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by
Sukhamay Kundu

Electronics Research Laboratory
University of California, Berkeley, Califormia 94720

Abstract. We show that if sequences (di?, (di—k ) are grapﬁical
then there exists a graph G with degrees di which has a factor with k
lines at each vertex.

To every graph G whose vertices are labelled vi, 1 <41i<n, one can

associate the degree sequence (d ) where d degree«of the vertex v,
G is called a representing graph for (di } and the sequence itself is
" called graphical. 'The degree sequence is an invariant of a graph. It is
a ratﬂer 'weak' invariant and there aré almost always more than one graph
with same degree sequence [2]. This 'incompleteness' of degree sequences
allows one to raise many existence problems about representing graphs.
In that regard, the foilcwing conjecture was made‘by A. R. Rao and S. B.
Rao [5] and also by B. Grunbaum.

if (di ) (di—k ) are graphical sequences then there exists a graph
G with degrees (di )whicﬁvhas a factor with k lines at each vertex.

Also a similér conjecture fof digraphs was made by A. R. Rao and

S. B. Rao [5]. We shall prove a generalized version for each of them,

Research sponsored by the Air Force Office of Scientific Research,
Grant AF SRr71-2076



first for graphs and then for digraphs. The ideas involved in the two

cases are very similar.

1. UNDIRECTED GRAPHS.
We shall assume that graphs have no multiple lines and loops. All
graphs are drawn on a fixed set of vertices V ='{vl,v2,",vn}. There-
fore it is convenient to identify a graph G with the subset of unordered

pairs {Cvi,vi)}, where (vi,v ) are lines of G. A sequence (of n inte-

h|

gers) (di: 1<i<n > is called graphical if there exists a graph
G with degree of vy being equal to di for all i. We say that G is a

representing graph of (di )% TFor a given sequence (k,: ‘0 f_ki < di )

4
a subgraph F C G is called a subfactor if F has at most ki lines at v,

Call v, a saturated vertex (with respect to F) if F has exactly ki lines

i
at v, We shall denote by S = S(F) the set of saturated vertices. F is
called a factor if S = V. If»ki =rk, 1<i<n, Fis called a k-factor.
We often consider two graphs G, H simultaneously. To distinguish their
lines ﬁe shall put colqrs on (vi,vj) as follows: 1lines of G (resp. H)
not in H (resp. G)vare colored red (resp. blue), the lines common to G
and H are colored green and all other lines are colored white. We shall
write r ; red, b = blue, g = green, w = white .and c(vi,vj) for the color
of line (vi,vj). A few other notations 1ike r = g=b, g = r+b, w = b-b
etc. will be useful; We shall let Ec(vi) denote the set of lines at
vertex v, with color ¢, ¢ = r,b,g, and Ec = U Ec(vi), union over all vy
Admittedly |Er(vi)| + lEg(vi)l, 'Eb(vi)l + |Eg<vi)| are respectively the

degrees of A in G -and H.. Finally, an alternating path P = (xo,xl),

(xl,xz), (xz,x3),... is a path whose lines are distinct and c(xi,xi+l) =



r or b according as i even or odd .

THEOREM 1.1, Let <di ), (di-ki ) be two graphical sequences such that
for some k > 0, k j_ki < k+l for 1 < i < n. Then there is a graph G with

degree sequence (di > and having a (ki>~factor.

Proof of Theorem 1l.1.

Consider two graph G', H' with degree sequences (d)) , (di-ki}
respectively and the associated coloring of the lines (vi,vj) in white,
red, blue and green. Clearly, IEr(vi)' = IEb(vi)l + ki for all vertex

*
v Let F' E-Er be a (ki?-subfactor; F' is possibly empty. Suppose

i.
that the graphs G, H and a subfactor F are so chosen thatilFl + |Eg|.has
maximum value among all possible choices of G', H', F'. If all vertices

vi are saturated in F we are done. We shall show that it is indeed so.

This is éccomplished in several steps. Let S = S(F) and assume that S # V.

0 ' =t =
17). 1If XXy sXysX, are four distinct vertices such that c(xo,xl) =b =

c(xz,x3), c(xl,xz) = r and (xl,xz) ¢ F then c(xo,xa) = b.

Proof. 1If c(xo,x3) = r or g then changing the colors c(xo,xl), C(XZ’XB)

from b to g = btr, c(xl,xz) to w and C(XO’xB) to c(xo,x - r we increase

3)
IEg] by two or one according as c(xo,x3) =r or g. In the worst case,
when (XO’XS) € F we form the new subfactor F - (xo,x3). In any case,

|F| + IEg] has been increased, a contradiction.’

1f c(xo,x3) = w then change each of (xo,xl), (xz,x3) to a wvhite line

%* ‘ :
All subfactors will be a subset of red lines.



while adding blue to c(xi,xz) and c(xo,x3). The result is an increase
in lEgI without changing F. Thus c(xo,x3) = b. Note that the changes
in colors did not disturb the equations lEr(vi)l +'|Eg(vi)| = qi’
IEb(vi)l + lEg(vi)l =d, -k, 1<1i<n. This will always be the case

in all recolorings.

0 _
271. Let (xo,xl), (xl,xz),.-., (x2t’x2t+1)’ t>1, X, # Xoebl be an

alternating path P which is line disjoint with F and (xo,x2t+1) ¢ P.

Then c(xo,x2t+l) = r,

Proof. Suppose c(xO ) # r. We show as in 10 that by suitable

2Xo e+

recoloring of the lines of P and the line (xo,x ) we can increase

2t+1

lEgl, F remaining unchanged. For example, if c(xo,x = b or g then

2t+l)
change the color of all red lines of P to greem by adding blue to them,
change the color of all blue lines of P to white and c(xo,x2t+l) to

(xgsXppqy) = P 2641

"to white for 0 < 1. <t and c(x

If c(xo,x = w then change it to red, C(XZi’x21+1)

21+1,x21+2) to green for 0 < i <t - 1.

Next, observe that for each virtex v, € V-S§, there are at least

i

1 +-|Eb(vi)| red lines not in F which are incident with A whereas for

v € v )-F| = ' -
vy €8, IEeri)AFI lEb(vi)|' This is straight forward from the defi
nition of S. Also note that a red line with both end points in V-S is
necessarily in F. (Otherwise we can add it to F!) Choose a vertéx %

€ in V-S and a red line (xo,xl) & F; x, € S. There is a blue line, say

1
(xl,xz) and thus a red line (xz,x3) ¢r (x3 is possibly same as xo) and

a blue line (x ) if X, ¢ V-S. One can proceed in this way and get an

3°%4
alternating path (line) disjoint with F and terminating at a vertex in



V-S. Let P = (xo,xl), (xl,xz),..., (x2t,x2t+1),-be an alternating path

with smallest number of lines among all the alternating paths from X,

terminating in V-§ and being disjoint with F. It is shown in appendix 1

that t = 1 or 2; moreover, if t = 2 we have X =%, (see fig. 1). TFor

0 = x3. The

case X, = X, will be taken up in 40 and 50 while 3O deals with the other

t = 2, there are two possibilities: X0 # Xy (fig. 2) and x

cases.

Fig. 1. t = 2. The broken line is.
in F.

Fig. 2. =
g- 2. t=1 and Xq # Xqe

30]. Each of the following gives a contradiction. The alternating path

P has 1) 5 lines, 2) three lines éﬁd %, # Xgqe

Proof. Let us writey = Xy OT X, according as we are in 1) or 2). By 20,
c(xo,y) = r and X5 y being in V-§, (xo,Y) € F. Thus k(y) > 2 (where
k(y) = ki ify= vi) and therefore by the hypothesis of the theorem k(xl)

> 1. Let (xl,u) € F. Note that in the case 2) we can assume that

-



ufys= Xq because ptherwise k(y) is in fact > 3 and thus k(xl) being
at least 2 we can find a vertex v # X5 such that (v,xl) €F. In

case 1) obviously u # y. Let us define F' = F - (%)) - (x,,%4) 5

|[F'] = |F|. Consider the path Q from u to y obtained by replacing
(xo,xl) in P with (u,xl). Since u and y are unsaturated w.r.t. F' and
Q is disjoint from F', by 20; (u,y) € F' and hence (u,y) € F. We can
now say that k(y) > 3 and obtain another vertex u' # u, such that u'

is not incident with any line of P and (u',xi) € F. Repeating the same
argument again and again we obtain k(y) is arbitrarily large which is

certainly impossible.

40]. t =1 and xo = x3. Then there is a blue line at Xg*

Proof. Suppose not. Then k(xo) = IEr(xo)l > 2, and therefore k(xl) > 1.

Obtain a vertex u such that (u,xl) € F. Define, F' = F - (u,xl) + (xo,xl)

as before and consider the path (u,xi), (xl,xz), (xz,xo). But then we

are back in 30 which is just shown not possible.

50]. t=1and Xy = Xge There cannot be a blue line at Xy

Proof. Suppose there/is a blue line at x, = X Say (x3,x4). Consider

3
all possible alternating paths Q from X to some point of V-S which

contains P properly and disjoint with F. This is possible because for

all points v, € 8, at v, there are as many red lines not belonging to

i i
F U P as there are blue lines not in F U P. No such'path Q 'returns'

, _ , %
to the vertex xo tafter' x3. .Let P' = P U PO have smallest number of

*Because it will fmply the existence of an even cycle C disjoint with F
and whose lines are alternately blue and red. But then one can increase
IEgI (|F| remaining fixed) by making the red lines of C white and blue
lines of C green.

!"60—



lines among all Q. We show that Po has two lines only.

By l0 and proper choices of three lines one ¢an show that c(xl,xa)
= c(xz,xa) = b. If‘Po has three or more 1ines let (xs,x4), (xa,xs),
(XS’Xé) be the first three lines. X 5%y 5Xg are all distinct.
c(x4,x5) = r implies, by 20, c(xs,xi) =r, i <i<3. Thus X is

different from x,, 1 <1 < 5. But c(xo,x6) = b (by 10) and hence

i,
(xo,x6) ¢PU P0 implies we can replace the subsequence (x3,x4), Cx4,x5),
,(xs,x6) in PO by (xs,xé) and we get a shorter alternating path contradic-
ting pinlmality of PO' Thus Po = (x3,x4), (xa,xs). (see fig. 3.) Now

| | . . " o . . 0
consider the path P" = (xo,xl), (xl,xé), (xa,xs). P" is line disjoint
.with F. However, existence of such an alternating path is shown to be

impossible in 30.

Fig. 3. Xys Xg are in V-S.

The contradictions in 30 together with 40, 50 show that V-S # ¢ is

impossible. Therefore V = S and we have proved the theorem.

Remark. If there exists a graph with degree sequence (di> and containing

a (ki}-factor ﬁhen, trivially, (di-ki? is graphical.
The following exampleszshow that the theorem is not true if two

ki's differ by two or more.



Example 1. Let (d) =(5,5,4,3,3,2 and{k) =<( 3,3,1,3,3,1). Each

of (di) . (ki) , (di-k:i.) =(2,2,3,0,0,1) is a graphical sequence. If
Theorem 1.1 was true for these (d i) . (ki) then it would be possible to
find a graph G with degree sequence ¢(d i) that contains the unique graph

H (fig. 4) with degree sequence (di—;ki ). Unfortunately, there is no such

G, as can be seen easily.

Vi v

Vec- ‘ V3
V5° ov4

Fig. 4. The graph H with degree
sequence (di - ki> .

Example 2. The sequences (d) =(4,3,2,2,1) ,‘(ki) =(3,1,2,2,0),

(di-ki) =(1,2,0,0,1) are graphical. But there is no graph G whose

degree sequence is (d,) and which contains the graph F with degrees

i
(ki) L

COROLLARY 1.2. If (4 i) is graphical then there is a graph G with degree

sequence (di) and having a k-factor if and only if (d i-k)' is graphical.
A result of A. R. Rao and S. B. Rao [4,5] on connecf:ed factors

implies rather immediately

COROLLARY 1.3. There exists a graph with degree sequence (di) and

contéining a hamiltonian cycle if and only if (di) , ¢d 1-2 ) are graphical

P n
* * % '
and for all p <-12l > E di < p(_n-p—l) + E ‘ di where (di> is a
i=1 n-p+1



rearrangement of (d i) into a non increasing sequence.

COROLLARY 1.4. If (d i) . (ki) are arbifrary graphical sequences such

that k < d, -k

degree sequence (d i) and containing a (ki) factor.

< k+l for some k then there exists a graph G with

Proof. Interchange the role of (ki) and ( di-ki ) in Theorem 1.1.
We have a graph G with degree sequence (d i) which contains a factor F

having d 1" ki lines at vertex v i The lines G-F form the required

factor (compare examples 1 and 2).

COROLLARY 1.5. If there exists a graph with degree sequence (d i) and

containing a k-factor then for 0 < £ < k, & = k (mod 2) if n is odd,

there is graph with degree sequence (d i) and containing an 2-factor.

Proof. .;One simply notes that under the hypothesis of the corollary (d i—ﬁ )
is graphical. This follows easily from a theorem of Fulkerson [1l] on
the existence of (0,1) matrices with given row sums and column sums and
zero diagonal elements.
The case‘z = k (mod 2) for arbitrafy n was obtained earlier in [4 ,5].
The néxt theorem gives a n.s.c. for existence of graphs G with given
degree sequences and containing a given graph F. It happens that we
have to assume a lot more than before in order that G O F and at the same
time such extra assumptions allow more flexibility, though not as much
as one would wish, on the choice of F thaﬁ those given by the degree

sequences (k) , k < ki < k+l. This time the proof is by induction.

THEOREM 1.6. Let F be a graph not containing an isomorphic copy of the



one in fig. 5. There exists a graph G with degree sequence (di? and G
containing the graph F if and only if for every graph F' C F we have

(di-ki ) is graphical where (ki? is the degree sequence of F'.

Proof. The necessity is trivial. We prove 'if' part by induction on
[F!. If |F| = 1 then (1.6) 1is same as (1.1). Let [Fl =m > 2 and let
the theorem bé true for all graphs.F having m-1 or less lines. Let
(x,y) be a line in F apdvFo = F - (x,¥). FO does not contain a copy of
the subgraph in fig. Sf Thus there exists a graph G'EEFO with degree
sequence (di?, and let (x,y) not be in any such G. Also there exists a

graph H 2 F, which has di lines at all vertices vy # x,y where it has

0
only di—l lines. Consider the pair of graphs G, H--Fo and associated

coloring of the lines (vi,v ) in r,b,g,w. Suppose that G, H are so

3
chosen that lEg] is maximum (Eg n FO = ¢). It is easy to see that there

is an alternating path from x to y which is line disjoint with F0 and

has one more red lines than blue lines; let P be one such path with
minimum number of lines. If (x,y) € P then as in 20 of (1.1) one can
perform recoloring on P U (x,y) so that (x,y) becomes gréen or red and
we have proved the theorem. Let us therefore assume that (x,y) =

*
(xi’xi+l) and P = (x = XO{sl)’ (xl,xz), cees (xi_= XyXiq = V),

= b. Observe that P 'arrives'

@41 0% 542000000 GppaXopyy = 705 clrpaxyyy)

at y only at X and Xoet1®

If c(x13x1+l) is blue then we can form alternating path

Consider the subpath P' of P: from (xl,xz)

to (xi,xi+1).

T . y .
P' = (xo,xl) (xl’xifl)’ (xi+1,xi+2),... (x2t,x2t+1) not cogtaining (x,y).

If c(xl,xi+1) =.W,8, or.C(xl,xi+l) = r and (xl’xi+l) ¢ F0 then one can

increase [Egl by a recoloring of P' U <xl,xi+1).' Thus: (xi,xi+1) € Fy-

*
(x,y) cannot be (xi+1,xi).

-10-



Considering the path (5%, 1) (xi—l’xi—z)’f' (g 5%g) s (XgoXyyq)s

e .
17X 420 0 BpeoFoen 1°%44) € Fpr Similarly

(xi,xi+2), (xi,x2t) € FO. But x, # X510 Xy40 # Xy implies we have F‘

(x ) one can show that (xi_

contains the subgraph shown in fig. 5, a contradiction.

Fig. 5. The excluded subgraph
1n Fo .'

This proves the theorem.

Following example shows that Theorem 1.6 may not be true if F

does contain the graph in fig. 5.

Example 3, Let (di) = (4,4,4,4,4,4) and F be K3’3. F has 9 edges and
thus 29 subgraphs.(‘Sinée di's are same it is enough to check that
(di-k :L) is graphical for different isomorphic subgraphs F' C F. For
|F'| < 5 they are shown in table 1. There is no graph G 2 F with
degree sequence (di). You may find it strange that there is a graph G

which contains all but one edge of K3 3 (fig. 6.).
. 2

Fig. 6. Gréph G containing all but one
edge of F.

=11~



‘Table 1.

%
|7 isomorphic type (di_ki ) representing graph
' of F' CF .
0 0 0 0 0 0 0 (4,b,4,4,4,4) G in fig. 6.
1 0—0 0 0 0 0 (3,3,4,4,4,4) G =G - (v;,v,)
2 0—0 0—0 0 0 (3,3,3,3,4,4) G, = G~ {(v;,,),(v5,v)}
oi(—)—o 0 0 0 €2,3,3,4,4,4) Gy =6 - {(vy,v,),(v,v5)]

!
!
I

(3,3,3,3,3,3) G, =G~ {W)5v3) 5 (v, 5v,), (v)5v5) )

!

(2.’3,3’3,3,4 ) G = G - (V4,V5)'

(233’2’3’4’4 ) G6 = G3‘ (V3’V4)

?

:

(1,3’3’4,3,4 ) G7 = G3 (vl)vs)

<2,3,3,2,3',3> G = Gy - (v,,v,)

1
d

(2,3,2,3,3,3) G

B

o
2]
[+ ]

(3,2,2,2,3,4)

(]
0
(2]

10 = G = (vy5V5)

!

(2,2,2,2,4,4) G5 =G = (v,,v,)

:

?

(2,3,2,2,2,3) Gl3 = G9 - (VA’VS)'

;jf

*
The vertices can be thought of as Vl’VZ""v6'in that order.

+: stands for isomorphism.

-12-



‘ table 1 cont.

o@
=
T 0
L o

(1,3,1,3,3,3)

(1,2,2,3,3,3?

(2,2,2,1,3,4)

(2,2,2,3,2,3)

(]
|

14 = G = (3svg)

@
j

15 = Gy = (v557g)
16 = 611 = (V4Vs)

17 13

~ For IF'I > 6 the subgraphs are obtained by removing a subgraph of

9 - |F'| lines from F. There are 8 of them. The sequences (di-ki ) are

listed b&low.

They are all graphical as can be checked easily.

|¥'| (d,-k, )

9 (1,1,1,1,1,1)

8 (2,2,1,1,1,1)

7 (2,2,2,2,1,1)
(3,2,2,1,1,1)

6 (2,2,2,2,2,2)

(2,3,2,2,2,1)
(2,3,3,2,1,1)

(2,4,2,2,1,1)

=13~ .



COROLLARY 1.7. There exists a graph G with degree sequence (di)

and disjoint from F if and only if (di+ki? are graphical where (ki)

is degree sequence of an arbitrary graph F' C F.

Proof. Note that (di+ki > is graphical if and only if ((n.-l-di)-ki )

is graphical. Rest is easy.

If F = {(v],v,),(v4,9,),(vg,v,)} and (4, ) =€2,2,1,1,3,3) then
the sequence (di-ki ) is graphical for all F' CF except when F' = {(vl,vz),

(v3,v4)}. And there is no graph G containing F with degree secquence
(d, .
i

COROLLARY 1.8. Let (di?, (ki - di? be two graphical sequences where

k < ki <ktl, 1 <i<n and d1 < k, < n-1. Then there are disjoint graphs

i
with degree«sequences (d,), (ki - dg'.

Proof. There exists a graph G with degree sequences { (n~-1) = di? and G

containing a ( (n-1) - k) - factor F. The graphs kn ~G and G-F satisfy

i?
the corollary (kn is the complete graph).

14~



Appendix. 1..
We said in the proof of Theorem 1.1 that the shortest élternatingv
path P = (xo,xl), (xl,xz)..., (x2t’x2t+l)’ startiqg at x, and terminating
at a vertex in V-S, has at most 5 lines. P is line disjoint with F. A

proof is given below.

Proof. It is useful to regard the lines of P Being oriented in the

direction from %, tox 0 <i < 2t; we write them as arc (ki,x

1+1° 1+1)

Then at a vertex Vis there is at most one line, of each color, directed

from and one line directed into v, that belong to P. For example, if

i

there are two blue lines directed from v, one of them preceeds the other

i

as one traverses P. But this implies that P 'enters' vy with a red line

after it had left v, by the first blue line. In other words there is

an even gyclé whose lines are alternately ﬁlue and red. As we have seen
earlier fhis would imply that IFI + |Eg! is not maximum, contrary to
the assumption.

Suppose P has five or more lines.

If possible, let there be three consecutive lines of P as follows:

= = = 0
elxy,xy 0) = ey 0%, ,0) = by e(Ryy,5%, ) = rand x; # %, .. By 1,

c(xi,xi+3) = b; (xi,xi+3) must be a line of P (otherwise we can replace

the sequence (xi’xi+l)"" (xi+2,xi+3) by (xi,xi+3)). Further, the line

(xi+3,xi) is oriented into X, (fig. 7).

Xjel _ LI
bs
X C

b Xis3

Fig. 7.

-15-



Let ij_l,xj)—, (Xj,xj+; = xi+3)_ be the two lines of P immediately

Preceeding (xi+3,xi)"; they are respectively blue and red and the blue

\

line exists if x # X,- Observe that X, # %, i<p<1+ 3, and

0 .
xj-l # x,. By 1, c(xi’xj-l) = b, and it cannot be in P. However, this

contradicts the minimality of P (as the seq. (xj_l,xj) , (gj,xi+3) s

(xi+3,xi) can be replaced by (xjfl’xi) ). Thus xj = Xg Similarly,

the red line following (xi+3,xi)~ in P must be (xi,x But then

2t+1)‘
(xo,xi+3), (xi+3,xi) (xi’x2t+l> iﬁ an alternating path disjoint with F,

a contradiction. Thus x, = x

1 1+3° Then the path P can be writtgn as

P = (xo,xl), (xl,xz) ‘(xz,x3) (x3,x1), (xl,xs), (x2t,x2t+l)

If t > 3, then the 6th line (xs,x3) is blue and we can replace the first

six arcs by (xo,xl)f, (xl,x3)- to obtain an alternating path with less
lines than P. Thus t < 2 and in case P has five lines it conforms to

the description that X = X,

-16~



2. DIRECTED GRAPHS

We shall assume that digraphs have no multiple arcs and loops and
all diagraphs are drawn on vertices vi,...,v£. A pair of arcs (vi,vj),
(vj,vi) is possible. Note that an arc from vi to vjvis written as
(vi,vj). Given a sequence ofvordered pairs of non negative integers,
¢ (d:,d;)X, Wé say it is granhical is there exists a digraph € with out-
degree and indegree of vertex vy being equal to respectively d; and
d;. We say G has degree sequence <(dI,d;) ). We shall identify C
with the set of arcs in‘a. A n.s.c. for a sequence ((d:,d;) ) to be
graphical is obtained by Fulkerson, D. R. [1]. Most of the terminol-
- ogy introduced for graphs in §1 has a natural extension to digraphs. A
subdigraph ¥ c ¢ is called a subfactor with res'pect' to ( (k;,kl) ) if F
has at most k; arcs from vy and k, arcs into v,. We shall let S+ = S+(§)

i i

- - .
(S =S (F)) denote the vertices vy

~> -
\A in F. A vertex in S+(S ) is called outer (inner) saturated. A vertex

having KI (resp k;) arcs from (into)

that is both outer and inner saturated is simply called saturated and
-+ - -

S=8 NS is the set of saturated vertices. Notations E:(vi), Ec(vi)

will be used with their obvious meanings. Ec = U E:(vi) = U E;(vi).

We shall prove the féllowing Theorem.

THEOREM 2.1. Let the sequence d = ((d:,d;) > be graphical and let
((k;,k;) >. be a sequence such that for some k > 0, k = k; (or for that
+ ' >
matter k = ki)’ 1 <1 <n. Then there exists a digraph G with degree
sequence ((d;,d;) ) containing a ((k:,k;) ) =factor if aﬁd only if the

sequence d-k = ((dz¥k+, d;-k;) ) is graphical.

+ +

That the sequence ((di-ki,d;-k;) ) be graphical is clearly necessary.
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The theorem says that it is also sufficient. The special case kz =
k = k;, 1 < i <n was conjectured by A. R. Rao and S. B. Rao along with
their conjecture on undirected graphs (see §1). The proof of (2.1) is

a modification of that of (1.l) to accomodate arcs instead of lines.

—>
Proof of Theorem 2.1. Let G and H be representing digraphs for the

sequences d and d-k respectively. Consider the coloring of arcs (vi,vj)

in r, b, g and w as before, namely, c(vi,vj) =r if (vi,vj) €C\ &, b if

>, 2 + + + +
(vi,vj) € H\ G etc. One has IEr(vi)l + lEg(vi)l = di’ IEb(vi)l +
+ +
[Eg(vi)| = di-k; and similar equations for indegrees. We choose a sub-

- - > >
factor F CE . Let us assume that G, H, F have been so chosen that

-> ->
IEg' + lFIhas maximum value. We show that F is a factor. For brevity
let k = k;, 1 <i<nand let S# V. We observe that i) S+ tV£S
. + > + - > -
ii) lEr(vi> - F| Z»lEb(vi)I’ lEr(vi) - F| z_lEb(vi)I for all v, and the

equality holds precisely fér v, € S+ and v, € S respectively; iii) There

i
does not exist distinct arcs (y4,¥;)s (555¥3)s (995¥3)seces (55 5Y541)5
(yo,y2t+l) whose colors are red and blue alternately in that order such
that all the red arcs are in Er;ﬁ' Property iii) is almost trivial.
One can change c(y2m’y2m+l) to white and c(y2m+2,y2m+l) to green for
- .

0 <m < t and increase IEgl, keeping |F] unchanged, contradicting

- .
that IEgl + IFI was maximum. The sequence (yo,yl), (yz,yl),..., (th,

) is said to constitute an alternating chain.

Yoe+1

-
Take a vertex X, € V-S+ and let (xo,xl),be a red arc not in F. Xy

is necessarily in S. and let (xz,xl) be a blue arc; there exists a red
-
arc (xz,x3) not in F. We can continue in this way to build an alter-

nating chain P until it 'terminates' at a vertex in V-S . Let P =

-18-



(xgoxy)s Gopa®y)s (p0%g)seees (yps®peyg)s Fppyg € V-5 -

We show that c(x0 =r if X, $ x and thus (xo,x

Xye1) 2t+1 26417
€ 3. This i3 easy once we show that (xo,x2t+1) € P. The proof is

similar to the one in 20, Theorem 1.1. Suppose (x ) is in P,

0°%2t+1
If c(xo,x2t+1) = b then P would contain a closed alternating chain as
in iii) because in P blue arcs are traversed in opposite direction.

If c(xo,x2c+l) = r and (xo,x2t+1) = (xi’xi+l)’ then (xi+2’xi+l)’ (xi+2,
$i+3)’ cees (th,x2t+1) is a closed alternating chain as in iii) except

all arcs have réverse orientation. Thus we conclude that (xo,x2t+l) & P.

Now we prove by contradiction that an alternating chain P does mnot
exist.
. * . ‘ - - °
Case I. [PI = 3, Xy = Xg- Since k (xl) =k (xo) > 1 there exists
¢' . h that ( YEF. ¢ 1& Fr=F - ( ) +
X, # X35 X, X, such that (x,,x, . Consider =F - (x,,%
. -> -> i . .
(goxp)s [F' = [F|. The chain (x,,x)), (x,,%)), (x,.%,) implies
-> + > - > -

, e R — ' - ' €
(xa,x3) F' because X, € v-s (F"), Xg € V-8 (F'). Hence (x4,x3) F
and k (x,) > 2 which implies there exists x. # X.,, 0 <i < 4, such that

0 - 5 i —_— —
(xs,xl) € 3. We can prove, as before, that (xs,x3) Gl? and so on, final-

ly obtaining k-(xo) is arbitrarily large. This is impossible.

Case II. |P| = 3, X # Xgqe Same as above as long as Xy sXgs oo

remain different from Xge If X, = Xgy then with respect to f’ = ? -

(xi,xl) + (xo,xl) and P = (xi,xl), (xz,xl),~(x2,x3) we are in Case I.

Compare the correspohding situation in Theorem 1.1.

-19-



Case III. |P| = 2t+l, t > 2, x As in Case I there exists

0 Ford1r-

- >, ' —*'=->_
(x2t+2,xl) € F and let ? , P' be defined as F F (x2t+2,x1) +

(%x,,%.), P'" =P + (x sX,) = (X,X,). P' is an alternating chain and
0°>71 2t+2°71 071 : :

¢ P'. It follows that (x ) € ?W'and thus. is in

2e+2°%2¢+1

A contradiction is ahead as in Case I.

Gy 19X 9p41)

-> -
F and k (x2t+1) > 2.

Case IV. |P| = 2t+l, t > 2, X, # Xo el It can be reduced to Case

III or a contradiction otherwise.

COROLLARY 2.2.

Let ((dI,d;) ) be graphical. Suppose ((k:,k;)») is graphical and

+ + - - _ + .+ - =y .
di > k., di :_ki, 1 <4i<n and either (di ki ) or (di k, ) is a sequence
of constant terms. Then a graph G with degree sequence ((d:,d;) > and

a ((k:,k;) ) -factor exists.

Example 4. In the following we have the sequences d,Ak, d-k all graphical
+ -
and yet there is no graph with degree sequence d and having (ki,ki ) -

factor. The sequence (k; ) vary enly by 1.

d = ((4,4), (3,3), (2,2), (2,2), (1,1)?

k=(@,1), 1,2), (1,0), (0,0) (1,1)

d~k = ¢ (3,3), (2,1), (1,2), (2,2), (0,0))

V|

V5 Vo °

V4 V3 , )

Fig. 8. Digraphs with degree éequences d, k, d-k respectively. There
is a unique digraph with degree sequence d-k.
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Note. In contrast with the undirected case the: shortest alternating
path in directed case can be of arbitrary length and thus we don't use
them in the proof.

Corresponding to Theorem 1.6 we have,

THEOREM 2.3. Let i‘) be a given digraph. The:;e exists a digraph G with
degree sequence (d;:,d;) ) and ¢ containing -1;, if and only if for every

-> - ’ +
subdigraph F' C F the sequence (di

+ - >
( (ki’ki) ) is degree sequence of F'.

F - -
-ki’di-k.i) ) is graphical where

Proof. The necessity is trivial. We shall prove sufficiency by in-

duction on i;he number of arcs in -F)

10. Let :F’ = (x,y) and ¢ (k+,k-)~) be the degree sequence of -F) Suppose
i1

there is no digraph 3 2 _F) We shall obtain a contradiction. Consider
> > + - o+ - =y
digraphs G, H with degree sequences ¢ (d,,d,) }, ¢( (d;-k.,d.-k. ) ), re-
1271 i 127171

spectively, such that IEgl is maximum in the corresponding coloring;
c(x,y) = b or w. It is easy to see that there is an altefnating chain
P from x to y such that P - Er U 'Eb’ (x,y) ¢ P (because that would imply
P traverses back to x ‘by an even cycle whose arcs are alternately red
and blue and this in turn implies that IEgI is not maximum). But then
C=PU (x,y) is an even cycle. Perform a suitable recoloring of ¢

’ : -~ -
such that c(x,y) = g or r. We obtain a digraph G > F.

20. SupposeAthe theorem is true for all digraphs with m—-1 or less arcs

-> . -> - -
and F has m arcs. Let (x,y) be an arc of F; write Fo =F - (Xx,¥). Thus"

-21-



-

Fo

->
except that in H x(y) has outdegree (indegree) one less than that in

_ > >
there are digraphs G, H containing F, with degree sequence ( (d:,d;) )

->
0’
>
that c(x,y) # r, g. There exists an alternating chain P C (Er-FO) U E

-> > >

G. Consider a pair of G, H such that in the assoclated coloring of
-

G

-
B -

’ lEgl is maximum., Without loss of generality we can assume

' T 7 +
from x toZ since for every vertex v, [Er(vi) - FOI > IEb(Vi)]’
IE;(vi) - FOI > IE;(vi)I with strict inequality respectively for x and
y. As before (x,y) ¢ P. There exists a recoloring of the even cycle

C = P U (x,y) such that c(x,y) = r or g. Then we have a digraph ¢DOF.

For digraphs one can state and prove theorems as in a.7), (1.8).,

For example the following is true.

COROLLARY 2.4 Suppose (d;,d;)) R (k;—d;,k;-d;)) are graphical sequences

where kl.'(or k;) are same for all i and k:, ky 2 n~l. Then there are

disjoint representing digraphs for them.
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