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ABSTRACT
The theory of single particle electron cyclotron resonance heating
in a magnetic mirror is treated analytically and numerically, using the
techniques of (a) integration of the Lorentz force equation and (b) trans-
formation to a Hamiltonian approximation, to study both short time scale
and adiabatic effects. The force equation is analytically integrated in
the vicinity of the resonance plane to obtain the energy dependence of

the effective time spent in resonance per bounce te. For electrons pass-

e y1/2

ing through the resonant zone at constant parallel velocity VoR? te VR

For electrons which turn in or near the resonant zone, te « vlg, P =2/3,
where VIR is the transverse velocity at resonance. These results agree
with the exact numerical integration of the force equation, for which
P = 0.5-0.7.

Electron heating is limited by the existence of invariants at high
energies, which present adiabatic barriers to the heating. The calcu-
lation of the barrier location is considered in a Hamiltonian theory of

electron cyclotron heating, using the technique of resonance breakdown

1'Present address: National Center for Atmospheric Research, Boulder,
Colo., U.S.A.



of adiabatic invariance due to secondary island formation. It is found
that resonance between the fifth harmonic of the energy oscillation and
the half-bounce period T (appearance of five islands) is sufficient to
destroy the invariant. For a parabolic mirror B(z) = B0(1+22/L2), the
field necessary to destroy the invariant at a given energy is given by
eEL > 1.81 (Ts/Tb)WlR, where e is the electronic charge, E the rf elec-
tric field, WIR the transverse electron energy at resonance, and T is

the period for the cyclotron phase to slip 27 with respect to the rf

field. This result is in good numerical agreement with exact calculations.
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I. INTRODUCTION

It has long been recognized that resonance between gyrofrequency and
an rf wave can rapidly accelerate chérged particles to high energy. How-
ever, ROBERTS and BUCHSBAUM (1964), treating the problem relativisticly,
showed that even in a uniform field at exact resonance the relativistic
change in mass detunes the frequency, thus generally leading to a limit~-
tation in the energy gain. Furthermore, confined particles are not in
uniform fields, and thus would only be in resonance for part of the time
during their motion. Just as off resonance particles have phase oscil-
lations with respect to the accelerating field, and therefore energy
oscillations, it might be expected that energy oscillations take place
on a longer time scale if the particles oscillate in and out of resonance.
SEIDL (1964) investigated this possibility, and showed that, for modest
excursions about the resonant frequency and an energy gain per pass
through resonance small compared to the total particle energy, invariants
of the motion could exist. These limited the energy excursions, creating
an energy oscillation on a time scale slow compared to the period at
which the particle returned to the resonance region (bounce period for
a magnetic mirror, which was the case treated by Seidl). TUMA and
LICHTENBERG (1967) and LICHTENBERG et al (1969) investigated the phe-
nomenon numerically, confirming Seidl's results within the validity of
his theory, but also showing that for large excursions from resonance
and large energy excursions per pass through resonance, the energy no
longer appeared to oscillate, and the phase of the rf with respect to
the particle at resonance appeared to be random, rather than ordered

as predicted by Seidl's theory.



An entirely different approach to the problem was taken by BRAMBILLA
(1968), KUCKES (1968A) and CANNOBIO (1968). They performed an integration
‘through the resonant region from an initial magnetic field in which the
phase difference was rapidly varying to a final field in which the phase
was again rapidly varying. They showed that the energy change in this
process could be considered to consist of three parts: a rapidly oscil-
lating part dependent on the instantaneous phase, a part dependent on the
initial phase, and a part independent of phase. The latter two parts
were considered to be the non reversible or 'monadiabatic" portion of the
energy gain. In calculating the energy gain over many traversals of
resonance, Kuckes further assumed that the initial phasé for each suc-
cessive pass was random and concluded that the energy change dependent
on initial phase would therefore not lead to an average energy change.
He therefore calculated an average energy increase as the product of the
number of times a particle transversed the resonant region times the non
phase dependent energy gain per traversal. This general procedure was
also used by GRAWE (1969) to calculate the energy gain of electrons in
the Oak Ridge magnetic mirror device. However, while Kuckes assumed that
the electron's parallel velocity was constant in successive traversals
of the resonance region, Grawe considered that the transverse energy gain
on successive traversals resulted in the particle turning around within
or before the resonance region, with the penetration decreasing with
energy. This effect was enhanced in Grawe's analysis by including the
relativistic shift in cyclotron frequency, which further shifts the
gyration frequency at the turning point away from resonance. Other

calculations by KUCKES (1968B) indlicate that the rf magnettc force



(ignored by Grawe) causes significant acceleration along the lines of
force, which result in continued particle penetration of the resonant
region. Numerical studies presented in Section 2 of this paper also
indicate that the particles are not forced out of the resonance zone as
predicted by Grawe. Although the heating predicted by Grawe was con-
sistent with the experimental results (GRAWE, 1969), theoretical dif-
ficulties considered in Section 3 of this paper and in a companion
paper (LIEBERMAN and LICHTENBERG, 1971B), in addition to the one dis-
cussed by Kuckes, indicate that his result may be somewhat fortuitous.

In all of the work discussed in the preceeding paragraph there are
two basic difficulties; one is the lack of determination of the region of
validity of stochastic acceleration (random phase assumption) and the
other is the ignoring of geometrical effects in velocity space and the
phase dependent energy diffusion. LICHTENBERG et al (1969) considered
both of these questions. They showed numerically that a tramsition did
occur between stochastic and adiabatic behavior. 1In the region predicted
numerically to be stochastic, large energy gains were in fact observed in
a pulsed electron cyclotron heating experiment (LICHTENBERG et al, 1969;
TUMA et al, 1969). They also demonstrated that the energy dependence of
the heating gave rise to a component of heating and an energy spread from
the phase dependent acceleration of the same order as that arising from
the phase independent acceleration. Their results were only of qualita-
tive validity, in that the form of the distribution function was assumed
rather than calculated from a solution to the Fokker-Planck equation. In
Section 3 of LIEBERMAN and LICHTENBERG (1971 B), henceforth referred to as

IT, the Fokker-Planck equation is derived and the time dependence of the



distribution function and the average energy gain is obtained. The re-
sults obtained are in agreement with numerical calculations.

Stochastic heating is limited by the existence of invariants at
high energies. These invariants present an adiabatic barrier to the
heating of particles. The transition between adiabatic and non-adiabatic
regions was investigated for cyclotron heating by LICHTENBERG and JAEGER
(1970). The general mechanism for the resonance breakdown of adiabatic
invariance has been investigated by CHIRIKOV (1960), ROSENBLUTH et al
(1966), WALKER and FORD (1969) and by JAEGER and LICHTENBERG (1971).

We apply the method to the cyclotron heating problem in Section 3. This
is done by transforming to variables which are slowly varying compared

to the explicit time dependence and then averaging over the time variable.
This procedure, developed by BOGOLIUBOV and MITROPOLSKY (1961), eliminates
the time dependence from the Hamiltonian, which is then a constant of the
motion. Successive averaging over other rapidly varying variables intro-
duces additional constants of the motion. The procedure is essentially
the one used by SEIDL (1964). However, at each stage in the averaging,
resonances between the fast oscillation and harmonics of the slow oscil-
lation may modify or destroy the invariant. An isolated resonance may

be removed by transformation to new variables, resulting in modified
invariants, while strongly interacting resonances result in destruction
of the invariants.

The transition between stochastic heating and oscillatory energy
changes for cyclotron heating is closely allied to a wide class of prob-

lems in which particles are subject to periodic, impulsive forces



(ZASLAVSKII and CHIRIKOV, 1965; and LIEBERMAN and LICHTENBERG, 19714).
Following a rough criterion for stochasticity found by Zaslavskii and
Chirikov, NEKRASOV (1970) obtained a criterion for the limit of stochastic
heating. In II, we employ the more exact methods of Lieberman and
Lichtenbefg 1971A, to considerably sharpen this criterion. The approxi-
mations required to obtain an impulsive heating model:are considered, and
the adiabatic barrier to particle heating is derived. The results obtained
are in substantial agreement both with the Hamiltonian approximation of
this present paper and with exact numerical solutions. The averaging and
expansion procedure in the Hamiltonian approximation results in mappings
between resonances that are area preserving and thus different in char-
acter from the impulse approximation. However, despite this fundamental
difference, the results are quite similar in most important respects.

We note that the treatment in this paper is for single particles,
which generally holds for the plasma frequency less than the electron
cyclotron frequency. This condition is often satisfied in ECRH experi-
ments (LICHTENBERG et al, 1969, SPROTIT, 1971). For experiments with
high gas pressure, the plasma frequency generally builds up only to
the level of the cyclotron frequency, beyond which the plasma may act
to shield out the applied field, changing the character of the heating.
The formalism which we develop is also applicable to ion heating, pro-
vided the proper fields are used. However, in this case, the self
consistent properties of the plasma are usually important and we there-
fore have emphasized electron heating. Another interesting case of
applicability is that in which the heating fields are self generated,
for example, a single quasi-flute mode of fluctuation in a mirror

machine (ROSENBLUTH, 1971). Here, as in the case of ion heating, the



self consistent plasma properties must be considered.
2. EQUATIONS OF MOTION
A. Exact Numerical Integration of the Equations of Motion
The most complete solution for the motion of charged particles in
combined dc magnetic and rf electromagnetic fields is a numerical inte-

gration of the relativisticly correct equations of motion

dr

T (1)
v M
E”;();[E’ryx?-:g@"z)] (2)

where

For motion in a magnetic mirror, the dc magnetic field is approximated

near the mirror axis r < L' by
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where 2 2 2
r =x +y,b= (Rm - l)/(R-m + 1), Kn is the mirror

ratio, Bé(l - b) is the magnetic field at the midplane, and z = + L'/2 are

the locations of the magnetic mirrors.
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For a given electromagnetic field, the six simultaneous differential
equations (1) and (2) can be solved by standard numerical techniques on
a computer. ' For simplicity a transverse electromagnetic wave propagating

in the z direction is considered, of the form

(] <]

= Eo[cos(wt - kz + ¢)R ¥ sin(wt - kz + ¢)§]

(4)
E

—g [sin(ut - kz + ¢)& + cos(wt - kz + ¢)¢],

whe;e by proper choice of signs and amplitudes, circularly polarized,
linearly polarized; traveling and standing waves can be considered.
These fields correspond to practical heating configurations and are
apprppriate ;o compare with various analytic heating models.

Exact computations are very convenient for phenonema that occur

on the time scale of the cyclotron period, rather time consuming for

practical orbits in mirror devices where the phenomena occur on the time
scale of the bounce period (101c < Tb < 103Tc), and not very useful for
longer time scales. This allows for a detailed investigation of resonance
phenomena, an adequate method of treating energy oscillations for particles
oscillating in an out of a resonant region, and only very sketchy treat-
ment of stochastic heating in which the longitudinal oscillation causes
phase randomization with respect to the resonant rf wave.

We have previously used numerical plots of the energy-phase relation
at successive resonance crossings to illustrate the different character
of adiabatic and stochastic behavior (LICHTENBERG et al, 1969). 1In
Section 3 of this paper and in Sections 2 and 3 of II, the exact compu-

tations are used, as far as possible, to confirm the results of the



approximate calculations determining the transition between adiabatic
and stochastic behavior and the properties of stochastic heating. The
computations are made to compare with phenomena on all time scales, with

the results successivly limited as the time scale becomes larger.

In Fig. 1 we plot graphs of the energy gain versus time for two
electrons of different energies confined in a magnetic mirror and accele-
rated by a strong electromagnetic field that resonates with the cyclotron
frequency within the mirror region. In Fig. la, the injéction energy is
low, 30 eV both perpendicular and parallel to the magnetic field, and

the electric field is sufficiently strong to raise the perpendicular

energy to approximately a kilovolt after the first pass through resonance.

From these calculations one observes that the parallel energy remains
fairly constant within the resonance region. On successive transits,

the energy perpendicular to the magnetic field may either inérease or

decrease, depending sensitively on the phase at resonance. The particle

is also seen to turn within the resonance region provided the particle's

energy remains large. This is understandable, in that the parallel energy

at resonance does not change greatly, and thus the mirror force turns
the particle near resonance whenever the perpendicular energy at reson-
ance has become large compared to the parallel energy. We shall put
these ideas on a more quantitative basis in the next subsection. The
type of orbit illustrated in Fig. la is one in which stochastic heating
can take place, on a longer ﬁime scale, and we shall treat this case in
detail in II.

In Fig. lb, the injection energy is higher, the applied electric
field smaller, and we observe that the particle's energy remains approxi-

mately constant over times long compared to the bounce period. This be-
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havior is evidence of the existence of a new adiabatic invariant of the
motion, replacing the magnetic moment; which constrains the particle
energy. We deal with the theory of this motion in Section 3, and investi-
gate the transition between the types of motion in Figs. la and 1lb, from

two different points of view, in Section 3 and in Section 2 of II.

B. Analytic Expressions
We now obtain expressions for the half-bounce time (time between col-
lisions) ahd the time spent in the resonance zone, that will be useful for
later calculations. The half-bounce time in the absence of the rf field
is given by
2

‘l‘b = 2! dz 172
[3 (w - uB(z))]

m

where W is the total energy and p the magnetic moment (both assumed
constant) of the particle, and £ is the value of z at the turning point.

Substituting for p at B() = Bmax’ then %mvlé = W, and W can be removed

from the integral in the form

2
2 dz
T, = (5)
b WI/ZJ;; _Zl_BEZJ 1/2
max

which shows that Ty, scales as W 1/2 or Yzi. For a parabolic magnetic4

field of the form

B = Bo(l + 22/L2),
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(5) can be integrated to yield

1, = 1@ + 2D vy, (6
ol
The effective time a particle spends in the resonance zone can be
obtained by solving the equation of motion of the electron in the neigh- A
borhood of resonance. We choose a local coordinate with z = 0 at resonance,
and which is assumed to be locally linear: Bz(z) = B(1 + oz);
Br = —-% Bar., We consider a circularly polarized wave with the electric
field rotating in the same direction as the particle under study. 1In a
system of reference that is rotating with the particle; i.e., introducting
the complex notation h, = 7%— (hx - ihy), the Lorentz force law is:
4 v +iw v, =~-SE + iv (w, + Q) )
dt 1 cd m L z d 1
d _ * * *
where
eBz
w, = T w(l+ez) s
_EB = - -(EJ_-
(l)_L = m .L w 2 ’
I = xI_ e'iw’
2
$
Q = & B, = -1 Eﬂﬂ,
1 "ol w mec

and where E, and ﬁl represent the electric and magnetic fields of the wave.
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In many experimental situations, the following inequalities hold:

kv
z

W

kYL Iavz

b

< < 1- (9)

W w (A}

The first two hold if the electron velocities are slow compared to

the phase velocity of the wave, which is generally true for electron
cyclotron heating to non-relativistic velocities. Under these con-
ditions, the longitudinal and transverse forces due to the wave magnetic
field can be neglected in (7) and (8).. These forces are also neglected
in the Hamiltonian approximation in Section 3, but included in the exact
numerical computation of Section 2A. KUCKES:(1968B) has examined the
effect of these terms on the particle motion for relativistic energies.
The second two inequalities above are valid provided that the electron
larmor radius and the longitudinal distance traveled during a cyclotron
period are both small compared to the scale length of the dc field.
Under these conditions, the forces due to the magnetic field inhomo-
geneity (mirror forces) can be described in the adiabatic limit and to

a first approximation can be neglected in (7). One then has:

d .

T + 1w(1+az)yl x - ﬁ EL’ (10)
d

ac 'z = %’ (11)

where a0 = uo

initial condition that z(0) = Az and vz(O) = 0 yields

aB/m and Ko = %-me(O)/B. Solving (1l1) subject to the

-13-



vz(t) = Az - aot

(12)

= 1 2 ,
z(t) = Az - > aot

Inserting (12) into (10), and introducing the change of variables Yl(t) =

Yl(t)e- iwt and gl(t) = ;le- iwt’ we obtain the differential equation
le e
R CIOV IR (13)

where @ = woa(Az - %-aotz). The solution to (13) with the initial per-
pendicular velocity specified at t = - T, and the final velocity deter-

mined at t = T is

YL(T) = VP + VL(-T)’ (14)
where
T
Vo =-Z¢e” 10(t) [ 10t g (15)
o
and
0 = wo(tdz - %-aots)' (16)

The above specification insures that the initial and final energy are

measured at the same axial position z = Az --% aOTz. Putting VP =

i¢0

14
]VPIe P and Vl(-T) = ]Yl(-T)le , we see that (16) describes an energy

gain in the form

~14-
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lV_L(T)lz = |VJ_(‘T)|2 + |VP|2 + 2], | [V -1 |eos (6 =dp)» (A7)

showing both a phase-independent and a phase-dependent heating.

As we will see, the energy gain is acquired in a narrow zone
around the resonant position z = 0. Provided T is chosen sufficiently
large, then IVPI is insensitive to the exact choice of T, and we can

write

vl = £ Iz [, as)

where te is the effective time the particle spends in resonance, given

by

=]

- -1 pea 3t
t, = l.l. cos (wadzt - & waayt )dt| (19)

=00

This can be expressed in terms of the Airy function as

t, = 207 [AG)]s (20)
where x = - TaAz,
2/3
= ( 2w ) . (21)
U.VJ-R

VIR is the transverse velocity at resonance, and in view of (9), I' > > 1.
We now discuss the behavior of the effective time te, which is a

factor in determining the rate of particle heating In the mirror field.
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A graph of Ai(x), given in Fig. 2 is useful for this purpose. We dis-

tinguish three different forms of particle-field interaction, depending

M)

on the location of the turning point with respect to the point of reso-

nance. For Az > 0, the particle passes through exact resonance at z = 0,

turns at z = Az, and then again passes through resonance. It is con-

ZR° From
2 _ 2,2

(12), VR = 2a0Az, so that x = rsz/YLR in (20). There are two cases

venient to introduce the parallel velocity at exact resonance, v

to consider, depending on the magnitude of x. Before the microwave heat-
ing field is applied, we expect that most of the particles trapped in the
mirror which also pass through the position of exact resonance have ViR >
P-lij; ie, |x| > 1. This will be true for the usual Maxwellian or mirror

loss cone distributions. For x < - 1, we can expand the Airy function

in an asymptotic series to obtain

£ = o2n /2 (—zw—)l/z]sin(g 32 4 %)| . (22)

e av o
The oscillation in te as x varies (see also Fig. 2) is the beating which
results from the two successive passes through resonance for the para-
bolic orbit given by (12). If we had considered a single pass through
resonance, this oscillation would not be present. The result in (22),
taking the peaks of the oscillation, agrees with that of KUCKES (19684),
who calculated the energy gain of an electron in a linear magnetic field,

for a single pass through

assuming a constant parallel velocity VoR® ‘

resonance. In this case, as (22) shows, we expect a particle with low
velocity along the field lines to gain more energy than a higher velocity

particle, since it spends more time in resonance.

i

-16-



If the particle continues to gain perpendicular energy, v,g Te-

maining constant, it turns closer and closer to the position of exact
resonance. The detailed motion depends on the existence and

location of an absolute velocity barrier, possible particle losses,
parallel vélocity diffusion of particles, etc. If these processes do
not limit the perpendicular energy gain, we eventually obtain the con-
dition YfR 2T viR for a large group of particles; ie, |x| < 1. (There
is also a small group of particles for which YfR 2T viR initially.)

In this case, Fig. 2 shows that Ai(x) = A(0) = .355, so that

t, 7107 Lr, (23)

We now find that te is independent of VR Substituting for I' from

(21), we find that te is inversely proportional to Yf£3; ie, the higher
the particle's transverse energy, the less efficiently it is heated.

If ViR continues to increase, then the assumption that VR is a
constant is not fulfilled and the uVB force within the resonance region
may result in the particle turning before the point of exact resonance
(Az < 0). There is also another small group of particles for which this
is true when the microwave heating field is first applied. From the form
of Ai(x) for positive x, we see that the heating falls off rapidly as
|Az| increases for this case. Expanding the Airy function for large

positive argument, we find

t = .565w-lP x—l/4exp(—-% x2/3)

. : (24)

where x = FaIAz] 2 1; the heating falls off exponentially as lAzl in-

creases.

-17~-



We estimate the effective width w of the heating zone for the limit

(22) of deep penetration as w » v__t . For turning near the point of

zZR e
resonance, from (23) and (24), we estimate w > Az wheh x = 1; ie, w » 3
-1 -1
I' 7a 7. 1In both cases, making use of the inequalities (19), we find
that ]

aw < < 13 (25)

namely, the width w of the zone is much smaller than the scale length

a_l of the dc field variation. We also note that in all cases,

wte >> 13 (26)

ie, the particle makes many cyclotron gyrations in the resonance region.

In view of (25), we can choose the integration time T in (15) such that

te < <T<<T 27)

b’
where T is the time between collisions with the resonant zone. The
inequality (27) insures that the replacement T + « in (19) is valid.

The scaling of T, and te can be tested numerically from the exact

b
equations of motion. We consider typical energy trajectories of particles
in the stochastic region as shown in Fig. la. The time Tb between suc-
cessive crossings of the midplane and the time té spent in the resonant
zone, defined by a phase shift of 7 between the rf and cyclotron phases,
are determined numerically. We note that té is closely related to the o

effective time spent in resonance te. Measuring Tb and té over a wide

range of energy, the results are given in Fig. 3. These results are

-18-
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found to agree well with proportionality (6) for Ty and to the proportion-
ality (23) for t, applicable to particles turning within the resonance
zone. We also justify the assumption that VR = constant for successive
resonance crossings from the numerical data. In Fig. 4, le/c (triangles)
and sz/c (crosses), the values at resonance crossing, are plotted for two
particles with different initial conditions. The parallel velocity is
seen to remain relatively constant, while the perpendicular velocity may
increase ﬁo a large value. For particle 1 there was a slow increase in
parallel energy at resonance, while for particle 2 (encircled points), the
parallel velocity decreased slightly and failed to reach exact resonance
on the last three passes. In both cases, the perpendicular velocity changes
included a random phase governing the acceleration, but particle 1, by

chance, gained energy nearly continuously.

3. HAMILTONIAN APPROXIMATION
A. Basic Equaﬁions

In the absence of the electromagnetic fields, the particle motion
can be approximately transformed to action-angle variables such that the
motion in each of the three degrees of freedom (cyclotron, longitudinal,
drift) can be considered separately (LACINA, 1963). SEIDL (1964) ex-
tended the treatment to include the rf field as a perturbation and demon-
strated that for sufficiently small rf fields, new invariants of the
motion exist which prevent particle heating. In this section, Seidl's
treatment is extended to larger fields. For this situation, the in-
variants may not exist, in which case the particles may gain energy.

The important result is the calculation of a transition energy between

-19-



adiabatic and nonadiabatic behavior, which predicts an energy barrier,
as a function of applied field, beyond which particles cease to be
heated. -

We calculate the transition from adiabatic to nonédiabatic behavior

W9

using the method of resonance modification of invariants of JAEGER and
LICHTENBERG (1971) and following Seidl's treatment of cyclotron heating.
We usé orthogonal coordinates as shown schematically in Fig. 5. All
lengths are normalized to %, the half-length between mirror points. The
magnetic field B is assumed parabolic, B/Bo =1 + anz, where a = 2,2/L2
and n = z/%. Following Seidl, we designate action variables for the

1’ P2 and P3 respectively.

The corresponding angle variables are Vs Wy and LT P3 is equivalent

Larmor, azimuthal, and longitudinal motions, P

to the longitudinal action integral

=1
P3 = 2 § Pn dn (28)
and W, is the phase of the longitudinal oscillation so that n = n, sin Was
where o is the maximum longitudinal penetration, which can be shown

1/2 1/2

P3/P1 . Similarly, w, is the phase angle for the

2 _
to be n, = (2/a) 2

azimuthal drift of the guiding center and P, is proportional to the flux

2
through the drift orbit. The angle Wy is related to the Larmor angle Ql

by the relation

I S
Q1 =w 4 Pl sin 2w (29)

such that the longitudinal variation of the Larmor motion has been sub-

tracted out to make v; = &1 the average value of the Larmor frequency

-20~-



over a longitudinal bounce, rather than the instantaneous value. In the
midplane where w3 =0, Pl is proportional to the magnetic moment u =
R&/B. Hence Pl is proportional to the perpendicular energy WLo in the
midplane. In terms of Pl’ Pos P3, Wis Wy, and Wq, an expansion in powers

of P2 yields

2
F3 Fs
Fo = %1 [Yo(Pz) P @) Tt ) (i | GO
P P
1 1
where 0, is the Larmor frequency at the midplane,
3 1,22
YO(PZ) =1 - aP2 5 @ P2
1/2 2_2
= ) -
Yl(Pz) (2a) i+ aP2 3a P2 +..0)
- 2 - 22 2 0o .
yz(Pz) = 10 a P2(1 4aP2 + 5 @ P2 + )

and P1 and P2 are related to the particle energy in the midplane by

2.2
WLo = mwoL YO(PZ)Pl
(31)

~ 22 1/2 2]
zo = WL [Yl(Pz)P3P1 + ¥y (Py)Py

=
|

We note that (30) is independent of Wiy Wys Wa, and time t, so that Pl’
P2’ P3, and HO are constants of the motion.

If we add to the system a radio frequency electric field propagating

parallel to the magnetlc field; this rf field can be treated as a per-

-21~



turbation on the original Hamiltonian H, so that

0
H= HO(Pl’PZ’PB) e Hl (wl,w3,Pl,P3,wt) (32)
where
H1 = Pilz cos(w1 - %ﬂzf sin 2w3) cos(kan sin 2w3)sin wt (33)
and
e= V2 wgoL | (34)

and w, E and k are the frequency, amplitude, and wave number of the
electric field.

The dependence of the Hamiltonian on the time can be removed by

transforming to a new phase variable wi =w) - wt + Nug, where N is the

number of 27 phase slippages per complete period of longitudinal oscil-

The angle Wy is slowly varying with respect to wt, so we |

lation (2Tb).
can then average over wt. The procedure employs the method of averaging,
as developed by BOGOLIUBOV apd MITROPOLSKY (1961). Although the limits of
validity of the method have not been established, recent work of JAEGER
and LICHTENBERG (1971) indicates that the method works provided the
period 2n/w is at least a factor of five shorter than any other periodi-
city in the system. A canonical transformation to the new phase variable,
using -the generating function

F, = (w

- ] ] t
2 wt + Nw3)P1 + w.P! + w P!> (35)

1 22 33
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and performing the average, yields

: - - 1/2 t ] 2
(B) = [(yo wlw )P, + v, B 2@+ MR+ v, () + WR))
36
EwoPi/Z (36)
+ — sin(wi - o sin 2w3)cos(ﬁ sin 2w3),

where a = %-P3/P1 and B = kan. The primes have been omitted from all

variables that are unchanged; Hamilton's equations can then be inte-
grated numerically in time to obtain the particle trajectory, with the
time scale for integration being on the order of a fraction of the bounce
period, rather than a fraction of the cyclotron period. The procedure
used by SEIDL (1964) to reduce the motion to quadratures is to assume
that LAY is rapidly varying with respect to wi and perform a second aver-
aging. Resonances between harmonics of the slower oscillation and the
fundamental of the bounce oscillation can locally distort the phase

space, either modifying the existing invariants of the motion or de-

stroying them altogether. We shall consider these topics in detail

shortly.
An alternative to averaging over w3 is to choose a fixed LA and
examine the phase plane at successive crossings of w3 = Const. This

technique is useful for numerically determining the existence of in-
variants. Here, we reverse the procedure, assuming adiabatic invari-

I |
1M1

giving answers very similar to the values obtained after averaging. We

ance, and demonstrate that we can plot P in a surface of section,

start from (36), substitute appropriate constants for (H)wt 274 chose

LA at resonance (sin 2w3 = (-—1)n for the unperturbed system). With
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these substitutions, (36) becomes

P1/2
1/2 W 1 n
Pl + (Pl) (P3 - NPl) - o P1 + € 2 cos(kan(-l) )
37
(P, - NP.)
x sin (w' S SN (-l)n = Const.
1 4 Pl

Provided P3 is a constant of the motion, (37) will trace out a unique
trajectory in the P1 - wi phase plane, representing a mapping of the
curve of constant Hamiltonian into itself. This mapping can also be

constructed directly from Hamilton's equations without requiring P3 to

'

1

However, the Hamiltonian nature of (36) insures that the mapping is

be a constant. In this case, no simple P1 - w! phase curves may exist.

area-preserving.

B. Results for Average over Bounce Oscillation
We consider the case of exact average resonance (wi =w, - wt) as
treated by Seidl. Expanding the perturbation Hl in a Fourier series,

keeping only the slowly varying term,

1/2

- P > -iw! iw!
- — _ 1 _yn 1
By =771 Z ( z 92m(8) 91‘1—2111(“))( e T+ (le
-i(w! + 2wt) i(w! + 2wt)|> i2nw
+ e 1 - ¢nte 1 ) e 3’

where 69 is a Bessel function of order shown.
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o

Averaging over w3 and wt, the total averaged Hamiltonian is

T - _ 1/2 2
H wo[‘yo w/mo)Pl + \e1 Pl P3 +’y2P3]

(39)

P1/2

1 ]
+ € w, 3 f(Pl,P3)sin Wy

where

Ee ) @ Jpp(®-

m==
Since H is independent of Was the lowest order adiabatic invariant is

P3 ~ constant. (40)

This is the main conclusion of Seidl's work. We note that the range of
validity of the averaging is considerably more restricted here than in
Section 3A, as the average is not only over the fastest variable with

frequency w but also over the slower longitudinal variable with bounce
frequency Wae We check the accuracy of the average over w3, by compar-

ing the slow P., w! oscillation from (39) (Fig. 6a), with numerical in-

1’ "1

tegration from (36) before the average over W, but after the average
over wt (Fig. 6b). The numbers in Fig. 6b represent successive cross-
ings of a plane of section in Was

sin 2w3 = 1.0. (41)
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There are approximately six longitudinal bounces for each oscillation in
the perpendicular energy Pl, the particle crossing a resonance twice
during each longitudinal period. The slight scatter in the points plotted

is due to inaccuracies in satisfying (41) exactly. The relatively smooth

curves traced out in the P1 - wi phase plane indicate the existence of an
adiabatic invariant which in this case we know is P3 to lowest order. The
values of P_, averaged over a longitudinal bounce are plotted in Fig. 7

3

for one of the phase loops of Fig. 6b, and we see that P, is approximately

3
constant and equal to its initial value of 4 x 10—4. As a further check
on the theory, we have integrated the exact equations of motion (1) and
(2) numerically for parameters corresponding to Fig. 6b. The good agree-
ment between the phase space plot of the exact numerical calculation in
Fig. 6c with the Hamiltonian result in Fig. 6b indicates that the Hamil-
tonian approximation is valid. The agreement between Figs. 6a and 6b,
which shows that the average over the bounce is valid, holds for the

very low value of € (field perturbation) chosen, for which the energy

gain per pass through resonance is very small compared to the total energy
of the particle. Since the particle energy is proportional to Pl’ we see
that the energy oscillates and continuous heating does not take place.

In the next sections, we examine the case for somewhat larger value of

€ in which the bounce average is not valid, and determine a criterion

for the validity of the averaging.

C. Second Order Resonances and Invariant Destruction
In Figs. 8a, b and c, we plot trajectories similar to Figs. 6a, b

and ¢, except that the value of ¢ has been increased sufficiently for a
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chain of islands to appear surrounding the closed phase orbits, indicating

a significant bounce-energy resonance. We include the exact numerical cal-
culation in Fig. 8c, for the island chain only, to demonstrate that islands
can be observed in the absence of any approximations, although the islands
may not be stable over long times. A plot of P3 averaged over the longitudi-
nal oscillation for the island trajectory is shown in Fig. 9. ‘P3 oscil-
lates with the period of the island oscillation as is shown by the number-
ing of the points. Points 11-16 lie on the inside of the islands in Fig.

6b and hence enclose a small area inside their phase loop. We see from

Fig. 9 that these same points have relatively low values of P On the

3°
other hand, points.21-26 lie on the outside of the islands enclosing a
larger area inside their phase orbit, and we see from Fig. 9 that these
points have relatively high values of P3.

To explain the behavior exhibited in these figures, it is necessary
to treat the higher order resonance in the system which in this case is
the bounce-energy resonance. We transform to the action-angle variables
of the Pl oscillation; i.e., solve the Hamilton-Jacobi equation

H(3S/dw], wi,P,,Pa) = H(I;,P,,R,), (42)

where s(wi,Jl)-is the partial generating function to transform to action-

angles Jl,e As in Section 3A, we expand the average Hamiltonian, ﬁ;

lo

about the elliptic singular point '15:, ;i- . The average part of the

Hamiltonian in action-angle variables is then of the form

=0 {lvg(®y) - ofu ] 7] + v, (@) Fi/z

2
R PSP
2
+ @y - B @I = A0y NP “3)
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where Qo is the lowest order energy oscillation frequency, A =

3/2 « 1/2 .
1) € , and we have written J2 and J3 as P2 and P3

respectively, since these variables are unchanged by the transformation.

21,82/ (2%
F, R, QO and M are functions of P3 resulting from the expansion which are
derived in Appendix 1. The varying part of the Hamiltonian can be Fourier

analyzed as

=1/2 .
P _
i o= - —_Z Z sn(pl,P3)[(-1)" + (1Y 32[(2J1/R)1/ 2]exp(izel + 21nw,)

2,n

n#0 44)

where

Sn(Fl’PB) - Z JZm(E) gn-Zm(E)

m=-—c

and o and B are defined as in (38) except with Fi replacing Pl' The

total Hamiltonian is

H = H(J ,P,,P,) - euy H, (3),,,P5,0,,v,) (45)
where H and # are given by (43) and (44) respectively.
If we now define the unperturbed frequencies:
GS(JI’PZ’PB) = QE/3P3 = longitudinal bounce frequency (46)
'ﬁ(Jl,Pz,P3) = Bﬁ]BJl = energy oscillation frequency, 47

we see from the exponential argument in (44) that there can be resonances
in (45) of the formlcéfﬁ = %-r/s. These resonances will introduce secu-

larities in the time rate of change of the simple adiabatic invariant P3.

-28-
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The resonances only occur for certain values of Jl and P3 which in general

may vary due to the secularities. As we see in Fig. 8b, islands form

around elliptic singularities in the Jl,el plane. Hence we can transform

to coordinates (51,G2,§ §3) in which §1 is the difference phase

3’31 ’fz’
ZSW3 + rel, which is slowly varying near the elliptic singularity. The

required generating function is

+ rel)J1 + w. P, + w P

Fy = (2sw Py * WiPss

3 (48)

which defines the transformation to the hat variables in the rotating

frame,

0, = 8F2/8J1 = 28w3 + rel Jl = 3F2/361 = r:il
w, = 8F2/3P2 =, P, = 8F2/8w2 =P, (49)
Wy = 8F2/3P3 = v, P3 = 3F2/3w3 = P3 + 2le.

Writing the perturbation (44) in terms of the hat variables and averaging

over W3, we get

- 51/2
= - ;}Sn@r?s + 28310 + D™ Y, 1e2rd, R Pexplaeé /21,
n#0
nr-2s=0 (50)

The double bar average corresponds to keeping just the most slowly varying
terms which, for the ;5/5 = %-r/s resonance, are the 2 = jr and n = js
terms where j runs over all positive integers.

The total average Hamiltonian taking into account the bounce-energy

-29-



resonance can now be written as

1/2

H = u [0y, - u/w )P, + Y B AR, + 283) + v, BB, + 2s31)2]

A A OAA -~ 2"" A A
+ F(P3,J1) -8 (PB,Jl)rJl[l-l (P3,J1)M(P3,Jl)] (51)

51/2 =
P . o
+ew, 5 D5, G IEDT + (D) ) red /M cos 8,
31

where all quantities are derived in the appendix. Since H is independent

of §3, the correct adiabatic invariant for the island case is

P3 = P3 - 2sJ1/r = constant, 7 (52)

which reduces to the invariant P3 for a very high order resonance, r > > s.

Since H in (51) is independent of time, we can use H = constant together

with P3 = constant to plot 31 versus @1 for various values of ﬁ. Rather

than do this directly, we see from (52) that if J_ oscillates, then P

1 3’
the adiabatic invariant without resonances, must also oscillate. This
explains the sychronized oscillation between P3 and Jl observed in com-

paring Figs. 8b and 9. We plot the oscillation in P3, él for the five
island resonance aé-solid lines in Fig. 10. The inner bold curve corres-
ponds to the initial conditions of the five island trajectory in Fig. 8b.
On the right hand axis we give the ratio v3/9. The oscillation centers
about an average bounce-energy resonance number of v3/Q = 2.5, as does
the five island trajectory in the numerical integration. At the extremes

of the oscillation, the ratio v3/9 never moves very far from 2.5, going

to 2.54 at the top of the phase loop and 2.46 at the bottom, thus justi-
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fying the fundamental assumption for keeping only the most slowly vary-
ing terms, that the system should remain close to a particular bounce-
energy resonance.

In the numerical integrations of Fig. 8b, we also find relatively
smooth phase loops near the elliptic singular point and ergodic tra-

~

jectories beyond the islands. By plotting P3, 61 phase diagrams for
these other types of behavior, we can distinguish the physical mechanism
that differentiates among them. The most slowly varying term for the
islands (v3/9 = 2.5) had 2=5, n=1 in the sum (44), plus higher harmonics.
Taking r=7 and s=1 leads to the much smaller oscillation about v3/9 =
3.5 shown as the family of dot-dashed curves at the top of Fig. 10.
Also, r=3, s=1 contributes the drifting oscillations shown as dashed
lines. (The integral resonances v3/Q =rf2s = 1,2,3, .... lead only

to extremely small oscillations in the adiabatic invariant P3, and are
not considered). The bold dot-dashed and dashed drifting curves in

Fig. 10 correspond to the 9/2 and 3/2 resonances, respectively, for the

island oscillation of Fig. 8b. 1In the remaining discussion, we focus

the discussion solely on the bold curves, corresponding to the initial

conditions of Fig. 8b. Close to the 2.5 resonance, the drifting curves
of Fig. 10 average nearly to zero over an island oscillation. To see
this, we recall that the nonresonant terms average exactly to zero when
the system is right at the 2.5 resonance due to the orthogonality of the
exponentials making up the Fourier series (44). If the system is not
exactly at resonance, the nonresonant terms do contribute, but in the
approximation of a symmetric oscillation about resonance, the contri-

butions above and below resonance cancel. The assumption of symmetry
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around the resonance is valid in the linear region close to the island
singularity, so that the total nonresonant contribution averages nearly
to zero over the island oscillation. Thus the double bar average (51)
with r = 5 and s = 1 is a reasonable approximation for the island
trajectory in Fig. 8b. \

For the ergodic trajectory in Fig. 8b, shown as uncoﬁnected numbers,
the nonresonant terms do not average to zero since the system is not
close enough to the 2.5 resonance. The random trajectory, being a combi-
nation of the bold curves in Fig. 11, lies between the 2.5 and 3.5 reso-
nances, and is not close enough to either resonance to justify keeping
only one term in the sum. Furthermore, P3 cannot remain constant in
this case because of the large variations introduced by the r/2s = 3/2
term. This term will also be rapidly varying with respect to the natural
bouncé-energy frequency of the system which is approximately 2.72; the
net result is a random mixing of the three rapidly varying terms r/2s =
3/2, 5/2, and 7/2, leading to the ergodic behavior observed.

If we plot P 61 phase diagrams for one of the relatively well

3°
behaved phase loops near the elliptic singularity of Fig. 8b, we find
that although there is no single dominant slowly varying term, none of
the terms introduces significant variation in P3, as seen in Fig. 12.
This result is to be expected, as the strength of the near resonant
harmonic terms is proportional to Bessel functions depending on Jilz.
The amplitudes of the harmonics decrease rapidly with decreasing action
Jl.
If we compare the amplitude of the oscillation in P3 as shown by

Fig. 9 to the amplitude of the 2.5 island oscillation given by the bold

-32-
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curve in Fig. 10, we see that the observed variation in P3 is a factor
of 2 to 3 times larger than the value predicted by removing the higher
order resonance. An underestimation of the variation of P3 is to be
expected, since we have overestimated the nonlinearity by expanding the
average Hamiltonian to only fourth order in AP and Aw. The next term
would be of opposite sign, thus reducing the nonlinearity and making the
amplitude of the predicted island oscillations larger. We note, how-
ever, that even if the phase loops in Fig. 10 were 2 to 3 times larger
in amplitude, the variation in P3 would still be only 1/5 to 1/3 of

that necessary for marginal overlap between the 2.5 and 3.5 resonances,
The actual overlap of neighboring island oscillations is not necessary
for breakdown to occur. Rather, it is only necessary that the islands
be close enough that a phase orbit between the two resonances is affected

significantly by both terms, as is the case in Fig. 1l.

D. Limits of Stochastic Acceleration

In the previous subsection, we have explored the condition for the
breakdown of the invariants of the motion. This condition is, in fact,
complementary to the limit of stochastic acceleration, for it is the
existence of invariants that create curves of constant Hamiltonian which
bound the stochastic orbits. We now proceed to obtain simple approximate
criteria for the limits of stochastic behavior.

The results of the previous subsection indicate that breakup occurs
when the width of the second order resonances is approximately equal to
1/3 the resonance separation. Calculations performed on other systems
give similar results (JAEGER and LICHTENBERG, 1971). This criterion can

be written
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=1
2al “nax =3 (53)

where Q is the frequency of the first order resonance at which the rth

harmonic resonates with twice the bounce frequency, and jmax is the
island amplitude (half the island width). We can simplify H in (51) to

obtain to lowest order in € and in the nonlinearity

H=Q.J 2_22,32 + € 6(J)cos 6 = const., (54)
0 2 =
9J
where
= _r s1/2 { —,o\1/2
5@ = Fu %, Jr[(ZJ/R) 1. (55)
It follows that
max o
—
aJ
such. that (53) becomes
-1 _ _.1/2
Q" [e r6(@)o0/o3] = 1/12 . (57)

Substituting for all values from Appendix 1, keeping only lowest order
terms in €, setting S1 = 1, and Cgr[Zj/R] = 1/r! (an over estimation),

(57) simplifies to

3 /ey 2 2. (58)

On the left, we have 1.9 for r = 5 and .95 for r = 6. This result is in

good agreement with the observed relatively unstable island formation for
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r = 5. Similar calculations on other multidimensional systems also in-
dicate that the invariants cease to exist for second order resonance
numbers of approximately this value.

Although the equations in Section 3B describe the case of exact
average resonance (N = 0), closely analogous results hold for the more
general case in which there are 2N additional 27 phase slippages within
each bounce. Here we briefly consider this more general case to demon-
strate the similarity in the criterion for invariance breakdown and the
stochastic acceleration limit; and to derive some simple formulae from
which the adiabatic orbits and the stochasticity limit can be calculated.

From (36), with € = 0, we obtaih the unperturbed resonance condition
o H )wt/BP1 = 0; namely,

/2

1 1
w, = + mo(a/ZPl) P3 + Nwo(ZaPl)

/2 2o, (59)

from which we can obtain P3 as a function of Pl at resonance. The un-

perturbed bounce frequency vy and the linearized energy oscillation
frequency 90 can also be found from (36). Differentiating (36) with

respect to P3 with € = 0, we obtain

1/2
v, = wo(ZaPl) . (60)

3

To obtain 90 we first pick out the resonant term in (36), obtained as in

(39):

- 1/2
(Hl )w = moPl

- '
, fn(Pl,P3)sin Wy (61)
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where

= (o n:E:
fn - ( 1) 9n_2m(a) zm(B)°
m
The dominant term in fn is generally m = 0, which gives
n 9 (1 F3
£ = (1) n ;;f'; (62)

In the linear approximation, we can calculate the frequency of adiabatic

orbits from QO = (FG)1/2 (LICHTENBERG, 1969), where F = Bzﬂlawi and G =
82H/8Pi are the lowest order terms of the linearized Hamiltonian. We
find
% [| P3 1/2!]1/2
90=2—[3f(§—1--3n (2a) . (63)

Similarly, the elliptic phase space trajectory is given by

0, = @627 - $DH? (64)
where, in lowest order
3 1/2
2¢ P £
1/2 1'n
R | e “
F_ + 6N
1

and ¢1 is the phase at which Pi= Fl (AP1 = 0).
We now use (63) to obtain an approximate overlap criterion, with the

results equivalent to those for the case of exact average resonance (N = 0).

Numerical calculations for the case of 27N slippage, although not as ex-
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tensive as those carried out for N = 0, indicate that the adiabatic orbits
are destroyed at a low order resonance between the bounce motion and the

energy oscillation, of the form

va/9y = /2, (66)

where r is an.integer between 4 and 6. Because of symmetry considerations
the even harmonic interactions are considerably weaker than the odd har-
monics (LICHTENBERG and JAEGER, 1970) and we consider that r = 5 at the
breakdown of adiabaticity.

We first compare this result for the value of the gf field necessary

to obtain stochasticity with the numerical calculation of Fig. 8b. Substi-

tuting (60) and (63) into (66), with N = 0, and setting £ ;-%, we obtain

€ = (8/1)2 Fi/ry (67)

which, for the numerical values of the five island case of Fig. 8b, gives
an € = 6.5 x 10-5, which is in reasonable agreement with the € = 4.7 x 10“5
used in the five island calculation. If a somewhat smaller value of €
were used in the calculation, the five islands would appear closer to

the elliptic singular p;int, corresponding more closely to the linear
frequency used in the calculation of QO and thus giving better agreement.
However, in this case, the Bessel function approximation leading to (58)

would be a greater over estimation, and we would find that island overlap

would not occur.
We can get a feeling for the magnitudes involved in the stochasticity
criterion by substituting into (67) the physical parameters. The normal-

ized action integrals are related to the physical parameters by (31) and
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> s —.l'. 2 =l’- 2
the additional relations P 3 (rLO/L) and P, 3 (rgO/L) , where T

and rgo are the Larmor and guiding center radii measured at the midplane.
A set of nonrelativistic parameters corresponding to Fig. 6 are A =
2 3

, vzo/c =3.7x10 7, rgo = 2.cm, r, =

30 cm, L = 6 cm, vlolc = 1.8 x 10 Lo

8,5 x 102

cm, By = .36 KG, and E = 4.5 V/em. This is a weak electric
field case which has also been scaled to low velocities. The breakup
of the invariant curves, corresponding to Fig. 8, is for a field 5 times
as large.

Returning to the more general case of 27N phase slippages per bounce,

we can obtain a condition analogous to (67) for the stochastic boundary.

Combining the unperturbed resonance condition (59) with the assumption

- 1/2 - -
that n___ =n_, then wlwq_- 1= 2N(2aPl) » and we find that P, ZNPl. Sub
stituting this result into (63), (66) yields for the stochasticity
condition

2.2
€ = 2(8/r) Pl/P3 (68)

We note that (68) differs from (67) by a factor of two, because exact
resonance is a special case that must be treated separately. However,
since P3 is considerably larger for N # O than for N = 0, (68) gives
values of € smaller at the stochastic barrier.

To obtain a physical feeling for the barrier conditions, and to
facilitate calculations, we reintroduce the physical parameters from

(31) and (34), to obtain

2t
eEL > \/A;(g) ;i- W (69)
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where L ZNTb is the period for the gyration phase to slip through 2w

radians with respect to the field in a half-bounce time Tb. T 1is related
s

to the gyration period by a small numerical factor, which for the parabolic

well is

2,2
Ty = ToL /27, (70)

where Teo is the cyclotron period at the bottom of the well and the
resonant points are at z = + 2. Therefore, except for a factor of order
unity, the energy gain over the scale length of the system L must be
greater than the particle energy by the ratio of the cyclotron period

to the bounce period for the particle to be stochasticly heated. Although

slightly less physical, a more practical form of (69) is given by solving

for the energy in terms of the field. Substituting for Ty from (6), we
obtain

Wp < 1.15(&/18)2/3 eEL, (71)

where t is a field dependent time given by

2 1/2
~ m %
t = [;1: L(l + 7)] . (72)
L

To illustrate these results with a practical example, we take the
parameters of an electron cyclotron heating experiment previously re-

ported (LICHTENBERG et al, 1969), for which Teo = 10-10 sec, L = 15 cm,

22712 = .25 and E = 10°

volts/cm (200 kw pulse transmitted into a 10 cm
diameter chamber). Then Ty = ATco from (70), t = 8.5 Ty from (72), and
from (71), we obtain the criterion for stochasticity that WJR < 70 keV.

This is well above the actual heating of ~ 10 keV measured experimentally.
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However, for weaker fields or longer heating pulses (a 0.25 usec pulse
was used in the experiment) the heating limit can easily be réached.

We shall show in Section 3 of II that the experimental heating can,
be predicted very accurately from a stochastic theory. In Section 2 of
II, the criterion for stochasticity (71) derived from the Hamiltonian
theory is compared with a similar criterion obtained from an impulsive
treatment of the rf field, and both criteria are compared with the re-
sults of exact numerical calculations. Anticipating this comparison,
we find good agreement (within 307%) among the Hamiltonian, impulse and

exact numerical calculatioms.

4. CONCLUSION

In conclusion, we have shown that the effective time a particle
spends in resonance per bounce te for particles turning in the resonant
zone is, from (23), te « Yi§/3, where Vir is the transverse velocity at
resonance. Numerically we have found that if the energy gain per pass
through resonancé is comparable to the initial particle energy, then the
particle will turn in the resonance zone after the first or the first few
bounces. Any theory of stochastic heating will therefore have to incor-
éorate the te o YE§/3 law, and we do so in II, Section 3.

Using Hamiltonian theory we have shown that sufficient invariants
may exist at high energy to create an energy barrier for a given field,
beyond which stochastic heating cannot be maintained. The mechanism by
which the invariants are destroyed is a resonance between the fifth har-
monic of the slow energy oscillation and the half-bounce period. By

examining the energy oscillation in the adiabatic approximation, the

fifth harmonic resonance can easily be found, for a parabolic magnetic
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well, in terms of the system parameters. For exact average resonance,

we have shown that the result agrees well with exact numerical calcula-

g

tions. For the more general case of phase slippage, a relation between
a given field strength and the limiting energy for which stochastic

heatiﬁg can be maintained is given in (71) and (72). 1In II, Section 2,
these results will be shown to agree well with an impulse approximation

and with an exact numerical integration of the equations of motionm.
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APPENDIX 1.

In this appendix, we expand the average Hamiltonian (39) about its
elliptic singularity and use second order perturbation theory to trans- »

form to action-angle variables. Repeating (39),

- 1/2 2
H= w, [(YO - m/mo)Pl + Y1 Pl P3 + Y2P3]

1 1/2

—_— L
+ 2 ewo,Pl f(Pl,P3)sin vy (Al)
we write Hamilton's equations
. oH 1 =1/2 '
=22 - _ = P A
Pl awi 5 €0 Pl f( 1,P3)cos vy (A2)
.y _ OH _ _ 113
Y1 <% “’o{(yo wloy) + 537,
1 P
1
1 1/2 36 1 £ .
+ 2 ewo(Pl P + 2 172 )sin W) - (A3)
1 P1

For the elliptic singularity Fi, al,using (A2) and (A3), we obtain

b o
Y172 (44) .
-2 Y,P £(P.,P,)
ol - =17z |(o ~ wlu) * 1—i/z -—= (45) )
1 Pl € P1 2 Pl 2P1

-4t



where (A5) must be solved numerically for P.. We expand the functions

1
f(Pl,P3),‘§i/2, and sin wi about ?i, ;1. Defining

AP =P -P
(A6)

Aw = w, - w
we obtain

= _ _ = =1/2 2
H=uw [('YO ‘”/“’o)Pl + v.Py P3 + y2P3J + F(P3)

2 2 3 2 4
- P)~ (aw) (AP) AP (Aw) (AP)
G(R,) =5 F(P) 53— + A(R;) ~=5— + B(P,) 3+ 1By =

2, 2 4
+D(2,) —(—“1)—1;1‘33’1— + E@,) i‘l‘;iL (A7)

where
1 =1/2_ =
F = 2 wo Pl f(Pl,P3)

1/2 = _
o €P 3y1P3/€ + 3f(Pl,P3)/2 Z(YO w/wo) 2

o1 9 f
G = +
2 =2 =3/2 2|
2P1 € Pl aPl P
1
w € 3Y1P3/e + 3f(P1,P3)/2 — 33 3 52¢
A= + P, —= + 2 ==
wpi/? 252 Lap3 |- 2 52l
1 1 1 1|P 1{p
1 1
L3 (’YO - w/wo)
2 833/2



=1/2
) w € P1 3(Y0 w/wo) . 3Y1P3

B—-
2 -— -—
€ Pl 2 € P1
L. -3wo 3 3y1P3/€ + 3f(P1,P3)/2 . 4(70 - w/wo) . 2.32f
=372 — =372 3 2|
16P1 2P1 3¢ P1 3P1 Pl
_§f; 33f _ﬁi;284f
971 53 T 9T Al
1 P1 1 P1
w ePM2 [oy B re+ 3@, ,P0/2 20y - wlw ) .2
b oo 1 13 17377 o) 3%
- 2 =2 =3/2 2
ZPl € Pl 8Pl P
1
L% E@Py)
2 6

Since the first two terms on the left of (A7) do not depend on the vari-
ables Pl’ wi, they can be combined with H in determining the AP - Aw

motion with P2 and P3 constant. The Hamilton-Jacobi equation for Hamil-

tonian (A7) becomes

2 2 3 2 4
-0 R - r )y fp LB 4y pRRUN 1 UD)

2, 2 4
+ D(P3)£A—P—)—é£‘1)— + E(P3)LA—Z)— = K(I|,P,,P,)"

(A8)
0 .0

We can now transform to action-angle variables Jl, 01 for the linear

problem using the polar coordinate transformation
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AP = (.ZJQR)]'/2 cos 60
1 1
me = (23R 7 sin 69,
1 1
for which (A8) becomes
= ,0 - ,.0 .0 2—= ,.0 .0, _
Ho(Jl) + GHI(Jl,el) + 68 HZ(Jl’el) = K(JI’PZ’PS)’ (A9)
where
=, 0__ 00
HO(J1 = Q Jl

= .0 .0, _ 0.0 2 3,0, B 0 .20
H (Jl,e ) = A {Q Jl 3(Acos 61 + R2 cos 61 sin Gl{}

0,0, ,23.006G 4.0 , D 2.0 2,0
H2(Jl,61) = A {Q Jl 2(Icos 61 + R2 cos 91 sin 61
+-§Z sinaeg)}
R
1/2
R= (F/G) / . o - (FG)l/z, A= (ZJlR)3/2/290J1

and § is an artificial constant measure of smallness. Using standard

perturbation theory, we solve for the first order generating function

[A(coszeg +2) + % (sinzefl’)] , (A10)

S =-% Jll sin 6
R

1 1
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and the second order change in the energy,

_.0..2
K2 = Q JIA M(P3), (Al11)
where
3 1l GD 3 GE 5 2 1l AB 1 B2
MEP =TTt 2t e atwt Yz 2t g

The average Hamiltonian H in action-angle variables Jl,el, valid to 12,

is

- i P, 2
H(I, P, P, = o [(yo wlw YB, + v,Fy Py + Y2P3]-+ F(2,)
- %5, %, (A12)

and the frequency of the energy oscillation, él’ is

1 N

5 = JE _ _ 0 2 : '
8, = - 2" (Py) [1 2) (Jl,P3)M(P3)] (A13)

The nonlinearity in the energy oscillation prevents a secular increase

in the action. The second order term in S(Jl,eg) is

3, . D 20,1
+ 2) + R2 (-cos 61 + 2)

_ 2]G 0 0 2.0
82 = Jlx {.8 sin 61 cos 61 [I(cos el

+-E— (-sin260 --2)] +'2-sin 90 cos 60 [AZC% c03460

R4 1 2 3 1 1 1
5 20,5 AB 1 20 2.0
+ 2% Cos 61 + 15) + > (3 cos 61 sin el

R

48—

®



&

2 .
1 2,0 1 B 1 . 40 1 . 2,0 1
- 7 cos 61 + 8) + 3& (6 sin 61 - 3 sin 91 16 ]j}? (A1)

from which we obtain the transformation from variables AP, Aw to action-
angle variables Jl’ 61 correct to second order in §. As a check of this
transformation, it can be substituted into (A8) to verify that this

equation is satisfied.
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behavior.
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