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1. Introduction.

The élgorithm to be presented in Section 3 of this paper was developed
with unconstrained min max and unconstrained optimal control problems in
mind. . It may therefore be helpful to review one of these problems so as
to highlight the peculiarities which make an adaptive algorithm highly

desirable. Thus, consider the problem
1.1 min g(x(T,u))
subject to

1.2 '&%x(t’“) = £(x(t,u),u(t),t), t €[0,T], x(0,u) = x,,

u €L [0,T]

where x(t) € R™ and u(t) € R™. Under suitable assumptions, to be stated
later, the function ¢(u(*)) 4 g(x(T,u(-))), from Lz [0,T] into 521, is
continuously differentiable, and its gradient at u(:) is given by

T
1.3 grad ¢(u)(t) = [3“"“";3;““”“)] p(t,u), 0 <t <T,

where p(*,u) is computed from

T
1.4 Eg'P(t,u) = - [af(x(t’gi’“(t)’t)] p(t,u), 0 <t < T>

p(T) = Vg(x(T,u))-




Because of this, it is natural to suggest that problem (1.1)-(1.2) be solved

by the following gradient method.

1.5 Algorithm:

Step 0: Select a u0(°) € L: [0,T] and set i = O.
Step 1: Compute x(t,ui) for 0 < t < T by solving (1.2) for u = u,

(forwards).
Step 2: Compute p(t,ui), for 0 < t < T, by solving (1.4) (backwards)

with p(T,ui) = Vg(x(T,ui)).
Step 3: Find the smallest integer j > 0 such that

1.3 1 3+ ¢ 2
1.6 ¢(ui'(§9 grad ?(ui)) - ¢(ui) + (7) lgrad ¢(u1)(t)ﬂ dt
0 <o,
where [+l denotes the euclidean norm.
k|
F—~3 L] -— l *

Step 4: Set ui+1(-) = ui( ) (2) grad ¢(ui)( ).
Step 5: set i = i+l and go to Step 1. (J

It is quite clear that in this algorithm, as well as in any other

algorithm which computes ¢(ui) and grad ¢(ui)(') at each iteration, the

major computational time is taken up with integration of differential

equations.

Consequently, in such an algorithm, the target of an adaptive

feature should be the numerical integration procedure. Qualitatively

speaking, one should aim at a stable approximation scheme which is quite

coarse (and hence fast) when ui(°) is far from being optimal and which



becomes progressively refined as an optimal solution is approached. As
we shall see, the proposed algorithm does just that, and experimental
results indicate that it can be from 3-10 times faster than comparable
schemes using a fixed integration procedure.

The adaptive approximation scheme which we shall describe has evolved
from the work on algorithm models and methods of implementing conceptual
algorithms described in [6] and [7]. The model approach to algorithms
is very powerful and hence we shall also adopt it in this paper. Be.
cause of this, we shall present our work in three stages, each more
specific and more complex than the preceding: a general ﬁodel and
convergence theorem in Section 2, a general adaptive gradient method in
Section 3, and an adaptive gradient method for unconstrained optimal

control in Section 4.

2. An Abstract Prototype.’

Let E;jbe a normed linear space (with norm "-ﬂ%;) containing a set
of desirable points, which we denote by A. The algorithm model we are
about to present is designed to compute points in A. The specific
structure of this model is dictated by the manner in which we propose
to carry out numerical integration in Section 4.

[ ]
Thus, let {D,} be a sequence of subsets of %; such that

3" 5=0
2.1 Dj c Dj+1 j =0,1,2,¢--.
Let
’ -]
2.2 D= U D, .
3=0



D .
Next, let {Aj }‘m s Aj : Dj »+ 2 3 be a sequence of search functions, and
3=0 |

let {cj} s eyt D.'i -> Rl, be a sequence of test functions. We shall
j=o .

assume that these functions have the follbwing properties.

-]

2.2 Assumptions: (i) D =%
(ii) There exists a set M Cg, satisfying M N A # ¢, such that for
every z € M, z € A, there exists an €(z) > 0 a 8§(z) > 0 amd a interger

N(z) > 0, such that

2.3 cj(z") - cj(z') < - 06(z) ¥2' € B.(z,e(z)) N M

h|
¥z" € Aj(z’), ¥ > N(2),

where
2.4 Bj (z,e(z)) = {2' € Djlﬂz'-zﬂ < e(z)} -

(iii) There exists a continuous function c: %-* Rl such that for

the set M introduced in (ii) there exists a sequence {Bs}m , possibly
s=0

depending on M, with Bs >0 for s = 0,1,2,.-+, such that

2.5 ZBS <
s=0
and
2.6 ch(z)—c(z)|_<_Bs ¥2EMN D5 ¥ > s

2.7 Remark: Assumption (2.2)(iii) can be ihterpreted as follows. First,

for (2.5) to hold, we must have BS + 0 faster than the arithmetical pro-



<]

gression'{1/3}8=1. Hence, (2.6) implies that
2.8 lcj(;) -c(z)| +0as >0, ¥z€D,

faster than an arithmetical progression. Next,- c j (z) is usually the
result of j iterations of an infinite subprocedure for compufing c(z).
Thus, (2.6) states that we must use a subprocedure for comﬁuting c(z)
which converges at least as fast as an arithmetical progression. Siﬁce
most algorithms converge at least linearly, we see that assumption (2.2)

(iii) should not be too difficult to satisfy. ()

2,9 Algorithm Model: Assume z, € DO’ €, > 0 and a € (0,1) are given.

0 0
Step 0: Seti=0,j=0,q(0)=03nd€=€o.

Step 1: Compute a y € A_-] (z,).
Step 2: If cj(y) - cj(zi) < - €, go to Step 3; else, set j = j+l,
set € = o€ and go to Step 1. '
Step 3: Set Ziy1 =Y set €41 = & set q(i+l) = j.
Step 4: Set 1 = i+l and go to Step 1. a
Comment: The sequences {ei} and {q(i)} are introduced only for the
purpose of the proofs to follow. They need not be computed. Note that

by construction

2.10 e, = aq(i)eo 1=0,1,2,"

2.11 z, €D 1=0,1,2,°"

q(1)

2.12 - g2t

cq+1) Fi+1) T Cqn) B 2T €

80,1 = 0,1,2,000



Also, since Di+1 2 Di’ for 1 = 0,1,2,+++, we see that Aj(zi) and cj(zi)
are well defined for all j > q(i) and hence Step 1 in (2.9) can always be

executed. a

2.13 Remark: Suppose that there exists a map A: %; > ZE;:such that

A(z) = 1lim Aj(z) for all z € D. Then the algorithm model (2.9) can be
joee '

thought of as an implementation of the following "conceptual algorithm

(see (1.3.9) in [1]).

2.14 Algorithm Model: Assume z, € D is given.

Step 0: set i =0,
Step 1: Compute a y € A(zi).

Step 2: If c(y) - c(zi) <0, set z = y and go to Step 3; else stcp.

i+l
Step 3: Set i = i+l and go to Step 1. a

We shall now establish the convergence properties of algorithm (2.9).

3

2.15 Lemma: Suppose that assumptions (2.2) are satisfied, and that

algorithm (2.9) has generated an infinite sequence {zif” C M, (see (2.2))

i=0
% o
which has an accumulation point z . Then the corresponding sequence {.ei}v
i=0
satisfies ei +0as i+,
Proof: Since'{ei}°° is a monotonically decreasing sequence which is
i=0

bounded from below by zero, it must converge. Suppose, therefore, that

*
2.16 ei +~¢€ >0ag i> o

We shall show that this leads to a contradiction. Since e, = aq(i)eo, (2.16)

implies that there exists an integer N > 0 such that



* *
2,17 ei =€ and q(1) =q ¥ >N

But this implies (see Step 2 of (2.9)) that

%
- = g - < -
2.18 Sqi+1) G141~ Cqi) 34) °q*(zi+1) cq#<zi) =" ¢
¥1i>N
Thus, (2.18) implies that c *(zi) + =035 i >wo,
q
F.3 X
Now, suppose that z, >z as i+ o for 1 €K C{0,1,2,...}. Since
{zi}i €x C M, there exists by (2.2)(1ii) Bq* > 0 such that
2.19 lcq*(z'i) - e(z)] 2 Bq* ¥i €K, ¥i>N.

%
Since z; >z as i1+ for 1 € K, and since c(-) is continuous by (2.2)(iii),
there exists a k € K, k > N such that

%
2.20 |c(zi) -c(z)| <B, ¥LERK, i>k.
q

Hence, from (2.19) and (2.20), we obtain that

*
2.21 c*(zi)ic(z)-ZB*ViGK,iik,
q q

and therefore we have obtained a contradiction, of our previous conclusion

that ¢ *(zi) + - o, Thus, the lemma must be true. (J
q .

2.22 Lemma. Suppose that (2.2)(ii) is satisfied and that algorithm (2.9)
jams up, for i = g, at z EMN Dq(s) cycling between Steps 1 and 2, so

that a point z_,, cannot be constructed. Then z, € A.



Proof: Suppose that zg ¢ A. We shall show that this leads to a contra-
diction. Since we assume that z EMN Dq(s) and that z ¢ A, it follows

from (2.2)(ii) that there exist a 68 > 0 and an integer NS > 0 such that
"y _ - = .
2.23 cj(z ) cj(zs) < GS ¥z Aj(zs), ¥j Z_Ns

(where Ns > q(s) so that c (zs) and Aj(zs) are well defined for all j z_NS).

3
Since the algorithm is cycling between Steps 1 and 2, it must be constructing

an infinite sequence {yr}°° such that

r=0
E = >...
2.24 Y. Dq(s)+r’ r =0,1,2, s
[ = LI
2.25 yr Aq(s)+r(zs), r 0,1,2, ’

2.26 (zs) > - aq(s)+rs , T =0,1,2,°°°,

Cq(s)+rTe) = Sq(e)+r 0

Let t be an integer such that aq(s)+teo-i 68 and q(s)+t z_NS. Then for

r > t (2.25) and (2.26) contradict (2.23). Hence we must have z €A, O

2.27 Definition: Given an infinite subsequence K C {0,1,2,*°*} we shall

associate with it an index function k: K -+ K defined by

2.28 k(1) = min{j € K|j > i+1} a

2.29 Lemma: Let'{zi}°o be any sequence constructed by algorithm (2.9),
i=0

with an associated sequence {q(i)}:;o, and let K be any infinite subse-

quence of {0,1,2,+-+,}, with index function k. If'{zi}°° is contained
i=0

in the set M (see (2.2)) and (2.2)(iii) is satisfied, then



q(k(i))
B. +¢c

Cq k(1)) Pr(a)’ < 2 E 3 ¥ Sy Ban
j=q(i+1)

2.30 ), ¥1 € K-

Proof: Let b: {1,2,3,°++,} + {0,1} be defined by

0 if q(i) = q(i-1)
1 otherwise.

2.31 b(i) = {

Now, from (2.12), we must have

2-32 cq(i+1)(zi+l) _<_ cq(i_'_l)(zi) - 81_'_1, i= 0,1,2,.0-

Suppose that for some i, q(i) = q(it+l); then, for this i, (2.32) becomes,

because of 2,31,

2,33 - €

cq(i+l)(zi+1)-§ cq(i)(zi) 141 E-cq(i)(zi) = cq(i)(zi)

+ 2b(i+1)Bq(i),

where 8 € {81 , with {8} as in (2.2)(iii).
4 a(1) S s=0 8 g=0

Next, suppose that for some i, q(i) # q(i+l), then, again making use of

(2.31), and of (2.6) twice, we obtain from (2.32),

2.34 cq (i+1) (zi+1) L cq (i+l) (-Zi) - &4

Selzg) + By T En

Seqy@) Y By T S

< cq(i)(zi) + ZBq(i) = cq(i)(zi) + 2b(i+1)Bq(i).

Combining (2.33) with (2.34), we obtain,

2.35

-9-



Hence, for any i € K, we obtain from (2.35),

k(1)

2-3¢ “qe@) Fr(y? £ Zz P * Sqearn) Find)
. j=i+

qk(i))
22 2 By * Cqea) Baaa)
j=q(i+l1)
the last inequality holding because b(j) € {0,1}, B, >0 for s = 0,1,2,-+-,

and because q(j) = q(j~1) whenever b(j) = 0. (O

2.37 Theorem: Suppose that assumptions (2.2) are satisfied, and consider
a sequence {zi}, with the associated sequences {ei} and {q(i)}, constructed
by algorithm (2.9). If {zi} C M, where M C %; is as defined in (2.2)(ii),
then, either {zi} is finite, because the algorithm has jammed up at its
last element zs, in which case zS € A, or {zi} is infinite, in which case

every accumulation point of {zi} is in A. (When {zi}m has no accumu-
i=0

lation points, the theorem %s vacuous).

Proof: The case of {z,} finite was established in lemma (2.22). Hence,
let us suppose that {zi} is infinite and that it has at least one accumu-
lation point, 2. Suppose that K is an infinite subset of {0,1,2,---,},
with index function k(-)(see (2.27), such that the subsequence {zi}ie .

converges to 2.

By lemma (2.15), we must have €, + 0, and hence q(i) + ® as i + =,

i
By (2.2)(iii) there exists a continuous function c: % > Rl and a se-

[ ]
quence {Bs}w such that Bs >0, 8s=0,1,2,""°, z Bs < o and

s=0 pv=ri)

-10-



2,38 cq(i)(zi) zzc(zi) - Bq(i)’ i=20,1,2,""".

Since the function c(*) stipuléted in (2.2)(iii) is continuous,

we must have
2.39 c(zi) + c(2) as 1 + », for i € K.

Consequently, since Bs + 0 as 8 + ®, we obtain from (2.38) and (2.39) that

lim lim

2.40 = cq(i)(zi) 2 1€K {C(Zi) - Bq(i)}

= ¢(2).

Now suppose that 2 & A. We shall'éhow that this leads to a contradiction
of (2.40).
By (2.2)(ii), there exist € > O, 8 > 0 and an integer N such that

2,41 cjkz") - cj(z') <- § vz' € Bj(ﬁ,é) N M, ¥2" € Aj(z'),

¥j > N,

where Bj(ﬁ,é) is defined as in (2.4). Since z, * 2 as 1 + =, 1 €K, and

i
q(i) > ® as 1 + », there exists an integer N1 such that for all i € K, with

i Z-Nl (see (2.4) and (2.11)),

€ Z2 N
2.42 z; Bq(i)(z,ﬁ) M
and
2.43 qd) > §
Since 241 € Aq(i+l)(zi) by construction, (2.41)-(2.43) yield,

-11-



2.44 Cq (1) Gara? " °q(1+1)(zs;) <-8WER 12N,
Now, let |
n
2.45 oy = B,
. 3=0

Then {Yn}°° is a monotonically increasing sequence which is bounded from
n=0
o0

above because of (2.5), and hence {Yn} must converge, i.e., it must be

n=0

a Cauchy sequence. Hence, since q(i) + « as i + «, there must exist an

integer N

2 > N. such that

1

2.46 i€ K,

)I <8/8¥i >N,

IYqaecry) = Yqa

where k(+) is the index function of K (see (2.27)). Next, since Bs >0

as s > ©, there must exist an integer N, > N, such that Bq(i)~i 3/8 for

3 2

all i z_N3, and hence

2.47 Icq(i)(zi) -c(z)| <6/8¥L >N, 1 €K
and also
2.48 |cq(i+l)(zi) - c(z;)| < 6/8¥1 >Ny, i €K,

Combining (2.47) and (2.48) we now obtain

2.49 cq(i)(zi)l <8/4 Wi> N, 1€K.

|°q (1+1) (zy) -

Now making use of (2.30), (2.45) and (2.46), we obtain

~-12-



2.30 Cq ) @) T Sq) @) 220y T Yqwt+?

* g ) Gier) T Cqaa) o)
2804+ g a1y Faan) T Sqeay o)

Vi€ K, 1> N,

Finally, adding and substrating cc1 (141) (z i) to the right hand‘side of

(2.50) and making use of (2.44) and of (2.49), we obtain,

2.51 a(i+1) Fi41) ~ Sqear) @)

Ca0e() Per)) T Sqy @) L4+ e

+c y(2) <8/6 -8 +38/4=-8/2% €K, 12N

a(i+1) 9 T Cqa 3°
Since (2.51) implies that cq(i)(zi) > -0 ag i +», i€K, we see that (2.51)

contradicts (2.40), and hence we must have 2 € A, which completes our proof. (O

2.52 Remark: It is clear from the above theorem that whenever M N A = ¢,
contrary to assumption (2.2)(ii), and the sequence {zi} constructed by

algorithm (2.9) is in M, then {zi} cannot have any accumulation points. -

2.53 Remark: Since by lemma (2.15), {ei} must converge to zero for {zi}
to have an accumulation point, it appears reasonable to insert into (2.9)
the following "Step 3': If i/k = 0 modulo k, set € = @€ and go to Step

4; else, go to Step 4," where k > 6 is an integer. Theorem (2.37) remains

valid with this modification. [}

3. The Algorithm.

As in Section 2, let %5’be a normed linear space, with norm “~"%;,

and let ¢: '%5 > 521 be a continuous function. . Consider the problem

3.1 min{¢(z) |z G%}.

As we shall see in the next section, we may not be justified in assuming

-13-



that the function ¢(-) is Fréchet differentiable or even continuous onrg .
Howevér, we may assume that there exists a subset M on which ¢(-).1is
continuous and a function h(*) which, for all purposes, acts és the
gradient of ¢(-) on M. Hence we shall only be ablg to solve problem (3.1)

if 2 is in this set M.

3.2 Assumptions: We shall assume that
(1) there exists a set M' c "Z such that ¢(°) is continuous on M';

4
(ii) for any z € M' and any y € 7

¢ (zHy) = $(z)

3.3 $'(z,y) = lim
A0

exists;

(i1i) there exists a function h: g -+ % which is continuous on M' and
a set M C M' such that (a) for every z € M there exists a 6(z) > 0 such

that (z'+Ah(z')) € M' for all A € [0,6(z)], for all z' € M satisfying

~
Hz' - 2zl < 8(z), and (b) for every z € M' and every y € D,
3.4 -~ $'(z,y) =(h(2),y )Z.
where ( - s® ),5 is a continuous scalar product on g a .

The following result is obvious.

3.5 Proposition: Suppose that 2 € M minimizes ¢(z) for z € Z Then

h() = 0. A
We shall assume that we have an infinite sequence of linear subspaces
oo
{D.}w of 3 such that D,,. 2 D, for j = 0,1,2,°** and such that VU D, = Z,
3" 5=0 1 j=0 3
together with approximation functions ¢ D, » Rl, j=0,1,2, and

70
hj: Dj > Dj’ j= 0,1,2,°;', which satisfy the following assumption.

-14-



3.6 Assumption: Given any z € M' and any Y > 0, there exists an e(z,y) > 0

and an integer.N(z,Y) > 0 such that

3.7 |9, - 0G| < v

Al 1y o LY
3.7 Ih, ") h(z)cgﬁY

for all z' € B(z,e(z,Y)) N Dj N M', for all j z_N(z,Y), where
3.8 B(z,e) = {z' G%Hz'-zll%i e} . a .

We nowlpresent a steepest descent type algorithm which uses adaptively the
approximating functions ¢j(-) and hj(-). This algorithm approximates a

gradient method due to Armijo [1].

3.9 Algorithm:

Initialization: Select an integer jo > 0. Then select a 2 € Dj n M,
0

e, >0, o € (0,1), B € (0,1) and Amin € (0,1].

Step 0: Set i =0, j = jo, q(0) = jo, and € = €0
Step 1: Compute hj(zi)'

Step 2: Set A = 1.

Step 3: Compute
- - - A
3.10 ej(zi,k) = ¢j(zi Ahj(zi)) ¢j(zi) + 2 (hj‘z),hj(z) )%;
Step 4: If Oj(zi,A) > 0, set A = BA and go to Step 5; else, set
y =z - Ahj(zi) and go to Step 6.

Step 5: If A 2-€Amin’ go to Step 3; else, set y = z, and go to Step 6.

i
Step 6: If ¢j(y) - ¢j(zi) < - €, go to Step 8; else, go to Step 7.
Step 7: Set j = j+1, set € = 0, and go to Step 1.

i = g, set i = i+l,
and go to Step 1. a

Step 8: Set z +1 =Y set q(i+l) =,j, set €, .,

-15-



3.11 Comment: The sequences {q(1)} and'{ei} are in correspondence with
those appearing in the algorithm model (2.9). They are only introduced
for the convenience of the proofs to follow and need not be computed in

practice. U

3.12 Remark: As we shali'see in the next section, the set M can be
chosen to be a very large set containing the drigin,'aqd that zi & M for
some i can be interﬁreted as an indication that the seqﬁence {zi} gene-
rated by algorithm (3.9) cannot converge to a solution of (3.1). d
Since we make no convexity assumptions for the function ¢(-), the
best we can hope to establish for algorithm (3.9) is that if 2 € M is

an accumulation point of {z,}  or if z € M is a point at which the

i=0
algorithm has jammed up, then h(Z) = 0, or h(zs) = 0., We now proceed

i

to show that algorithm (3.9) has exactly this property. To be specific,
we shall show that algorithm (3.9) is of the form of the algorithm model
(2.9) and that the assumptionms (2.2) are satisfied by it.

For this purpose, we make the following identifications:

3.13 Definition: We set A = {z € M|h(z) = 0}, c(*) = $(+), cj(') = ¢j('),

and we define Aj(-) by the calculations in Steps 1 to 5 of algorithm

(3.9). C

We shall need the following results

3.14 Proposition: Given any z € M' and any Y > 0, there exists an

€(z,yY) > 0 and an integer'ﬁ(z,Y)‘Z 0, such that

3.15 I¢j(z') - 92| <v

-16-



3.16 Ih, (") - h(z)llcgi Y

for all z' € B(z,e(z,Y)) N D, NM', for all j > N(z,y). O
The above proposition follows directly from assumption (3.6) and

from the continuity of ¢(<) and h(-) on M'.

3.17 Lemma: Suppose that z € M is such that h(z) # 0. Then there exists
an €(z) > 0 and an integer k(z) > 0 such that

k(z) g*(2)
3.18 $(z"-8"""n(z") - ¢(2") + 5 (h(z'),h(z") ><5_<_ 0
for all z' € B(z,e(z)) N M, where B € (0,1) is as defined in algorithm (3.9).
Proof: Since z € M, it follows from the assumptions (3.2) that there exist
a 6(z) > 0 and an integer k(z) > O such that [z', z'-Bk(z.)h(z')] CM' for all
z' € B(z,6(z)) N M, and such that

- gk(2),
3.19 #8"“n@) - 0) + B (0@ ,he) '

Bk(z)
< - % (h(z),h(z) )(5 .

Now, since ¢(), h(+), and (.,. )% are continuous on M', there exists an

e(z) € (0;6(2)] such that for all z' € B(z,e(z)) N M

k(z)
3.20 l6Gz'-8*@nz") - 662" + E5— (hz"),h(") %
k(2) gk(2)
- 0B (@) + 4(2) - S5 (h(@)h() Iz |
6k(z) :
<

A (h(z),h(z) )g .

It now follows from (3.19) and (3.20) that (3.18) must hold for k(z) > 0

and €(z) > 0 defined so as to satisfy (3.19) and (3.20). 0O
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3.20 Corollary: Suppose that z € M is such that h(z) # 0. Then there

exists an €(z) > 0 and integers k(z) > 0, N(z) > 0, such that

k(z)
3.21 6,z - Bk(z)hj(z')) - 4,1 < - = (hGz"),hE" oz

for all z' € Dj N M N B(z,e(z)), for all j > N(z). a
Corollary (3.20) follows directly from proposition (3.14), lemma (3.17)

and the continuity of ¢(-) and h(*).

3.22 Theorem: Suppose that there exists a sequence {BST” ’ Bs > 0 for

bt s=0
s = 0,1,2,°°+, such that E Bs < = and such that

s=0
3.23 |¢j(z) - #(2)| < B, VzEM' N Dy, ¥ > s.

Consider any sequence {zi} constructed by algorithm (3.9) and suppose
that {zi} C M., If {zi} is finite, because the algorithm has jammed up at
z» its last element, then h(zs) = 0; if {zi} is infinite, then every
accumulation point of {zi}, which satisfies £ € M also satisfies h(Z) = 0.
Proof: Theorem (3.22) follows directly from theorem (2.37) because of
the identification in (3.13) and because assumptions (2.2) are then
satisfied as a result of the assumptions (3f2), corollary (3.20), and

of the assumption stated in theorem (3.22). a

4. An Application to Optimal Control

Consider the problem
4.1 minimize g(x(T,u))

subject to
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4.2 -é-’ia({—&)— = f(x(t,u),u(t),t), t € [0,T]; x(0,u) = x

0’
vhere g: R" + Rl, f: RP®Px R™x RY > R", u: [0,7] *R™, and T > 0

is given.

4.3 Assumgtion; We shall assume that
(1) g(+) is continuously differentiabie;
(i1) £(,+,+) is continuously differentiable on R™® x R® x IR]',
(iii) u € M= {ueR™ [O,Tllﬁuﬂu° = egs sup Hu(t)! < 2w},
t € [0,T]
where w € (0,°) is some very large number, i.! denotes the euclidean
norm, andcizm[O,T] is the space of m-vector valued, regulated functiomns
[2];
(iv) for every u € ﬁ', (4.2) has a unique, absolutely céntinuous
solution x(-,u). a .
The reason for defining the set ﬁ', in (iii) above, in the specific
manner chosen, stems from the need to satisfy the assumptions (3.2) to-
gether with the assumptions which we shall shortly need in conjunction

with numerical integration formulas.

4.4 Definition: For any u € ﬁ', let h(u)(*) be defined as follows:

T
4. Reu) (r) = 2EEEDL0E,0 b ), ¢ € [0,T]

where x(t,u) is the solution of (4.2) corresponding to the given u, and

p(t,u) is given by

T :
4.5 E%'p(t,u) =—3f(X(t,g;,u(t),t) p(t,u), t € [0,T],
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with the boundary condition

_ T
46 p(T,u) = 28&Eu) O

ox ¢
4.7 Definition: for any u € M' let $(u) be defined by
4.8 $(u) = g(x(T,u)),

where x(T,u) is the solution at T of (4.2), corresponding to the given u. a
In view of theorems (A.l) and (A.13) in the appendix, the following

result is obvious.

* ~
4.9 Theorem: Let u € M' and € > 0 be arbitrary. Then there exist k > 0

and Y > 0 such that

4.10 sup lx(t,u) - x(t,u*)ﬂ j_k[lu-u*ll2
t € [0,T]

and

4.11 ess sup lh(u)(t) - ﬁ(u*)(t)“ <e
t € [0,T]

~ %
for all u € B(u ,y) where
~ % ~ *
4.12 Bea®,y) = {u € M [lu-u, < v},

t
and lul, = (j.“u(t)ﬂzdt)llz. O
0

The-following result follows directly from [3].

* ~
4.13 Proposition: For any u € M' and any u GCTQm[O,T]

$(u*+}\u;\ - o)

4.14 $' ") = lim
A0
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exists and is given by
T

4.15 §' ") = (R0, éf IO RTORE
_ : b
where ¢ .,¢ ? denotes the scalar product in R®, 4
For the purpose of establishing the convergence properties of the
algorithm to be described for'solving problem (4.1)-‘(4.3), which can be
written in the form min{¢(u)|u € ;i"}, it is convenient to embed it into
L I;IO,T]T as follows.

First, we define MC M by
4.16 1‘2 = {u € ﬁ"lﬂu"mj w}.

4.17 Definition: Let J = L';IO,T], let M', MC L_”z“[o,T] be the sets of
classes of functions incuced in L?[O,T] by the sets of regulated functions
ﬁ','ﬁ,respectively, and let ¢: M' > Rl, h: M' > L;‘[O,T], and ¢':
M x L;‘[O,T] + RY pe defined as natural extensions of $(-), h(-) and
- * _ o~ *
4;'(.’.), i.e., ifu €M, u ECQm[O,T}, v €EM' and v € Ll;[O,T] are
* * * ~ % * ~ %

such, that 4y € v and u € v, then ¢(v ) = ¢(u ), h(v) = h(u ) and

* ~ %
¢'(v ,v) = ¢'(u ,u).

In view of definition (4.17), we see that problem (4.1)-(4.3) can

.i.

By L;‘[O,T] we denote the space of equivalence classes of square in-
tegrable functions from [0,T] into R™, with noxm [ °f|2 defined by | ull2 =

T 1
( £ ﬂu(t)ﬂzdt)Z, where 0+§ denotes the euclidean norm.
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be embedded into the problem min{$(u)|u € M'}.

4,18 Lemma: Assumption A(3.2) is satisfied by the set M and the functions
0(:), ¢'(,+), h(-) and (-,+ ), defined in (4.17).
Proof: 'lThi.s lemma follows directly from theorem (4.9), proposition (4.13),
and the fact (-,- )2 is continuous on Ll;[O,T]. a

We are now ready to construct the various approximations neéded to

define an algorithm for solving the problem (4.1)-(4.3).

4.19 Definition: For any integer j > 0, let

4'20 nj = T/Zja j = 0:192".'
and let
4.21 £y, = sny, 8 = 0,1,2,-f.,2j.

s
Furthermore, for j = 0,1,2,-++, let 5j denote the space of functions
u: [0,T] » TRm, such that the components ui(') of u(*), 1 = 1,2,+++,m,

are real valued step functions with mesh points at tjs’ s =0,1,- --,Zj,

which are continuous from the right and which satisfy ui(T) = ui('r-nj), i

1,2,+++,m. o -

4.22 Definition: For j = 0,1,2,°°+, let F: R™ x R™ x Rl x R » R"

> 1 1
and F2: R"x R x R® x R* x R* » RZn be one step integration

functions for the differential equations

4.23 Lxe,w = £&(e,u),u(e),t), t € [0,1],
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and

x(t,u) f(x(t,u),u(t),t)
2.24 it K T ,
p(t,u) -Bf(X(t,g}):u(t),t) p(t,u)

respectivelj, where £ 1s as in (4.2). (For example, Fl’ F2 are part of a

Range-Kutta formula of the form (4.25) or (4.26) below). Then, for any
u € D,, we define the sequences {x, ( )}zj {x! 2! ' 23
5 » q 5 &l xj(s,u)}j=0 and {pj(s,u)}j=0

as follows:

4.25 %y (eH1,0) = xy(o) + Ny F Gy (80) ey ), 0ny)

8= 0,1,2,++, 29-1,

with xj(O,u) = Xg»> and

4.26 uly e = iy 2 T + nsz (.x5 (S+1’u) ’Pj (S+1’u) ,u(tjs) ’

tjs,nj), s = 0:1’2"“’2:]"1:

g, @)’
ox )

with x3(2j,u) = xj(Zj,u) and pj(Zj,u) =

Eventually one must associate piecewise continuous functions of t
with the sequences {xj(s,u)},v{xg(s,u)} and’{pj(s,u)}. For our purposes,
it is most convenient to do this as follows. For j = 0,1,2,°°*, we de~-

> R®, x': [0,T] xD, > R" and

fine the functionms x,: {0,T] x D 5 3

3 b

[0,T] = D, » R", as follows:

Py ]
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4,27 xj (t,u) = xj(s’u) for t € [sr]j,(a-{-l)nj), 8 = 0’1’...’2:]_1’
= x:l (2j-1,u) for t = T,

4.28 ;5(1:,11) = x:; (stl,u) for t € [snj’(Sﬂ)”j)" =0,1,2,...,23'1,
- x} (2,u) for t =T,

4.29

Py (t,0) = p, (s+1,0) for £ € [ony, (s+1)N,), s = 0,1,2,+++,297L,

pj(Zj,u) for t = T,

where X, (s,u), x5 (s,u) and pj (s,u), s = 0,1,'”,2j, are defined by (4.25)

and (4.26). []

4.30 Assumption: We shall assume that the integration formulas (4.25)

and (4.26) are such that given any € > Q and any w > 0, there exist an integer

J > 0 and K € (0,°), such that:.

4.31 sup Bx(t,u) - x, (t,u)l _<_—jIS .
t € [0,T] ] 2

and

4.32 sup (Ux(t,u) - x!(t,u)l® + ip(t,u) - p,(t,u)i”)
t € [0,T] 3 3

<€

for all u € ﬁnf)-j, for all j > J. [

We shall show in the appendix that, for suitable conditioms on f,
assumption (4.30) is satisfied by the first order Runge-Kutta formula. It
appears that it is also satisfied for higher order Runge-Kutta formulas as well.

We are now ready to define the approximation functions ¢j(-), and
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4,33 Definition: For j = 0,1,2,..., we define the functions $j: ﬁj +ﬂ1

~

and ﬁ : D, » 5 as follows:

R B
4.34 b, () = glx, (23,0))
j j
S of Gx] (s+1),u(sn,),sn,)"
4.35 By (u) (t) = S Py(stlu),
for t € [sn,, (stD)n,), s = 0,1,2,...,29-1
4,36 y hj(u)(T) = hj(u)(T-nj) . a

4.37 Definition: For j = 0,1,2,°<+, we define Dj € L';[O,T] to be the

subspace induced by the set of functions D For j = 0,1,2,3,++, we

j.
define the functions ¢ j: D j -+ Rl, hj: Dj > Dj by obvious extension of
a;j('), I:j(o), i.e. for any u € Bj and a v € Dj such that u € v, ¢j(v) =

$j (u) and hj (v) is the class of functions in D:i containing h j (u). a .

Remark: Obviously, the space Ltzn[b,T], sets Dj’ and the functions ¢j(~)
and hj(')’ above, are only introduced for convenience of defining con-
vergence properties of the algorithm below, because the space of regu-
lated functions to which numerical calculations are confined is not a

normed space under the | .“2 norm. UJ

4.38 Algorithm (Solves problem (4.1)-(4.3).)

Initialization: Select an integer j 02 0. Then select uy € fij > € >0,
0

o € (0,1), B € (0,1) and_A)\min € (o,1].
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Step 0: Set1=0,j=j0,e=eo.

Step 1: Compute ﬁj(u)(°) according to (4.35), (4.36) by means of
(4.25), (4.26).

Step 2: Set A = 1.

Step 3: Compute Oj(ui,X) = aj(ui-lﬁj(ui)) - $j(uij + %-“ﬁj(ui)ﬂz,
according to (4.34), by means of (4.25), (4.35) and (4.36).+

Step 4: If Gj(ui,k) > 0, set A = B\ and go to Step 5; else, set
y=u - Xﬂj(ui) and go to Step 6.

Step 5: If A Z-Exmin’ go to Step 3; else set y = u, and go to Step 6.

i
Step 6: Compute $j(y) according to (4.34), by means of (4.25).
Step 7: 1If $j(y) - ¢j(ui) < - €, go to Step 9; else, go to Step 8.
Step 8: Set j = j+l1, set € = 0€, and go to Step 1.

Step 9: Set uw,., =y, set i = i+l and go to Step 1. a.

4.39 Theorem: Suppose that assumption (4.30) is satisfied by the inte-
gration formulas used in algorithm (4.38). Consider any sequence {ui}
constructed by algorithm (4.38) in the process of solving problem (4.1)-

(4.3) and suppose that there exists W > 0 such that {ui} CM. If {ui} is

finite because the algorithm has jammed up at ugs its last element, then

ﬁ(us) = 0; if {ui} is infinite then any @ € M satisfying lim Uui - G“2 = 0,
] Ty 7l

where {ui } is any subsequence of {ui}, must satisfy h(f) = 0

k|
Proof: This theorem follows directly from theorem (3.22), once we recall
that problem (4.1)-(4.3) can be embedded in the problem min{¢(u)|u € M'},

where ¢ and M are as in (4.17), by making use of lemma (4.18) and assumption

(4.30). a

+Note that ﬂhj(ui)ﬂg is simple to compute since Ej(ui)(-) is a step function.
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Appendix A: Continuity of x(t,°) and p(t,*)

A.1 Theorem: Under t;he'assumptions and definitions of Section 4, given

x _ -~
any u € M', there exist k > 0 and Y > 0 such that

* *
A.2 sup DIx(t,u) - x(t,u)l < kllu-u _||2
t €[0,T] : :

~ * . -~ ' *
for all u € B(u ,y) = {u € M'lllu—u !I2 _<_y},
Proof: Let w' € (0,°) be such that

*
A.3 sup Ix(t,u )l < w'.
t €[0,T]

Then, because of assumption (4.3)(ii) and the generalized mean value

theorem, there exist K, € (0,%) and K

1 2 € (0,%) such that

‘A.4 llf(xl,vl,t) - f(xz,vz,t)ﬂ < Klﬂxl - xzﬂ + Kzllvl - vzll

for all x,, x, € {x'e R" J0x'l i’Zw’}, for all v,, v € {v'€ Rn|ﬂv'“ < 2w},

2
and for all t € [0,T]. (w is defined in (4.3)(iv).) Now set

. 1 KT _
A.5 Y-——'min{yz- , (Kz\/? el)l}-

~ %
Choose any u € B(u ,y). Since x(°*,u) is continuous and Ix(0,u)l = ﬂxoﬂ <w',

there must exist a t > 0 such that
A.6 Ix(t,u)l <2w' ¥t € [0,t]"
Then from (A.4), we have

A7 DE(x(E,u), ult),t) - E@x(t,u),u (t),e)!

< le(t,u) - x(t,u*) + KZHU(t) - u*(t)“
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for all t € [0,t]. Consequently, for any t € [o,tl,

t
A.8 Ix(t,u) - x(t,u*)ﬂ = ﬂj [£(x(t',u),u(t"),t’)
. A | »
- E(x(t',u’), u(e"),t)]det]
t | t
5f K Mx(t',0) = x(c',u)lde’ + f R Ju(t)-u"(e")lde’
0 0
However, the Holder Inequality gives us
t ; T .
A.9 f Kzﬂu(t')-u*(t')"dt' if Kéﬂu(t')-u#(t')"dt' iKzu-u*Uz
0 0

Thus using (A.9) and the Bellman-Gronwall inequality in (A.8), we get

t
N * *
A.10 Ix(t,u)-x(t,u )i < Kz\/ T lu-u ﬂz exp{f Kldt'}
0

K T
*
< Kz\/T lu-u'll, e 1

for all t € [0,t]. Now we show by contradiction that -t_i T. If t < T, we

" can assume without loss of generality that
A.11 . Ix(t,u)l = 2v'.

Then from (A.5), (A.10), and (A.11l) we find that

— — ' ]
A.12 1x(E,u51 > Ix@E,uw)l - =3 .

But (A.12) contradicts (A.3) and we must conclude that t > T. Consequently

: o, *
(A.10) and the fact that u was arbitrary in B(u ,Y) imply the desired result. []
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A.13 Theorem: Under the assumptions and definitions of Section 4, given
* .
any u € M' and any € > 0, there exists a ¥ > 0 such that

*
A.14 sup lp(t,u) - p(t,u)l <€
t€[0,T]

~ . ~ *
for all u € B(u*,'y) = {u € M'|lu~u Il2 <y}

* k '
Proof: Let K, = sup Up(t,u )I. Then, by assumption (4.3)(ii) and (A.1),
- 3 tefo,1] |

there exist KA € (0,@) and Y1 > 0 such that

A.15 H —g; £G(t,u), u(®),0)" | < X,
-K,T
A.16 ﬂ 2 £x(t,u), u(t),e)" -2 fa(e,u), uw),0" “ <=
ax ax 2K, T
3

for all u € i(u*,yl) and for all t € [0,T]. By assumption (4.3)(1), (4.6),
and (A.1l), there exists Y € (O,Yl] such that

-K,T
*
A.17 ip(T,u) - p(T,u )l i% e 4

o~ *
for all u € B(u ,Y). Now using (4.5) and adding and subtracting appropriate

terms, we obtain from (A.15), (A.16), and (A.17)
* *
A.18 Ip(T-s,u) = p(T-s,u ) = lp(T,u) - p(T,u)
s
+f I_-g—x f(x('r-s',\.'.),u(T--s'),T--s')T ‘p(‘l‘-s',u)
.

+ -3; f(X(T-S',u*),u*(T-S'),T-S')T p(T-S',u*)]dS'"

8
e -K4T .
=3¢ + f K, Ip(T-s',u) - p(T-s',u)lds'

0
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b oo @ fuP(T-s',u*)ﬂdS'

3 0
8
K, T .
< €e + Kaﬂp('l‘-s‘,u) - p(T-s',u )lds’
0

~, *
for all u € B(u ,y) and for all s € [0,T]. If we apply the Bellman-

Gronwall inequality to (A.18) we obtain
. K, T g
A.19 Ip(T-s,u) - p(Tf-s,u ) <ege exp[f Kadt'] <€
0

~ %
for all u € B(u ,y) and for all s € [0,T]. Hence the proof is complete. d
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Appendix B: Error Analysis of the First Order Runge-Kutta Integration
Formula '
In addition to the assumptions of Section 4, we make the following

assumption.

B.1 Assumption: For w > 0 defined in (4.3)(iv), there exists a K € (0,%)

such that
B.2 uf(glsv,t) - f(€2’v,t)u f_Kﬂgl-gzu
and
G ~£(Ev,t) ) , 172
B.3 - < K(g =g 017 + Iz, ¢ 1%)
) T 9 T - L7 172
5;'f(glsvgt) Cl .5; f(EZ’V’t) CZ

for all £, £,, §;, &, € RY, for all v € {v' € R¥|Iv'l < 2v}, and for all

t € [0,T]. O

B.4 Definition: Let the one step integration functions F1 and F2 used in

(4.25) and (4.26) be defined by

B.5 - F(,v,t,0) = £(§,v,t)

-f(g’VQt)

B.6 F (E,C,V,t,c) = *
2 =€,

(Then (4.25) and (4.26 become first order Runge-Kutta integration formulas.) (CJ
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B.7 Definition: For each j > 0, we define the truncation errors T 3 (s,u)

and’ ]Jj (s,u) by

B.8 T, (s+1,u) = % Ge(t g gqq o) = X(Ey 0))
- By Gl ou), uleg), €00, 8 = 0,1,...,291
3.9 | Tj(O,u) =0
) x(tjs_l,u) x(tjs,u)
B.10 uj (s=1,u) = o -
h| p(tjs_l,u) (tja,u)
= FZ(x(tjs’u)’ p(tjssu)’ u(tjs-l)’ tjs_l,ﬂj)
s =1,2,
B.11 by 2,0 =0

for all u € 5j'

The following result is an obvious consequence of Theorem (8.1.1) in

[4].

B.12 Lemma: Under the assumptions of Section 4 and (B.l), there exists

Q € (0,©) such that

B.13 "xj(s,u) - x(tjs,u)" f.Q?ﬁ(u) s = 0,1,...,2j
where

B.14 ?3(0) 4 max{"'rj(s,u)B | s =0,1,...,23}

and
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v J
515 xj(s,u) ) X(tjs,u) } <q x3(2 »u) x(T,u)
p,(s,u) | 3
h| p(tjs,u) ] P, 27 ,u) (T,u
+%m)s=mhm¢j
where
B.16 A 8 max{ly, (s, | s = 0,1,...,29}

for all u € 5j and for all j = 0,1,... . (O

B.17 Theorem: Under the assumptions of Section 4 and (B.l), there exists
Q1 € (0,%) such that

B.18 sup Ux, (t,u) - x(t,u)l < Ql/zj
tfo,1] 3

for all u € ﬁj N ' and for all j = 0,1,..., where X

3 is defined by (4.26)

with Fl as .in (B.4).

Proof: First we note that (B.1) and the Bellman-Gromwell inequality imply

that there exists Q2 € (0,°) such that

B.19 sup fx(t,u)l <q,
t€[0,T]

for all u € M'. Since u € 13:] n M implies that :'c(t,u) exists for all

t € (tjs’tjs+l) s =0,1,..., 23-1, we can apply the mean value theorem
to (B.8) to find ?js € (tjs’tjs+1) such that
B.20 Tj(s+1,u) = f(x(tjs,u), u(tjs)’ tjs)

- £y, uleg ), £y 8= O, 231
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D. N M €D, NN i
for all u € Dj M'. Noy, gince u Dj M!'! is constant on [tjs,tjs+1

we see that — f(x(t,u), u(t),t) exists for all t € (t ,tj,s) and that

)»

s

f(x(t,u),u(t), t) is continuous for all t € It ]J. Thus we may apply

5" :l

€ (t.

js? js)».such that

the mean value theorem to (B.20) to find tjs

= - h|
B.21 Tj(s+l ,u) = f(x(t ,u),u(tjs) ot ) (tjs—tjs) s =0,1,...,2°-1

for all u € ﬁj N #H'. Also, for qu 5j nM,

B.22 'f(x(t ,u),u(t), t) ——-f(x(t,u),u(t) t)f(x(t,u),ult),t)

—E' f(x(t’u) ,u(t) ’t)

for all t € (t Thus by assumption (4.3)(ii), (B.19), (B.20),

18°53e1):
and (B.22), there exists Q3 € (0,~) such that

T - = P
B.23 ﬂ‘tj(s+l,u)“ 5(13(1:js tjs) §Q3ﬂj s =0,1,..., 2°-1

for all u € 5j N M'. But now from (4.19), (B.9), (B.13), (B.14), and

(B.23),
B.24 ﬂxj(s,u) - x(tjs,u)".i QQ3T/2j. s =0,1,..., 2j.

for all u € D, N M'. Then, as before, we can apply the mean value theorem

h|
and (B.19) to show that there exists Q4 € (0,%) such that

B.25 “x(t,u) - x(tjs,u)n.§ Qén s =0,1,..., Zj-l

3

for all u € Dj N M' and for all t € [t ). The theorem now follows

j s+l
directly from (4.19), (4.26), (B.24), and (B.25). OJ

B.26 Lemma: Under the assumptions of Section 4, there exists Q6 € (0,x)
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"

such that

B.27 . sup yllp(t;u)ll 29
t€[0,T]

for all u € M'.

Proof: Because (B.19) holds, (4.3) implies that there exists Q5 € (0,»)

such that
9 T
B.28 ﬂ 3 F&(t,0),u(t),t) u 2Q
and
B.29 Ip(T,u)l £Q

for all u € M' and for all t € [0,T]. Then from (4.5),

S

B.30 lp(T-s,u)l = 0p(T,u) -[ 5—3 f (x(T-s',u) ,u(T—s'),T-—s')Tp(T-s',u)
L -ds'l
2Q +f Qsllp(T-s',u)“dS'

0
for all u € M' and for all s = [0,T]. Thus, by the Bellman-Gronwall

inequality,
st Q5T
B.31 Ip(T-s,u)d < Q5e < Qse

for all u € M' and for all s € [0,T] which is the desired result. d

B.32 Theorem: Suppose that the assumptions of Section 4 and (B.1l) hold.

Then, given any € > 0, there exists an integer J(g) > O such that
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B.33 sup (Ix(t,u) - xj(t,u)ﬂ + lp(t,u) - pj(t,u)“ ) <€
t€]o,T] , |

for all u € Bj N M' and for all j > J(€) where Eg and 55 are defined by

(4.27) and (4.28) with F, as -in (B.4).

2

Proof: First we note that (B.19) holds i.e.

B.34 sup lx(t,u)l <Q,
t€[0,T]

for all u € M'. Now suppose that we let ﬂ;(s,u) denote the first n com-
2

j(s,u) denote the second n components of uj

Then proceeding as in the proof of (B.17), we can show that there exists

ponents of uj(s,u) and | (s,u).

Q3 € (0,») such that
B.35 ﬂu%(s—l,u)ﬂ <QNn. s=1,2,..., 2
A - 373
for all u € ﬁj n M. Consequently, from (B.1l) we find
B.36 wies,u) < Qn, s=0,1,..., 23
h| - 37

for all u € ﬁj N M'. From (B.6) and (B.10),
B.37 uz(s—l u) = —l-[p(t u) - p(t, _,u)

: h| ? ﬂj js-1° s’

9 T
- Ny 3% f(X(tjs,u),u(tjs_l),tjs) p(tjs,u)]

s =1,..., 2j.

Since for u € Bj N ﬁ', p(*,u) is continuous on [0,T] and ﬁ(t,u) exists

for t € (t ), we can apply the mean value theorem to (B.37) to

js-l’tjs

find a t, € (

js 1,tjs) such that (notice that t -t, =-=1.)

tys- 3s-1 ~ Y3s i
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B.38 ]i?(s-—l,u) - E" g(&g(?js,u) ) ,E‘js)Tp &)

- =2 f(x(tjs,u),u(tjs_l),tjs)TP(tjs,u) s =1,..., 23,

Also, ut,, ;) = u(t,) since u € ﬁj AH#'. Thus (4.3)(21), (B.26),

js-1
and (B.34) imply that the right hand side of (B.38) converges to zero
uniformly for all u € ﬁj NM' as j - o, Hence, from (B.11) and (B.36),

we conclude that there exists an integer Jl > 0 such that
-1 €
. < e
B.39 uj(u)__Q A

for all u € ﬁj' N M' and for all j > 3.

(4.22) and (B.24), there must exist an integer J2 Z_Jl such that

Furthermore, from (4.3)(1),

1/2

B.40 [V} @3 ) - x,ui? + llpj(zJ ) - p(wl?]  <qlE

4
for all u € D, N M' and for all § > J

h|
to (B.15) yields

2° Now, applying (B.39) and (B.40)

B.41 ["x}(s,u) - x(tjs,u)“2 + “pj(s,u) - p(t

93

for all u € 5 N ﬁ' and for all j > J To complete the proof, we note

h| 2°
that x(-,u) and p(-,u) are continuous on [0,T] and for u € 5j N ﬁ', i(t,u)
and ﬁ(t,u) exist for t € (tjs-l’tjs)' Also, in view of (B.34) and Lemma
(B.26), x(t,u) and ﬁ(t,u) are bounded on (tjs-l’tjs) X Bj N M'. Thus by

applying the mean value theorem, we can find an integer J(€) Z.Jz such

that
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1/2

B.42 [ixCe s‘,?u)'-%(t,u)"z +lp ey o) - pCewi?y <3

]
s =1,2,,.., 29

. R ~ ~' .
for all t € [tjs—l’tjs)’ for all u € I)j N M', and for all j > J(e). The

theorem now follows directly from (4.25), (4.26), (B.41), and (B.42). (I
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Conclusion: To evaluate the performance of the optimal control algorithm
(4.38) we have performed a number of numerical experiments. These
experiments were done as follows: ?or a given problem, we would choose an
initial point, an integration formula (Runge-Kutta order 1 or 4) and an
integer jmax with jmax = 10, or 8 respeétively. Thgn we would solve this
problem numerically twice. The first time always setting j= jmax in (4.38),
i.e. not using ;he adaptive procedure. The second time we would set jo = 2
and use the algorithm as stated, stopping to increase j when j =J _ was
reached. In all of our experiments we have found thaﬁ the adaptive method
was at least twice as fast as the fixed step size method. In several cases
it was five toten times faster.

Thus,.the.method presented in this paper is of theoretical and of
practical interest. It shows that it is ﬁoSsible to account theoretically
for the effects of numerical integration. Also, it shows that the numerical
integration procéés can be handled adaptively, and our experiments indicate
that this leads to reduced computational times.

The algorithm presented in this paper is of the humble, first order
variety, however, it is not difficult to see that the adaptive integration
techniques proposed could also be used in conjunction with Newton-Raphson,
or implementable conjugate gradient methods of the type described in [5].

Finally, it should be pointed out that there are also problems outside
of optimal control where function approximations must be used and where the

algorithm (3.9) presented in this paper could be quite useful.
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