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Abstract

This paper presents two new algorithms belonging to the family of
dual methods of centers. The first can be used for solving fixed time
optimal control problems with inequality constraints on the iritial and
terminal states. The second one can be used for solving fixed time opti-
mal control problems with inequality constraints on the initial and
terminal states and with affine instantaneous inequality constraints on
the control. Convergence is established for both algorithms. Qualita-

tive reasoning indicates that the rate of convergence is linear.
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1. - Introduction.

The construction of optimal control algorithms is often hampered by two
difficulties. The first is due to the fact that the cost function usually
has a gradient only in L_, while the convergence .of the algorithm must be
studied in L2, since control sequences constructed by an optimization
algorithm are not likely to converge in L_. The second difficulty stems
from the fact that "primal type'" subproblems, such as those resulting from a
direct application of methods of centers or feasible directions, cannot be
solved directly and usually require some sort of "dualization". Both of
these sources of difficulty are taken into account in the dual method pre-
sented in this paper. The algorithm in this paper may be classified as a
dual method of centers. It has the very important feature that it is
implementable, since both the direction finding procedure and the step size
finding procedure are finite, in the sense that they require only a finite
number of function evaluations per iteration. Since a closely related
algorithm presented in [6] converges linearly on finite dimensional prob-
lems, it is reasonably certain that the algorithm presented in this paper
also converges linearly on problems in R, However, since certain sets,
used in the proofs in [6], loose their compactness in general Banach spaces,
the proof of rate of convergence given in [6] cannot be extended to general
Banach spaces. 1In spite of this, there are heuristic reasons which lead
us to believe that the algorithms presented in this paper does converge
linearly at least on a class of optimal control problems with linear dynamics

and convex costs.



2. Optimality and Convergence.

Because of the peculiar nature of optimal control problems, which
necessitates the simultangous use of both the L2 and the L _ norms on a
space of regulated functions, we need the following abstract structure
and accompanying theorems.

Let V be a linear space, let "."1 be a norm on V and let (+»: ), be
a scalar product on V, such that<qgl = {V,u-ﬂl} is a Banach space and

CE% ={v, (.,- >2} is a subspace of a Hilbert space. Let “-“2 be the norm
(2.2)1/2,

induced by (-, - )2 on TIBZ(i.e. Izl
2.1. Assumption:
There exists a C > 0 such that ﬂzﬂz <cC ﬂzﬂl for all z€v., O

Now consider the problem
0 | =
2.2. min{f (z)|f'(z) <0, j = 1,2, ..., m},

where £3: v+ RY for § = 0,1,2, ..., m.

2.3. Assumptions:

(i) The functions fj('), j =0,1,2, ..., m, are Frechet differen-
tiable on‘lgl, with the Frechet derivative at z being denoted by fi(?)(-),
j=0,1,2, ..., m.

(11) The restrictions to {z ECBélvflé!li M of the functions £¢.),
j=20,1,2, ..., m, are continuous for any M € (O;w) (i.é. they are con-
tinuous in H-ﬂ2 on {z € V|||zﬂl < M}).

(iii) There exist functions ij: V+V, j=0,1,2, ..., m, with the
following properties: (a) the fj are aoentinuous onCI;17(b) the fj
have continuous restrictions on {z 55]32|"z"1 < M} for any M € (0,»),

(c) the ij satisfy



2.4. fi(;)(h) = <ij(‘z’),h>2, j=0,1,2, ..., m,

for any z, h in(J?i. ]

2.5. Theorem: Suppose that Z € CI31 is a solution of (2.2) (i.e.,

fj(ﬁ) <0 for j =1,2,..., m, and fo(ﬁ) = min{fo(z)lfj(z) <0, j=1,2, ..., m}).

Then there exist multipliers uo >0, ul_z 0o, ..., um > 0 such that
n
2.6 z wyed )y =0,
=0
2.7 wWedl(3) =0 for 3 = 1,2, vuvy m,
and
m
2.8 E el =1, 0
3=0

Theorem (2.5) is a straight forward generalization of the well known
F. John condition of optimality [4]. It can be proved in essentially the
same manner as the F. John condition (see the proof of Theorem (3.5.11)

in [2]).
2.9. Definition: Let the set of feasible points C'qgl be defined by
2.10 Q={zeB @ <0, 3=1,2, ..., ul,

and let the set of desirable points A C Q be the set of points z € Q for

which there exist multipliers uj(z), j =0,1, ..., m, such that

2.11, W) >0,3=0,1,2, ..., n



m
3
2.12. w(z) =1,
2
m
2.13. zuj (2)VE (2) = o0,
j=0
2.14. W@ =0, 3=1,2, ..., m. Q.

Thus, A is the set of feasible points which satisfy the optimality
condition (2.5). Since in general it is not possible to identify points
in Q which are optimal for (2.2), the best we can hope to achieve is to
compute a desirable point.

The algorithm which we shall describe in the next section uses a

map A: > 2Q and is of the following form.

2.15. Algorithm Model

Step 0: Compute a z, € 2, and set i = 0,

0

Step 1: Compute a y € A(zi).

Step 2: If fo(y) < fo(zi), set z ., =¥, set 1 = i+l, and go to Step 1;
else, set 2 = z;, and stop. -

The convergence properties of our algorithm are summarized by the

following result.

2.16 Theorem: Suppose that (2.3)(ii) is satisfied, that for every M > 0
A
QM = {z € 9,“2"1 < M}, and that for every z € Q, z & A, there exist an

€(z) > 0 and a 6(z) < 0 such that for every M > "z"l
2.17 2" - £2¢z") < 8(2)

for all z' € {2' € ng"z'—z“2~€ e(z)}. for all z" € A(z'").

(0



Suppose that {zi} is a sequence generated by algorithm model (2.15).
if {Zi} is finite, then its last element z is in A. If K C {0,1,2, ... }

. r) *
is an infinite subset and z € Q is such that either (i) 1lim Hzi—z*ul = 0
i €K

. . *
or (ii) 1lim "zi—z I, =0 and “ziul <M for some M > 0 and all 1 € K, then z* e .0

i €X 2

We omit a proof of this theorem since it follows directly from
Theorem (1.3.10) in [7] and the assumption (2.1).
With the preliminaries out of the way, we can now get down to the

task of establishing a specific algorithm for finding points in the set

A.



3. A Dual Method of Centers.

For the algorithm below to make sense, we need the following addi-

tional hypothesis, as is usual in conjunction with methods of centers

and methods of feasible directions (see Secs. 4.2 and 4.3 in [7]).

3.1. Assumption: The set Q= {z¢€<q;l,fj(z) <0, j=1,2, ..., m}

is not empty.* -
3.2, Algorithm (B € (0,1) is a step size parameter).

Step 0: Compute a z, € Q, and set 1 = 0.

0
Step 1: Compute u(zi) = (uo(zij, ul(zi), cees um(zi))TE Wznﬁi'to be a

solution of the quadratic programming problem

m m
max{ Zuij z,) - % I Z“ijj(zi)"g_ |
j=]_ i=0

m
E w =1, u2 o0}

3=0

>

3.3 ¢(zi)

Step 2: If ¢(zi) = 0, set 2 = z,5 and stop; else, set
m
- _ h| |
3.4 h(z,) 2 W (2, )VE (z,),
j=0

and go to Step 3.

Step 3: Compute the smallest non-negative integer k(zi) such that

F'3 ~
When @ is empty, the algorithm below stops at Z, and hence is useless.

I



k(zi) 1 k(zi)
3.5 6 (B , h(zi),zi) -3 8 ¢(zi) <0,
where 0: Rl b'4 CR]_ X @1 -> Rl is defined by
3.6 0(A,h,z) = max{£(z+Ah)~£0(2); £ (z4Ah), j = 1,2, ..., m}.
k(zi)
Step 4: Set z, ., =z, + B h(z,), set i = i+l, and go to Step 1. a.

The following result is obvious.

3.7 Proposition: Let ¢: CQI* Rl be defined as in (3.3) and let z € Q

be arbitrary. Then ¢(z) < 0, and (z) = 0.if .and only if z € A, .

3.8 Lemma: Suppose that z, € Q is such that ¢(zi) # 0, and let h(zi) be

i
defined as in (3.4). Then

3.9 max{ (Vfo(zi),h(zi) ) s fj(zi) + (ij(zi),h(zi) ) s

. 1 2

Proof: Since (3.3) is a quadratic problem in R™ and u(zi) is an optimal
solution for this problem, it follows from the Kuhn-Tucker optimality
conditions (see (3.3) in [2]) that there exist real multipliers )\0 >0, )\l >0, ...,

A" > 0 and a real multiplier Y, such that

m m
9 i 3 1 3 i, \(2 _
3.10 - & Zu (282 - 31 Zu (22 )12 + ye + 1 = 0,
=1 3=0

where e = (1,1,1, ..., l)TG R=HL #1 A= (}\O,)\l, ceny )\m)TG RmH', and

3.11 )\juj (zi) =0 for j =1,2, ..., m.



m
Setting h(zi) = - Z uj (zi)ij (zi) ,» (3.10) yields,
j=0

0 0
3.12 ~ (Vf (zi),h(zi) )2 +y-A" =0

3.13 - (fj(z‘i) + (ij(zi),h(zi) ) )+ b - M=o, 3=1,2, ...,

Multiplying (3.13) by uj(zi), for j = 1,2, ..., my, and (3.12) by uo(zi), and

summing, we obtain,

!

m
3.14. - Zuj(zi)fj(zi) + eI +y=o.
. j=1
Hence n
3.15 ¥ = Zuj (28 (z)) - Ih(z )1
=1

- -1 2

= ¢(zi) 2 "h(zi)ﬂ2 .
Inequality (3.9) now follows from (3.15), (3.12), (3.13) and the fact
that AJ > 0 for j = 0,1,2, ..., m. O3
3.16 Corollary: Suppose that z; € Q is such that ¢(zi) < 0, then there
exists an integer k(zi) > 0 such that (3.5) holds.

Proof: This corollary foliows directly from the definition of a Frechet

differential, (2.4) and the fact that by (3.9), (Vfo(zi),h(zi) )2 §_¢(zi),

and (VEd (z,),h(z;) ) < ¢(z)) for all § € {1,2, ..., m} such that £(z,) = 0. O -°

3.17. Theorem: Let {zi} be a sequence generated by algorithm (3.2) in
the process of searching the set @ for a point in A (see (2.9)), and

suppose that assumptions (2.1l), (2.3) and (3.1) are satisfied. Then,



either {z } is finite and its last point 2 € A, or'{zi} is infinite, in
*
which case any 2 €Q satisfying either limlz -z "1 = 0 or lim“zi—z "2 =0,
i€K i€K
where K is an infinite subset {0,1,2, ... }, also satisfies z* € A, pro-

vided there exists an M € (0,®) such that "ziﬂl < M for all i € K.

Proof: We shall show that algorithm (3.2) is of the form of algorithm
(2.15) and that it satisfies the assumptions of theorem (2.16). Thus,

let §S: Q> ZV be defined by

m m
3.18. S(z) = { -Z wved 2y > o, Z“j - 1;
s —
Z Weday -1 Z Woed )12 = o @)1,
j=0

and let A: Q ~> 2Q be defined by

3.19 A(z) = {z' =z + Bk(z’h)hlh € s(2)},

where k(z,h) is the smallest non-negative integer which satisfies (3.5)

for.zi =z, h(zi) = h and k(zi) = k(z,h). (Since by (3.6) and (3.5)

fj(z') j_%-Bk(z’h)¢(z) <0 for j = 1,2, ..., m, it is clear that A(-)

maps { into 29). Thus, to complete our proof, we only need to show

that (2.17) is satisfied by the maps £°(+) and A(-), as defimed in (3.19).
Therefore, suppose that z* € Q) is such that ¢(z%) < 0. Then, because of
lemma (3.8) and because S(z*) is comﬁact_(see (Al)), there exists an integer

E(z*) such that (see (3.5))

k(z k(z

3.20 max _0(8 ) h,2Y) - Do z*) < o.

hES (2* )



*
Now, let M > [z “1 be arbitrary. Then since by theorem (A.l), the restric-
tion, SM’ of S(*) to QM is upper semi continuous, it follows from thé
maximum theorem [([1], page 116)] and our assumptions that the function
nyt @y > 1 1, defined by

Rz K
3.21 n (z) = max 6% ) ,n,z) - 2 gkt
. M hE€s(z)

%
)6 (2)

is upper semi-continuous in both norms, H-"l and "'"2' It also follows

from the same maximum theorem that ¢M: Ry +fﬂ?1,defined by %n(z) = ¢(2), is
also upper semi continuous in both norms, "-"1 and "'Uz. Hence there exists

*
an €(z ) > 0 such that

3.22 ' ¢ (z) 3%— ¢(z*)
and
3.23 nM(z) <0

* *
for all z € QM such that lz-z "2 < e(z ). Now, for every z' € A(z), with

*
z € QM such that “z—z*nz < €(z ), we must have (see (3.19), (3.5) and (3.21))

— %
3.24 k(z,h) < k(z ) for every h € S(z).
Hence we obtain that (see (3.6), (3.5),‘(3.24), (3.22)) for every h € 5(z)

k(z,h)

3.25 0485 My - £0¢z) < max 08 h,z)

hEs(z)

-10-

“.



—-— %
3.26 max 88 M ha) < L gREMyy (LRG|
h € 5(2) — 2

and hence

— %
3.27 2z + 8Py - 26 < 1 64 4" L™ <0

*
for all z € Q, such that lz-z “,) < €(z), which completes our proof. ]



4. An Application to an Optimal Control Problem.

We shall now show that the algorithm, presented in the preceding

section, can be used to solve the following problem,

t
f
4.1, min{_ﬁr ho(x(t),u(t),t)dt 3%-x(t) = h(x(t),u(t),t),

to

t € [to,t.); gyGx(ty)) £ 0, g (x(t)) < 0
u € L.i [to,tf]},

where hO: R" x R® x [to,tf] > Rl, h: RP x R® x [to,tf] + R", 8y°
RD [Rm', gf: RD » Rm"’ and L: [tO’tf] is the space of‘ equivalence classes of
essentially bounded integrable functions from [to,tf] into RS2,
We must begin by transcribing problem (4.1) into the form of prob-
lem (2.2). Therefore, let V= {(£ ,u)| £ € R®, v’ [ty.tel}, let
the norm | -"1: v + RY be defined by

4.2 \ I (e ,u)lli =|¢ |2 + ess sup Iu(t)lz,

tE[to,tf]

where || denotes the euclidean norm, and finally, let the scalar product

(+5+), on V be defined by
t

f
4.3 <(59u)s(~g9u'))2=<g’ E') +f <u(t),u'(t)> dt,
%o
where { *s- ) denotes the euclidean scalar product. Then we see that the

space CBl = {v,l -lll} is a Banach space and the space CBZ = {V, (., )2} z

is a subspace of a Hilbert space. Furthermore, setting | '"2 = (e, )2 R

-12-



it is not difficult to show that there exists a C € (0,©) such that
“'"2 <cC “'"1. Next, let x(t, & ,u), t € Ito,tf], denote the solution of

the differential equation

d
4.4 '&'E X = h(x,u,t)’ x(to) = £ s t € [to’tf]’

corresponding to a given (£ ,u) € V. Then we define the functions fO:

1
V> Rl', £3 V+R™ and £,: v+ R™® as follows:

1 ti

4.5 ¢t ,u) = f 20 (x(t, £ ,u),u(t),t)de
o

4.6 £1(E,0 = g,(£),

4.7 fz( £ ,u) = gf(x(tf, g,u)) .

With the above definitions problem (4.1) can be written as follows,

setting z = (& ,u),

4.8 min{£*(2)|£, (=) £ 0, £,(2) <0 },

i.e, it can be written in the form (2.2).

4.9. Assumptions.
(1) For every (&,u) €V, the solution x(*,,u).of (4.4) exists
and is unique.
(i1) The functions ho and h are cont:inuously differentiable in x
0 0 : :
0 oh oh oh dh .
and in u, and h', h, 3 ° Bu ’ Bx ® 5u are plecewise continuous in t.

(1ii) The functions g and g, are continuously differentiable.

(iv) The set {z = (£,u) € Vlfl(z) <0, fz(z) < 0} is not empty.

~13-



4.10 Lemma: ' Suppose that (4.9)(1) - (4.9)(iii) are satisfied. Then the

functions fo, fl and fz, defined in (4.5) - (4.7), are Frechet differen-

tiable on‘qgi, with their differentials fg, flz’ f2z’ defined as follows:
O/ v = 0, .

4.11. fz(z Y(h) =(VE (z"),h )2,
4.12 2 @Ym = veten,mr ., 1= 1,2 m'

. . lZ 1 ’ 2’ b At ] * ’
4.13 2 eym =vetzy,ny ., 1= 1,2 "

* b 2z 2 bl 2’ H 2 s ]
where, for z' = (£',u'),
4.14 Vfo(z') = (—p(tO,E‘,u'), - %%’(X(',E',U'):u'(-),')T x

0

PCLETu") + 3 (x(,8",u" ' (), 9D,
with p(t,£',u') defined by
415 4 p(t,e,u) = = 28 (e, un 0t (0),0 (e, ELu") +
5n0

t o (X(t,i’,u'),u'(t),t)T, t € [to,tf],

P(tg,E',u') = 0;

I :
4.16 Vfl(z ) = ( P €"n",0 1i=1,2, ..., m";
and
417 VE(2') = (-q,(£g,E"5u"), = 2 (x(-,Eut),u' (),

q;(+58%u")), 1= 1,2, ..., "3

with qi(t,g',u') i=12, ..., m", defined by



418 d o BhGe(t,E",u"),u' (t),t)"
* ?:l—t- qi(tag "u ) = - ax qi(t"g'u')’

Bgé | T
t € [tO’tf]; qi(tfsg'su')=-§x_ (x(tf,f;",u') . G

0 0 i

4.19 Corollary: For any M > 0, £, fl, f2’ Vi, Vfl, i=1,2, ..., m',

and Vfi’ i=1,2, ..., m" have continuous restrictions on
(z €B,[I=1 < w3y, (O3

This lemma and the corollary follow directly from Theorem (10.7.1)
in [3] and from Theorem Al in [5]. We therefore omit its proof.

Thus we see that the functions fo, fl and f2 satisfy the assumptions
(2.3). We now show that the set A defined in (2.9), with fj = fi, for
3=1,2, ..., m)and 8™ = & for 5 = 1,2, ..., u", is the set of
initial states and controls for which the Pontryagin-Maximum-Principle

in differential-form is satisfied.

4.20 Lemma: Let Q and A be defined as in (2.9), with fj = fi, for

Y 1 .
j=1,2, ..., m', and T fJ, for § = 1,2 ..., m", and let m =-
2

o' +m". If (& ,i) € A, then there exists a multiplier function X:

[toatf] + R™, and a scalar AO < 0 such that

& Sy = -2 e b o ae).0f §
4,21 EE-A(t) = -5 (x(t, & ,Q),4(t),t)" A(t) +
~ 0 ~
+ 308 e, 2 L0),80),E),

™

4.22 A(to) = T \)0
5 dge Cxlts §,00)7
4,23 }\(tf)=—- o Ves

~15-



where v, > 0, Ve 2 0 are such that (\)O,\)f) # 0,

4.24 (\)o,go(ﬁ) ) = (\Jf,gf(x(tf, £,3)) =0,
and

a Ao 0 . "N N X A 2 A A -
4.25 55 [Ah (x(t, &,8),8(t),t) + (A(t),h(R(t, & ,8),a(t),t) ¥] = 0.

(since (¢ ,0) € A C Q, we must have g(g) < 0 and gf(x(tf,}::' ,4)) < 0 by

definition). (7

Proof: Let (& ,4) € A and let ﬁj, j=20,1, ..., m, be such that (2.11) -

(2.14) are satisfied. Let \'30 = (ﬁ],' ﬁz, cees ﬁm')T, let Gf = (ﬁm'+1’ ey
ﬁm'+m")’ let XO = 1:0, and let A: [to,tf] + R™ be defined by
"
4.26 Mo = m + YOI G o), ke e,
' i=1

where p(t) = p(t, £ ,8) and ai(t) = q,(t, £,8), are defined as in (4.15) and
(4.18) respectively. Next (2.13), in conjunction with (4.14), (4.16) and

(4.17) yields

98y ()T . X
A A g g A A ] A ’
4.27 - uo p(to) + —-g—x—-— Vo~ uim qi(to), =0,
i=1
and also (with %X(t) = x(t,.g ,d)),
A0, DR mr arin T A am® . T
428 W gy @(),8(E),6)T B(E) + 5= (R(E),8(t),0)7) +
m"
i'hn' 3h A T A -
+ Y R 20),800,0% 4, = 0, t € [eh,e .
i=1

-16-



Now, making use of (4,26), (4.15) and (4.18), we find that A(+) satisfies
(4.21); (4.27) yields that X(to) satisfies (4.22), and X(tf) satisfies
(4.23). Finally, (4.28) shows that (XO,X(-)) satisfies (4.25). By con-
struction GO and Gf satisfy GO 2:0,'Gf,; 0 and (4.24), which completes

our proof. (]

4.29. Remark: The relations (4.21) - (4.25) are known as the Pontryagin-
Maximum-Principle-in-Differential-Form. UJ .
For the problem (4.1), algorithm (3.2) assumes the following specific

form,

4.30. Algorithm: (Solves (4.1); B € (0,1) is a step size parameter).

Step 0: Compute (Eo,uo) e<421 such that go(Eo) 20 and g (x(tsE5,uy)) L0,
and set i = 0.

Comment: The algorithm (4.30) can be used to compute such an (Eo,uo(-)) by

solving the problem
Tt
4 0 d
.31 {min x (t)dt| T E= h(x,u,t);
%o

3 _ .0 . o .
gp(x(ty)) - x"(ty) <0, § =1,2, ..., m';

glee(ee)) - x0e)) <0, 3 = 1,2, ..., w"),

where x = (xo,x) and h = (0,h), and for which an initial point ggo,ﬁo(.))’

~ ..0~ ~ ~ -~
go = (xo,go), can be chosen as follows: let go, uo(°) be arbitrary, and let xg =
max{gg(go), i =1,2, e, m'; gi(x(tf,ﬁo,u), j=1,2, ..., m"}. Since

the optimal value of (4.31) is strictly negative, a (go,uo(')) for

Step 0 above can be computed by means of a finite number of iterations.

-17-



Step 1: For z; = (Ei,ui), compute Vfo(zi), Vfi(zi), j=1,2, ..., m', s
Vfg(zi), j=1,2, ..., m", according to (4.14) -~ (4.18).
Step 2: Compute uo(zi), ui(zi), i=112, ..., m', ug(zi), j=12, ..., m",

as a solution of

432 b(z,) = max Zulg0<s ) +Zu2gf(xccf,e: )

- 2 %% + Z wved 2 ) + E wlved 2312 |

m'

m"
0+§:u E ;=1,U>0 ul>0j 52y cee, m',
j=1 =1

>0,3=1,2, ..., m"},

=
N .

where "zﬂg =(z,2z )2 is defined as in (4.3).

Step 3: If ¢(z,) = 0, set £ = Ess u(+) = u,(+) and stop; else, go to Step 4
(see (4.14) - (4.18))

Step 4: Set

: . N (A
4.33 0y = W (e peg,E up) = Y ule) —St
3=1
..m
+ ) e, (g8 ),

< :

w36 v = 1% [ R LELu),u (), 0T X
0
PO ,Eu) = o= (8 ,u,),u0),)7] + J

+ D ) BB gy 0 (0,007 o8 ),
3=

-18~



and go to Step 5.
Step 5: Compute the smallest integer k, such that
ts
4.35 max{ | [00Ge(t.E, + 8% ,u, + 85 ), + 8% ,0)dt - OGx(t,E, ,u), u,,0)]dt
. max x’i 12U vi’i Vi’ 354585/ Uso .

to

k k k
Bp(ey + 8%, 3 = L2, ooy w's gllCege, + B uy + 650,

Bk
s = w} - B_
j=1,2, ..., m"} 5 $(z;) < 0.
. v . k . = -. k 3
Step 6: Set Ei+1 = Ei + B W, set ui+1( ) = ui( )+ 8B vi(-), set i = i+1,
and go to Step 1. 0

The following result is obvious.

4.35 Proposition: Theorem (3.17) holds for algorithm (4.30), with the
set A defined as the set of points ( £,8) €<131 satisfying the Pontryagin-

Maximum-Principle-in-Differential Form for problem (4.1), (see 4.29). [J
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5. An Extension to Problems with Instantaneous Constraints on the Control.

We shall now show that the so called "Valentine's trick'" can be used
to adapt algorithm (4.30) for the solution of the following optimal control

problem:

t
, f
5.1 min{f ho(x(t),u(t),t)dtI%E x(t) = h(x(t),u(t),t),
%o
S .
bk < { u(t) ) < ck k =1,2 r, for all t € [t.,t_. ]}
s ak’ = ’ IZ RIS 3 (1
where ho,h,go,gf are as in (4.1); a € RS for k = 1,2,...,r; ¢ € WQI for

k=1,2,...,r, bk € W(l for k = l,Z,...,r', r' <r, and bk = - o for

k=r'"+1,...,r.

5.2. Assumptions:
(1) We shall assume that (4.9) is satisfied.
(ii) The vectors 3 k =1,2,...,r are linearly independent.
(iii) There exists a control u € L: [to,tf] and an initial state
T € R® gych that gO(E) <0, gf(x(tf,g,u)) £ 0, and bk < (ak,c(t)) < ck
for k = 1,2,...,r and all t € [ey,t.]. O |

To apply the Valentine trick, we must'use certain substitutions for

the inequalities on the control. Thus, consider the constraints

k k
5.2 b 5_(ak,u(t) ) £c,k=1,2,...,r', t € [to,tf]

k
5.3 (ak,u(t) ) <c,k=r"+1,...,r, t € [to,tf].

~20~



Suppose that u € Li [to,tf] satisfies (5.2), (5.3), then we can associate
with this u functions vk: [to,tf] -+ 531, k=1,2,...,r' and Wk: [to,tf] >

Rl, k=1,2,...,r - r', such that

ck+bk

k 2
5.4 cos v (t) = _k_f<ak’u(t) ) - % K’ k=1,2,...r",
¢ -b c-b
k 2 k+r'
5.5 w(t)) =c - (ak+r,,u(t) Y, k=1,2,...,r - ',

t € [to,tf].

We shall now use these functions to construct a problem which is

equivalent to 5.1. Let AT be the sxr matrix whose columns are kZ T 3o
¢ -b

k=1,2,...,r' and a k=r'"+1, r' +2,...,r. Then itsrtranspose, A,
is an rxs matrix which can be partitioned as follows A = [A'}A"], (re-
arranging the components of u(+), if necessary) where A" is an IXr
nonsingular matrix. We partition u similarly, i.e., we set u = (u',u"),
with u" € R® and u' € R®F, Then, if u,vk, wk, satisfy (5.4) and

(5.5), we obtain

' 1 T
5.6 u"(t) = A" L(cosv' (£),..., cos v (£), wr(t)Z,..., o T (©3)

- am L arurce) 8 qut (), vie) w(t).

Now consider the problem
5.7 min{j ho(x,(u',f(u',v,w)),t)dtl
t

0
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% = hx,(u',£(u',v,0),8), € € [to,t.];

8o (x(tg)) < 05 g (x(t)) < 05 (u',v,w) € LY [y,t 1}

where all the quantities are as in (5.1) and (5.6). It is trivial to

show that if (g,ﬁ,G,&) is any optimal solution of (5.7), (g,(ﬁ,cos 3,52

is also optimal fér problem (5.1). However, ﬁot all the points

&, u',v,d ) which satisfy the Pontryagin principle -

for problem (5.7), result in a pair (£,d) & (E,(i',cos ¥,5%)) which satisfy
the maximum principle for problem (5.1). Hence, although algorithm

(4.30) is directly applicable to problem (5.7) (with ho, h, redefined,

of course), it is desirable to modify it so as to prevent convergence

to points which do not satisfy the optimality conditions for problem
(5.1). This can be done as stated in the algorithm below, where, for

the sake of simplifying our expressions, and without loss of QEneraiity,
we assume that there is only one constraint of the form (5.2) and only one

constraint of the form (5.3), i.e. we assume that (5.2), (5.3) have the

following specific form:

S

5.8 -15u"%w51,fa)3mtet%¢ﬂ

and that the remaining components of u(t) are unconstrained. In this
t

1 - f
case we have u" = (u ’uzav"’us 2)’ z = (E:u' ,sz)’ fo(z) = f ho (x(t,é,',u))dt,

)

£1(2) = g9 (8), and £,(2) = g (x(ty,E,0), where u = (ut,cos v,0?).

7

~22=
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5.9 Algorithm (Solves (5.1) for r' =1, r=2,b =-1, ¢ =1,

a; = (0,0,...,0,1,0)7, a, = 0,0,...,0,-1)F, ¢2 = 0; B € (0,1) is a

step size parameter).
Step 0: Compute a (Eo,uo(')) such that g0(50)=§ 03 gf(x(tf;go,uo) < 0;
- * - -
Iu; Yyl <1, ) >0, t € [tgstel 5 set v (-) = sin luoS ey
1/2
set W = u3(~) / 3 set 1 = 0. (Note that we dropped the super-

script 1 on Yo and wo since these are redundant in this case.)

Step 1: Compute xi(t), t € [to,tf], by solving

d

5.10 Ty i(t) = h(x (t), uy t),t), t € [to,t 1, with xi(tO) = g

Step 2: Compute p(t) € R™, a4 (8) € R™ 2=1,2,...,a", t € [tgat,],

by solving
5.1 Sp ) = -8 (v, u(0),07 py(e) + I (x CRNOS )T
' dt i ox i e | ’ 1 ’ s
5.12 g—t qp 4(8) =~ -g% (xi(t),ui(t),t)qu’i(t), t € [e,,t.],
o8y (x, (£.))T
qz,i(tf) =T __.—é—:;_ ’ 2’ = l’z"°°,m"-

*To compute (Eo,u0(°))'choose € > 0 small and use algorithm (4.30) on the

following problem
t
f

; 2 |
min{ f 00 (x, (u', (1-€) cos v,w>+e),t)dt |k = h(x, (u',(1-€)cos v,w +e),t)

%o 8o (x(g)) < 05 ge(x(ty)) <03,
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Step 3:

5.13

5.14

5.15

Step 4:

5.16

0 k
Compute Vf (zi), Vfl(zi)’ k

2
= ! = ' i
with z; (ui,vi,wi) and u, (ui,cos vi,wi)) according to

T oh

ve2(2)" = (- e Ts - 2 (O B, (),uy ()0,

- sin v, (-)p, ()" 822_1 G, ()58, ()50,

2wi(->pi(-)T§“E HORROFON I

k
T 9 (&,)

k
Vfl(zi) = (T 4 0), k = l,2,...,m'

A A O R R O LE S O RN OIS
- sin vi(')ql,i(')T ;;ggi (ui(')?ui(.)")’

20, ()qg ()7 %*{; (£, (-)5u ()00, & = 1,2,...,m"
? u

L
1,2,...,m'", sz(zi), L =1,2,..

c,m

0 2
compute 10(z,), uy(z,), & = 1,2,....u", ulz‘(zi), k=1,2,...,0",

as a solution of

m' mll
_ k k L8 i}
$(z;) = max{ D uigg(E,) + Dourgy (x(t,,E ,u,))
' k=1 2=1
_ m' n"
1, 050 k Lol 2
R CRED N ACRED M ACRLE
k=1 =1

"oy E,u(-NT ve mean (£¥,u()T).

24~
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Step 5:

5.17

5.18

If §(z;) = 0, set £() = x, (), 8C-) = (8] ("),c08 v, (),u2(+)) and
stop; else (c.f. (4.33), (4.34)), set

8 mll

0 k & T 2
= 10 (z,)p;(tg) = Dour(z) 2 ()T + Zuzczgqg,ictO)
k=1 2=1
T - T .s-1 _s
1 (V' ’vi ’vi)
with

; 0
vTe) = 1) B (e ()40, (4,0, () = Br (e ()0, (),

+Zu2< )a.<x<)u(>,)q“<)

V) = - stn v, (00021 a B (x, ()5u, (), ()
u
o m"
:Z (x()u(),)]+2u2(z) = RAQEACIBEHHOY
=1

PICRETACICR e KACENOISE NG

0 m
9h T L 3h o\ \T
s (v (-),)7] + :‘:uz(zi) 5 CHORNOMENNSY
=1

and go to Step 6.
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Step 6:

5.19

5.20

Step 7:

Step 8:

Step 9:

Compute the smallest integer ki satisfying

t

; 0 ki ki ki s-1 ki s, 2
1 [}
max{ [h (x(t,£i+8 wi’(ui+8 Vis cos(vi+8 vy ), (wi+8 vi) ),
%o

ki ki s=-1 ki S 2
(u{(t)+6 Vi(t)f cos(vi(t)+8 v; T(8)), (w; (£)+8 v;(t)) ,t)

0 ki ki
- h (xi(t) ,ui(t)’t))dt’ 80(51"‘3 wi)’ gf(x(tf’£i+6 wi,

k

. k, 2
(a8 v} cos (v 48, (w8 8 1)} < 0;
K, vi o) Vi) .
B~ <l2x ii; Tgﬁll{max{ 510 v, (0) > - v, (6) 3}

k k.
Set £;0 = &+ 8 T, ul () = ul() + 8 T, v, ()
K, k,
= v () + BN, () = w ) + 8 ().

Set ui+1(-)T = (ui+1(')T, cos vi+1(-), w1+1(')2).

Set i = i+l and go to Step 1. (J

5.21 Lemma: Let A ={z = (Eu',v,w)|E € Een’ u' € Lf_z[to,tf],

ve Lltg.e.), werlle e l, 02) = 0, gy () <0,

gf(x(tf,g,(u',cos v,w)) < 0} where ¢(-) is defined as

in (5.16). Then the conclusions of theorem (3.17) remain true for

algorithm (5.9).
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Proof: Algorithm (5.9) differs from algorithm (4.30) only in the additional
bound (5.20) on Bk. Now, since this bound, in turn, has a denominator which
can be bounded from above by a continuous function of (§ ,ui, i,wi), i.e.,

since

vi_l(t) vi(t)
5.21 max{m,--w—i-?é)—}i
T ah an
< Z {l () g (8,1, (8),) = B (g (£, (0),0)) |
k=s-1 u

+ :E:lq z(t) k (x; (£),u, () ,0) |}

it follows from arguments essentially duplicating the proof of theorem

(3.17) that the conditions of theorem (2.16) are satisfied. -

5.22 Lemma: Let {(Ei,ui,vi,wi)}:;o be a sequence generated by algorithm
(5.9) in the process of solving problem (5.8). Suppose that K is an in-

finite subset of the positive integers such that lim U(Ei,u Vs > W )
i€K

(€,a',%, &)U = 0 and sup "(E ,u! 12V o0y )ﬂ < o, Furthermore, let K' be
i€K
an infinite subset of K, such that lim {(u (z DRNCHRNER )} =

i€k’
{u ,ul,uz} where z, = (51,(u£,vi,wi)) and uo(zi),ul(Z) and ”2(21) are

defined as in Step 4 of (5.9). Then
0
{ dh

B (), 600 ,t) - =2 (R(t),8(t), )T x
aus 1 aus 1

5.23

%) + Zﬁﬁaz(t»} -k
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for almost all t € {t|9(t) = km}, k = 0,1,

and
P NP T
5.26 === R(1),H(r),t) - —5 R(t),H(t),t) (A (). +
du u
mll
+ 2R (0) > 0
2=1
for almost all t € {t|&(t) = 0}, o 4= (4',cos G,&Z), x(t) = x(t,E,u),

and B, q, defined by (5.11) and (5.12) for u, (8= G(e), x (£)= x().
t ”n
Proof: Let H: R" x R® x Rm o X Rl > Rl be defined by

5.25 H(x,u,y,t) = - ho(x,u,t) + {Y,h(x,u,t) }. Then, from (5.18)

and the instructions in Step 7 of (5.9), we find that for t € [to,tf],

k
5.26 vy (8) = v, () - B 1 sin v, (e) f;—_-l— (x, (£) 51, (£) 0, (£), 1),

k
5.27 Wi (€) = w () 28 jLwi(t) -2—1‘?—5 (x, (t) su, (8) .9, (B),t), with,

for t € [to,tf],

m'l

A R A UACED PERCRIOR
2=1

: k
Now, the purpose of the bound (5.20) on B i was to ensure that for

almost all t € [tO’tf]’

1 1
5.29 0 <5 v,(£) v, () <5 (Mhv (1)) < m,

5. Fw(t) <w

) 141 ()

-28-
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Since we must have lim v, (t) = $(t) for almost all t € [to,tf], éuppose
iex' *
that t' € [t ,t_] is such that 1lim v (t') = ¥(t') = km, with k = 0 or 1.
0>°f o 1
i€k K
oH

It now follows from (5.26), since B 1 < 1, and since o (xi(t'),
ou

ui(t'),wi(t'),t') is bounded for i € K', that we must also have

\

5.31 lim v
i€K'

] —
i+l(t: ) = km,

: .
itor almost all t' such that 1im v, (t') = kr.
e 1

By .construction, vo(t) € (0,m) for all t € [to,tf], and hence sin vo(t?) > 0.
Let K" be an infinite subsequence of the positive integers defined by K" =
K' U {i|(i-1) € K'}. It now follows from (5.29) and (5.31) that
{(-l)k(kﬂ-vi(t))}iEK" is a strictly positive sequence which converges

to zero, and hence there must exist an infinite subsequence K"' C K'

such that

5.32 (—l)k+l(kﬂ-vi+l(t') < (-1)k+l(kﬂ-vi(t')) for all 1 € K",

Combining (5.32) with (5.26), and recalling that sin vi(t') > 0 for

all i, we conclude that

- k —a}_{.—__ | t "e
>33 ( l) 3us-l (xi(t')’uj_(t ),\pi(t )’t) Z 0 for all 1 € K"',

It now follows from the continuity of ag_l that
ou

(t) # lim v (t)} is a null set

* ‘
Note that {t|lim Vil i
i€K i€K

-29-



k

5,34. (-=1) - 1 (ﬁ(t ) G(t') xp(t') t') >0,
du . .

where w(t ) = p(t )y + :Z: ﬁgal i t'). This establishes (5.23); (5.24)

can be established in a similar way. [

The following result is now obvious.

5.35. Corollary: Let {(ﬁi,ui)} be a sequence generated by algorithm

(5.9) in solving problem (5.1). Then, either {(Ei,ui)} is finite and

its last element satisfies the Pontryagin maximum.principle in dif-
ferential form*, or {(Ei,ui)} is infinite and every pair of points

(£,8) which satisfies, for some K C {0,1,2,..} either (i) lim I (g;u) =
(é,ﬁ)ﬂ = 0, or (ii) lim "(E sy ) - (E,u)" % 0 and sup "(zi,u )ﬂ < . also

i€K ik
satisfies the Pontryagin maximum principle in differentidl ‘form. [

In the maximum principle in differential form, the condition of maximum

on the hamiltonian is replaced by the condition ——L—L—ﬂkk—l Su < 0 for
all admissible Su and for almost all t E [to,t 1.

=30~
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Conclusion.

In the form stated, algorithm (4.30) is readily implementable pro-
vided that the integrations of the various differential equations in-
volved are done with reasonable care. The results in [3] indicate that
the accuracy of integration cén be relaxed in the method of steepest
descent and the’algorithm speeded up considerably, provided that an
adaptive mechanism of integration is introduced into the algorithm.

It appears that a similar device should also be possible for algorithms
of the type described in this paper, though the exact manner in which
this can be done is still to be worked out.

In constructing algorithm (5.9), a substitution formula (Valentine's
trick) was used to extend algorithm (4.30) to problems with affine in-
stantaneous inequality constraints and, in addition, a perturbation
method was added to ensure that convergence was possible only to points
satisfying both a first and a second order optimality condition for the
desired problem (5.7). This eliminated points which satisfy a first
order condition for (5.7) but not for (5.1). Industrial experience with
the substitution formula, used in conjuction with simpler algorithms, in-
dicates that it performs quite well, and certainly better than a penalty
function. Incidentally, penalty functions could also have been used to

cope with constraints on the controls, by following the pattern of algorithm

(4.3.91) in [7].
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Appendix A.

The functions and norms used below are as in Sections 2 and 3.

Al. Theorem: Let M > 0 be such that Q = {z € Q[Uzﬂl <M} # ¢, and let
SM : QM g ZQM be the restriction of § to QM’ where S was defined in
(3.18). If assumptions (2.3) hold, then SM(') is upper semi-~continuous

on QM with respect to the norm "'uz.

Proof: We recall that by assumption (2 .43), the functions _fj and ij,
j=0,1, 2, .., are all continuous on QM with respect to "-"2. Now,

R mt+l
let PM : QM > 2 be defined by

m
A.2 I‘M(z) = {u = (L!O, ul, cees um)l Z uj ij(z) € SM(Z)}
=0

We note that FM(-) is a closed, compact valued map, and therefore it is
upper semi-continuous (see [1] corollary to theorem 7, p. 112). Next,

let XM : QM x Rm'*.l > R® be defined by

m
A.3 Xy(z,u) = Z I ved (2),
j=0

with y = (uo, pt

s sees um). Then we see that SM(z) = XM(z, I'(z)) and
hence SM is upper semi-continuous, according to theorem 1' p. 113 of [1],
since z }— (z, I'(z)) is upper semi-continuous by theorem 4', p. 114 of

[1] and Xy 1s continuous, which completes our proof. (|
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