z,dF(s))

if z € F(s) and A(z,s) = - d(z, F(s)) if z € F(s). Let A(z 0) >01i.e.,

0°®

zZq & F(so). Suppose there exists % > 0 and a closed-loop control

u = YP(z,v) such that for every control Vi0,T]’ (1) a solution to z(t)
td

= Az(t) + P(z(t), v(t)) with z(0) = z, exists,

0
(i1) the corresponding function u(t) = Y(z(t), v(T)) is an admis-
sible control,

and (i1ii) along the trajectory

+i.e., F(s) is a subset of Rp.



A(z(t), sy - tu(e)) >0 , 0<t<T,

for some function u(t) 3-“0‘ Then starting at z_., P can capture E in

0,
s
time EQ ,» using the closed-loop control VY.
0 .

The next (and more important) step is to find target functions F and
closed-loop controls y which satisfy the above condition. We shall re-
strict our search to target functions F which are smooth, and for which
F(s) is convex for all s.+ We need to develpp some elementary properties

of convex sets.

n
Definition 5: Let F CR be a closed and convex set. The support

function of F is the function Wy : R" > R U {=} defined by

WF(¢) = sup {¢'x|x € F}.

We also define,

“F

g = inf 0ig(9) | [¢] = 11,

{o[Wg(9) < =},

>
|

il

Tp = {0 [1o] = 1, w,(4) = Az},

The main properties of the support function are stated in the

Appendix. It will be useful to note that AF > 0 if and only if 0 € F.

Definition 6 [4]: For closed convex sets A and B, their geometric

+Of course for the function %5?5) = {leﬁz) g_s}, a closed-loop control
which satisfies the conditions of Fact 1 exists by definition (it is

easy to show that %;?s) is closed). The situation is completely analogous

to converse Lyapunov stability results. The difficulty is that in general

we don't know %5?3).



different A * B, is given by
C=AXxB={z]z+BCAl

It is shown in the Appendix that if B is bounded, then

WC = co [WA - WB].

where for any function W : R" + R, co [W] is the largest convex function

bounded from above by W.

: *
Definition 7: 1If A, B are closed convex subsets of R" define WA B by
bl

*
Wy 5(8) = W, (0) - Wy(0).

* *
(If A X B =C, we will sometimes write WC = WA B when there is no
3’

ambiguity). Also define,

A = Inf 00 @) | o] = 13,
* * % .
%J={¢HM=1,%Jw)=MJL

Some properties of these functions are given in the Appendix. Note
*
A > 0 if and only if B C A.
A,B —
Let F(s), s > O be a target function satisfying conditions Cl - Cé.

Cl. F(s) is convex for s > 0.

C2. F(s) is a continuous' function of s for s > 0, in the Hausdorff
metric.’f
c3. KF(s) is closed for each s > 0.

C4. For all ¢ € KF(a)’ s > 0, the partial derivative of WF(s) () with

respect to s exists and is continuous in ¢ and s.

+i.e., For each s and € > 0, there is T‘

such that F(s) C F(s') + Se
and F(s') CF(s) + Se whenever Is - 8!

>0
< 8.

-9-



Let A(z,s) 4 XF(s)—z and T'(z,s) 4 PF(s)—z (see Definition 5).

Lemma 1

Let F be a target function satisfying Cl - C4. Then

a) T(z,s) is upper+ semi-continuous for (z,s) € R" x K+.++

b) T(z,s) is differentiable along any direction in Rp*i for
(z,8) € R® x R+. Furthermore, if £ = (e,u)' with e € Rp, HER

then

dA(z,s) A 1i A(z + Tte,s + TW) - A(z,s)
of im T
0+

- 9 9 '
= o e ?%2,3) [u oy wF(s)az(¢) + (Bz WF(s)-z(¢)) e]

i} 3 g
-, e_??;,@ 1 55 Wpeqy (8 - d'el.

c) If e(tT), u(t) are such that lim e(T) = e and 1lim u(t) = u,

0+ 0+
then

Lig Az + Te(D),s + (D) - A(z,s) _ 3A
T - of
0+ :

(z,8)

where £ = (e,n)’.

Proof: See Appendix.

From now on, unless explicitly stated otherwise, we only consider

target functions which satisfy Cl - C4.

i.e., For each s, z and € > 0 there is § > 0 such that T'(s',z')
CTI(s,z) + Se whenever ]s - s'| + |z - z'l < 8.

Tt - {s|s > o}.

~-10-



Let F be a target function. For each z € R" let
s(z) = min {slz € F(s)} i.e., s(z) is the smallest root of the equation

A(z,s) = 0. If A(z,s) = O has no root then let s(z) = «.

Lemma 2

s(z) is lower semicontinuous on the set {z|s(z) < o},

Proof: Let z, be a sequence converging to z such that s(zi) con-
verges to 8 < ®, By definition, A(zi,s(zi)) = 0. Since A is continuous
it follows that X(z,g) = 0 and hence s(z) 5_;?

Let u(+), v(+) be any controls, then along any trajectory of (1)

4

we must have

z(t+T) = z(t) + Te(T) T>0

where,

e(T) = Az(t) + u(t) - v(t) + O(T).

T

and so

lim e(1) = Az(t) + u(t) - v(t).
>0+

Let s be a function such that s(t+T) = s(t) - Tu(T) with lim u(t) = u.
: 0+

Then along this trajectofy, we see from Lemma 1 that,

(dl(zg;),s(t))+ A 1im A(z(t) + te(t),s(t) - Tu(T)) - A(z2(t),s(t))
t T
0+

]
= min [-u 5= W () - ¢'(Az(t) + u(t) - v(t))]. (2)
¢ € T(z(t),s(t)) 05 F®

Definition 8: For z € Rn, u€Uu, v&€v,s>0, n €ER let

-11-



Blzssou,vsl) = min [z W @) -¢'(ztu-w] 3

¢ € T'(z,s)

Lemma 3

B(z,s,u,v,U) is coﬁtinuous in u, v, ¥ and lower semicontinuous in
z, s.

Proof: The continuity in u, v, U is clear from (3). The lower
semicontinuity in (z,s) follows from the fact that I'(z,s) is upper semi-

cintinuous in (z,8) (Lemma la).

Definition 9: Let Q(F) = {z|0 < s(z) < =} .

Theorem 1
Suppose there is ay > 0 such that for all z € Q(F), for all v €V,
there exists U > o, and u € U such that

0

B(z,s(z),u,v,u) > 0.

s(z.)
Then starting at zq € Q(F), P can capture E in time m 0 .
0

Proof: Let v(:) be any admissible control, and let Ho Z_ao, U, €Ev

be such that B(zo,s(zo),uo,vo,uo) > 0. Let u(t) = u, for 0 <t < ty>

where tl > 0 is the largest t1 > 0 such that B(z(t),s(zo) - uot,uo,v(t),uo)

>0 for t < t,. Since v(t) is continuous from the right it follows from

Lemma 3 ;hat t, > 0.

1
Therefore at t = ts A(z(tl),s(zo) = Yy tl) > 0, because A(zo,s(zo)) =0

and from (2), (%%-(z(t),s(zo) - uot))fi 0Ofort <t Hence,

1-

s(z(tl)) f_s(zo) - uo-tl g_s(zo) -0, t

01

-12-



and in particularAz(tl) € Q).

Next we start at z, = z(tl) and let Wy > &), uy € U be such that

B(zl,s(zl),ul,vl,ul) > 0 where v, = v(tl)- Let u(t) = uy for t; <t«< tz;

where t2~2.0 is the largest tz_zo such that B(z(t),s(zl) - ul(t-tl)’ui’v(t)’ul)

> 0 for ty £t <t,. Once again t, - t > 0, and

s(z(tz)) i_s(zl) - ul(t2 - tl) < s(zo) - ao ty.

Continuing in this way we define u(t) = u, for L, le< i with

s(z(ti+l)) S_s(zo) i=0,1, 2, ... (5)

0t

Either in a finite number of steps s(z(t)) = 0 and z2(t) € M (with

s(zo) * %
t < % ) or t:i converges to t and z(ti) converges to z(t ), and from
* * *
(5) and Lemma 2, 0 < s(z(t )) f_s(zo) - o t . If s(z(t )) = 0, then

*
z(t ) € M. Otherwise 0 < s(z(t*)) f_s(zo)- o t*. But then z(t*) € Q(F).

0
*
Starting at z(t ) we can repeat the procedure. Eventually for some t,

s(zo)
s(z(t)) = 0 with t < — .

Remark 3
(1) Theorem 1 and its proof were suggested by [4]. 1In the light
of Theorem 1; [4] can be considered as a proof of Theorem 1 for a parti-
cular‘F (see Section 1IV.1), and'ui = l; for all 1i.
(i1) If we have a target function F, then (4) automatically gives

s(zq)
us a closed-loop control u = Y(z,v) which achieves capture in time o 0 .

0

Thus the pursuit problem reduces to finding target functions which

satisfy the hypothesis of the Theorem..

-13-



(i1i) Sometimes it is convenient to relax the strict inequality in
(4). But then we must assume that the closed-loop control is well be-

haved as follows.

Theorem 2
Suppose there is % > 0 and a closed~loop control u = P(z,v) such

that for all z € Q(F), v € V, there exists p > a, satisfying

0

B(z,s(2),P(z,v),v,Hn) > 0. (6)

Suppose that for every admissible control v(.), and z, € Q(F), the solu-

0

tion to z = Az + Y(z,v) - v with z(0) = z_ exists, and the corresponding

0
control u(t) = Y(z(1),v(T)) is admissible. Then starting at 2, € Q(F),
s(zo)

P can capture E in time using the closed-loop control Y.

%

Proof: Let z(t) be a trajectory starting at z_ € Q(F) and using

0
admissible control v(:) and u(T) = P(z(1),v(T)). By hypothesis, there

is a function u(t) > o, such that

0
B(z(t),s(z(t)),u(t),v(t),u(t)) > 0.

It follows from (2) that

@ 2),500" > 0

for ¢

s(t) = s(zo) - f u(r)dr < s(zo) - a t.
' 0

Since A(z(O),s(zo)) = 0, we conclude that A(;(t),s(t)) > 0 so that

14—



s(zo)
8(z(t)) < s(t) < s(zo) - 0, t. Hence z(t) € M for some t < .
) = 0

In some cases (6) implies (4) with % replaced by % = 6, as

follows.

Definition 10 [5]: =z € Q(F) is said to be regular if

5 9 ’
S Mee)e®| T B V@ > 0 for all ¢ € I'(z,s(z)).

s=s(z) s=s(z)

If every z € Q(F) is regular then Q(F) is said to be regular.

Theorem 3

Suppose there is o, > 0 such that for all z € Q(F), v €V there
exists u € U, | z_ao such that

B(z,s(2),u,v,u) > 0. (7)

Suppose that {(F) is regular. Then starting at z, € Q(F), P can capture
é(zo)
oy-€

E in time where € > 0 is arbitrary.

Proof: Since Q(F) is regular, it follows from (2), (7) that if § > 0,
B(Z,S(Z) au’V,U"G) >0
for z € Q(F). Also u-$ z_ao—G so the result follows from Theorem 1.

Remark 4
It may be helpful to note that Q(F) is regular if and only if for

all z € F(s(z)), z € interior (F(s(z) + 8)) for 8§ > 0 sufficiently small.

-15-



In turn this implies F(s) nut c F(s') N and 9F(s) N 3F(s') CM when
0<s < sg'. (Here M€ = {z|z € M}).
Sometimes a target function F may be obtained as the geometric dif-

ference of two target functions+ Fl’ F, i.e., F(8) 4 Fl(s) i.Fz(s) (as

2

for example in Section IV.1). Then instead of using the functions

*

wF(s)-z’A’r’s’B it is more convenient to use the functions W

* * % *
F(s)—z’l T ,8 ,B

which are defined as follows.

* _ * _ % _ }
w}?(s)—z((t) - WF (¢) - WFZ(S)(¢)’ A (z,8) = min {WF(S)-Z(¢) ld)l =1},

1(s)-z

I*(z,8) = {¢ |¢| = 1, w;(s)_z(¢) = 2"(z,9)},8" (2) = min {s|s > 0,17 (z,s) = 0}

and

* ,
s (2) = o if A(z,s) > 0 for all s‘Z_O,'and

* 3
B (Z,S,U,V,U) = min [— ua—

* a * .
. 5 WF(S)_Z(dJ) + Gy WF(s)-z(¢)) (Az+u-v) 1,
¢ €ET (z,s)

* *
Let @ (F) = {2]0 < s (z) < =»}. The analogous version of Definition 10

is the following.

* .
Definition 11: z € Q (F) is said to be regular if

] * _ 9 3
55 %@-=®| , TR @ T F @ |, >0 feral
s=s (z) s=s (2)

¢ €I(z,s"(2)).

* %*
8 (F) is regular if every z € Q (F) is regular.

+In this case it is enough that Fy, F2 satisfy Cl1 - C4, provided we use

the functions_wﬁ5 A* defined below.

-16-



We can now obtain a development completely analogous to the develop-
ment from Lemma 1 through Remark 4. Since there are no subleties involved
we omit this. The interested reader can consult [14].

One further observation will prove useful.

Remark 5
Let F(s) be a target function, or suppose Fl’ F2 are target functions
and let F = F1 E.Fz. Let ®(s) be a nonsingular n X n matrix function. It

is sometimes more convenient to work with the set function ¢(s) F(s)
instead of F directly. Since ¢(s)[Fl(s) E,Fz(s)] = &(s) Fl(s) * &(s) Fz(s),
and since z € F(s) if and only if ¢(s) z € 9(s) F(s), we can equally well

use the functions w@(s)F(s)—Q(s)z(¢) instead of wF(s)—z(¢)’ and

* * * %
w@(s)F(s)-Q(s)z(¢) instead of WF(s)—z; the functions A , I' etc., will also

be changed appropriately. Such a nonsingular transformation will be

employed often in the succeeding sections.
IV. SPECIFIC TARGET FUNCTIONS AND APPLICATIONS

IV.1l. Open-loop capture in absorbtion sense. We again consider the

system (1), together with the sets U, V, M.

Definition 12: Starting at z(0) = z, P can capture E (in_the

0

absorbtion sense) at time T, open-loop, if for all controls v[0 T]°
]

there exists a control u ] (depending on v ]) such that

(o,T [o,r
0
(S s i
z(T’ZO’u[O,T]’V[O,T]) M. Let T (zo) be the minimum such time; if none
exists set To(zo) = o, Let Zo(t) = {leO(z) = t}.
It is easy to see that To(zo) < T(z) for all z. In general there is

*
no ordering between To(z) and T (z).
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Definition 13:

: t
a. Let CU(t) = udt & {f eAT u(T)dT]u[O t] admissible}
9
0

O\
(ng
o
>
~

fl

t

b. Let QJ(t) = ] AT var
0

ne>

t
{f T v(‘r)d'rlv[o’t] admissiblel}.
0

c. ret %) = [- M + Q)1 £ QUe).

The next result is immediate.

Lemma 4

T
max ((b'eATu)dT,wa(T)(d)) - f max  (¢'e2Tv)dr.
0

. W =
: C“(T) @ u€vu vEYV

S~

, . +
b. W = co [W0,..] where,
a’m am
* A
W ) =w (¢) - (9) = W_ ($) + W (¢) - w (6)
CLO (T) - U(T) Yy -M Q) QXT)

c. z€ ZO(T) if and only if ;-eATz € ao(T).

We can use ZO as a target function. Equivalently, from Lemma 4c and
Remark 5 we may use the function ao(s) = -eAs Zo(s). Because of the

simple characterization obtained in Lemma 4a, 4b we shall use

*

T+
= *
Wao W-M+CU" WC‘V instead of WQO' Thus let,

+Recall co[W] = largest convex function bounded from above by W.

+W satisfies conditions Cl -C4 since ¥ is compact. In order that
w‘M"'CIl: Wy + WC“ satisfy Cl - C4 we must assume that K, is closed.

This is true if M is described by linear inequalities.

-18-



W@ed) =W o @) = 0 W0 Uy ) = (). (@)

A (s)te "z
* %
A (z,s) = Min {W (z,s,9) | |¢] = 1} (9)
(z,8) = {6 | |0] = 1, W (z,8,8) = 1" (2,8)} (10)

* * * *
s (z) = min {sls > 0, A (z,8) =0}, s (2) =, if X (z,8) > 0 for all (11)

s > 0.

8% (2,00, va0) = min [0 e W (z,s,0) + Go W (2,5,0) (Aztuv)]
b € 1" (z,9)

= min [—u(¢'AeASz + max ¢'eAsu - max ¢'eAsv) + ¢'eAs(Az+u—v)].
¢ € I (z,9) ucyu vEev (12)

We can now specialize Theorems 1, 2, 3 in terms of the particular func-
tions introduced above. As example, we specialize Theorem 3. Let

* * *
f (CZO) = {z]0 < s (2) < @}. Following Definition 11, we say that Q (CZO)

* * *
is regular if for all z € Q (Clo), and all ¢ €T (z,s (z)),

* * *
1ehs (Z)Az + max ¢'eAS (z)u - max ¢'eAs (z)v > 0.

u€u vEV

¢

Theorem 4
*
Suppose that 2 (CZO) is regular. Suppose that there is ao > 0 such

*
that for all z € Q (CZO) and v € V, there exist p 2.u0 and u € U such

that

* *
As (Z)Az > [ max ¢'eAs (z)u - max

u€U vEV

* *
o'ef® Dy + @-we'e prets 2y,

(13)
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g

* * *
for all ¢ €T (z,s (z)). Then starting at z, € Q (Clo), P can capture E

0
B
s (z,)

in time ——— where € > 0 is arbitrary.
GO-E

Proof: Because of the representation (12), (13) is equivalent to
7).

Remark 6
The results of [4] correspond to Theorem 4 with the additional
condition that (10) holds for 4 = 1, so that capture is guaranteed in

*
time s (zo) + € where € > 0 is arbitrary.

IV.2. Extremal Aiming. By imposing additional conditions on the

dynamics, and the sets U, V, M we can use the target functions defined
in Section IV.l to simplify and make rigorous (for the linear case) the
extremal aiming pursuit strategy studied by Krasovskii [9], [15]—[18].+
Thus consider system (1) again, and the sets U, V, M. We define the

* * ¥ k%
functions W , A , ' , s , B by the equations (8)-(12). Let 2 M be

* % *
a fixed initial state such that s 4 s (zo) < o, Then s 1is the smallest

t such that [eAtz0 4—C]j(t) - M) :)Clkt). Consider Assumptions 1 and 2.

*
Assumption 1: For every t € [0,s ] and every z € eAtzo-+<lJ(t) - CU(t),

*
s (2) < o, and furthermore

*
a[eAs (z) 4—(]‘(3*(2)) -M] N aC\ks*(z)) = {P*(Z)} (14)

+[9] is concerned with the linear case only. [15]-[18] consider nonlinear
dynamics with applications to the linear case.

++Krasovskii considers dynamics which separate as x = Alx + u, & = A2y + v.

He also requires M to be a subspace.
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' *
consists of a single point p (z). Here J0K denotes the relative boundary

of a closed convex set K.

Assumption 2: The set ((JJ(t) - M) has smooth boundaries i.e., at

every point on the boundary of<1‘(t) - M there is a unique outward normal
to the set ([(t) - M.

From Assumptions 1 and 2 we immediately obtain the next fact.
Fact 2: Suppose Assumptions 1 and 2 are satisfied. Then,
* *
I' (z,8 (2)) = {¢(2)} (15)
consists of a single vector, for all z € eAtz0 +<QJ(t) - Cth) and for all
*
0<t<s (2.

Theorem 5
Suppose Assumption 1, 2 are satisfied. Let ¥ : R" > U be any

function such that

As*(z)u

*
0 ()™ PVyz) = max ¢'(2)e
u€u

(16)

*
for all z € eAtzo +CQj(t) - CU(t), and all 0 <t <s (zo). (In (16) ¢(=2)
is given by (15).) Suppose that for every admissible control v *
[0’8 (zo)]’

a solution to
z(t) = Az(t) + P(z(t)) - v(t), z(0) = z, an

exists. Then, starting at z(0) = and using the closed-loop control

ZO,

*
u = Y(z), P can capture E in time s (zo).
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Proof: From Fact 2, (12), and (16),

* *
8%(z,8"(2),0(2),v,1) = - [ max ¢' ()™ Pu - min 97226 Py
u€Uu ' vE€vV '
A *.
+ ' (e 9 (y(z)-v)
* *
= max 9" Py - 91 (@)t Py > 0.

vEVY

*
The result now follows from Theorem 2 (for the function B instead of B),

and o, = U4 = 1.

0

We shall now show why the control u = P(z) is called the extremal

aiming strategy.

% %
Definition 14: Given a point p € [eA,tz0 +<q1(t) -M], u €U is
*
said to be aimed at p if there is an admissible control u[o £] such that
’

*
u(0) = u and,

t
- %
Atz 4+ f eA(t 1:)u('l')d'l‘ep + M.
0

Lemma 5
Suppose Assumptions 1, 2 hold. For every z € eAtzo +<QJ(t) - Cth),
* * *
and 0 <t <s (zo), the control u = Y(z) is aimed at p (z) € eAS ()

4-511(8*(2)) - M, where p*(z) is given in (14).

*
Proof: By Assumption 1, there is a vector q € M and r € Bclks (z))

such that

*
*
eAS (z)z +r-q=p (2).
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Also since {§(z)} = P*(z,s*(z)), it follows that ¢(z) is the outward
normal to eAS*(z)z 4-C]‘(s*(z)) - M at the point pk(z).‘ Hence ¢(z) is
also an outward normal to the set<31(s*(z)) at the point r. From the
Pontriagin maximum principle, we conclude that any open-loop control
u*(t) satisfying

$'(e)u" () = max ¢'(t)u (18)

u€vu :

where

A (s" (zg)-t) .
o(t) = e ¢(z) , 0<t<s (2)

also satisfies

*

s (2) %*
r =J/~ eA(s (z)-1) u*(T)dT.
0

*
But then from (16), (18) we can assume that u (0) = Y(z) and the lemma

is proved.

Remark 7
(1) In [9], Krasovskii does not explicitly state Assumption 1. He

appears to require it to hold only along every trajectory which results
from the extremal-aiming control. But then it is not very clear how to
define the function Y precisely.

(i1i) The two assumptions are extremely difficult to verify in
general. Some simplification obtains if the dynamics separate and if
M is a subspace as in the previous footnote. Theorem 2 of [6] states a

relatively simple condition which presumably implies Assumptions 1 and 2.
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Unfortunately the proof given there is erroneous, an? in fact [14] con-
tains a counter-example. In [7], Sakawa is concerned mainly with open-
loop capture in the absorbtion sense. 1In his concluding remarks he does
glve the extremal aiming strategy. He states Assumption 1 explicitly,
and assumes that Assﬁmption 2 holds in general which is incorrect.
Figally fhere is a serious mistake in [7] which limits its applicability
to target sets M = Sg- |

(iii) In Theorem 5 we have assumed that Y is well-behaved i.e., a
solution to (17) always exists. This can be guaranteed if Assumption 1
is required to hold in an open neighborhood of every z€ eAtzo + CU(t) - CU(t),
0<t f_s*(zo), and if in addition (16) uniquely determines Y(z). Then
one can show that Y(z) is differentiable in z so that a solution to (17)
is guarénteed. (See for instance Theorem 5.1 of [3]).

(iv) Note that the control Y does not depend upon the control of

E.

IV.3. Z(-) as a Target Function. Following Pontriagin [4], we can use

the function Z(.) introduced in Definition 3, as a target function. It
follows almost immediately from the definition that for all 6 > O, v[0 5]

, ’
admissible, and 2, € 7Z(t), there exists a closed-loop control

u(t) = P(z(t),v(T)) such that

z(6,zo,u[0’6],v[0’6]) € zZ(t-9).

Since Z2(0) = M, we can see that the control u(t) = P(z(T), v(T)) and the

function Z(.) satisfy the hypothesis of Fact l+ with u(t) = ao = 1, Thus

+Z(-) may not satisfy C2 - C4, however.
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Z(-) appears to be an attractive target function. In fact it can be
appropriately modified to apply for the time-~varying case also [19].
However two péints must be kept in mind. First of all, if we are
interested in capture in the éense of Definition 2, then the set Z may

be a highly conservative estimate of Z* (witness Example 1). Secondly,
in general it is extremely difficult to compute Z(.). Under some special
cases these drawbacks may be overcome, as follows.

Again consider system (1) and sets U, V, M.

Definition 15: The target set M is said to be absorbing if for all

e .
z0 M, for all admissible V[O,T]’ there is a u[O,T] such that

z(T’ZO’u[O,T]’v[O,T]) € M.

(Evidently M is absorbing if the above condition holds for all 0 < T < §
where § > 0 is arbitrarily small.)

The next lemma is straightforward.

Lemma 6

x
If M is absorbing, then Z(t) = Z (t) for t > O.

Remark 8
(1) If M is a subspace, L is its orthogonal complement and m the
orthogonal projection of R" onto L, then M is absorbing if for all
z €M, v €V, there is u € U such that m(Az + u - v) = 0.
(ii) The requirement that M be absorbing is highly restrictive.
However it appears to be crucial if one wishes to prove existence of an

optimal strategy for a zero-sum differential game where the pay-off to
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*
Eis T (zo) (see the assumptions in [1],[2],[20]).
We now turn to the second drawback noted above. Following [4], for

each positive integer k we inductively define set function Zk(-) as

follows

7%(0) = M

for 0 < T < 27K, 2" (1)

{zl-eATz € [—Zk(O)'+C]l(T) * )11}

L]
.

for 1278 <"1 < (@41)27%, (1) = {z]-e"%2 € [-Z°2 ™) +QUee) 2 QeI 1)

where s = T - iZ-k.

In other words if 127X < 1< (1+1)2 X and s = T - 127%, then
z € Zk(T) if and only if for every control v[0 s] there is a control
?
u[O,s] such that

s

A8, 4 f A o) - vio)ldo € 251279y,
0

With this characterization we can obtain the first part of the next

lemma, and the second part follows by a limiting argument (see [4] or

[19] for details).

Lemma 7

@ 2 ) for all .

oo

(11) z(t) = N zK(1) for all T.
k=1

Thus for sufficiently large k, Zk(T) is a good approximation for
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Z(t). However the "construction" of Zk('l') described above is completely
impractical in general. There is one special case where we can directly
obtain Z(:) in terms of its support function. This is the case where
all the functions Zk(-) coincide with the function ZO(.) introduced in

Definition 12 above. But first let us define

B>

1J4k(T) = - eAT Zk(T) {-eATzlz € Zk(T)},

{-eATzlz € z(1)}.

>

.J41(T) = - eAT Z(1)

Lemma 8
Statements (i), (ii) are equivalent, (iii), (iv) are equivalent, and

(iii) implies (ii).

W A% = A for 0 <T<t

WD 2%y = A%t) for 0 <t <, k=1, 2, 3,

A

(i11) w

*
QO(T) - Wa_O(T) w-.M + WQA(T) - ij(T) for 0 < T < t.

(iv) ‘h*.o(’f) (¢) is a convex function of ¢ for all 0 < T < t.

Proof: Since A%(1) DAY (1) 2 A% (1) D .... D A, (1) and (ii)

*
are equivalent by Lemma 7 (ii). Since WQO = co[W 1,

) Oy

*
if and only if W 0 (¢) is a convex function of ¢,
| O (1)

W =W
2% %

so that (iii) and (iv) are equivalent. The final assertion is proved
in the Appendix.

From this lemma, we can see that if W_M + W(-H(T) - W/U(_r) is a convex
function for each T € [0,t], then it Is also the support function of'jl('r),

for T € [0,t]. The lemma also shows that this is a quite restrictive
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condition sinée it implies that the notions of open-loop capture in the

absorbtion sense and closed-loop capture in the absorbtion sense coincide.
The above lemma can also be used to derive the results of Kimura [8].

He considers system (1) with control sets U, V. Instead of the target

set M, suppose that the players P, E wish to minimize, maximize respectively

the payoff function

ICepg 192V0,17) = [P2(Tszgupg 4ysvig, o))

where z is a fixed initial condition, T is a fixed time, and D is a
fixed m X n matrix. The information available to P at time t is z(t)
and v(t), so that the game must be considered in the closed-loop sense.
Also since T is fixed, the situation is analogous to absorbtion type
capture. Kimura proceeds by first considering the open-loop situation.

Thus let

€ = min max ]Dz(T,zo,u[0 T]’V[O T])| (19)
v u ] bl
(o,r} "[0,T]

where of course the functions v(.), u(.) range over the set of admissible

controls. Let
M = {z | |pz| < €}.

Then from (19) and Definition 12 it follows that T is the smallest time

t such that z, € Zg(t) i.e., Tg(zo) T. (Here Zg, T0

e correspond to

0

the target Ms') Then, Kimura derives conditions which guarantee that
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e(zo) is the optimum payoff even in the closed-loop case. The condition
turns out to be exactly the same as Lemma 8 (iii). The closed-loop
pursuit strategy can then be obtainced from (13) for W = 1. Further sim-
simplification can be achieved if th= support function WEZQ(T)

is strictly convex for T € [0,T] because then the set I' consists of

only one point. For details see [14].+

IV.4. An Example. In this section we present a pursuit problem with

trivial dynamics, namely where the matrix A in (1) 1is the zero matrix.
The problem can be solved by inspection. We shall solve it by using a
target function. The purpose of the example is to note that none of the
target functions presented so far is applicable to this problem, if the
set V contains at least two points and if it is not contained in U. (V,

U are defined below.) Consider the system
z =u+v (20)

where u € ﬁ, ; €V with ﬁ, v compact and convex subsets of R". The target
M is a subspace of R". Let T denote the orthogonal projection of R" onto
L, the orthogonal complement of M. Then the pursuit problem (20) is

equivalent to (21),
zZ=u-+ v (21)

where z = ﬂ;, WEU=mU), vEV =m(V) and the target is M = {0}.++

fThe following notational correspondence may help the reader. -G(t,x,£)

in [8] < w* » V(t,x) in [8] <> g, -F (t,£) in [8] < W* (4)
Clg(T)+eATz o CZg(T)

and R (o) in [8] <> AX(D).
++This projection onto a lower~dimensional problem with target {0} is poessible

only because T commutes with the transition matrix of (20), which is I. This
fact was overlooked in [7], thereby drastically reducing its contribution.
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Fact 3: Starting at 24 # 0, P can capture E in a finite time if

and only if for all v € V, there is a u € U and %

u+ve - Hz, for some | Z_ao (and then capture is possible in time %—).
0

for all u €U, u > 0.

> 0 such that

Proof: Let v € V be such that u + v ¢ - vz,
Then for v(t) = v, z(t) # 0 for all t > 0 and gll admissible u(«). Con-
versely consider the target function F(s) = {szo}. Then

Q(F) = {rzolo < < »} and éondition (6) becomes‘—¢'(uzo + Y(z,v)+v) > 0
for all |¢| =1, z € Q(F), so that uz + Y(z,v) + v = 0 for all z € Q(F).
By hypothesis, this can be satisfied by a closed-loop control Y for some

H z_ao. The sufficiency then follows from Theorem 2.

V. COMMENTS

The target function approach gives us an intuitive geometric frame-
work which helps infinding strategies for linear pursuit problems. We
hope that the examples of specific functions given have shown that the
approach is also unifying and operational. The results of [22], [23] can
also be derived using target functions. The approach can be extended to
nonlinear dynamics as in [16]-[18]. We have not done this. In many
ways the approach is similar to Lyapunov's second method. As in the
latter theory, general results are easy to come by. Specific target
functions are as difficult to find as specific Lyapunov functions. The
analogy goes deeper. In a recent paper Krasovskii [21] has presented
ideas quite similar to those presented here, but more along the lines of

Lyapunov theory. However he does not develop them.
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APPENDIX
Those statements below which are stated without proof, are elemen-
tary.

I. Support functions. Let F be a closed, convex set. Let WF’AF’FF

be as in Definition 5.

Fact Al: WF : R% > RU{x} is a lower semicontinuous convex, posi-

tively homogeneous+ function.

Fact A2: Let W : R" + RU{x} be a lower semicontinuous, convex,

positively homogenous function. Let
F = {z|¢'z < W($) for all ¢ € R"}

Then F is a closed, convex set and WF =W.

Fact A3: Let G be a closed, convex set. Then

(1) wF+G = WF + Wé

(i1) WF =-WC if and only if F = G

(1ii) Wf S.Wb if and only if F CG.
Corollary

The following statements are equivalent.

1) 0 E€F.
(11) WF(¢) > 0 for all ¢
(111) Az >0

Recall d(z,G) & nin {|z - x||x € G} and oF 8 boundary of F.

T

i.e., W (a$) = oW (¢) for all a >0, ¢ ER".
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Fact A4: (1) AF + d(0,9F) iIf 0E F

M

- d(0,9F) 1if 0 & F.

(11) 1f AF < 0 then I', consists of a single vector. If AF = 0, then

F
0 € 9F, and PF consists of all vectors ¢ € R" such that |¢| = 1,.and ¢

is an outward normal to a hyperplane supporting F at O.

II. Let A, B be closed convex sets with B bounded. Let C = A * B and

XA % A Kk %
WC WA,B = WA - Wh.

Fact A5: C is a closed, convex (possibly empty) set.

Fact A6: W W] = co[W ]
act : c co[wA - B] = co[WC .

*
is continuous so that WC = WA - W_ is

Proof: Since B is bounded, W B

B

lower semicontinuous. Since WA’ WB are positively homogeneous, so is

* . %
WC. Hence co[WC] is lower semicontinuous, convex, and positively homo-

*
geneous so that by Fact A2, there is a closed convex set C such that
*
= < -
Wb* co[Wc]. Since WC* __WA WB’ it follows from Fact A3 that
* *
C +BCA, sothat C CC. Next, since C=A * B, B+ C C A, so that
*
< - - = C
Wb __WA WB' Since WC is convex, WC f_co[wA WB] WC* so that C C C .
*
But then C = C .

* :
Fact A6: A, 5 > 0 if an only if B CA.
b4

Let F(s), s > 0 be a target function satisfying conditions Cl-C4.

Let W(z,8,8) = Wy o (8), A(z,8) =hy o, T(z,8) = Tpoo .

Fact A7: A is a continuous function of (z,s) € R" x [0, «).

Proof: Since F(s) varies continuously in s, d(z,dF(s)) is a
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continuous function of (z,s8). By Fact A4 (i), it follows that A is

continuous.

III. Proof of Lemma 1.

a) Let zy € Rn, Si.Z 0, ¢1 € P(zi,si), i=1, 2, ... be sequences
converging respectively to z, s, ¢. By definition |¢i| =1 for all i,
so that |¢| = 1. Next, W(zi,si,¢i) = A(zi,si) for all i, and since W, A
are continuous, it follows that W(z,s,9) = A(z,s) so that ¢ € I'(z,s).
But this means that ' is upper semicontinuous.

b) Set z =2z + Te, 5, =8 + tu. For all ¢T € P(zT,sT), and

¢ € I'(z,s),

W(ZT’ST’¢T) = )‘(ZT’ST) < w(szST’¢)
and

W(Z,S,¢T) > A(z,s) = W(z,s,9)

so that

W(z_»8.,9.) = W(z,8,0.) < Mz ,5.) - A(z,8)

< W(ZT’ST’CP) - W(z,s,9).

* * * *
From the mean-value theorem there exists s = s + T Y, z =2z + T e with

* oW , * % ,
0 < T < T such that w(zT,sT,¢T) - W(z,s,¢T) = T[(g;‘(z »S ,¢T*)) e
+ W L * %
ds 2 S ’¢T*)P]' Combining this with the left-hand inequality we see

that (since T is upper semicontinuous),
Mz ss.) = A(z,8)

1in - - > min (Y (z,8,00) % + u 22 (2:5,0)]
0+ ) (z,s)
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Similarly, from the right-hand inequality,

X(Z sS ) - }\(Z’S)
P < min [ (5,00 + w3 (20,001
>0+ ¢ € T(z,8) °° °

¢) The proof of this part is essentially a duplication of the above

argument.

IV. Proof of Lemma 8.

We must show that statement (iii) of Lemma 8 implies statement (ii).
This follows immediately from Fact A8 below.

Let M, Ul’ UZ’ .... and Vi, V2, ...+ be closed convex sets with

. L %
vV,, V,, ... bounded. Define, a = (-M+ 2: U,) * ( 2: V.,). Let
1’ "2 L i b i
. i=1 i=1
= = - * =
A1 621 (- M+ Ul) _,Vl and for £ > 1, let A2+1 (A2 + U%+1) §_V2+1.

Fact A8: Statement (a) below, implies (b).
'3 L
(a) W@2=W-M+ZWU -2 W o, b=1, ..., L
£=1, ..., L.

Proof: For L = 1, the assertion is true by definition. Suppose it

is true for L. Then,

L+l L+l

+7W - W by hypothesis
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=W, +W - W . by induction hypothesis

1]
0
(o]
=
+
=

i
=

since Wtz is convex,
L+l

by definition and Fact A6

so that aL+1 = A, by Fact A3 (ii).
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