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Abstract

This paper presents a demonstrably convergent method of feasible
directions for solving the problem min{¢(x)|gi(x) <0 i=1,2,...,m},
which approximates adaptively, both ¢(x) and V¢(x).- There approximations
are necessitated by the fact that in certain problems, such as when
$(x) = max{f(x,y)|y € Qy}, a precise evaluation of ¢(x) and V¢(x) is
extremely costly. The adaptive procedure progressively refines the pre-
cision of the approximations as an optimum is approached and as a result
should be much more efficient than fixed precision algorithms.

It is shown how this new algorithm can be used for solving problems

of the form min max f(x,y) under the assumption that Qx = {xlgg(x)

y=e, y&o,

<0, 3j=1,..., s} CR", 9, = {ylz*(y <0, i =1,..., t} C R, with

£, gJ, cl continuously differentiable, f(x,*) concave, cl convex for

i=1,..., t, and Qx’ Qy compact.
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I. Introduction

One of thé major classes of algorithms for solving nonlinear pro-

gramming problems of the form min{¢(x)|g(x) < 0} (with ¢: % *'Wkl, g:

R > RE continuously differentiable) is the class of methods of feasible

directions. This class of algorithms was introduced by Zoutendijk [1], in
1959. Since then a number of more or less directly related algorithms in
this class have been:proposed by Zoukhovitzkii, Polyak and Primak [2],
Topkis and Veinott [3] and Polak [4]. Incidentally, the Frank and Wolfe
method [5], the Rosen gradient projection method [6] and the Huard modi-
fied method of centers [7] can also be considered as belonging to this
class of algorithms. All these algorithms have the following feature in

common: to compute X, ., from X, one must compute both ¢(xi) and V¢(xi).

i+

Although usually this results in no difficulty, there are some cases where

the need to compute ¢(xi) (and V¢(xi)) leads to severe complications. For

example, suppose that ¢(x) = max f(x,y). Then, to compute ¢(x) we must

yE .
bring in a subprocedure (probably also a method of feasible directions)
which constructs a sequence {y’} such that f(X,YJ) + ¢(x) as j > ©. There-

fore, if viewed constructively, a method of feasible directions cannot be

_applied to such a problem, since we would have to compute an infinite



sequence {xi}, each element of which is only obtainable as the limit point
of an infinite sequence {yi}. Even if one adopts a nontheoretical point
of view , it is clear that the computation of adequate approximations to
¢(xi) and to V¢(xi) is bound to be extremely time consuming when ¢(x) =
max f(y,x).
yeEQR

Y We shall show in this paper how one particular method of feasible
directions (due to Polak [4]) can be modified and extended so as to elimi-
nate both the'theoretical and practical difficulties indicated above. A
similar treatment also appears to be possible for some of the other methods
of feasible directions. To obtain our new algorithm, we began by extending
some of the methods for implementing theoretical algorithms discussed
in (8], [9] and [10]. The major source of difficulty in this task
stemmed from the fact that we wanted to obtain an algorithm which can be
used for min-max problems, i.e. problems in which approximations to
¢(x) (which is to be minimized) must be computed by constructing a sequence
{Yj} which maximizes f(x,y) (the assumptions in [9] specifically exclude this
case). Having obtained a method for implementing theoretical algorithms,
which coped with the various difficulties we foresaw, we proceeded to modify
the above mentioned method of feasible directions. The final result is a
rather complex algorithm. While we probably could have covered our tracks
and presented the baffled reader with this complex algorithm without a
word of explanation, we feel that the process by which it was constructed
is important_in itself and should be made available to the reader. Conse-
quently, in the next section, we present'a general method for implementa-

tion of certain types of theoretical algorithms. After that we shall con-



struct a method of feasible directions using function approximations, and,

finally, we shall show that it applies to min-max problems.

II. A Model for Implementation.

Letca(be a normed linear space and let T be a closed subset ofca(.

Suppose that T contains a set A of desirable points and that we wish to

find an x € A. Quite commonly, a theoretical algorithm for finding an
x € A will make use of a search fumction A: T > 2T and of a stop rule

(surrogate cost) function c: T *'F{l and will have the form below.

2.1 Algorithm Model

Step 0: Select an xo € T and set i = 0.

Step 1: Compute ay € A(xi).

Step 2: If c(y) Z_c(xi), stop; else, set x, = y and go to Step 3.

i+l
Step 3: Set i = i+l and go to Step 1.

2.2 Theorem (Polak [10]). Suppose that c(-) is continuous on T, and that

for every x € T satisfying x € A there exists an €(x) > 0 and a §(x) > 0

such that for all x' € T, with Ix' - xl < e(x),
2.3 c(y) - c(x') < - 6(x) ¥y €AKE").

Then, either the sequence {xi} constructed by algorithm (2.1) is finite and
its last element is in A, or else {xi} is infinite and every accumulation
point of {xi} is in A. [J

When the functions A(-) and c(-) appearing in (1) cannot be evaluated

in a reasonable manner, one needs to approximate A(x) and c(x) somehow.
In this paper, we shall use sequences {Aj(-)}?=o and {Cj(')}§=0 of approxi-
. 1

mating functions, where Aj: T » 2T and cqyt T - 2F< for j = 0,1,2...
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We shall assume that the functions c(-), Cj(~) and Aj(-), and the sets T

and A have the following properties.

2.4 Assumptions:

(i) c(+) is continuous on T;
(ii) T is compact;
(1ii) Given any x € T satisfying x & A, there exists an e(x) >0, a
§(x) > 0 and an integer N(x) > O such that
2.5 ey ) - ey (x') < - 8(x) ¥y€ Aj(X'), ¥ x' € B(x,e(x)),
¥ cj(x') € Cj(x'), V'cj(y) € Cj(y), ¥ j >N,
where

2.6 Bx,e) & {x' € 7]lx' - xl <€} ;
(iv) Given any integer j > 0, there exists a wj > - » such that

¥ c,(x) € '
2.7 cj(x) Z.Wj J( ) Cj(x), ¥ x €T,

(v) Given any Y > 0, there exist an integer M(y) > O such that

2.8 ch(x)—c(x)|_<_y ch(x)ECj(x),Vj_)_M(‘Y),VxeT.[:

It is not difficult to see that the assumptions in (2.4) are directly
related to those in theorem (2.2) and the requirement that the Cj(') be
approximations to c(*) and that the Aj(-)Abe approximations to A(:). In

terms of these new functions algorithm (2.1) expands as follows.

2.9 Algorithm Model

Step 0: Select an x, € T; select parameters ¢

O > q' r,’-’._ ’0\])\ q’ﬂ'{!

n



an integer j0 >0. Seti=0,3-= jo, q0) = jo, and € = €o°
Step 1: Compute a cj(xi) € Cj(xi).
Step 2: Compute a y € Aj(xi) and a cj(y) € Cj(y).
Step 3: If cj(y) - cj(xi) >-¢g, set j = j+1, € = o€ and go to Step 1;
else set Xipg Vs €y T €, q(i+l) =VJ and go to Step 4.

Step 4: Set i = i+l and go to Step 2. E]

2.10 Comment: The e-test in Step 3 above serves the purpose of ensuring
that the integer j used at x, was sufficiently large for the approxima-
tions Aj(xi)’cj(xi)’ Cj(y), to A(xi), c(xi), c(y), to be adequate. It is
borrowed from a simpler implementation of (2.1) which only approximates

A(+), see (1.3.34) of [10]. []

2.11 Comment: The sequence {q(i)} and {ei} are defined in (2.9) only be-

cause we shall need them later. Note that for i = 0, 1,2,3,...

2.12 e = od)¢
i 0

2.13 A | %541 € Agiany ) - O

The following lemmas will enable us to state the convergence properties

of algorithm (2.9)

2.14 Lemma: Suppose that the algorithm (2.9) jams up at a point X5 cycling

indefinitely between Steps 3 and 1. Then X, € A.

Proof: Suppose that the algorithm (2.9) jams up at Xy and that X, ¢ A.
Then by (2.4)(iii) there exist an €(xi) >0 a G(Xi) > 0 and an integer

N(xi) > 0, such that



2.15 ey @) = egGe;) < - 8x;) ¥y € A (), ¥ oyx) € Oy,

¥ cj(y) € Cj(y), ¥ 32> N -

Since the algorithm is cycling indefinitely between Steps 3 and 1, it

[o2]
must be constructing sequences {y_}_ __, {c

r r=0 q(i)+r (xi)}i=0 and {cq(i)+r(yr)}r=0’

such that

2.16 Iy € Aq(i)+r(xi)’ cq(i)+r(xi) € Cq(i)+r(xi)’ cé(i)+r(yr) <

CqayeTg)s T = 0s1s2see

and

) > - ocq(i)fre =

2.17 0

r —
o)+ ) T Sqyr & - o, r = 0,1,2,...

However, there exists an integer p > 0 such that

2.18 aq“)*'?eo < 8(x,) and q(i) +p 2 Nex,) .

Consequently, for r > p, (2.17) contradicts (2.15) and (2.18) and hence we

€A O

conclude that we must have xi

2.19 Lemma: Consider the sequences {ei} and {q(i)} generated by algorithm
(2.9) while constructing a sequence {xi} cT. If {xi} is infinite, then

q(i) > @ and €(1) > 0 as i + =,

Proof: Suppose that {xi} is infinite. Then {Ei} is an infinite, mono-

tonically decreasing sequence bounded from below by zero. Consequently,
* %

€y +¢€ >0 for i » . Suppose that € > 0. We shall show that this

leads to a contradiction.



* *
Since ei +¢ and € > 0, it follows from (2.12) that there exists

N .
an integer N' such that for i > N' € T €41 T 00 = € and q(i) = q(itl) =

*
vee. =q . It now follows from the test in Step 2 of (2.9) that for i > N',

cq(i+1)(xi) € Cq*(xi) and cq(i+1)(xi+l) € Cq*(xi+l)' We may therefore
write
2.20 Cqea+1) ®ir1) T Sqean) ®p) S cq*(xi+1) - Cq*("i) =
%
-€4, 7€ ¥i>N',

i+l -
where Cq*(xi) = Cq+1) &y 2nd °q*("i+1) = cqa+1) B

Therefore, we must have ¢ *(xi) > - o ag i >, But, by (2.7) ¢ *(xi) >

q % q
W, >=-®, and hence we have a contradiction. Therefore € = 0. Finally,

q .
since gy + 0 as i » ®», it follows from (2.12) that q(i) + ® as i >« . .

2.21 Lemma: Suppose that algorithm (2.9) constructs an infinite sequence
{x.}. .. Let A denote the set of accumulation points of {x.}. .. Then,
i°i=0 i"i=0

given any Y > 0, there exists an integer P(Y) such that
k . %
2.22 min{lx -xI]x" € A} <y ¥ i>P(y).

Proof: Since {xi}:=0 CTand T is compact by (2.4)(ii), A is a nonempty,
compact set. Hence the min in (2.22) is well defined. Now suppose that
there is no integer P(y) for which (2.22) holds. Then there must exist a

subsequence {xi}i ex K C {0,1,...} such that

% | %
2.23 min{"xi-x Ilx € A} > v ¥i€K



But {xi}i is a compact sequence and hence there exists a subsequence

€K
{xi}i c Kl, with K1 C K such that X, > X as i *> W,_for i€ K.

definition of A, X € A, and, since x; * X as i+ for 1 € K,, (2.23)

By the

cannot hold for all i € K1 C K. Consequently (2.22) must hold. C:]

2.24 Theorem: Algorithm (2.9) will either jam up at a point X, cycling
indefinitely between Steps 3 and 1, in which case x; € A, or else, it will
construct an infinite sequence {xi} which has at least one accumulation

point in A.

Proof: The first part of the theorem was established in lemma (2.14).
Hence, suppose that {xi} is infinite. To obtain a contradiction, suppose
that A N A = ¢, where A is the set of accumulation points of {xi}. Since

T is compact, A is a nonempty compact set, and hence (because we have as-
sumed that A N A = ¢) it follows from (2.4)(iii) that there exist an €1 >0,

a SA > 0 and an integer N, > 0 such that

- ! - ' *
2.25 () - eyx") < Sp ¥y e A G, ¥xT € Bk e,

*
(S ' ' .
¥ cj(y) Cj(y), ¥ cj(x ) € Cj(x ), ¥x €A, ¥ ] 2_NA .

Let P(EA) be defined as in (2.22) (for y = EA). Then, since q(i) > = as
i -+ © by lemma (2.19), there exists an integer Nl 2.P(€A) such that q(i) > NA

for all i Z-Nl’ and hence

2.26  cg i1y ®yan) T Cqurn) &) £ %) ¥ oege+n) ®i) € gy &y

e -
¥ Cq(i+1)(xi+l) Cq(i+l)(xi+l) ¥ i z_Nl .

Now, from (2.4)(v)(see (2.8)), we conclude that there exists an integer



>
N2 -Nl such that

- e . 3 . .
Hence, since q(i+l) > q(i), for i = 0,1,2,...,

2.28

v

cq(i)(xi) z_c(xi) - GA/4 cq(i+1)(x9 - GA/Z v cq(i)(xi) € Cq(i)(xi)’

¥c (x,» ¥ 1 >N

q(i+1)(xi) € Cq(i+1) 2 °

Combining (2.28) with (2.26), we now get

S

2.29 cq(i)(xi) z-cq(i+l)(xi) - GA/Z z-cq(i+1)(xi+l) + A/2

Vo) ™) € Cq(i)(xi)’ V'cq(i+1)(xi) < Cq(i+l)(xi)’

¥c ) € ), ¥i >N

q(i+1) Fie1 Cq(i+1) Fis1 2°

- i €
and therefore we must have cq(i)(xi) + - © ag i + o, for any cq(i)(xi)
Cq(i)(xi), i=0’1,ooo .

‘ * 3 -
Now let K C {0,1,2,...} be such that x, * x € Aas i >», i €K,

i
Then, by (2.4)(v), and lemma (2.19), there exists an integer N3 > 0 such

that

%
2.30 lcq(i)(xi) - c(xi)l < lex )| /4 ¥ Cq(i)(xi) € Cq(i)(xi)’

Vi>N, i€K,
and also, since c(+) is. continuous,
* * . -
2.31 lc(xi) - c(x )| S_Ic(x Y[ /4 ¥12>Ng, 1 € K,

*
where c(x ) > - @ because c¢(*) is continuous on T. Combining (2.30) and



(2.31), we obtain,

2.32 (=) > e - e /2 > - %'Ic(x*)! >=®,

€q (1)

€ i > i €
¥ cq(i)(xi) Cq(i)(xi)’ ¥ i __N3, i €KX,
which contradicts our previous conclusion that
- (<
cq(i)(xi) > - ® as i > o, for any cq(i)(xi) Cq(i)(xi)’ based on the

hypothesis that A N A = ¢. Hence A N A # ¢ and we are done. []
Theorem (2.24) states that when the sequence {xi} is infinite, it must
have at least one accumulation point in A, the set of desirable points.

* *
Clearly, if x, * x as i +°, x € A. The reader may well wonder as to

i
the value of algorithm (2.9) when the sequences it constructs have more
than one accumulation point. Although at present, we cannot make a gen-
eral statement, we can assert that it is sometimes'possible to add to an
algorithm of the form of (2.9) a simple subprocedure which sifts out a sub-
sequence, all of whose accumulation points are in A. In such a case, we
obtain an algorithm of value. In particular, we shall see that the above
assertion applies to the algorithm which we shall develop in the next
section. -

With these preliminaries out of the way, we shall now construct a new

method of feasiblevdirections, using function approximations.

I1I. An Implementation of the Polak Method of Feasible Directions

Consider the problem

3.1 min{¢(x) |g(x) < 0} ,

=10~



where ¢: R > RY and g: R® > R"® are continuously differentiable

functions. Let QXCZﬂ{n be defined by

3.2 a = {x|g(x) <0} .

Now, for any x € Qx and for any € > 0, let the index set Ix(x,e) c {1,2,3,..,m}

be defined by
3.3 I Gx,e) = {q € {1,2,..,m}e ) > - e},
let § € R™ be defined by
3.4 s=+{ne _IRhHhElm <1},
and let O: Qx x_Fi+ > R! be defined by
0(x,e) = min max{{ V¢(x),h); (Vgl(x),h), q € 1x<x,;)} .

h€s

Note that O(x,e) < 0 for all x € Rx, for all € > 0. We can now state a

well known result.

3.5 Proposition: Suppose that X € Qx solves (3.1), i.e. ¢(X) =
min{¢(x) |x € Qx} . Then for every € > 0 0O(X,g) = 0. ]
The Polak method of feasible directions is an algorithm for finding

points X in § such that
3.6 0(%X,0) = 0,
i.e., it finds points in Q which satisfy the optimality condition (3.5).

3.7 The Polak Method of Feasible Directiéns (see (4.3.47) in [10]).

1
€ Qx; select parameters €

Step 0: Compute an x 0

> 0; o

0 1.

=11~

=z (0,1), set i

0.



Step 1: Set el = eé .

1 1
Step 2: Compute G(xi,s ) and an h(xi,e ) € S such that

1 1
3.8 O(xi,el) = max{( Vo (x),h(x € ) 5 (Vglex, ) hex; 60 ),
q €I (x el)}
x i’ ’

Step 3: If e(xi,el) = 0, compute G(xi,O) and go to Step 4; else, go

to Step 5.
p 4: £f0 0) =0 = d stop; el set€1=a€l
Ste : I (xi, ) = 0, set X4 = ¥; and stop; e se, 1
and go to Step 2.
S 5: IfiG( l) < - el to Step 6, else set el = Q el and go
tep 5: x,,€7) < , g0 to Step 6, els 1 g

to Step 2.
Step 6: Set A = 1.

Step 7: Compute
3.9 ¢ 2 gx, + MnGx e

Step 8: If G < 0, go to Step 9; else set A =+ and go to Step 7.

N>

Step 9: Compute

e

3.10 ¥ 8 oGt - 6(x) = 5 (T0(x,) G e

N>

Step 10: If ¥ > 0, set A =

and go to Step 7; else, set.xi+l =

Xy + Ah(xi,el) and go to Step 1l.

Step 11: Set i = i+l and go to Step 1.

The above algorithm is derived from a Zoutendijk method of feasible

directions [1] by means of two simple modifications. The first modifi-

cation is to substitute the Armijo step size rule Y < 0 (see [11] ) for

-12-



Zoutendijk's step size rule min{¢(xi+kh(xi,€1)‘k > 0} . The second is to
make the method time invariant by returning from Step 11 to Step 1 (Zou-
tendijk's method returns to Step 2). With Armijo's rule, the step size A
can be calculated in a finite manner; with Zoutendijk's it cannot. The
reason for the second modification is that it results in an algorithm which
can be examined within the framework of theorem 2.2). Zoutendijk's origi-
nal method requires much more complex machinery for analyses. Computation-
ally, algorithm (3.7) is sometimes superior and sometimes inferior to
Zoutendijk's method (assuming, of course, that the Armijo step size rule

is also used to modify Zoutendijk's method). In practice, for best re-
sults, one would tend to alternate between the time varying and time in-
variant methods in the course of a long computation.

Now suppose that to compute ¢(x) and V$(x) we must use a subprocedure
which constructs two sequences, {¢j(x)}?=0 " {Vj¢(x)}?;0, such that ¢j(x) >
¢(x) and Vj¢(x) -+ Vp(x) as j >+ ©. In constructing an algorithm which trun-
cates these sequences we shall need the following hypotheses to hold (c.f

(2.4)).

3.11 Assumptions:

i) The set Qx in (3.2) is compact.
n

. _ ‘ n Eil n R .
ii) For j = 0,1,2,..., ®.: R » 2 s VjQ: RS » 2 are functions

5
such that given any Y > 0 there exists an integer M(y) > O such that

32 |, - 0G| <Y ¥xE€Q, Vo0 € NONLEES o)

313 17,600 - WG <Y ¥ x€Q, ¥ V000 € V000, ¥ 5 2 M.

~13-



iii) Given any integer j > 0, there exists a Wj > = » guch that

3.14 6,60 2 Wy ¥ o) €0 (x), ¥xEQ O

3

3.15 Definition: We define O: Qx xR xR > R and H:

Qx xTRn x1R++ ZS as

3.16 B(x,u,e) = min max{u,h ) ; (Vgl(x),h), q € I_(x,€)}
h&s

and

3.17 H(x,u,e) = { h € §|0(x,u,e) = max{{u,h ) ;

(ng(x),h ), q € Ix(x,E)}} .

Note: 6(x,u,€) and a vector h € ﬁ(x,u,e) can be computed by solving a
linear programing problem (see Sec. 4.3 in [10]).

We shall now modify algorithm (3.7) so as to make it correspond to
algorithm Model (2.9), and, in addition, we shall add a sifting subprocedure
to extract a subsequence {xi}i €K all of whose accumulation points x* will
be shown to satisfy O(x*,O) = 0. For the sake of convenience, we break up

the following algorithm into two subprocedures.

3.18 Implementation of Algorithm (3.7)

Subprocedure I: Method of Feasible Directions with Approximations

. 1 2 3
Begin: Step 0: Select parameters €0 >0, € > 0, €0 >0, Amin € (0,1],
0y € (0,l1), o, € (0,1), a3 € (0,1) and an integer jO > 0;
. . . , 2 2
compute an X, € Qx; set 1 =0, j = 30, k=20, ¢ = €9s
3 3
e €0 .

Step 1: Set €” = eo .

-14-



.1.
Step 2: Compute a ¢j(xi) € Qj(xi) and a Vj¢(xi) € Vj@(xi).
Step 3: Compute é(xi,Vj¢(xi),€l) and a vector h(xi,Vj¢(xi),€l)
~ 1
Step 4: 1If é(xi,Vj¢(xi),€1) = (0, compute é(xi,Vj¢(xi),0) and go

to Step 5; else, go to Step 6.

Step 5: If O(xi,Vj¢(xi),0) = 0, set x' X, set ¢j(x') = ¢j(xi)

and go to Step l4; else set 81 = a'El and go to Step 3.

1
Step 6: If é(xi’vj¢(xi)’€1)‘i - El, go to Step 7; else, set

el = alel and go to Step 3.

Step 7: Set A = 1.
Step 8: Compute G = g(xi-i-}xh(xi,vjcb(xi),el)).
Step 9: If G i 0, go to Step 10; else, set A = A/2 and go to Step 8.
Step 10: Compute a ¢, (xi+)\h(xi,Vj¢(xi),€l))€ o, (xi+>\h(xi,Vj¢(xi),el)).
Step 11: Compute D = ¢j(xi+lh(xi,vj¢(xi),€l)) - ¢j(xi) -
%(qu)(xi),h(xi,vjd)(xi),el) ).
Step 12: If D > 0 go to Step 13; else set x' = xi+kh(xi,vj¢(xi),el),
set ¢j(x') = ¢j(xi+lh(xi,vj¢(xi),€l)) and go to Step l4.
Step 13: If A Z.Amin/zj’ set A = A/2 and go to Step 8; else set
x' = X, set ¢j(x') = ¢j(xi} and go to Step l4.
Step 14: If ¢j(x') - ¢j(xi) < - 62, go to Step 15; else, set j = j+l,
set 82 = 0282 and go to Step 1.
2 2

. = <! . - 3 =
Step 15.‘ Set Xipg = X set q(i+l) = j, € 41 €.

+Note that a V,¢(x,) € V.@(xi) may already be available because of its
computation inJStep 17 and hénce need not be recomputed.

-15-



Comment: Do not compute q(i+l) and 82

. These quantities are
i+l 4

introduced only for the convenience of the proofs to
follow.

End: Step 16: Set i = i+l.

Subprocedure II: Sieve

Begin: Step 17: Compute a Vj¢(x‘) € Vj®(x‘).

Step 18: Compute O(x', Vj¢(x'),€3).

Step 19: If @(x',Vj¢(x‘),€3) > - 63,-go to Step 20; else, go to
Step 1.
Step 20: Set 2, = x', set ei = €3, set p(k) = q(i).

Comment: Do not compute si and p(k). These quantities are intro-
duced only for the convenience of the proofs to follow.

End. Step 21: Set €3 = a3€3, set k = k+1, and go to Step 1. O

We shall now show that Subprocedure I (Steps 0 to 16) of algorithm
(3.18) corresponds to the model (2.9), with the functions Aj(-) being de-
fined by the Steps 1 to 13 of (3.18), and with Qj(-), 82 and 0, in (3.18)
taking the place of Cj(-), € and ¢ in (2.9). The additional parameters
in Step 0 of (3.18) are used either to define the Aj(-) or in the sifting
Subprocedure II, defined by Steps 17 to 21 of (3.18).

First, we must show that the maps Aj(-) are well defined by Steps 1
to 13 of (3.18), i.e. that Subprocedure I of (3.18) cannot jam up before

reaching Step 1l4. We shall do this in the following lemmas.

3.19 Proposition: For any x € Qx’ there exists a p(x) > 0 such that
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3.20 Ix(x,e) = I (,0) ¥ e € [0,0x)],
3.21 O(x,u,e) = O(x,u,0) ¥e€ [0,0(x)], ¥uER™,

3.22 Lemma: Subprocedure I of algorithm (3.18) cannot cycle indefinitely

in the loop defined by Steps 3 through 6.

Proof: Suppose that é(xi)u,O) = 0 for some u e R™. Then, since

1 1
Ix(xi,O) c Ix(xi,s ) for all € > 0, we must have
3.23 0 = Blx,,u,0) < Bx ,u,eD) <0,

and hence 6(xi,u,el) = 0. So that when 6(xi,Vj¢(Xi),0) = 0, algorithm (3.18)

proceeds from Step 3 to Step 4 to Step 5 and hence to Step 1l4. Now
suppose that é(xi,Vj¢(xi),0) < 0. I; then follows from proposition
(3.19) that when € has become reduced to the point whefe 81.5
min{p(xi), - 5(xi,Vj¢(xi),0)}, which is a finite process, we shall have

é(xi,Vj¢(xi),el) < - el and algqrithm will proceed from Step 6 to Step 7.

Consequently, algorithm (3.18) cannot jam up in the loop defined by Steps

3to 6. ]

3.24 Proposition: Suppose that Xy
el. Then there exists a A(xi,el) > 0 such that

€ Qx’ u»erﬂln, el >0, and j > 0 are

such that 6(xi,u,el)_§

I A
o

3.25 g(x, ) ¥ A€ [0,A(x,eD)], ¥hE Hx 0,6, ]

3.26 Lemma: Suprocedure I of algorithm (3.18) cannot cycle indefinitely

in the loop defined by Steps 8 and 9.

Proof: If in the execution of algorithm (3.18) Step 8 has been reached,
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then by the test in Step 6, we must have é(xi,Vj¢(xi),€l) < - el, with

el > 0. It therefore follows from proposition (3.24) that, after a finite
number of halvings, A will be sufficiently small to satisfy G £ 0 in Step
9. Hence algorithm (3.18) cannot jam up in the loop defined by Steps 8

and 9. [:]

We have thus established that Steps 1 to 13 of algorithm (3.18) define
a map Aj: Qx -+ ZQX (x' € Aj(xi) with x' defined in Step 5, in Step 12,
or in Step 13, as may be appropriate). To show that Steps 0 to 16 of
algorithm (3.18) correspond to algorithm model (2.9), we introduce the

following correspondences.

3.27 Correspondence Table:

Algorithm Model (2.9) Subprocedure I of (3.18)
X R®
T Q
X
Aj(-) Steps 1-13
Cj(.) Qj(~) .
c(-) ¢()
A {x € Qle)(x,O) = 0} .

To conclude that theorem (2.24) applies to Subprocedure I of algorithm
(3.18), we must show that the assumptions (2.4)(1)—(v) are satisfied. It
follows directly from (3.1) and (3.11) that the assumﬁtions (2.4)Y(1),
(2.4)(1), (2.4)(v) and (2.4)(v) are satisfied. It remains to show tha:

assumption (2.4)(iii) is satisfied. This will require several lemmas.
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Definition: For any x € Qx and any € > 0, we define

3.28 B Ge)  txreq ix - < L

3.29 Proposition: Given any x € QX, there exists a p(x) > 0 such that

3.30 I (x',€) € I_(x,0) ¥ x' € B_(x,0(x)), ¥ € € [0,0()]. L

3.31 Lemma: Given any x € Qx and any Yy > 0, there exists a p(x,Y) > 0

such that

3.32 0(x',e) < 0(x,0) + v ¥ x' € B_(x,0(x,Y)), ¥ €€ [0,0x,M]1-
Proof: Let x € Qx and Y > 0 be given. We define m: WQ# +R!? by

3.33 m(z) = min max{{ V$(z),h ) ; <vgq(;),h ), ¢ € L (x,00}.

hES

Clearly m(*) is continuous and
3.34 m(x) = 0(x,0).

Now, since m(*) is continuous and because of (3.30), there exists a
p(x,Y) > 0 such that Ix(x',e) C Ix(x,O) and m(x') < m(x) +y for all

x' € Bx(x,p(x,y)), for all € € [0,0(x,Y)]. Consequently,

3.35 O(x',e) < m(x') <mx) +y=0(x,0 +Y,

¥ x'€ BX(X,D(X,Y)), ¥ €€ [0,0(x,7)],

and hence we are done. [:J

3.36 Corollary: Given any x € Qx and any Y > 0, there exist a o(x,Y) > 0

and an integer M'(y) such that
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3,37 8(x',u,e) < O(x,0) + Y ¥ x'€B (x,0x,Y)), ¥u€ vj<1>(x'),

¥3j>M(y), ¥e€ [0,0(x,y)].

Proof: Since S is compact, it follows from (3.13) that there exists an

integer M'(Y) such that

3.38 [Ku,h ) = (Vo(x'),h )| < y/2 ¥x'€Q, ¥VhES,

¥u€ Vjé(x'), ¥ Z_M'(Y).
Hence,

3.39 O(x',u,€e) < O(x',e) +Y/2 ¥ x'€ Qx, ¥u€ VjQ(X'),

¥e>0,¥32>MMm.

Finally, utilizing (3.39) and (3.32), where we replace Y by Y/2, we obtain

3.37). ]

3.40 Lemma: Suppose that x € Qx satisfies ©(x,0) < 0. Then there exists
an €(x) > 0 and an integer N(x) > Q such that for all X, € Bx(x,e(x)) and
for all integers j > N(x), algorithm (3.18) satisfies é(xi,Vj¢(xi),el) < - el

in Step 6, and reaches Step 7, with el satisfying
1
3.41 e > e(x)

Proof: Suppose that x € Qx is such that 0(x,0) < 0. Then, by corollary

(3.36), there exist an p(x) > 0 and an integer N(x) > such that

3.42 B(x. yu,el) < = 0(x,0) < 0 ¥ x, € B_(x,0(x)),
i -2 i X

YuE Vo), ¥ el € 10,0001, ¥ 5 > N(x).
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Let £(x) = min{p(x), - %-G(x,O)}. Then, by (3.42),

1

~ 1 - .
3.43 O(xi,u,e ) <-¢€ ¥ X € Bx(x,e(x)), ¥ u€ VjQ(xi),

vele [0,5()], ¥ > Nx).

Since Step 6 of algorithm (3.18) requires that (3.43) be satisfied
with el = oﬁ eé, for some integer p > 0, we see that if we set e(x) =
1

aig(x), then (3.43) can always be satisfied with € = ai . > e(x), for

1
0
some integer p, and hence we are done.[:]

3.44 Corollary: Suppose that x € Qx satisfies O(x,0) < 0, and suppose

that €(x) > 0 and the integer N(x) > 0 are such that the conclusion of

lemma (3.40) holds. Then there exists an integer #(x) > O such that

3.45 glx, + (%)ph) <0 ¥ x, €B (x,e(x)), ¥h € H(xi,u,el(xi,u)),
¥ uc€ VjQ(xi), ¥j>NEx),

p = 8(x), L (x)+1,2(x)+2,...

where El(xi,u) is the value of 81 at which algorithm (3.18) passes from

Step 6 to Step 7, for the computed u € Vj¢(xi).

Proof: By lemma (3.40), for j > N(x) and X € Bx(x,e(x)), El(xi,u) >e(x) >0
¥uc€ VjQ(Xi). Let X € B(x,e(x)) and u € VjQ(xi) be arbitrary. Then

since the algorithm (3.18) ensures that é(xi,u,sl(xi,u))'i - el(xiu), and
El(xi,u) > €(x), we must have either (ng(xi),h ) < - €g(x) for all

h € IA‘i(xi,u,el(xi,u)), or else gq(xi) <-ex), q €{1,2,...,m}. Since

Bx(x,s(x)) and S are both compact and the functions gq(-) are continu-

ously differentiable, the existence of an integer %2(x) > 0 for which (3.45)
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holds now follows directly. (cf. (3.24)) [:]

3.46 Theorem: Suppose that x € QX satisfies O(x,0) < 0. Then there

exist an €(x) > 0, an integer N'(x) > 0 and an integer 2£'(x) > 0 such that

1 L' (x) 1 L' (x)+1
3.47 byt (3) b - 4x) - (F) (V;0(x;),h) <0
1 M'®
3.48 g(xi+ (-5 h) <0
¥ X € Bx(x,e(x)), |
1 L' (%) ’ 1 L' (%)
¥ ¢j s+ (3 h) € 4’3. (xi+( 5 ) h),

¥ ¢j (Xi) € q)j (Xi)9

~ 1
¥ h € H(Xi,0,8 (xi’u))’
¥ u € qu)(xi)’
¥3>N'(x),

where el(xi,u) is the value of el at which the test é(xi,Vj¢(xi),€l) < - el

is satisfied in Step 6 of algorithm (3.18).

Proof: Suppose O(x,0) < 0. Then by lemma (3.40), there exist an £(x) > 0
and in N(x) > O such that (3.41) holds. Now by the mean value theorem, for

any h € §, u € ﬂzn, and A > 0,

' 1
3.49 $(x;+Ah) - d(x;) - 5 A (u,h)

= AL (99 Gx,+ih) ) —%(Vu,h) )1,

where A € [0,A].

Since Bx(x,e(x)) and S are compact, it follows from (3.11)(ii) that
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there exist an integer N"(x) > N(x) and a A'(x) > 0 such that

3.50 (Ve Hin),h) < (wh) +3 €@ ¥ x, € B (x,£0)),
~ 1
€
Yu ijb(xi), ¥h€ H(xi,u,e (xi,u)),

¥X€E[0,A'(x)], ¥3 > N'(&).

Since for u € VjQ(xi), (u,h) < - sl(xi,u) < - e(x) for all

h e ﬁ(xi,u,el(xi,u)), (3.49) and (3.50) imply that

3.51 $Gx HAn) = 60x,) - 22 (u,h)

A

Al Cu,h ) +7]8=€(x) —%‘-(u,h)]

A

- ._.3 € € H u.e (x.,u
3 Ae(x) ¥ x, B (x,e(X)), ¥h (%, ,u,€ ( i ),

¥u€ Vj<I>(xi), ¥ A€ [0,A'(x)], ¥ ] > N'(x).

Now, because of the manner in which e(x) > 0 and N"(x) > O were chosen,
it follows from corollary (3.44) that there exists an integer 2(x) > 0 such

that

P ~
1 € € 1
3.52 g(xi+ (3 )h) <0 ¥ x, Bx(xi,e(X)), ¥ h € H(x,,u,¢e (xi,u,)),
¥u€ qu)(xi)’ ¥j>N'(&x), ¥p2 L(x),
where p is assumed to be an integer.
L' (%)
Let 2'(x) be the smallest integer satisfying (-2— ) < A'(x) and

L' (x) > 2.(5:). Then, by (3.11)(ii), there exists an integer N'(x) > N"(x),
L' (x)

such that ]Acbj x) - ¢(x)| < (% ) | E—(}S{—) for all x € Qx, for all ¢j (x) € (Dj (x) ,‘
for all j > N'(x), and hence, from (3.51), for A = (%‘- )2' (x), we obtain

1 L' () L (x)+1
3.53 ¢y Gyt () ) = ¢ 0x) - (5) (u,h ) <
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e
<3y TrER - 2een--(p) 0 < o.

¥ u€ Vj<I>(xi), ¥ ¢j (xi) € <I>j (xi),

1 L' (x) 1 %I(x)

¥ 0+ () h) € &, (x4 (5 h), ¥ x; € B (x,e(x)),

¥he ﬁ(xi,u,el(xi,u), ¥ 3> N'(x).

Hence (3.47) holds. Since &'(x) Z.Q(X), it follows from (3.52) that (3.48)

also holds, and so we are done. [:]

3.54 Corollary: Suppose that x € Qx satisfies O(x,0) < 0. Then there

exists an €(x) > 0, a 8§(x) > 0 and an integer N'(x) > such that

- - €
3.55 ¢j(xi+l) ¢j(xi)§ 8 (x) v¢j(xi) <I>j(xi),
(S i !
v ¢j(xi+1) € Qj(xi+l), ¥ X, Bx(x,e(x)), ¥ i>N(&x),
~ 1 . .
and for all Xip1 = xi+Ah, h € H(xi,u,e (xi,u), which algorithm (3.18) can

; 1 .
construct from the given x,, where E'(xi,u) is the value of €  for which

the test é(xi,u,el(xi,u)) < - el(xi,u) is satisfied in Step 6.

Proof: Let £(x) > 0, N'(x) > N(x) > 0 and 2'(x) be such that (3.40),
(3.47) and (3.48) hold. Then, clearly, for all X € Bx(x,e(x)), for all

j > N'(x), algorithm (3.18) will comstruct X, ., = xi+kh, with h €
L. ' (x)

o 1 A, 1
H(xiaU,€ (Xi,u)) and A = (-E ) 1 > ( %—) , u€ Vjé(xi). Consequently,

we must have

L. 2
. .
(3) Humrg- (30 T etegw

A

3.56 ¢j(xi+l) - ¢j(xi)

=

L' (x)
-« %’) e(x)

| A

it

- §(x)
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¥ X, € B(x,e(x)), ¥u€ VjQCxi), ¥ ¢j(xi) € ¢j(xi)’
Vo) € 05000, ¥12N60,
and hence we are done. D

3.57 Theorem: Subprocedure I of algorithm (3.18) satisfies the assumptions

2.4)HE)-(v).

Proof: That the assumptions (2.4) (i), (2.4)(ii), (2.4)(iv) and (2.4) (v) are
satisfied follows directly from (3.11) and the correspondence table (3.27).
That assumption (2.4)(iii) is satisfied follows from corollary (3.54) and the
correspondence tabie (3.27). [:]

In view of Theorems (3.57), (2.24) and the correspondence table (3.27)

the following is obvious.

3.58 Corollary: Subprocedure I of algorithm (3.18) will either jam up at a
point X5 cycling indefinitely in the loop defined by Steps 1 to 14, in which
case X, satisfies the optimality condition O(xi,O) = 0, or else it will con-
struct an infinite sequence {xi} which has at least one accumulation point
x*.satisfying O(x*,O) = 0.[:]

We shall now establish the convergence properties of the sequence {zk}
sieved out by Subprocedure II of algorithm (3.18) from an infinite sequence
{xi} éonstructed by Subprocedure I of (3.18). For this purpose we shall
need the following propositions, the proofs of which we omit, either be-
cause they are obvious‘or because they can easily be established by follow-
ing the reasoning used for analogous results in the first part of this

section.
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Definition: For any x € Qx and for any € > 0, we define (i) the index set
f(x,e) by
3.59 T(x,e) = {q € {1,2,...,m}g%x) > - €},
. . R —R'l' *Rl
(ii) the function 8: MW" x > K™ by
3.60 B(x,e) = min max{ (V¢(x),h ) ; (Vgd(x),h ) ,q € T(x,8)},
h€s
(1i1) the function 0: R?® x R® xR+ -R?Y by
3.61 O(x,u,€e) = min max{ {(u,h); (ng(x) ,h), q € f(x,s)},
h€s

(iv) the function H: R®x R - 2S by

3.62 E(x,u,E) = {h € Sl-é(x,u,s) = max{ (u,h ) ;

(ng(x) ,h), q€ f(x,E)}}. D

'3.63 Proposition: For every x € Qx and every € > 0,

3.64 I(x,e) € I_(x,€).
3.65 O(x,e) < 0(x,€)
3.66 B(x,u,e) < O(x,u,6) Vu€ V00, §=0,1,2,... W

3.67 Proposition: Given any x € Qx and € > 0, there exists a p(x,€) > 0

such that
3.68 T(x',e) D T(x,e) ¥ x'€ B_(x,0(x,6)) - O

3.69 Proposition: Given any x € QX, any € > 0 and any Y > 0, there exists
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a p(x,e) > 0 such that
3.70 Bx',e) > O(x,e) =Y ¥ x' € B (x,p(x,€)) . O

3.71 Corollary: Given any x € Qx, any € > 0 and any Y > 0, there exists

a 0(x,e) > 0 and an integer J(x,€) > 0 such that

3.72 Bx',u,e) > 8(x,€) - Y ¥ x' € B (x,0(x,6)),¥ u € V. 0kx"),

¥ j > J(x,€) D

3.73 Lemma: Suppose that the sequence {xi} generated by subprocedure I
of algorithm (3.18) is infinite. Then the sequence {zk} sieved out by

Subprocedure II of algorithm (3.18) is also infinite.

Proof: We see that according to Steps 19 and 20 of (3.18), Subprocedure II

X 3 3 .
= = - [
sets z, = X, and k = k+l, whenever O(xi,u,e ) > - €7, withu vq(i)Q(xi)’
where €3 = aksg. Consequently, to establish the lemma, it suffices to show
=3
> i —3.C
that for any € 0 there exists a subsequence {Xi}i e K(E3) {xi} such
that
3.74 Bex..u. 53 > 23 vu €7 8(x), ¥ 1iEKE).
s S 15 Ya@" M ~

We recall that according to lemma (2.19), we must have q(i) »> = as
i > o, since.{xi} is infinite. Next, according to corollary (3.58), there

: % .
. > {1 >0, i€
exists a subsequence {Xi}i €K such that X, T x as i , 1 Kl’ and

1
* A % *
O(x ,0) = 0. Since I(x ,g) 2 Ix(x ,0) for all € > 0, we conclude that

A * *
3.75 0> 8(x,e) >0(x,00)=0 ¥¢e>0,

i.e. that @(x,e) = 0 for all € > 0. Let'EB > 0 be arbitrary. Since
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*
Xy +x ,as 1+ for 1€ Kl’ it follows from corollary (3.71) (and because
of the fact that I(x,€) D f(x,e) ¥x€ Qx’ ¥ ¢ > 0) that there exists an

~ *...3
integer J(x,€7) such that

~ — — _ A K — — —
3.76 O(xi’ui’E:B) Z'G(xi’ui’QB) i (6164 ,€3) - €3 = - €3

~ x* -
¥ u, ISIY @(xi), ¥i>J(x ,63) and 1 € X

q(d) 1°
_ o~ Kk —
Let K(€3) ={1i€ Kl'i > J(x ,83)}. Then we see that (3.74) holds for this

index set K(Eﬁ), and we are done. [:]

3.77 Theorem: Suppose that Subprocedure I of algorithm (3.18) generates
an infinite sequence {xi}. Then every accumulation point of the sequence
{zk} constructed by Subprocedure II of algorithm (3.18) belongs to the set

{z € QXIO(Z,O) = 0}.

*

Proof: Suppose that 2 >z as k + ® for k € K. Since by lemma (2.19)

q(i) > @ as i > =, and {zk} is infinite, p(k) > ® as k > ® and Ei + 0 as
k =+ o, where p(k), ei are as defined in Step 20 of (3.18). Hence, from

corollary (3.36) we conclude that

~ 3 *
i <
3.78 ilm O(Zk,uk,ek) <0(z ,0) <0 ¥ u, vp(k)Q(Zk)'

kEK

However, by construction, there exists a sequence {“k}§=o’ (uk = Vj¢(xi)

for some j and i) such that W € Vp(k)é(zk) and

~ 3 3
- =0,1,2,...
3.79 | 0 Z-e(zk’uk’ek) > -5 k =0,1

and hence lim é(zk,uk,ei) = 0. Substituting into (3.78), we find that
ko

kEK
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*
0(z ,0) = 0, and we are done, [:]

We can summarize our preceding results as follows.

3.80 Theorem: Algorithm (3.18) will either jam up at a point X cycling
indefinitely in the loop defined by Steps 1 to 14, in which case x; satisfies
the optimality condition O(xi,O) = 0, or else, it will construct an infinite

*

sequence {zk} every accumulation point of which belongs to the set {z € Qxl
*

¢z ,0) = o}.[]

IV. Solution of Min Max Problems Under Strict Concavity Assumption.

Let QX cR™ and Qy C R™ be two compact sets defined by

4.1 9] 0}

X

{x € R"|gx)

A

4.2 Q ={y € R%cz(y) < o},

y

nA

where g: R™ >R?® and g: R™ "Rt are continuously differentiable. We

. . . n
shall suppose that Qy is convex with interior. Furthermore, let f:jRL

x R® +4T{l be a continuously differentiable function such that f(x,+) is

strictly concave for all x € V, where V ig an open set containing Qx. Finally, we
define the function ¢: V +-F31 by
4.3 o(x) = max £(x,y) .
Q
ye y
We shall now show how algorithm (3.18) can be used to solve the problem

min{¢(x)|x € Qx},

i.e. how it can be used to find an X € Qx and a § € Qy such that
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4,4 £(&,§) = min max f(x,y).
xEQx yEQy
To apply algorithm (3.18) to (4.3), we must specify a procedure for
computing the approximations ¢j(xi) and Vj¢(xi) which (3.18) uses. For
this purpose, we shall need the following results. Let &: V > Qy be

defined by

4.5 - £(x,8(x)) = max  f(x,y)
0
e y
Proposition: Under the assumptions stated, the function £(*) is well de-

fined and is continuous. D
4.6 Theorem: The function ¢(:) is continuously differentiable on V and
4.7 Vo x) = Y £(x,5@)). O

We shall now show that given an X, € QX and an integer j we may com-
pute the approximations ¢j(xi) to ¢(xi) and u to V¢(xi) in (3.18) by any
subprocedure of the form below, provided that it satisfies the assumptions

of the theorem to follow.

Q
4.8 Approximations Subprocedure: A: Qx X Qy + 2 y; an Ny € Qy’ an x € Qx

and a positive integer j must be supplied.

Step 0: Set 2 =10
Step 1: Compute a Ny .. € A(x,nz).
Step 2: 1If f(x,n2+1) f_f(x,nz), set n = ngy and go to Step 4; else, go to

Step 3.
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e

Step 3: If &+1 = j set n = Ng41 and go to Step 4; else set & = &+1 and go

to Step 1.

Step 4: Set ¢j(x) = f(x,n), set Vj¢(x) = fo(x,n) and stop. [:]

4.9 Theorem: For j = 0,1,2,..., and any x € Qx, let ¢j(xi) and VjQ(xi)

be the sets consisting of all ¢j(xi), v ¢(xi), respectively, which sub-

J
"procedure (4.8) can construct starting from arbitrary points Mo € Qy'
Suppose that given any (x,y) € Qx X Qy, with y # £(x), there exist an

€(x,y) > 0 and a §(x,y) > 0 such that

4.10 £(x',y") - £(x',y") > 8(x,y) ¥ x' € B (x,e(x,y)),

¥y' € B (y,e(x,y)), ¥y" € AG',y")
(where By(y,e) = {y'€ leﬂy' -yl <e}.
.Then, given any y > 0 there exists an integer M(Y) > O such that
4.11 |¢j(x')_e d(x")] <y ¥x'€Q, v¢j(x')€ @j(x'), ¥ 3> M),
4.12 llvj¢(x') - Vox")I iy ¥x'€Q, ¥ vjcb(x‘) € Vj¢>(x'), ¥ i > M)

Proof: For any x € Qx, any N € Qy’ and any positive integer j, let
F(x,no,j) - Qy denote the set of points n'which can be computed by (4.8),
at which (4.8) stops, given these parameters. Because of the way ¢j(x)
and Vj¢(x) are defined in Step 4 of (4.8) and because Q. is compact, it is
clear that to prove the theorem it is enough to show that given any

x € Qx’ any y' > 0, there exist an €'(x) > 0 and an integer M'(y"') such that
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14

4,13 In - £ < y' ¥x'€B (x,e'(x)), ¥n & T'&x'ny3),

| ' ‘
¥y €0, %4> M),

Since (4.13) follows directly from theorem (A.2) in the Appendix,

we are done. [:]

As an approximation subprocedure which satisfies the assumptions of

the preceding theorem, we can use the following adaptation of algorithm

(3.7).

4.14 Approximations Subprocedure: An Ny € Qy’ an x € QX, a positive

integer j, and two parameters €5 > 0 and o € (0,1) must be supplied.

Step 0: Set & = 0.

Step 1: Set € = eo.

Step 2: Compute Iy(nz,e) a {p € {1,2,..,t}{;P(n2) > - e},
4.15 0, G,y 5€) & phin max{ (V £Ge,ng) b ) 3

hES >
(Vg7 (ny),h ), p€ Iy(ng,e)}

and a vector'ﬁ(x,nz,e) € S which solves (4.15).

Step 3:

Step 4

Step 5:

Step 6:

If Ol(x,nQ,E) = (0, compute @1(X,n2,0) and go to Step 4; else
go to Step 5. |

If Ol(x,nz,O) = 0, set Ngt1 = Ny and go to Step 8; else,

set € = 0 and gorto Step 2.

If @1(x,n2,€) < - €, go to Step 6; else, set € = Q€ and go
to Step 2.

Compute the smallest integer r > O such that

-32-



r

l —
4,16 C(nﬂ, + ( E ) h(x,ngse)) §_ 0
and
1 r __ 1 r+l _
f(x’ng + ( 'é' ) h(x;nzae)) - f(x,nz) = ( _2' ) (vyf(xsnz) ,h(X,HQ,F—) )
< o.
1.7 =

Step 7; Setny,., =ny+ (5 ) hx,ng,€).

Step 8: If &+1 < j, set £ = &+1 and go to Step 1; else, set n =

Ne+1°
set v = f(x,ng+l), set u = fo(x,n2+l), and stop. [:]

4.17 Theorem: The map A(:,.) defined by Steps 1 to 7 of Suprocedure
(4.14) satisfies assumptions (4.10) of theorem (4.9). [:]

We omit a proof of this theorem since it is rather lengthy and since
it can be constructed in a rather straightforward manner either by utiliz-
ing arguments similar to the ones used to establish corollary (3.54), or
by extending the arguments used to establish theorem (31) in [4].

When subprocedure (4.14) is incorporated into algorithm (3.18), we
obtain the following algorithm for solving the problem defined by (4.4),

under the assumptions stated at the beginning of this section.

4.18 Algorithm for Min Max Problems I.

: S c . S 1
Step 0: Compute an X Qx’ ay, Qy Select parameters Amin 0,1,

1 2 3 ‘
€ (S
80 > 0, € > 0, €5 > 0, € >0, o (0,1), 0y (0,1),
0y € (0,1), Oy € (0,1), and an integer jo > 0. Seti=0,

k=20, j= jo; set €2 = sg, 83 = sg.

Step 1: Set y' = Y
Step 2: Set El = eé.
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Step 3: Set x = X5 Set ng = y' and use Subprocedure (4.14) to
compute a vector n € Qy, a vE Qj(xi) and a vector u € VjQ(xi).

Step 4: Set ¢j(xi) = v, Vj¢(xi) =uand y' =n.

Step 5: Compute é(xi,Vj¢(xi),€l) and a vector h € ﬁ(xi,Vj¢(xi),€l).

Step 6: If é(xi,Vj¢(xi),€1) f 0, compute é(xi,Vj¢(xi),0) and go to
Step 7; else, go to Step 8.

Step 7: 1If é(xi,Vj¢(xi),0)= 0, set x' = x;, set ¢j(x') = ¢j(xi), set

1 1

Vj¢(x') = Vj¢(xi) and go to Step 17; else, set €" = € and

go to Step 5.
1

Step 8: If é(xi,Vj¢(xi),€1) < - El, go to Step 9; else set El = e
and go to Step 5.
Step 9: Set A = 1.
Step 10: Compute G = g(xi+kh).
Step 11: If G < 0, go to Step 12; else, set A = A/2 and go to Step 10.
Step 12: Set x = xi+lh, set n, = y' and use Subprocedure (4.14) to
compute a vector N € Qy avy € Qj(x) and a u € Vj¢(x).
Step 13: Set ¢j(xi+kh) = v, Vj¢(xi+lh) = u, and y" = n.
A
. = - A ).
Step 14: Compute D ¢j(xi+kh) ¢j(xi) > (Vj¢(xi),h

Step 15: If D > 0 go to Step 16; else, set x' = xi+lh, set ¢j(x') =

¢j(xi+Ah), set Vj¢(x') Vj¢(xi+lh) and go to Step 1l7.

A/2 and go to Step 10; else set

. I e
Step 16: If A > A . /27, set A

x' = X5 set ¢j(x') = ¢j(xi), set Vj¢(x') = Vj¢(xi) and go

to Step 17.
Step 17: If ¢j(x') - ¢j(Xi) < - €2, go to Step 18; else, set j = j+1,
2

set € = a282 and go to Step 2.
. = ! —1]
Step 18: Set X4 x', set Yi+1 y'.
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Step 19: Set i = i+l

Step 20: Compute é(x’,Vj¢(x'),€3).

3

Step 21: If é(x',V ¢(x'),€3) > - €7, go to Step 22; else go to Step 1.

Step 22: Set 2, x', set ;# =Y.
3

Step 23: Set € a3€3, set k = k+1, and go to Step 1.

4.19 Theorem: Algorithm (4.18) will eigher jam up at a point X cycling
indefinitely in the loop defined by Steps 2 to 17, while constructing an
infinite sequence {yg} - Qy, in which case e satisfies the optimality con-
PR = 1" . .
dition O(xi, fo(xi,i(xi)),O) 0 and yj > E(xi) as j * @, or algorithm
— %

(4.18) will construct infinite sequences {zk} and {yk} such that if z, > z

—_ * * * ~ ok
and y, >y as k> for k € X € {0,1,2,...}, theny = &(z ) and O(x ,

vxf(x*,y*),O) =0. ()

Proof: By.theorem (3.80), if algorithﬁ (4.18) jams up at an X, then X
solves problem (4.3). Also by theorem (3.80), if the sequence {zk} is in-
finite, then every accumulation point of that sequence solves problem (4.3).
It now follows from theorem (4.9) and the fact that j =+ « that yg > S(xi)
as j > ©, when (4.18) jams up at ;5 and that y* = &(z*) when {zk} is in-

finite. ]

V. Solution of Min Max Problems Under Concavity Assumption

As in the preceding section, we assume that we are given three con-
tinuously differentiable functions, f: R™ x R® *'F(l, g: =Y *-WLS and
C: RrR™ *’Wit. We shall suppose that Qx and Qy are defined as in (4.1) and

(4.2) respectively, and are compact, that Qy is convex with interior, and
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that for every x € V, f(x,*) is concave, where V is an open set containing
Qx. Finally, we define ¢$: V +‘W{1 as in (4.3), and address ourselves to

the problem (4.4).

Since f(x,*) is no longer assumed to be strictly concave, as in the
preceding section, theorem (4.6) does not apply, and hence we must modify

our approach. In the present case, the following result holds.

5.1 Theorem (Danskin [12]): Let ¢(-) be defined as in (4.3), with f(-,*)
continuously differentiable and f(x,*) concave for all x € V, then ¢(-) is
directionally differentiable on V and, given any x € V and any h € ﬁin, its

directional derivative at x, in the direction h, is given by

5.2 ¢' (x,h) 4 lim ¢ Getoh) -0 (x) max (V_£(x,y),h),
at0 @ Y (x) *

where
5.3 Y(x) = {y € lef(x,y) = ¢(x)}.[:].
The followjng result is easy to establish.
5.4 Theorem: Suppose that & € Qx satisfies ¢(X) = min ¢(x), with

xEQ
x
$(+) defined as in (4.3), and suppose that the assumptions stated in (5.1)

are satisfied, then

5.5 (%) 4 min max{max (V £@&,y),h ) (Vgl(@®),h ),
" hES vyE) =
q €I (%,00}=0,

where S, Ix(-") are defined as in (3.3) and (3.4), fespectively. 1
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Because ¢(+) can no longer be assumed to have a gradient, algorithm
(4.18) cannot be used directly for finding points X € QX which satisfy (5.5).
However, as we shall soon show, it is possible to combine parts of algorithm
(4.18) with a penalty function method, to produce a new algorithm which can

be used for finding points X € Qx such that Q(X) = 0.

5.6 Definition: Let f£P: R™ . R®x [0,1] -*'IR]' be defined by
W
£ (e,y,w) = £Goy) - 3 Iyl

and let ¢P: V x [0,1] » ﬂ{l be defined by

0P (x,w) = max £0(x,y,0).
Q
y
. P,.
Then for every w € (0,1], fp(x,',w) is strictly concave and hence Vx¢ (- ,w)
exists and is continuous for all w € (0,1]. Our penalty function method

depends on the following assumption and result.

RrI p
5.7 Assumption: gSuppose that for j = 0,1,2,..., @g: Qxx(o,l] > 2 and Vj¢ :
n
Qx x (0,11 » 2 are such that given any Y > 0, there exists an integer

N(y) > 0 such that

5.8 |05 G0 - 6P (x,w)| <y vi>NE), ¥xEQ, ¥ (61,

¥ ¢§(X,(D) € (DJP(xaw):

5.9 17,6° Ge,w) - v P Gl <y V32N, ¥xEQ, ¥wE (0,1],

v%ﬁmmeﬁﬁum.

[eo] oo o
: C
5.10 Theorem: Suppose that {x. }, ;€ ., {u;}; o€ (0,1] and {e, Y 0

*
C (0,»), are such that X; > X, 0 J 0 and € 1 0as i-> =,
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i

Also suppose that for i = 0,1,2,..., j(i) is an integer such that j(i+l) >

. - P c P
jd) +1, 1 =0,1,2... . If for some Vj(i) ¢ (xi,wi) Vj(i)¢ (xi,wi),

- p _ .
5.11 O(xi’vj(i)¢ (xi,wi),ei) > € 1 0,1,2,...,
then

*
5.12 Qx ) =0,

where Q(-) is defined as in (5.5). [:]

The proof of this theorem requires the following lemmas.

*
. o ® C h , >
5.13 Lemma: Suppose that {xi}i=0 C Qx and {wi}i=0 (0,1] are such that X, > X

and w; +0asi—+® TFori-=0,1,2,..., let Ep(xi,wi) C Qy be such that

P p - P
5.14 f (xi,E (gi,wi),wi) ;Zg f (xify’wi)’
y
Then
. P %
5.15 lim d(EF (x,,0,), Y(x )} = 0,
100 i’

*
where Y(x*) is defined as in (5.3) and d(£,Y(x)) = min , H&-yl.
: YEY (x )

Proof: First we note that Y(x*) is compact, and hence that the quantities
d(Ep(xi,wi), Y(x*)) are well defined.. .

Since fp(j,-,-) is continuous, it is uniformly continuous on the compact
set Qx X Y(x*) x [0,1]. Consequently, since X, > x* and wy { 0, given any

u > 0, there exists an integer N > 0 such that

P P * * .
5.16 £ (xi,y,wi) > £ (x ,y,0) —u ¥y€ Y(x ), ¥i > N,
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(1Y

It now follows from the definition of the &P (x;,w;) and (5.16) that

%
5.17 £P (x L EP (x50, )50,) > £P (x,,y,0,) > ££(x ,y,0) - u

*
¥yEYRX), ¥i>N

Since ¢ > 0 in (5.17) is arbitrary, and since fp(o,-,-) is continuous, (5.17)
yields,

* *
5.18 1m inf £°(x 6P (xy 00,050, > £ (x ,y,0) ¥y € Y(x).

400

*
Since (5.18) implies that any accumulation point £ of Ep(xo,wi) satisfies

£ e y(x'), (5.15) must hold. []

2]

5.19 Lemma: Suppose that {x,} C Q_ and {0,}> . C (0,1] are such that
Lemma 1, 20'% 171=0

*
X, + x and w, 4 0 as i + ©. Then, given any y > 0, there exists an integer

N > 0 such that

* - 3
5.20 (Vj(bp(xi,wi),h) < ¢'(x ,h) + Y ¥j>N, ¥i>N, vh€s,

P c P ’
¥ Vj¢ (xi,wi) Vj® (xi,wi),
where ¢'(-,+) is as in (5.2).
Proof: First, we note that for wi >0,
P = P

where Ep(xi,wi) is defined as in (5.14). Next, since fo(-,°) is uniformly
continuous on the compact set Qx X Qy’ given y > 0, there exists a 6 > 0

such that
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"

5,22 IV EGx",y") = V_£(x,y)! _<_2—Y: ¥x€qQ,¥yeq,
'e 'e
¥ x B (x,8), ¥y By(y,é).

Also, because of (5.9), there exists an integer N' > 0, such that

5.23 17,0P . ,0,) = V £ ,EP (x 0 N1 < T—
j i’ x i i’ i - 2VG;

¥ V0P (e ) € V0P Gepbu), ¥ 5 2 N, ¥ 42 0.

2

Now, from lemma (5.13) we conclude that there exists a sequence {yi}i=0

*
C Y(x ) such that

5.24 lin Ilgpcxi,wi) - yi“ =0

i->c0
Since fo(-,-) is uniformly continuous an Qx X Qy, because of (5.22) and

(5.24), there exists an integer N > N' such that

p _ * Y .
5.25 "fo(xi,g (xi,wi)) fo(x ,yi)" 5_2 = ¥i>N.

Consequently because of (5.23) and (5.25) and since [hlle < VG;-for all h € g,

5.26 | €7,0P Geppwy) om0 - (v £,y om0 | <
19,0P (x 0 = V, 8 "y Ve <
< U0 Gegug) = V£ Geg o EP Gyl + 19, £ EP Gy p0)))
- fo(x*,yi)“}\/_n—i Y ¥heES, ¥ Vjcbp(xi,wi) € Vj@p(xi,wi%

¥i>N,¥j2>N,
Hence,

P *
5.27 (Vj¢ (xi,wi),h ) 5.(fo(x ,yi),h ) +y
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% : *
< max . (V. £(x ,y),h ) +y=¢"(x,h) +v
yEY (x )
¥heEsS,¥i>N, ¥j >N,

which completes our proof. E:]

Proof of theorem (5.10): Suppose that (5.11) holds. Then, making use of

proposition (3.29), of lemma (5.19), and of the continuity of Vg, we
conclude that, for the given sequence {Vj(i)¢p(xi,wi)}, given any v > O,
there exists an integer N" > 0 such that

' P q

. - €, < :

5.28 € __:ég max{ <vﬁ(i)¢ (xi,wi),h Y (Vg (xi)’h ),

(S
q Ix(xi,ei)}

< ( P . q e *
_‘;:ég max'[ VJ (i)¢ (xi’wi) ’h, (Vg (xi) sh ) > 9 IX(X 90)}

P q *
< min max{¢'(x ,h); (Vg (x.),h), ¢ € I (x 0} + v/2
HES i X

< min max{¢'(x*,h), ( ng(x*): h), q€1I (X*ao)} + v
hES x

*
=0(x ) +Yy ¥ i>N".
Consequently,

5.29 lim - €, = 0<0(x) <0,
100 -

and hence we are done. 1
The following algorithm constructs sequences {xi}, {wi}, {vj¢P(xi,wij}
and {ei} which contain subsequences satisfying the assumptions of theorem

(5.10).

5.30 Algorithm for Min Max Problems II.

. € Eq . €
Step 0: Compute an X, Qx and a y, Qy Select parameters A . 0,17,
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€ > 05 e(1J>o, eg>0, eg>0, w, > 0, a € (0,1), a;

a, € (0,1), o, € (0,1), B € (0,1) and integers j0 >0, ko >0,

€ (0,1),

and e > 0.

Step 1l: Set 53 = 53, w=w, and k = k_.
otep - 0 0 0

0 and set q(i) = k

Step 2: Set i 0

Step 3: Set j = jo.
. v =

Step 4: Set y Y-

Step 5: Set el = eé.

Step 6: Replace f(-,+) by fp(-,-,w), set x = x,, set Ny = y' and use

(4.14) td compute a vector n € Qy’ av € ¢?(xi,w), and a

c P

u Vj¢ (xi’w)'

Step 7: Set ¢§(xi,w) = v, Vj¢p(xi,w) =uand y' =n.
~ ~ 1

Step 8: Compute O(x.,V.¢p(x.,w),El) and an h € H(x.,V.¢p(x.,w), €7)
SLep ° i’'j i 1’7 i
Step 9: If O(x ,V.¢p(x.,w),€l) = 0, compute é(x.,V.¢p(x.,w),0) and
Step 2 i’3 i i’'] i

go to Step 10; else go to Step 1ll.
" Step 10: If é(x.,V.¢p(x.,w),0) = 0, set x' = x,, set ¢p(x',w) =

2Lep =0 | i i R

¢§(xi,w), set Vj¢p(x',w) = Vj¢p(xi,w), and go to Step 20;

else set el =qQ El and go to Step 8.

1
Step 11: If é(xi,vj¢9(xi,w), El) < - €1, go to Step 12; else set
€1 = q El and go to Step 8.

1
Step 12: Set A = 1.

Step 13: Compute G = g(xi+kh).

Step 14: If G < 0, go to Step 15; else set A = A\/2 and go to Step 13.

Step 15: Replace f(+,*) by fp(o,-,w), set x = xi+Ah, set Ny = y' and
use (4.14) to compute a vector n € Qy ave€ @?(xi,w), and a

c P
u Vj® (xi,w).
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Step 16:
Step 17:

Step 18:

Step 19:

Step 20:

Step 21:

Comment :

Step 22:
Step 23:
Step 24:
Step 25:
Step 26:

Step 27:

Step 28:

Step 29:

Set ¢§(xi+xh,w) = v, vj¢P(xi+Ah,w) = u, and y" = 0.
= ¢P - P 21 P
Compute D ¢j(xi+lh,w) ¢j(xi,w) > A (Vj¢ (xi,w),h ).
IfD > 0, go to Step 19; else set x' = xi+lh, set
¢§(x',w) = ¢§(xi+xh,w), set vj¢P(x',w) = vj¢P(xi+xh,w), and
go to Step 20.
If A Z-Amin/ZJ’ set A = A\/2 and go to Step 13; else set
x' =

= %y, set 5 Gx",w) = 80k, ,w), set V0P (x',w) = U407 Gy o),
and go to Step 20.
If ¢§(x',w) - ¢§(Xi’w) 5.82, go to Step 22; else set j = j+1,

set 82 = qQ ez, and go to Step 21.

2
If j - q(i) > e, go to Step 22; else go to Step 5.
The test in Step 21 is needed because algorithm (4.18) can
. . P ’ P =
jam up at a point X such that O(xi,fo(xi,€ (xi,w)),O) = 0.

Set x4 = x', set yi;l = y", and set q(i+l) = j.

+1
Set i = i+l.

If j > k, go to Step 25; else go to Step 4.
Set vj¢P(xi,w) = vj¢P(x',w).

Compute @(xi,Vj¢ (xi,w),e ).

If é(xi,Vj¢p(xi,w),e3) > - 63, go to Step 28; else go to
Step 4.

Set z, = %X and set Y = Yy-

Set w = Bw, set 63 = a3€3, set k = k+1 and go to Step 3. [j

Note: Instead of the test in Step 21, it is computationally more

efficient to test whether el §_€3 and j > k whenever

@(xi,Vj¢p(xi,w),el) = 0. Our reason for not including this
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test in our algorithm is that it introduces additional loops which make

the resultant algorithm considerably harder to understand than algor- thm

(5.30). [

Proceding as in the proof of theorem (A.3), it is possible to show
that Suprocedure (4.14), as used in the above algorithm constructs elements
in sets ¢§(x,w) and Yjép(x,w) satisfying the hypotheses (5.8) and (5.9).
Because of this and because of theorem (5.10), algorithm (5.30) has the

following property.

5.32 Theorem: The sequences {zk} and {yk} constructed by algorithm

A % *
(5.30) are infinite. If for k € X C {0,1,2,...}, z, >z andy >y as

* % % *
k > o, then @(z ) = 0 and f(z ,y ) = max £(z ,y). 4
y

Since proving theorem (5.32) would amount to substantially retracing
the steps followed in proving theorem (4.19), we shall content ourselves
with a brief outline of the arguments to be used in proving (5.32). First,
it is necessary (and rather easy) to establish a resﬁlt similar to theorem
(4.17). That is, assuming that f is replaced by £P in Subprocedure (4.14)
to define a map ZP : Qx b4 Qy x[0,1] -~ Zgy, it is necessary to show that if
(x,¥,0) € 9 x Qy x [0,1] is such that y does not solve max{£P (x,y",w) :

y' € Qy}, then there exist an e(x,y,w) > 0 and a §(x,y,w) > O such that

5.33 fp(x',y";w') - fp(x',y',w') > §(x,y,w)
¥ x' €B_(x,e(x,y,0))
¥y' € B, (x,e(x,y,0))
¥ o' € Blw,e(x,y,w)) N [0,1],

¥ y" € Ap(x',y',w').
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W

L)

This fact can then be used to establish a result analogous to (A.3), and
thus it can easily be shown that Subprocedure (4.14), as used in algorithm
(5.30), yields approximations satisfying (5.8) and (5.9). It then follows

from theorem (4.14) that the sequences'{zk} and'{§£} must be infinite.

: . .
Also, theorem (5.10) applies to yield that 0(z ) = 0. Finally, we can

% —k %
deduce that f(z ,y ) = max £(z ,y) from (5.8).
Say 270
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Appendix; A Property of Subprocedure 4.8.

If we ignore the instruction in Step 4 of (4.8) "Set Vj¢(xi) =
fo(xi,n2+l)", we see that (4.8) is simply an algorithm for solving the

problem

A.l max{f (x,y) |y € Qy}

for a given value of x. As we shall now see, its most crucial property holds

even when f(x,*) is not strictly concave, for all x of interest. We shall

only assume that f(x,°) is concave.

Let Qx c'FR“, Qy c R™ be two compact sets defined as in (4.1), (4.2)
respectively, with g: RrR® *‘W{3, C: 1?“‘*5W{t continuously differentiable,
and let f: rR® x:“{m *’W(l be continuously differentiable. Suppose that
Qy is convex with interior and that f(x,°) is concave for all x € V where V
is an open set containing Qx.

For any x € Qx, any n, € Qy, and any integer j > 0, let F(x,yo,j) C Qy
denote the set of points n which can be computed by Subprocedure (4.8), at
which Subprocedure (4.8) stops, (i.e. given x,no,j, T(x,no,j) is the set of
all points n which could conceivably be used in setting ¢j(xi) = f(x,n)).

Q
For any x € Qy’ let Y: Qx > 2 Y be defined by

A.2 Y(x) = {y € lef(x,y) = max £(x,n)}.

y
A.3 Theorem: Suppose that given any (x,y) € Qx X Qy, with v € Y(x), there

exists an €(x,y) > 0 and a §(x,y) > O such that

A.4 f(x',y") - £(x',y") > 8(x,y) ¥ x' € B_(x,e(x,y)),

¥y' € B (r,e0xy)), Vy"E Ax',y").
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Then, for any x € Qx and for any y' > 0, there exists an €'(x) > 0 and an

integer M'(x,Y') > 0 such that

A.5 In -n'l <y' ¥n€v¥k), ¥x; €B (x,e' ),

¥n' € I'(x',ng,3), ¥ ny € Qy, ¥3>M(x,y").
. 9
Proof: Let L: Q x R* > 27 be defined by
A.6 L(x,a) = {y € szylf(x,y) > ¢ (x)-a},

where, for x € Qx’

A.7 ¢ (x) 4 max f(x,y).

Q

ye y
We begin by showing that, given any x € Qx and any Y' > 0, there exists an
a(x) > 0 such that
A.8 Lx,a@n < U By,vh, ¥ x' € B (x,a(x)),

Y (x) 7 :
where Bg(y,Y') = {y'e€ Qy|“y'—y" < y'}. Suppose, therefore, that for
some x € Qx there is no a(x) > 0 for which (A.8) holds. Then we can con-
1
C

struct sequences {xi} c Qx’ {yi} Qy and {ai} c R* such that X, * X,

*
i >y and o ¥ 0 as i + », satisfying

A.9 " min hy.-yl >y', i=0,1,2,...
Y (x)

and

A.10 f(xi,yi) Z_¢(xi)-ai, i=20,1,2,..

(Since Y(x) is compact, (A.9) is well defined). Comnsequently, (A.9) implies

] *
that y & Y(x). However, since X, + X, YTV s 0 > 0 and ¢(.) and f(.,.) are
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continuous, (A.10) implies that fo,y*) = ¢(x), i.e. that y* € Y(x),
contradicting (A.9). Consequently, (A.7) must be true. ‘Next, we show
that given any x € Qx and any o > 0, there exists p(a) > 0 and a o(a) > O
such that

A.11 U 8%y,p(@))C Lix',a), ¥ x' € B (x,0(0))-
vy (x) 7 .

Thus, we assume that x € QX and & > 0 are given. Since f(-,*) is

uniformly continuous on Qx X Qy’ there exists a p(a) € (0,Y'] such that

A.12 [£G,y" - £y < F vy € B (y,o@), ¥y Ea

and hence

A.13 £x,y") > 0 - § ¥y' € B)(y,0()), ¥y €9y .
YEY (x)

Since . Y Bg(y,p(a)) and Qx are compact, the function B: Qx-a'ﬁela

YEY (%)
defined by

A.14 B(x') = min{f(x',y)|y € V Bo(y,p(a).)}
¥y (x) 7

is uniformly continuous on QX. Hence, and because from (A.13) B(x) >
¢(x —-%, there exists a cl(u) > 0 such that

2
A.15 Bx') 2 ¢(x) -3 @ ¥ x' € B_(x,0()).

Since ¢(-) is continuous, there exists a g(a) € (0,01(a)] such that

A.16 o(x) > d(x') -

Wi

o ¥ x' € Bx(x,oi(a)).

Consequently,
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A,17 E&xt,y') > B(x') > ¢(x'") - o ¥ x' € B (x,0(x)),

¥yte U 8,000
¥eY(x) 7

But (A.17) implies (A.1ll), and hence (A.1l1l) must be true.
Now, for a given x, let 0.(x) be such that (A.8) holds and let

) 2 o((x) €(0,Y'], o 4 g(a(x)) be such that (A.1l1l) holds for o = a(x).

Let B = (compl U Bo(y,s)), then, since B is compact, it follows
yer(x) 7 _
from (4.10) that there exist an €'(x) € (0,0] and a §(x) > 0 such that
A.18 f'(x',nz_'_l) - f(x',nz) >8(x) ¥x'E€ Bx(x,s'(x)),
¥n, €B, ¥, €AkX',y").
Let m = min min f(x,y) and let M = max max f(x,y). Let
x€Q Q *E0 Q
X ye y y ye y
x' € B(x,e'(x)) and n, € _ be arbitrary. If n, € v Bo(y,E), then,
0 y 0
¥EY (x)
since by construction in (4.8), f(x',n2+1) > f(x',nz), for 2 = 0,1,2,...,

(where x is replaced by x'), we see, making use of (A.1ll), that

eLix'a) c Y B,y ¥ 4>0
¥EY (%)

A.19 Ny
Hence suppose that no € B. Then, if we let M'(x,Y') be the smallest

integer such that M'(x,Y)8(x) > (M-m), we find that because of (A.18), (A.19)
must hold for all £ > M'(x,y). Consequently, with €'(x) > 0 and M'(x,Y) > 0

defined as above, we see that (A.5) holds. 1
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Conclusion

We have shown in this paper that, when well known methods of feasible
directions cannot practically be applied to certain problems because of
the great cost of precise function and derivative approximations, it is
possible to insert into such methods stable and efficient approximation
procedures which do not disrupt the convergence properties of the original
algorithm. We have also examined the exact nature of the calculations to
be performed when such an algorithm with approximations is to be applied
to a constrained min max problem. The approximation procedures described
in this paper are quite general and it may be hoped that they will find
their way into many algorithms when frequent precise function and derivative

calculations are not practically feasible.
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