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ABSTRACT

It is shown in this paper that a theoretical method of centers,
introduced by Huard, converges linearly. It is also shown, by counter-
example, that a modified method of centers due to Huard and a method of
feasible directions due to Topkis and Veinott cannot converge linearly
even under convexity assumptions because of this, two new modified methods
of centers are introduced, one theoretical and one implementable, both
using a quadratic programming direction finding subroutine, and both of

which are shown to converge linearly.

Research sponsored by the Joint Sexvices Electronics Program, Grant
AFOSR-68~1488 and the National Aeronautics and Space Administration, Grant

NGL-05-003-016.



'

INTRODUCTION

The family of optimization algorithms known as methods of centers
were introduced by Huard [4]. They differ from one another only in the
distance function used to establish a center; an operation which must be
repeated at each iteration. In their original form, these algorithms are
not implementable, and because of this, various approximations, or modi-
fied methods of centers, have been proposed. The best known of these
modified methods of centers is also due to Huard [5]. (These algorithms
are also discussed in [8]). In this paper we shall show that a theo-
retical method of centers, presented in [4], and a new modified method
of centers converge linearly on a class of problems. Our analysis
will be based on a systematic utilization of duality theory.

The modified method of centers to be discussed in this paper is a
variation of the algorithm described in [5]. Although we shall not es-
tablish the rate of convergence of the algorithm in [5] in this paper,
we wish to mention that we were able to show that the algorithm in [5]
converges at least as fast as éf-under the same assumptions under which
our algorithm converges linearly. Furthermore, the example in the appendix
indicates that the algorithm in [5] cannot converge linearly under the
assumptions used in this paper. Thus, although the modified method of
centers to be presented in this paper is more complex than the one in [5],
it does have a better rate of convergence.

As we shall see, our analysis depends on an extention due to
Geoffrion [3] of Wolfe's strong duality theorem [12],[17]. Therefore,
in section 1, we shall begin by stating this theorem as well as a few

other results we shall use repeatedly. Then, in section 2, we shall
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obtain the rate of convergence of a theoretical method of centers; finally,
in section 3, we shall describe a new modified method of centers and we
shall establish a bound on its rate of convergence. Since we shall be
exclusively interested in rate of convergence, we shall assume that the
reader is familiar with methods of centers and their convergence proper-
ties. In any event, the reader will find these described in considerable
detail in [8].

Finally, we wish to note that the two algorithms discussed in this
paper are not the only ones for which a rate of convergence can be ob-
tained by a systematic use of duality theory. Similar results can also
be obtained for a class of methods of feasible directions. However,

because of space considerations, these will be presented separately.
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SECTION I. PRELIMINARIES
Algorithms for solving problems of the form min{fo(z)lfj(z) <0, j=
1, +--, m} usually generate sequences of points {zi} such that the correspond-
ing cost sequences {fo(zi)} are monotonically decreasing. The convergence
of such algorithms can usually be establisﬁed from the properties of the

difference fo(z ) - fo(zi) (see Polak [8]). We shall show that in some

1+1

case, a study of the difference fo(z ) - fo(zi) can also lead to a

i+l

bound on the rate of convergence of the sequence {zi}.

We recall that a sequence of points {zi}w in a Banach space B is
i=0
said to converge at least linearly if there exist a 2€ B, io >0, k € (0,1),

K > 0 such that

1-1 lz, - 81 <k-k* for alli>1i

i - o

The sequence {zi}°° is said to converge superlinearly to Z if for any
i=0
K > 0 and any k € (0,1) there exists io such that 1-1 is satisfied. Our

method for showing that 1-1 holds for the sequences under considerationm,
will be based on the observation that under suitable assumptions (see

Lemma 1-20), if the sequence of costs {fo(zi)}w satisfies, for some io >0
i=0
and k € (0,1),

0 0,n 0, \ _ (0, N
1-2 £ (zi+1) - £(2) <klf (zi) £(Z)] for all i _io,

then there exists a K > 0 such that 1-1 is satisfied. Note that 1-2 is

equivalent to

1-3 2, - ) < - @010 - 2] for all 1 > 1,

2141

which, for us, will prove to be a more convenient form to work with. To
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establish 1-2, we shall make use of the fact that the methods of centers,
to be studied in this paper, construct an upper bound 6(21) Z_[fo(zi+l) -
fo(zi)], in the process of computing z from z,. This bound G(Zi) is

i+l i
computed as the optimal value of a minimization subproblem. In turn, to
obtain an upper bound on 6(zi), we shall make use of optimality conditioms
in saddle point form (Kuhn-Tucker [6]). Since this will also require con-
ditions for existence of a saddle point, we shall make use of the strong
duality theorem, stated below, which incorporates all the required results.
The bound on G(Zi) will be obtained in the form 6(zi) S_K(zi)[fo(ﬁ) - fo(zi)],
where K(-) will be shown to be an upper semicontinuous function. Since,
under the assumptions to be introduced, the sequence {zi} converges to 2,
the solution of 1-1, given any o € (0,1), there exists an io(a) > 0 such
that K(zi) > (i-a)x(2) for all i Z.io(a)' Because of this we obtain
the bound fo(zi+l) - fo(zi) < (i-a)K(Q)[fO(ﬁ)-fo(zi)] for all 1 z_io(u), which,
in turn, enables us to establish linear convergence of'{zi}.

In this section we shall develop the tools needed to carry out the

plan of attack outlined above. Thus, consider the problem, denoted by (P),

(P) min{go(z)lz € Q}

with @ = {z € R%|g?(z) <03 =1, ..., p; z €C}, vhere
J

g: ¢€+R, 3 =0,1, “**, p are convex and continuously differentiable
functions, and € is a convex subset of R". The following problem, denoted

by (D), is called the dual of (P):

p
D) max{inf{go(z) +Z ung (z)}} (u = (ul,uz,-",up) € rP)
g;p zEC =1

.
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Let ¢: RP +» RU{-=}, be defined by,

P

1-4 $p(u) = inf{go(z) + E ujgj (z)}

¢ =

Definition:
Any Z € Q, satisfying go(ﬁ) = min{go(z)|z € Q}, will be called a so-
lution of (P). Any 4 > 0, satisfying, ¢(8) = max ¢(u), will be called a

w0
solution of (D). [J -

1-5 Strong duality theorem.

Let Sp be the set of all solutions of (P), i.e.,
= ' 0 ' 0
1-6 s =1{z'€ Qg (z') = min g (z)}
P zEQN
Suppose that Sp is not empty and that

1-7 Q' = {z|gd(z) <0, 3=1,--, p}

is not empty'., Then

a) i) Problem (D) has at least one solution,
p -
1-8 i1) max{inf{go(z) + Engj (2)}} = min{go(z)lgj (z) <03 =1,°,p};
w0 2€¢ j=1 zEC

iii) for any u, solution of (D), and for any £ solution of (P),

1-9 go(ﬁ) = min{go(z) + tﬁjgj ()} ;
2€¢ §o1

b) a vector u >0 in RP is a solution of (D) if and only if there exists a
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Zz in Q such that

1-10 i) g (z) + Zujgj (z) = min{g (z) + Z ujgj (z)},
, j=1 j=1

11) WedG) =0 j=1,--+,p .

This theorem is a particular case of the strong duality theorem stated in

Geoffrion [3]. Related theorems can be found in Rockafellar [10], Mangasarian
P
* -
[7]. Note that if there exists a solution z to min{go(z) + ujgj (z)}, in
z€Q@ b
the interior of the set € then for any z € Sp.

1-11 (%) = max(gl(z) + Zujgj (2)|ve®(z) +Z wved (z) = 0}

u>0
zEC

: %
This important observation is a consequence of the fact, that if z € c,
p
~ 0, * ~jo 3, * *
and u > 0 satisfy Vg (z ) + 2 u'Vg”(z ) = 0, then z is a solution of
J=

P

min{go(z) + E ﬁJgJ (z)}. Finally, note that when € is open in Rn, the
z€C

j=1 p
solutions of min{go(z) + E ~j J(z)} always lie in the interior of C.
zEC¢ =1

Therefore equations 1-11 always holds for € open, Z in Sp. 3
Before stating the lemma which relates 1-1 and 1-2, we shall prove,
under a simple assumption, that an optimal multiplier for the minimization

problem 1-13, stated below, cannot have zero as its first component.

1-12 Lemma

Consider the problem



1-13 min{f¢z) |3 (z) <03 =1,--, m},

where £7; R® =+ R, j=0,1, ..., m, are convex and continuously differentiable

functions. Suppose that 1-13 has at least one solution and that
1-14 ¢ = {z|9) <03 =1,---, m}

is not empty. Then, for any solution £ of 1-13, the set A(Z) consisting of

optimal multipliers A = (Xo,kl,...,lm) € Rm+1, and defined by

m m m
1-15 A@) = (1 € B Z Med(2) = o; Z Mvetz)y = o; Z M o=10>0
=] j=0 1=0

is such that

1-16 70 = min{ (A,e) |2 € A} > 0,

where e = (1, 0, 0,--+, 0) € R=%

Proof: From 1-15 and the fact that 2 is a solution of 1-13, A(2) is a non

empty [9] compact subset of Rm+l and therefore there exists a A € A(2) such that
10 = (X,e ). Since the functions fJ, j=0,1,..., m, are convex and con-

tinuously differentiable, we must have
1-17 @) > @)+ (®),2-2) 3=0, 1,-+, m, for all z € R,

Multiplying 1-17 by XJ, for j = 0, 1,°**, m, and adding the results, we

obtain

m m m
1-18 Zijfj (2) 327{59 2) + ¢ ZXijj ), z-2)
=0 =0 =0



Thus, it follows from 1-16, 1-15 that

m
1-19 z Wedzy) > W008). for all z € R™.
j=0

Hence, if XO = 0, 1-19 contradicts assumption 1-14. Consequently the lemma

must be true. a
Let us now state the result which relates 1-1 and 1-2.
1-20 Lemma
Consider problem 1-13, where the functions fj, j=0,1,+++, m, are
now assumed to be convex and twice continuously differentiable. Suppose
that an algorithm, in solving 1-13, constructs an infinite sequence {Zi}:-o
which converges to a solution Z of 1-13, and, in addition, suppose that )

there exist i, > 0 and k € (0,1) such that

0
1-21 £(2,,) - £2® <kl - £2®),
1-22 fj(zi)f_O j=1a°“,m’

for all i > i If there exists an optimal multiplier A € A(Z) (see 1-15)

0.
and constants £ > 0, € > 0, such that

m

> 1226 2 a
1-23 (y, A 5 (2) v > 2llyl® for all y € R" and for all z

j=0 07

in B(Z,€),

where B(2,€) = {z]lz-2l < €}, then there exists an integer 1, >0 such

that

-8«
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. 2 “.
1-24 Iz, - 217 < - [-————(f (z,,) = £2®)] for all 1> 4.,
Proof: Since {zi} converges to 2, there exists an i, such that z, € B(Z,€)
for all i 3.12. Let il = max(io, 12). Without loss of generality, we may

~assume that 11 = 0. According to the Taylor expansion formula, for any

25 € {zi}_and any A € A(Z), there exists a Bl(zi) € (0,1) such that

m m
1-25 Z)\j (¢l (z,) - £(2)] = (z,-8, ZAijj )) +-%-(zi—z,

3=0 | 3=0
E’“

with & = BA(zi)zi + [1'6)\(21)]2'

Making use of the fact that A € A(Z), 1-25 becomes

52¢3

m m
1-26 E A gl (z,) + x°[f°(zi) - %% = %’( z,-%, Z e (E)(z,-5))
370

=1 o9z

Therefore, it follows from 1-22 and 1-23 that for any A € A (2) for which 1-23 holds,
2
1-27 X [f (z ) - f ()] > —-ﬂz A

Thus, by induction, 1-21 and 1-27 imply that

0

Iz -2 ) K0z - £28)),

a

which completes our proof.

Note that hypothesis 1-23 éan be replaced by the requirement that hypothesis
1-14 is satisfied and that there exists m0 > 0 and € > 0 such that

5250
822

1-28 (y, (z)y? z_moﬂyﬂz for all y in R" and all z in B(%,€)



Indeed, 1-28 implies that
z 2
1-29 (y, E XJ-§—§ (z)y)? 2‘m0A0HyH2 for all y in R®, for all z in B(Z,€)
z
j=1

and for all A € A(Z).

0350

Thus 1-23 is satisfied with £ = m~ A~ where XO is defined by 1-16 and must

satisfy io > 0 because of 1-12.

Because lemma 1-20 requires 1-23 or 1-28 to be satisfied, it is con-

venient to introduce the following definition.

1-30 Definition: (linear convergence in cost)

00
Given a cost function fO: R > R, we say that the sequence {z,}

i°,
i=0
verges to 2 at least linearly in cost, if there exist k € (0,1), €K > 0 and

i, 2 0 such that ]fo(zi) - f0(2)| f,kiK for all 1 > 1.

We, now, conclude this section by giving the following result which

characterizes the optimal points of problem 1-13.

1-31 Lemma

Consider the problem
0 3
1-32 min{f (z)|£3(z) <0 3§ =1,-++, m}

where fJ: Rn +R j=0, 1,..., my are convex and continuously differ-

entiable functions. Let S be the set of solutions of 1-32, i.e.,
s = {8 0,~y _ 0 | . P

= zlf (2) = min{f (z)|f (z) 03 =1,---, m}; £9(2) <0, j = 1,...,m},
and suppose that the sets S and €' = {zlfj(z) <0j=1l,...,m}

are not empty. Define kO: R® >R by

-10-



1-33 10¢z) = min{h + 2w ?(ve%@),h0 < 0% £y + (vl @) ,ny

(h »h) <0 5

l’oot’ m}.

Then

1) ko is well defined and is continuous on Rn,

[}

ii) ko(z) < 0 for all z in €, z not in S; and ko(z) 0 for all z in S.

Proof: Note that from 1-33

1-34 ko(z) = min{%- ﬂh!12 + max{ <Vf°(z),h ) £3 (z) + ( ved (z),h), j =1,,m}}
h

Let ¢(z,h) = 3 IhI? + max{ (Ve%(2),h) 5 £3(2) + Vel @) b0, 3 = 1,00+, m),
then ¢ is continuous on R" x R® and convex'in h. Furthermore lim ¢(z,th) = +»
for all (z,h) € R®. Therefore, for any z € R" there exists a 5:::;r

h(z) € Rn, such that ko(z) = ¢(z,h(z)). Hence, k0(°) is well defined.

It is straightforward to verify that the conditions of the strong

duality theorem 1-5 are satisfied by problem 1-33. Therefore from 1-5(a)(ii).

0 j 1 2 P
1-35 k (z) = max{inf{(1 - u )h + = lnl u' £ (2)
u>0 (h0,h) —'ZO E

m

+E o (ved z),n) 13-

j=0

Next, from 1-11 and 1-5(a) (i),

1-36  k%(2) = max{( - Z wyn® + 2 1nt? + Z I (ved (2) h>+z Wl (2) |

3=0
1 m '
E o = 1; E uijj(z) + h = 0}

3=0 3=0

-11-



which is equivalent to

m m m
1-37 ko(z) = max{ ujfj (z) - % ﬂZuijj (z)ﬂ2|zu-1 = 1},
u>0 5=1 §=0 §=0

Thus, from 1-37 and the maximum theorem (Berge [1] pp. 116) ko(') is
continuous.
It follows also from 1-37 that ko is negative in €. Suppose now that

z € C and that ko(;) = 0, then from 1-37 there exists a u > 0 such that

m m m
1-38 Z:ifj @ =05 Fvel@ = o; Z:ﬂ =180 .
jzl j=° j=0

From the convexity of the functions fj, j=0,1..., m,
1-39 ) > 5@ + el @, z-z) for all z€R®, §=0, 1,--, m.

Therefore

m m m
1-40 Eijfj () 323%3 (Z)+(E wved @),2-z ) for allz € K%,
=0 3=0 320

which becomes, because of 1-38,

. om
1-41 El_.ljfj (z) z-ﬁo(fo(;) - fo(z)) for all z € R®
j=1

If T;O = 0, it follows from 1-41 that € = ¢. Thus EO > 0 and from 1-41,

and the fact that u > 0, we conclude that z is a solution of 1-32. Con-
versely, if 2 is a solution of 1-32, there exists an optimal multiplier

A€ Rm+1 such that

-1o-



m m m
1-42 ZAjfj('z‘) = 03 ijvj(e) = 0; Exj =112 0
j=1 j=0 j=0

and 1-42 and 1-37 imply that ko(ﬁ) = 0, which completes our proof. [

-13-



SECTION II. RATE OF CONVERGENCE OF A THEORETICAL METHOD
OF CENTERS.

The method of ceﬁters (Huard [4]), to be studied in this section is
not implementable on a computer. Hdwéver it is of great theoretical in-~
terest since it leads naturaly to several implementable algorithms, known
as modified methods of centers. One of these method of centers will be
studied in the next section. In this section we shall present two theorems.
The first theorem concludes that this method of centers under examination
converges at least linearly. The second theorem shows that this method
of centers converges at most linearly. We begin by recalling the algorithms
and conditions for its convergence.

Consider the problem
0 j = LY
2-1 min{f (z)|f'(z) <0, J = 1,°**, m}

where fj: R > R, j =0, 1,---, m, are continuous functions.

2.2 Assumptions

We shall assume that there exists z, €¢-= {zlfj(z) <03 =1,-+, m}

such that

2-3 i) the set {z € clfo(z) f_fo(zo)} is compact convex
i1) there exists a compact convex set G(zo) containing
{z € leo(z) f_fo(zo)} in its interior such that the functions fi
0, 1,---,m, are convex and continuously differentiable in G(zo) and such
that

iii) the function f0 is strictly convex in G(zo).

-1k



2-4 iv) ¢' = {zlfj(z) <0j=1,"**, m} is not empty

2-5 Algorithm (Huard [4])2

Step 0. Select a z0 such that 2-2 is satisfied, and set i = 0.

Step 1. Compute a solution (6(21),zi+1) of
0 0 3 .
2-6 min{8|£ (z) - £ (2,) <8 £(2) <6, § = 1,7+, m; 2 € C(zy)}

(5,2)
Step 2. 1If G(Zi) =0, set Z = z;, and stop; else set 1 = i+l and
go to Step 1.
First, if the algorithm stops, then Z must be a solution of 2-1 (see
Polak [8] theorem 4.2.12). Next, from hypothesis 2-2 (i), (iv), and
theorem 4.2.12 in Polak [8], every accumulation point of a sequence

©0

{zi} , generated by algorithms 2-5 in solving 2-1, is a solution of
1=0
2-1. Now assumptions (1) and (iv) also imply that 2-1 has at least one

solution. From 2-2 (iii) this solution is unique. From the compactness

(= ]

of €(z.), {z.}" has at least one accumulation point. Thus {z }
o) 1% 50

=0
converges to the solution of problem 2-1.

Let 2 be the solution of 2-1 and let A(Z) be the set of optimal

multipliers at Z, i.e.,

m m m
2-7. AGB) = (A € R‘“”lz Mved @) = o; z Med ) = o; 2 A =15 4> 0}
=0 =1 =0

Referring to lemma 1-12 we see that
2-8 70 = min{ (A,e) [A € A@®); e = (1, 0, 0,--+, 0) € R¥} > 0,

2-9 Theorem (at least linear convergence in cost)

-15-
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Let {zi}
i=0
solving problem 2-1, and suppose that assumptions 2-2 are satisfied.

be an infinite sequence generated by algorithm 2-5, in

Then, given any o € (0,1), there exists an integer io(a) such that

0

2-10 00z, - ££@ < 11 - -1 - £2¢)] for all 1 > 1, (),

Zi41

where 2 is the unique solution of 2-1.

Proof. To obtain a bound on fo(z ) - fo(ﬁ) we shall investigate the

i+l

quantity fo(z ) - fo(zi), which, according to 2-6, in the algorithm, is

i+1
bounded by 5(21), i.e.,

2-11 £z, - £z < 8z

Then, using the strong duality theorem 1-5, we shall find a bound on G(zi)

in terms of z, and fo(zi) - fo(ﬁ). To complete the proof we shall elimi-

nate the dependence on z_, of the bound on G(zi).

i
Thus from 2-6

2-12 8(z,) = min{s|£2¢z) - £%¢z,) < &; £3(2) <6, 5 =1, ..., m; z € €(z)}

NS v = 0
The set {(2,6)|f0(z) - fo(zi) - 8§ < 0; fj(z) -8§<0,3j=1,"**, m} is not
empty for all z; € C(zo). Therefore the strong duality theorem 1-5 can

be applied to 2-12. Parts (a)(i) and (ii) of 1-5, as applied to 2-12,

imply that
m m
2-13 §(z.) = max {inf {Q - 2 ;uJ)a + 2 Jedz) + 12 - LeEony
i i
w0 z € €(z,) = -

Let Elzi) = (Eo(zi),~--,§m(zi)) € Rm+l be a solution of 2-13, then from

-16-



(a)(1ii) of the strong duality theorem 1-5

m
2-14 8(z,) = min{(1 - 233 (2))6 + Zij ()8 @)
6,2) j=0 =1

e

+ PEI06) - fo(zi)]lz € ez}

Clearly, equation 2-14 cannot hold unless

m
2-15 S Fe@) =1
M 1
j=0
Consequently,
m
2-16 6(21) = min | Ej(zi)fj(z) + uo(zi)[fo(z) - fo(zi)]l
4 € ¢(zo) j=1

Upon replacing z by Z in 2-16, we obtain the following bound on 6(21):

m
2-17 8(z,) 5_235@1)9 @ + L@@ - )],
j=1

Since £ € ¢, £3(£) < 0, = 1,--+, m, which, together with the fact that
m

-J(zi) > 0 implies that Zﬁj (zi)_fj (zi) < 0. Hence,
j=1

2-18 5z < P PIL @ - 2221

For every zi € {zi}m , we define U(zi) to be the set of solutions of 2-13.
i=0
Let us show that every sequence {Go(zi)}°° , consisting of the first com-
i=0

ponents of vectors ;(zi) € U(zi), must always satisfy

-17-



2-19 lin inf 5°(z)) > X,

i

where —)\-0 1s defined by 2-8 and, according to lemma 1-12, satisfies XO > 0.

Let Vy: Rm+1 x R® > R be defined by

m .
2-20 lp(u,zi) = min {Eujf:j (z) + uo[fo(z) - fo(z.)]}
i
S ¢(z0) =1

Because Oi(zo) is compact, ¥ is well defined and continuous in both argu-

ments. Now, from 2-13, 2-14 and 2-15,

m
2-21 G(zi) = m:x{l,b(u,zi)lu > 0; Zuj = 1},

j=0
Let T: €0 C(zo) +Cp(Rm+1) (the set of all subsets of Rm+l) be a map
defined by
m
2-23 I'(zi) = {u € Rm-i-lllji(u,zi) = G(zi); u > 0; E uw =1}

3=0

Let {fl.(zi)}e° be any sequence such that E(zi) € U(zi) for i =0, 1, 2,--- .
i=0
Because of 2-20, 2-21 and 2-23, u(zi) € U(Zi) implies that u(zi) € I‘(zi).

m
The set {u € Rm+1| E w=1,u > 0} is compact, and from 2-23 I‘(zi) is
j=0

contained in that set for i = 0, 1, 2,*+-. Therefore {“t-f(zi)}o‘> has at

i=0
least one accumulation point. Let u € Rm-'-l be an accumulation point of

(z,)}" and let {u(z )}"  be a subsequence of {u(z )}Y"  which con-
i i i

i=0 j =0 i=0
verges to 4. From the continuity of ¥ and §, from 2-23 and from the fact

-18-



that z, - 2 as j + ©, we conclude that u € T'(£). Consequently,

h| 3
lim inf Eo(z ) € {(u,e)|u€TE); e= (1, 0,:-+,0) € Rm+1}
i i
From 2-23,
2-24 rgy = e s =min W10 - 280
%= (z,)
m 0'm
+Z;\ij(z)}; EAJ = 1; A > o},
j=1 j=0

We shall show that I'(Z) = A(Z), where

m m m
2-25 AG) = Ih € Rm+1|E)\jfj &) = 0; ijvj @) = 0; Z '&j =1; A > 0}-
=1 3=0 3=0

Since £ is a solution of problem 2-1, §(Z) = 0. Therefore let us investi-

gate the solutions A of the equation

m
2-26 min %1% - 2@ + Z :)\jfj ()} = 0
=€C(zy) =1
m
which also satisfy A > 0, E kj = 1,
3=0

~

Let A be such a solution. If Ao = 0, equation 2-26 cannot be satisfied

(see hypothesis 2-4). Therefore Xo > 0. From assumptions 2-2(ii) and

(iii), and the fact that XO

m

+ E Xjfj(z)} has a unique solution, and the optimal value can be zero
j=1

> 0, the problem min  {3°[£0@) - £2(®)]
ZEC(ZO)
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m
only if 2 is the solution (because ijfj 2) = Xo[fo(Q) - fo(ﬁ)]
m m j=1 )
-I-zijfj (2) £ 0). Hence Eijfj (2) = 0. Furthermore, since Z belongs
i=1 i=1

m n
to the interior of C(zo), ZXijj (2) = 0. Conversely, Zijfj (2) = 0 and
j=0 j=1
m
ZXijj (2) = 0 implies that 2-26 is satisfied by X. Thus I'(2) = A(®).
j=0

Because of the fact that (lim inf -1_1-0(21)) € { (u,e) |u €ET(2),

00
e=(1,0,+,0) € Rm+]‘} implies that, given any a € (0,1), there exists

io(a) such that

2-27 Pz > X°@-0) for all i > 1 (a)-

Therefore, from 2-18 and 2-27 we obtain that

228 8(z) <X°-)£®) - £(z)] for all 1 > 1. ()

and hence, recalling 2-11, we must have,

2-29 00, - £2G) < Pa-01@) - £z )1 for all 1 > 1 ()

It now follows that

0

2-30 £ - 2@ < 11 - P-w1e(z) - 2@ for all 1> 1 (),

Zi41)

which completes our proof. []
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We now establish an upper bound on the rate of convergence of

algorithm 2-5.

2-31 Theorem

Let {z }w be an infinite sequence generated by algorithm 2-5 in

i
i=0
solving problem 2-1. Let Z be the solution of 2-1 and let XO be defined
by 2-8. If assumptions 2-2 are satisfied, then, either XO = 1 and the
sequence {fo(zi)}°° converges superlinearly to fo(ﬁ), or XO < 1 and
1=0
there exists an integer il such that
A 0 0,
2-32 2, - 0@ > 010G, - 26 for all 4> 1.

Proof: Applying part (b)(ii) of the strong duality theorem 1-5
to problem 2-6, we conclude that a Eo(zi) defined as the first component

of a solution of 2-13 must satisfy
-0 0 0 _
2-33 u (zi)[f (Zi+1) - f (zi) - G(Zi)] = 0.

Now, according to 2-27, Eo(zi) 3_(1—a)X° for all i z_io(a). Therefore,
by making use of lemma 1-12, Eo(zi) >0 for all i Z_io(a). Hence, from

2-33, we obtain that

2-34 fo(zi+1) - fo(zi) = 8(z,).

Next, according to 2-13, for i = 0,1,2,...,

m m
2-35 8(z,) = maxlinf  {(1 - Zuj)a + Zujfj z) + u°1£2(z) - fo(zi]}}-
u>0 z€¢(zo) r =1
§

Setting u = A, some element of A(Z) (defined by 2-7), we conclude that
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fa

m
2-36 8(z,) > inf {Z Vel @) + 010 - £}
zec(zo) =1
m
The infimum in 2-36 is achieved at Z because E )ijJ(ﬁ) = 0. Therefore
3=0

m

5(z,) 3_2)%5 @ +2°1£°@) - £221 = 1% @® - £0z)] for all A € M),
j=1

Thus

2-37 6(z) 3X°[f°(2) - fo(zi)], for i = 0,1,2,...

and setting i, = io(a), for some o € (0,1),

1

0

2-38 £ 226 > A1) - @1, for 1> 4

(z341) - 1’

which proves the second part of the theorem; the first part follows directly

from theorem 2-9. This completes our proof. 4

Combining 2~10 and 2-32, we see that whenever algorithm 2-5 constructs

o]
an infinite sequence {zi} , we must have
i=0
£ ) -2
=1- A

2-39  lin  — i+l -
jro  f (zi) - £ (2)

with XO given by 2-8., This situation is rather unique. In the following

0 0, .

f (zi+1) - £ (2)
section we shall be able to obtain only an upper bound on lim i) 0 .
i»o f (zi) - £(2)
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SECTION III. MODIFIED METHOD OF CENTERS.

The method of centers 2-5 requires that at each iteration we solve

the problem
3-1 min{GIfo(z) - fo(zi) i 6; fj(z) _<_ 6’ j = ls”" m} .
($,2)

In the modified method of centers [5], this problem is replaced by two

subproblems: a direction finding subproblem,

0 0

3-2 min{h’] (ve%G),0) <% @) + vl <10 g a1, w

0
(h™,h) h € s},

where S = {h € Rp| Ihil <1l,i=1, 2,-.-, n}, and a step size determination

subproblem,

33 min 18,1820, + unz)) - £2(2)) < 85 E ey +MR(z)) <6, 3 = 1,00, ml.

Referring to the example in the appendix, we see that the algorithm using 3-2
and 3-3 does not converge linearly. Therefore, we modified 3-2 to the fol-

lowing form:

1

3-4 min (00 + L 1n1? (Vfo(zi),h) <0’ Hep) +(ij(zi),h) <n, 5=1,

2

0
(h™,h) e, m}-

Problem 3-2 is a linear program with min+l constraints, while 3-4 is a
quadratic program with mt+l constraints. Although 3-4 is harder to solve
than 3-2, it makes 3-3 easier to implement. The reason for this is (as
we shall show) that an algorithm, which uses 3-4 and solves 3-3 by means

of a Golden Section search of finite' precision, converges, while such a
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result is not true when 3-2 is used.

We shall first establish linear convergence for the modified method
of centers which uses the subproblems 3-3 and 3-4, with respect to prob-
lems with strictly convex inequality constraints. Then we shall show
that this resulf is also true for the case of convex constraints. The
last part of the section is devoted to establishing linear convergence
for an implementable algorithm which uses a Golden Section search of
finite precision to solve 3-3.

Consider the problem

3-5 win{£2(z) |3 (2z) <0 4 = 1,-++, m},

where fj: Rp +R j=0, 1,..., m, are twice continuously differentiable

functions. Let € be the set of feasible points, i.e.,
3-6 ¢=1{z|t9@) <0, j=1,-+, m}

3-7 Assumptions.

We shall suppose that

i) there exists zoﬁin € such that ¢(zo) = {z € ¢|fj(z) f.fo(z)}

is bounded;

ii) the set €' = {zlfj(z) <0j=1,°*+, m} is not empty;

1ii) the functions fj, j=0,1,+*, m, are convex4

iv) there exist mq >0, =0, 1,°°", m’S and € > 0 such that .

52¢d

822

3-8 mJuynz <Ay (z)y ) for all y € R" and all z € B(Z,€),

where % is the solution of problem 3-5 and B(%,e) = {z|l2-zl < €}
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3-9 Algorithm (madified method of centers)
Step 0. Set i =20.

0
Step 1. Compute a solution (h (zi) h(zi)) of the problem

0

3-10 min{t® + 3 1002] (9% )00 <05 1) + vl n)

< ho, j =1+, m} .

Step 2. If ho(zi) =0, set 2 = z s and stop; else compute a solution
6, (z;), u(z,)) of

3-11 (6 mi? {Ghlfo(zi+uh(zi)) - fo(zi) <85 fj(zi+uh(zi)) <6, 3=1,--., m}.
h’

Step 3. Set Z;41 %4 + u(zi)h(zi) and go to step 1. -
Theorem. (Convergence)

Let {zi} be a sequence generated by algorithm 3-9, in solving problem
3-5. If assumptions 3-7 are satisfied, then, either {zi} is finite and its
last element Z, is the solution of problem 3-5, or else {zi} converges to

~

Z.

a

We shall omit giving a proof of this theorem since it can be deduced
easily from theorem 4,2,32 in Polak [8)] and lemma 1-31.

With € > 0, £ and mj, j=0,1,-, m, as in 3-8, we define

2.3
3-12 W = max{l 2£= (2)1]z € B(Z,0)}5
9z
3-13 L=max{l; W, j=0, 1,---, n},
3-14 £ =min|l; w, § = 0, 1,-++, m}.



3-15 Theorem (linear conyergence).
Let {zi}°° be a sequence generated by algorithm 3-9 in solving problem
i=0
3-5, whose solution is 2. Suppose that assumptions 3-7 are satisfied. Then

z; + Z linearly as i + », fo(zi) + fo(ﬁ) linearly as i + «, in accordance

with the following bounds. Given any o €(0,1), there exist io(a), Ko(a) >0,

such that

3-16 bz,~80 < 11 - £ 0-001% (o) for a1l 1> 1 (@),

3160 20,0 - 2@ < 1L - 000110, - 2] for all 1 > 1 (@),
where

m m m
20 = minf (A,ed Y Mved @) = o; Exjfj @) = 0 ij = 1; A > 0, A € &®13,
j=0 j=1 j=0

e=(1,0,0,--0) € =7

and L, £ are defined by 3-13, 3-14. ]
Let us outline our strategy for proving theorem 3-15. From 3-11 in

the algorithm, we have

0 0
3-18 £(2,,) — £ (2) <68, (2.

We shall find an upper bound on Gh(zi) in two steps. First we shall show

that &, (z.) <1 [ho(z ) +1 lh(z )"2] Then we shall prove that ho(z ) +
h'éi’ =1 i’ 7 2 i7" 4 i

%-llh(zi)ll2 j_ﬂﬁ(zi), where G(Zi)(see 2-12) is the optimal value of problem

3-1. Finally, making use of 2-28 (i.e. 8(z,) < - \(-0[£°(z,) - £2(D)]), ve

shall obtain 3-16'. Inequality 3-16 will then follow from lemma 1-20.

Since a part of the proof of theorem 3-15 will also be needed in proving

subsequent theorems, we break up the proof of theorem 3-15 into three
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lemmas.

3-19 Lemma.
Suppose that assumptions 3-7 (i)-(iii) are satisfied. Let Gh(z),
(ho(z),h(z)), Z respectively be defined as solutions of 3-11, 3-10 and
3—5,'and let L and € be defined by 3-13 and 3-6. Then there exists a
Yl > 0 such that 6h(z) _<_% [ho(z) + % “h(z)ﬂz] for all z € B(g,yl) U ¢g.
Proof: according to 3-11,
3-20 Gh(z) = min{dhlfo(z+uh(z)) - fo(z) f_Gh; fj(z+uh(z)) f_ﬁh j=1,+++, m},
(8, 51)
It is straightforward to show that the strong duality theorem 1-5 applies

to 3-11. Therefore, if z € ¢ then, from 1-5 (a)(ii)

m m
3-21 8, (2) = max{inf {( - ij)sh + ijfj (z+1h (2))
@0 G0 L —

+ wo[fo(z+uh(z)) - fo(z)]}}

imj=1}

3=0

m

3-22 = max{inf{ wjfj(z+uh(z)) + wo[fo(z+uh(z)) - fo(z)]}

Applying the Taylor expansion formula and making use of equation 3-13, we

obtain,

m m
3-23 ijfj (zHih(2)) + £ (zHin(z) - ££(2)] < ijfj (z)

j=1 j=1
o 2
+u ) W (ved(2),h(z) ) + E L In)?,

2
j=0
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m
for all w € Rw+1 such that w > 0, E w = 1, and all (z,u) such that
j=0

z + ph(z) € B(2,e). It follows from the strong duality theorem 1-5, as

applied to problem 3-10, that

. m m

3-24 0(z) + 3 Ih(z)l? = max{inf {Q - z :uj)ho + ) w2

420 10,n) 30 j=1

m
+Zu3 (V£ (z),h >+% 18023}
j=0
m m m
Jcd 2 :j h| 1 2 j
3-25 = max{inf{) u'f’(z) + u” (V£ (2),h )+-E Thil “}| E uw =1}
o k5 =0 3=0
and hence that
m m

3-26 ho(z) + %-"h(z)"2 = max{) v (z) + E u? (ij(z),h )

u>Q &= e

=" j=1 j=0

m m
+.;_ uhu2|z w = 1; ZuJVfJ (z) + h = 0}
j=0 j=0
Therefore
m m m

3-27 ho(z) + —;— llh(z)ll2 = max{ ujfj (z) - _;: ﬂz uijj (z)"zlzuj = 1}

u>0 = -

=" j=1 j=0 j=0

Let u € R?+l be a solution of 3-27, then

m m
3-28 w0 (2) +% Ih(z)l2 =Z€jfj (z) - % IIZEijj (z)12,
j:l j=0

and from 3-26 it follows that
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m
6
3-29 h(z) = - E uij:l (z)
. p

Hence, if z € @,

m
12 =S W) <o,
=1

3-30 0(z) + Ih(z)

and therefore —;- ||h(z)"2 < - [ho(z) + -]2; "h(z)"z]. From 3-27, it is clear
that h0(°) +% ||h(-)||2 is continuous, negative in € and that it takes the
value of zero at Z. Therefore there exists Yl € (0, % ] such that

2
max{ - [ho(z) +% llh(z)||2]|z € B(E,Yl) N ¢} _<_Z€-- . Hence, it follows that

3-31 Ih(z)! < £ for all z € B(,y,) N C.

2 11

which implies that z + ph(z) € B(2,€) for all u € [0,1] and all z € B('z‘,Yl) N Q.

Thus 3-23 is valid for all w > 0, such that E wj =1, all 4 € [0,1] and all
j=0
z € B(E,Yl) N ¢, Therefore, for any z € B(Q,Yl) N ¢, from 3-22, Gh(z)

< max{in {:E:}ﬁfj(z+uh<z>> + U emte) - £ (z)]}ljz:}ﬂ
w0 1€10,1] £ =

and from 3-23

3-32 § (z) < max{inf { waJ (z) + 1 3 (VfJ(z) h(z)?
n(2) S mexliof Z Z

¥ g— th(z>l|2}|zwj -

3=0



[¥]

By setting U = % in 3-32 (and deleting the inf operation) we obtain

m
3-33 8, (2) max{ijfj (z) + %ij (ved (2) ,h(z) )
=0

m
+-Izi[|h(z)||2|2w:l -
3=0

Since z € €, fj (z) 0, j=1,°", m and since L > 1, it follows that

fj (z) < = fj (z), j =1,°**, m.. Therefore

3-34 8, (z) <= ma:‘;{zwjf:] (z) + Zi (ved (2) ,h(z) )

+3 ||h(z)“2|2wj = 1}-
3=0

By definitionm, (ho(z), h(z)) is a solution of 3-10 with z; = z. Therefore

(9% m) ) <10@); @ + (v @ ,h@ ) <1%@), 3= 1,00, m

Hence, from 3-34, § (z) < i max{ h (z) + = ||h(z)||2| = 1}, i.e.,
L w20 4

Sh(z) f_% [ho(z) +-§- "h(z)UZ], which proves the lemma. [

3-35 Lemma

Suppose that assumptions 3-7 (1)-(v) ‘are satisfied. Then there
exists a Y, > 0 such that ho(z) +%— “h(z)"2 < 268(z) for all z € B(Q,Yz) ne,
where Z is the solution of problem 3-5, (ho(z) ,h(z)), 6(z), &, € are re-

spectively defined by 3-10, 3-1, 3-14, 3-6.
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Proof: From the continuity of §(*): € > R, defined by 6(z) = min{6|f0(z')
]

0 j : §,2")
-£(z) <8; £°(2'") <6 j =1,'++, m}, and the fact that (Z) = 0, there
exists Y, € (0,7 ] such that’
3-36 8(2) = min{s|£0z") - £%2) < &5 £9(2") <83 =1, - m; z' € B(E, D}

(6,z")
for all z € B(Q,YZ) N €. Upon applying the strong duality theorem 1-5 to
3-36, we obtain

m

3-37 8(z) = max {inf {:E:%jfj(z') + vo[fo(z') - fo(z)] + {1 - vj]G}}

20 gepe,$) 11 3=0

SER

3-38 = max {inf {ijj(Z') +vOrf (z')J}IEv-"

V;O 'EB(Z,Z ) j =1

Expanding the function inside 3-38, according to the second order Taylor

expansion formula, and making use of hypothesis 3-5 (iv) we conclude that -

m m
3-39 vjfj.(z') + vo[fo(z') - fo(z)] > vjfj(z) + Zvj (ved (z),z'-z)
31 31 3=0
+%znyqﬁ

for all z € B(.’z‘,yz) N ¢, for all z' € B(Z, % ), and for all v > 0 such that
m
Zvj = 1. As a function of z', the right hand side of 3-39 is minimized
j=0
by z2' =z - —z: ijj (z). Hence,
j=0
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m m m
3-40 Zvjfj z") + 12" - 2@ 3Zvjfj @) -5 lIZvijj (2)12
j=1 | j=1 =0

Making use of the fact that z € € and that £ < 1, we conclude from 3-40

that

m m m
3-41 Zvj'fj " + 1N - @1 >+ Zvjfj @ -3 llZvijj (z)12
. j=1 j=1 j=0

for all z € B(E,YZ) N ¢, for all z' € B(?;% ), and for all v > 0 such that

E Vj = 1, Therefore, 3-38 and 3-41 imply that

3-42 8(z) > —max{ ijj(z) -2 1) Ved@i? ) v -
;o Z Z Z

which, according to 3-27, implies that 6(zi) 2;% [ho(z) +-% Uh(z)ﬂzj for

all z € B(Q,YZ) N ¢. This completes our proof. [ ]

3-43 Lemma.
Let {zi}oo be a sequence generated by algorithm 3-9 in solving
i=0
problem 3-5. Suppose that assumptions 3-7 (i)~(iii) are satisfied and

suppose that the function fo is strictly convex in a convex neighborhood

of the solution Z of 3-5. Furthermore, suppose that the functions fj,

j=0,1,°*, m, are such that there exist Yy > 0, K > 0 such that
3-44 8, (2) < k8(2) for all z € B(Z,Y) N €.

Then, given any o € (0,1), there exists an integer io(a) such that
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Q
3-45 Gy ) - £0@) £ 11 - kR0 A-0]IE2(z) ~ £2(2)] for all 1 > 1 ()

Proof: According to 2-28, given any o € (0?1), there exists an integer 13(a)
0 A

such that 6(zi) <A (l-a)[fo(z)-fo(zi)] for all 1 > io(a). It therefore

follows from 3-44 that

346 6, (z)) < KQ-ORIEE@) - £2(2))1 for all 1 > min{1y(®), 13(a)}

Hence from 3-18,

3-47 £2(z,,,) - £20G,) <8, (2) < c-)20[e0@) - £2¢z]

which, rearranged, becomes

0

3-48 £ - %@ <1 - « a1y - @],

141

and completes our proof. [

Proof of Theorem 3-15:

Inequality 3-16' follows directly from the lemmas 3-19, 3-35 and
3-43. Inequality 3-16 follows from 3-16' and lemma 1-20. This completes
the proof of theorem 3-15. -

In proving theorem 3-15, assumption 3-7 (iv) ﬁas used only to es-
tablish lemma 3-35. We shall now prove that a theorem similar to 3-15

can also be derived when assumption 3-7 (iv) is weakened as follows.

3-49 Assumption: There exist €' > 0 and m0 € (0,1) such that

2,0 2
¢y, 25 (2) y) > ¥yl for all y € X", and all z € B(2,€) N C, where

9z

2 is the unique solution of problem 3-5 and ¢ is defined by 3-6. [

3-50 Theorem. (Linear convergence in the case of non strictly convex
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congtraints).

Let {zi}oq be a sequence generated by algorithm 3-9 in solving
1=0
problem 3-5. Suppose that assumptions 3-7 (i)~(iii) and 3-49 are satis-

fied. Then z, + 2 linearly as i - m,fo(zi) -+ fo(ﬁ) linearly as i + o,

in accordance with the following bounds: given any o € (0,1) there
exist io(a), Ko(a) > 0, such that

2 0

XO %_ (1—&)2]1/2

3-51 ﬂzi-ﬁﬂ <[1- Ko(a) for all i z_io(a),

2 0

° B -1z - @]

3-52 £ P <n-7

(2541) -
for all 1 Z_io(a),

where mo, L, XO are respectively defined by 3-49, 3-13, 3-17.
Proof: Theorem 3-40 follows directly from lemmas 3-19, 3-43, 1-20 and

lemma 3~53 below.
a

3-53 Lemma.
Suppose that assumptions 3-7 (i)-(iii) and 3-49 are satisfied. Then,
given any o € (0,1), there exists a Y3(a) > 0 such that ho(z) + lé-"h(z)ﬂ2

j.mp Xo(l-a)G(z) for all z in B(Q,Ys(a)) N ¢, where 2, (ho(z),h(z)),

mo, XO, 8§(z), €, are respectively defined by 3-5, 3-10, 3-49, 3-17,
3-1, 3-6.
Proof: According to lemma 3-35 (see 3-38), for any z € B(Q,Yz) ne

n m
3-54  8(z) = max {inf O e +v°1fa@n - L@nY - 1
) ] 3=0

v20 z'EB(Z, %’ j=1
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Therefore

m .
3-55 §(z) > inf ‘{Zvjfj @) + V1@ - £ @1}
2'E€B(2, -;- ) j=1

m
for all v > 0 such that E vj =1 and all z € B(ﬁ,’Yz) ne.,
j=0
Applying the Taylor second order expansion formula and using hypotheses

3-49 and 3-7(iii), we obtain

m m
L 0
3-56 §(z) > inf {Z Vel 2) + Z W93 (@), 21z ) + B VOhar-al?)
: 2'€B(5, £) =1 -

N|m

for all v > O such that 3 ¥ = 1, and all z € B(Z,y,) N ¢.
Z 2

By deleting the constraint z' € B(ﬁ,% ) in 3-56, we obtain

m
3-57 §(z) > Z Vel 2) - = (z)12
; - 2
j=1
m
for all v 2 0 such that E vj =1 and all z € E,YZ) N @¢. Let v(z) € Rnﬂ'l
j=0

be a solution of problem 3-27. Then, since mox-ro(z) <1 and E ;J(z)fj (z) £0,
j=1

Zvj ()83 (2) -

mv (z)

m
we must have,z—\;j (2) fj (z) >

-35-



Hence, from 3-57, and 3-27,

Teoy - 105 (2yved (2902
3-58 8§(z) > —F— (2)f (z) -5 (z)VE (2)1
o D E

i=1

= 0_3 [ho(z) +-§ ﬂh(z)ﬂé]

mv (2)

By following the same pattern of reasoning as in the theoretical method of

centers, it is easy to prove that

3-59 lin inf v0(z) > X0
z+Z
2¢

where io is defined by 3-17 and, according to lemma 1-12 satisfies 70 > 0.

It now follows from 3-59 that, given any o € (0,1), there exists YB(a) € (O’Yz)

such that v (z) > (l-a) for all z € B(Q,Y3(a) N €. Therefore 3-58 implies
1
230 (1-0)

that §(z) > [ho(z) +-% “h(z)ﬂz], which completes the proof of the

lemma.

0

Algorithm 3-9 is not impleméntable on a computer because of the exact

minimization required in 3-11. Let Step 2 in algorithm 3-9 be replaced

by Step 2'

3-60 Step 2' If i = 0 select a B > 0, else
1f ho(zi) =0 set Z = I and stop; else apply the
Golden Section Search (or any similar scheme) to the function 6: R + R

defined by
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3-61 o) = mait{fo(zi + ﬂh(zi)) - fo(zi); fj(zi + Wh(z,)) § = 1,7, o}

to find two points u(zi), u'(zi) with u'(zi) > p(zi) > 0, such that [u(zi),
u'(zi)] containg the minimizer ﬁ(zi) of O and such that
362 B(u(z,)) < BIN'(z) - u(zD] (VE2(z,) bz )

a

3-63 Theorem (linear convergence) .

Let {zi}°° be a sequence generated by algorithm 3-9, modified to use
i=0

Step 2' above, in solving 3-5. Suppose that assumptions 3-7 (i)-(iii)
and 3-49 are satisfied. Then, either {zi} is finite its last element is

2, the unique solution of 3-5, or {zi} is infinite and z, »+ £ linearly as

i
i ooy fo(zi) > fo(ﬁ) linearly as i + ®, in accordance with the following

bounds. Given any o € (0,1), there exist io(a), Ko(a) such that,

0

3-64 bz-20 < 11 - 2 0a-0)1? I% 1t/ %@ for all 1> iy ()
0

65 20 - 6 < 1 - B0a-01® £2 110G - £2@)

for all i > 1,(a)

where mo, XO, L are respectively defined by 3-49, 3-17 and 3-13.

Proof. The function 6: R - R defined by 3-61 is convex. Therefore

3-66 8an) > 1 (V£ (z,),h(z,)

because fj(zi) < O’j = 1’..., mand i = 1, 2, 3,0-0’ and hence —dgﬁoi) =

(Vfo(zi),h(zi) ) for all i > 1. It follows from 3-62 and 3-66 that

M(z,) > fi, where il satisfies ii (Vfo(zi),h(zi) ) = Bz - )¢ Vfo(zi),h(zi))
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(see Fig. 1). If the point z; is not a solution of 3-5, then from lemma

1-31 and 3-10, (V£'(z,),h(z,) ¥ < 0. Thus
- C ~- B 3 .
367 - u(zy) 2 0 = g W)
Next, it follows from the convexity of 6(-) and the fact that ﬁfzi) is a

minimizer of 6(*) that

u(zi)

u(zi)

3-68 8(u(z;)) < 0 CH(z,))>

which, together with 3-67 implies that

269 0(u(z)) <1z 0@z °

Therefore, from 3-61 and 3-11
0 0 8
370 £ (249 ~ (2 Sg S (3p)

where Gh(zi) is defined by 3-11.

Thus the convergence of algorithm 3-9, modified to use Step 2',
follows from 3-70Q, theorem 1,3.10 in Polak [8] and the proof of con-
vergence of algorithm 3-9. Inequalities 3-66 and 3-67 follow from

lemmas 3-19, 3-43, 3-53, 1-20 and inequality 3-70. -

The following theorem highlights an important facet of algorithm

3-9 when modified to use Step 2' instead of Step 2.
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3-71 Theorepm.

If a Golden Section Search is used, in Step 2' of algorithm 3-9, to
compute u(zi), u'(zi) which satisfy 3-62, then
3-72 lim[u'(zi) - u(zi)] >0

)

Proof :

Since, 0(-) is convex, 0(u) §_6h(zi) - (ﬁ(zi) - ) (Vfo(zi),h(zi))
for all u 5 §(21). Therefore, from lemma 3-19, there exists an i, > O

1
such that

373 e < 00G)) + 5 Ihiz)] - Giz)-w (VE0(z,),h(z,) )

for all i > i, and all u € [0,u(z,)],

where (ho(zi),h(zi)) is a solution of 3-10. It follows from 3-30 and
3-73 that
ho(zi)

—— - Gi(z) = W) (VE2(z,),h(z,) ) for all 1 > 1

3-74 e(u(zi)) < 1

and all y € [O;E(zi)].

According to part (b)(ii) of the strong duality theorem 1-5, as applied to

3-24,
3-75 vo(zi)[ (Vfo(zi),h(zi) y - ho(zi)] =0

where vo(zi) is the first component of a solution of 3-24. From lemma

3-53 (see 3-59) there exists i, 2 1, such that vo(zi) >0 for all i > i,.
Thus from 3-75.
3-76 ho(z ) = (Vfo(z Y,h(z,)? for all i > i

7 i i/o0%y Zth
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and therefore 3-72 hecomes,

3-77 Bu) < I 5=~ (i) )] (V£0(z,),h(z,) ), for all u € 10,u(z))]

and all i Z_iz

0)

In Step 2', starting from an interval [uo,u ] containing ﬁ(zi), the

Golden Section search generates a sequence of interval {[uk,u'k]}§=0 such

_ Kk Xk U'k+l _ uk+1
that u(zi) € [u,u"] and " i A (A= 0.68) and up = u(zi); u'p =
u'eo-u

u'(z,). ince the search for u(z id not stop at | ! " must have
"(z)). Si h h f (z,) did p-1 . p-1 h

failed the test 3-62 i.e.

378 0GP > g PP (ve0 () bz )

and therefore

- p-1 8 ' - 0 .
379 0GP > & [u'(2)-u(z)] (VE (2),h(z)) )
Hence, from 3-75,

380 B [n'(z)-u(z)] 2 3 - [i(z)-1P ]

Making use of the fact t:hat'ﬂ(zi)-up-1 < %-[u'(zi)—u(zi)]

we obtain

A

3-81 [u'(z;,)-uz))] 3%17 " Tag

which completes our proof. [J
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3-82 Theorem
0 50
Let L, m, A and {zi} be defined as in theorem 3-63 and suppose that
the assumptions 3-7 (i) - (iii) and 3-49 are satisfied. Then there exists

and integer i1 such that

2
3-83 u*(zi) < —%- + 4(L-20m0) (.!:.%) for all 1> i,

m %30

*
where | (zi) is defined as the strictly positive root of 6(u), (6(¢) as in
3-61).

Proof. From 3-61,
0 0
3-84 o(w) > £ (zi +u h(zi)) - f (zi) for all u > 0

Applying the second order Taylor expansion formula to the right hand side of

3-84, we obtain

2
3-85 0G0 2 1 (VE2(z) ) + (VE2(z), n(z) ) + & ¥ Iz )%, for a11u > o,

which, because of 3-76, becomes

| 0
3-86 6 > ulh’(z) + ZE Inz)1®  for a11 1 > 1,, for all u > 0.

2 ho(zi)
The right hand side of 3-86 is strictly positive for all u > )

m “h(zi)ll2 )

*
Consequently, U (zi), the strictly positive root of 6(-), is such that

for all i > 1

* 2



Let (Ao,hl,...lm) € A(2) (see 2-7), then it follows from 3-10 that
m n

_ J g3 J ged 0

3-88 E SRR Z M), ne) ) <1,
j:l i=0

Expanding the left hand side of 3-88 about Z and making use of 2-7 and

3-49, we conclude that there exists an integer i1 such that

3-89 2 00 20g-2 12 - 1 18-z, Dn(zl < W0(z) <0 forall i i
Therefore

mOAO
3-90 Iz I > 57 12—z I, for all i >i,.

- Next, from 3-27,

m m
3-91 10z,) + 3 Ine )% > Z M e -21 Z M ved 12,
i=1 j=0

which, with the aid of the Taylor expansion formula, yields

3-92 ho(zi) +2 Inez 12 > %(AOmO-L)Ilﬁ-z i||2.

i)

Combining 3-90 and 3-92, we obtain

0
Bz) 114500 (2L 2
2-3°3 (mo}\o :

3-93 i——-———jz
h(zi)ﬂ

Inequality 3-83 now follows from 3-93 and 3-87. 1
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3-94 Corollary.

Let {zi} be as in theorem 3-63 and suppose that for i =0, 1, 2, ...

ki is the smallest integer such that 9(2i + ki h(zi)) > 0. Then
1 =00 L 2
k., <=+ 4(1-Am") — + 1, for all i > i., where i, is as m 3-82.
i m0 mOxo - "1 1

Furthermore if u(zi), u'(zi) in 3-60 are computed by means of the Golden
Section search using the initial interval [O,ki] then there exists an
integer ﬁ such that u(zi), p'(zi) are computed with no more'than ﬁ
evaluation of 6(y), for i =1, 2, ... . [ | |

Corollary 3-94 together with theorem 3-63 show thaﬁ algorithm 3-9

modified to use Step 2', implemented as in Corollary 3-94 converges linearly.

CONCLUSION:

We have seen in this paper that duality theory can be used to construct
bounds needed for determining the rate of convergence of a class of opti-
mization algorithms. We have also demonstrated how the use of duality
theory can influence the construction of new algorithms. The approach used
in this paper has a certain amount of generality, since it can also be used
to deal with a number of methods of feasible directions and optimal control
algorithms. We shall present our work on these other algorithms under

separate cover.
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APPENDIX A: Counter example to the linear convergence of the
modified method of centers in [5] and of the Topkis-Veinnott method of
feasible directions [11].

1) Topkis-Veinnott method of feasible directions[11]

Consider the problem

A-1 min {x’ + y2|y‘3 0}

- 1
and let zg = (xo,yo) be such that 0 < |x0| §.y0 5_2. To solve a problem
of the type min {fo(z)|fj(z) <0j=1, ... m) the Topkis-Veinnott method
of feasible directions, computes a feasible direction h(zi) at z; as a
solution of min {max{<Vf0(z

8] <1
0 _ .2 2 .1 - =
which, for £'(2) = x" +y~, £(2) = -y, m = 1, becomes, at 2q>

i),h>;fj(zi) +(ij(zi),h)j =1, ..., m}}

A-2 min {max{2x0h1 + 2y0h2, - n? - yo}} .
1<t
~1<h’<1
Hence
oy - 2)x |
1 - - L. 2 =- 0 " “1"9
A-3 h (zi) = —sgn #O' s h (zi) = ——

1 +'2y0

The step size u(zi) is computed as the solution of

min{t%(z, + 1 h(z) £z, + u h(z,)) 0§ =1, ..., m}. Therefore
u(zo) is found as the solution of

Yo = 2I%l

2
A-4 min{(x, - W sgn x )" + [y, - U

—_— > 0}
u 1+ 2y, 142y,
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From A-3 and A-4, (see Fig. 2), it is clear that the constraints in A-4

is not active at u(z Therefore u(zo) satisfies

0)'

¥o - 2]x,] v, - 2|x,|
0 "0 - 0 "0 _
A-3 (l"ol - HGizg) + T3 2y, (g ~ wzg) =37 2y, ) = 0.

Let zy = (xl, yl) be the next point computed by the algorithm. Then from

A-3

yo = zlxol
A-6 X = Xg - H(zy) sgn x5 3 ¥; =¥y - u(zy)
1+ 2y0

Hence, from A-5 and the assumption on xo, Yo»

| %1

vy = 2]x,]) 1-23

A7 A Fo ~ lxpll 0
vy 1+ 2y, Yo 1+ 2y,

which implies that

Let {zi} be the sequence generated by the Topkis-Veimnott method of feasible
direction, in solving problem A-1l, and starting from zg = (xo, yo) such that

0 < ]xol 2y, 5.-1 . At each iteration the algorithm decreases the cost

2
therefore if Yo is chosen such that Yo 5_%-, by making repeated use of A-8,

we obtain 0 < Ixil h 5;% for all i > 1. From A-3 it follows that

hz(zi) < 0 for all 1 > 1. Hence (see Fig. 2)
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iz -zl

i+l _
A9 Tz, -2 TN
i
where
A-10 Yy =T Bi+1 - Bi
Yi+1 _ 1 m

From A-8, tan B,,., = > =— ., Hence, B, * -~ as i + =, and from A-10,

i+l X -y i 2

i+l i
"zi'i-l -zl

Yy + 0 as i >+ », Therefore, from A-9, lim —————— = 1, which proves

juoo iz, - 2l
i

that {zi} cannot converge linearly.

2) Modified method of centers

Huard's modified method of centers [5] has the same direction deter-
mination subproblem as the Topkis-Veinnott algorithms just described, but
the step size u(zi) is given by min{max{fo(zi + uh(zi)) - fo(zi); fj(zi + ph(zi))

u
»j=1, ..., m}} which for problem A-1 becomes, at 4>

2
' vo — 21%,l Yo - 21%,
I 2 0 o) e _u 20 0
ALl wdnnad G - 0 sen xp) +(5-n T ) YR TTE g,
Consequently, U(z ) satisfies either A-5 or
0
2
vq — 2|, o = 21%,l
2 0 0 _. _. 70 0
A-12 (xgl =" + (Vo SR ) Yo M TT w2y,

Therefore, the point zq = Cxl,yl) computed by the Huard modified method of

centers, after 2z, is given by A-6 with u(zl) > 0 being the smallest strictly
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'y

positive number which satisfies either A-5 or A-12. Note -that if u(_zl) is
given by A-12 then (xiyl) satisfieslxi + yi =¥y Hence it is clear (see
Fig. 2) that if (xo,yo) is close enough to (0,0), X will never. be given by
A-12, which implies that, for problem A-1l, and starting from z, such that
0< Ixol §_Yo < €, the Topkis-Veinnott and the Huard algorithms compute:
the same sequence of points and henpe neither of those two algorithms can

converge linearly.
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Footnotes

1. This condition is stronger than the one used by Geoffrion [3].

2. This algorithm is not implementable because of the exact minimization
required in 2-6.

3. Note that the map r% - (1)(R) defined by Fo(z) = { (u,e) |
u € T(z)} is closed (see Berge [1]).

4, Actually, the convexity Qf fj, j=0,1,..., m, i8 needed only in a
compact convex subset of R" containing ¢(zo) in its interior. It
is only for the sake of simplicity that we assumed global convexity.

5. As we shall see later, it is sufficient for 3-8 to hold for j = 0
only, to insure linear convergence, but in that case the bound on
the rate is larger.

6. Note that in some cases it might be easier to solve 3-27 and use
3-29, than to solve 3-10 in algorithm 3-9.

7. The mapping I': rR" +(q)(Rn) define by TI'(2) ='{z'|f0(z') - fo(z)

< 8(2) ; fj(z') < 8(z)} is upper semi continuous (see Berge [1]).

8. The process of replacing the computation of a minimizer U of a con-
vex function 6: [0,+®) + (-»,0] by the computation of two points
H,u' such that 0 < f.ﬁli u' and such that 6(u) < B(u'-u) %% (0+)

constitutes, because of 3-69, a general procedure for implementing

algorithms of the type of 3-9.
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