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Abstract

This paper considers multi-input multi-output feedback systems
characterized by y = G*e and e = u ~ y. Theorem I shows that if the closed
loop impulse response H is stable in the sense that H.EIJAnxn(o), then
é(s) = 1'=\>(s)[('§(s)]-1 where f(s),va(s) are also ingJinxn(c). Theorem II gives
necessary and sufficient conditions for H EQJAnxn(a). Finally Theorem III
gives necessary and sufficient condition for stability when é(s) has a finite

number of multiple poles in Re s > o: the case where the leading term.of the

Laurent expansion at each of these poles is singular is treated in detail.
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I. Introduction

This paper considers linear time-invariant feedback systems with n
inputs and n outputs. As it-'will become apparent, there is no loss of
generality in taking the feedback to be unity. The input u, output y
and error e are functions from .[R + (defined as [0,%)), to R or corre-
sponding distributions on R +° Tbe open loop system is of the convolu-

tion type so that we have

a | y

Gxe

(2)

1]
[}

u~-y '
G is an nxn matrix whose elements are distributions on R - We use G to
denote the map G: e b Gxe.

We shall repeatedly use the convolution algebra u‘((o) [1,2]: £ is

said to be in UQ(O') iff £(t) = 0 for £t < 0 and

3) £(t) = £_(t) + ' £.8(t-t,)
0

-Uti

[+ -]
where £_(t)e 7" € 11(0,%), £, € R for all 1,2 £, | € < ® and
0

0= to < tl < tz ees o Thus f is a distribution of order 0 with support
on [F?+. An n-vector v (nxn matrix A) is said to be in U/ln(c) A (0))
iff all its elements are in u‘t(o). Let f denote the Laplace transform

of £: f belongs to the convolution algebra u‘ko’) if and only if £ belongs

to the algebra udq(o’) (with pointwise product). Similarly, ¥ €. ‘)in(o),
0
Ae uln}m(o_).



Recently M. Vidyasagar [5] has shown that the class of systems (1),

(2) where
(4) G(s) = P(s)[(a) 17t

with f,a € (Jinxn(O) is very useful for distributed networks fbr example,
and he extended some stability results of Desoer, Wu, Baker, Vakharia and
Lam [1;2,3,10]. In Theorem I.below we prove that, under very mild as-
sumptions on G and on the closed loop system, if the closed loop impulse
response H € (JAnxn(U) then G is of the form (4). Theorem I is also an
extension of a result of Nasburg and Baker [4]: the extension is in two
directions, first, the n-input n-output case is considered and, second,
the requirements on G are greatly relaxed. Theorem II is a straight-
forward extension of a result of [4]: 1t shows thé importance of the
systems considered by Vidyasagar in the sense that H G(JAPxn(o) if and
only if G is of the form (4). Finally Theorem III gives the necessary
and sufficient conditions for stability of the closed loop system when

€ is of the form (4) with a finite number of poles of finite order in

Re s > 0. This theorem culminates a series of investigations starting
with [1,2,3,7]. Note that except for [7], all previous work could only

prove sufficiency.

II. The relation between G and H.

Theorem 1

Let G be an nxn matrix whose elements are distributions with support on

W(+. Suppose that in a neighborhood of the origin, say VC R, G includes



at most &-functions (i.e. on V, it is a distribution of at most order 0).
For the system defined by (1) and (2), assume that the closed loop response

H exists and is uniquely defined by
(5) ‘ H + G*H = G.

Under these conditions, if H G(JAPxn(G), then

(a) G is Laplace transformable and for some E'Z_o, G e()&nxn(c).

(b) ¢ is of the form
(6) &(s) = P(8)[4(s)]”! forRe & > o

where P(+) and §(.) € Lﬁ“’“‘(a).

(¢) G can at most have a countable number of poles in Re s > o,

Comment. This theorem shows that under mild conditions on G regarding
its behavior near t = 0; once the closed loop system is well-defined and

"stable", then & is necessarily of the form (6), can at most have poles

in the strip 0 < Re 8 < G and is analytic for Re s > o.

Proof.

(a) By assumption, H is of the form

H(t) = Ha(t) +ZHiG(t-ti)
i=0

where 0 = tO < tl < t2 < e+ o By assumption G can at most have an impulse

at the origin. By the Abelian theorem of the Laplace transform [11] and



the properties of distributions, if G has an impulse G, at t = 0,

0

a(s) + G, as 8 + ® with Re 8 + », (Clearly from (5), if G0 is the zero

0

matrix, then H, = 0. If GO # 0, then by balancing impulses at the

0
origin in (5) we have (I + GO)H0 = GO'
uniquely defined by (5), hence det(I + Go) # 0. Furthermore by direct

By assumption H, hence HO’ is

calculation, (I - Ho)(I + GO) = I, so that det[I - HO] # 0.

The function I - ﬁ(s) is analytic and bounded for Re s > o, and
tends to I - Ho as 8 + ® wyith Re s + =, Consequently, there exists a
'] 2 0 such that

(7 inf_|det[I - fi(s)1] > 0 .
Re 8>0

~

From (5), if G had a Laplace transform, we would have ﬁ + &ﬁ = G. Now
by (7), A(s)[I - ﬁ(s)]—l € (Jipxn(a)’ so G(s) is equal to that function,
by the uniqueness of the convolution algebra of distributions on ¢Z+.
(b) Since f(s) is analytic for Re s > o, [I - l'-\l(s)]_1 has at most a

countable number of poles in Re s > ¢ and by analytic continuation

(8) A 6(3) = ﬁ(s)[I - ﬁ(s)]-1 for Re s > o,

Choose P(s) = ﬁ(s), a(s) = I - fits). Thus (b) and (c) have been estab-

lished. ]

Remark. It is important to reflect on the fact that under the conditions

of Theorem I, we have

[z + 6(3)1[1 - ﬁ(a)] = I for Re s > o.



This expression emphasizes the symmetrical role played by H and G: H is
~obtained from G by a negatiﬁe feedback of I; G is obtained from H by a

negative feedback of =-I (to cancel the preceding dne!).

Theorem II

Let G be an nxn matrix whose elements are Laplace transformable distri-
bution; with support in F?+. For the system defined by.(1l) and (2),
assumelthat the closed loop transfer.function H 1s well-defined for

almost all s in the half plane of convergence of 6; i.e.

(9 fits) = 8(s) [T + 8(s)17"

for almost all s in the half-plane of convergence of ﬁ(-). Under these

conditions,

(10) g e Amm 5y

if and only if there exists ?, 6 € 'J4nxn(0) such that

(1) &(e) = F(a)[A(a)1 7

and

(12) inf |det[P(s) + Q(s)1]| > 0.
Re 8>0

Proof:

Necessity. From (9) by algebra

G(s) = fi(e)[1 - fi(e)1™! for Re s > o



Choose B(s) = fi(s) € A™(g) and Q(s) = I - fi(s) € A™(0), by (10).

Since § + Q@ = I, (12) holds.

Sufficiency. From (9) and (11)
fits) = P(a)[Fs) + Q(e)172,

In view of (12) ie ’JAnxn(U) as the product of two elements of ’JAnxn(U).

vggggg&. It is clear from (11) that a given 6 does not define the ordered
pair (f,a) uniquely; for example, they might have a matrix as right common
factor. In order td be able to express the condition (12) in a form which
depends on G only, we impose the Vidyasagar no-cancellation condition (N)
[5]: the ordered pair (a,b) where a,b: € > € is said to satisfy the
no-cancellation condition on a set A C ¢ iff, for all sequences {sk} in
A, a(sk) + 0 implies that lim inflb(sk)l > 0.

It is then easy to show that, [5], if (det 6(9), det[P(s) + 6(8)])
satisfies (N) on Re s > o, then (12) is equivalent to inf |det[I + é(s)]| > 0.

Re s>0

III. Necessary and Sufficient Conditions for Stability.

We consider first and in detail the case where G has a single pole p
of order m in Re s > 0. The extension to the case of a finite number of
poles is straightforward.

We consider the open loop transfer function

n-1
(13) &) = D R (a0 4 8 (0)
i=0



where Re p > o, (30 G-Jim(o), r 4 rank R < n and Ri' (i =0,1,..., m~1)

0 0
are nxn matrices with complex coefficients. We start by pointing out some

facts which will streamline the proof.
Fact 1. Let

m-1

(14) | ﬁ(s-l-a 2 Ri(s-p)-m-'-i (s+a a é 1-o
i=0

then ﬁ(—) is nxn complex polynomial matrix in —-*]I;; of degree m. This

is obvious by considering the Laurent expansion of ﬁ(;%;) about s = -a.

Fact 2. (Smith canonical form [12]). For the nxn polynomial matrix

1 .
ﬁ(ETa-) there exist unimodular (i.e. with nonzero constant determinant)

1 Af 1 AL .
polynomial matrices in ( s+a) viz. P( s+a) and Q(;-I-—a) » such that:
arl 1\ 371
(15) Q(s-l-a) ﬁ(s+a) I,(s+:at)

ra (L Al 1
atagld (37) »o-o ai(;_;;) s B (5R)> 020000 O

r n-r
where 1) r = rank of ﬁ(;_—]"_;) = order of the largest minor of R(;%_—;) whose

determinant is not equal to the zero polynomial;

(s a =1,2,..., r are the invariant polynomials of ﬁ(—s—_-]"_;

and each polynomial aj(-) divides ﬁj_'_l(-), j=1,2,..., r-1;

iii) the diagonal matrix in the R.H.S. of (15) can be obtained by

elementary operations.



Fact 3. The polynomial matrices P(———) and Q( ) anxn(c) and their

inverses are polynomial matrices in (—-—) also in Lj4nxn ).

Fact 4.

Let aj(-) j=1,2,..., r be as in (15) and let T, be the rank of R , then

O’

(a)

a,(1/(p+a)) = 0 for r, + 1 < j < r by definition of r,;
©(16) {3 0" " ="=" | 0

83(1/(P+a)) #0for1<3 <1, ;

(b)

an 8 (s+a) j(s+a)(§i§) for r +1 < 3

A
a3

where cj is the order of the zero of 3j(') at s = p;

Bj(-) is a polynomial with

(18) Bj (1/(pt+a)) # 0, (see [13]), and
1 -<-cr0+l < cro_'_zi eee £ cr.

Proof. 8et s=p in (15) and note that the L.H.S. becomes §(1/(p+a))
Ro(p+'a1)-m P(1/(p+a)). Since P(*) and §(-) are unimodular, exactly (r—ro)

polynomiais ﬁj(-) are zero at s=p. By ii) of (15) &,(1/(p+a)) = O for

%
T, +1<3j<r. Hence (16) and (17) follow with the properties of the

latter as a consequence of ii) of (15). n

Remark. Note that the exponents cj in (17) may, for some j, be larger



than m (in fact cr'f.rm).

are monotonically indreasing and since c,-m

3

0+2’ se e ,l'.']' intO

Therefore, since the ¢

|
may be of any sign, partition the index set K ='{r0+1,r

(19) K_= {r'0+1,ro+2,.,..,a} = {j]1 < ey < m}
(20) Ky = {o+1,042,...,8} = {jlcj = m}
(21) K, = {B+1,8+2,...,x} = {;||<:J >m} .

We are now ready for Theorem III.

Theorem III.

Let G(s) be given by (13) and let f(;%;) and 6(;%;) be the polynomial
matrices dgfined in (15). Suppose that the index-sets K , KO’ K+, as
defined in (19)-(21), are not empty.

Consider the partitioning

o n-o
A ' A
Az 1 A A7 1 o Lll(s) | le (S)
(22) (=) (16 () 1P () = TR
. (S+a) 0 (S""a) n—-o. L21 (8) : L22 (a)

and let Bj(') be the polynomials defined in (17). Under these conditioms,

(10) 1 € A" (g)

if and only if



(23) inf |det[I+G(s)]| > 0O

Res>0
and
| (©) det{fzz(p) + diag[3a+l(l/(P+§{),...,Seﬁll(p+a)),0,0,;..,0]} # 0.
Proof.

Sufficiency. Since I - ﬁ(s) = [I+§(s)]-l, we need only to

(24) +ée)1 ™t € A (o)

By fact 3, (24) is equivalent to
ar 1l A 107t Anxn
— +G —_— €
{Q(s+a) (x (8)]P(a+aj} (14 (0
Introduce now the following multiplier:

25) fics) &

show that

a o
yeses2(8) 41,1,...,1

‘ u n m m—cr0+1 m=Cr 42 m-c
diag{%(s) ,2(8) ,...,ﬁ(szj,éﬁs) " ,2(8)
Y v
ro ) (!-ro
with
(26) 2s) = 22 € A .
By (19) and (26)
@7 fit) € A .

-11-



Remark that
: -1
{é(;%;) [I+§(8)]f(;%;)} = fi(s)f(s) ! where

ey fe E k) me@ipch) e .
Clearly by (27) we are done if we can show that
@t e A .

Therefore by a reasoning of [2], we prove that ﬁ(s) € ~4ﬂ?xn(o) and
inf |det N(s)| > o.
Res>0 .

Rewrite (25), therefore

(29) fits) = 2(s)™ A(s) where

(30) A &
-c -c :
r.+1 . +2 -c
A 0 A 0 A o A -m A -m A -
diag{l,1,. "1’{f3) ,2(8) seees2(8) ,2(8) L,2(s) ,...,2(s) ).
e -~
r, a-r, n-a

By (28), (13), (29), (30), (26), (14), (15), (17) and (20), we obtain

(31) fi(s) = ﬁl(s) + ﬁz(a) where

(a)
(32) Nl(s) ﬁl(a) D) ﬁz(s) with

-12-



(33) ﬁl(s) =

tagt,(z1). 8, ()i, ()5, L (e 1 1
diag{al(s+a)’az(s+a 20008y \ota ’Sr +1 s+a)’sr +2(s+a)""’8a(s
- 0~ "5\ 0 0

\ 4 Y

l’.'o a—ro

(36)  Dy(s) =

Diag{b a+1(§§1-'5)’3 OH'2($)"”’SB(S_+1-¢;) ’EE +1( s%a )2(8)08+1’m’

— V]
~
B-o
Saea(zis)2® 2,8 ()8t T ,0,0,.0050
N __J\ J
Y 2
r~B n-r

and (b)

(35)  fy(0) = &) (1, () B(c)fice)

Immediately

(36) fis) € ARG,

ﬁl(s) € (JAnxn(U) because all its elements € (J4(U) (indeed all its
nonzero elements are polynomials in (;%;) because there are no negative
powers of Z(s) by (21)) and ﬁz(s) € (JAPxn(G) by fact 3, (13) and (27).

Finally by (23) and since f(;%;) and 6(;%;) are unimodular

Az 1 A Az 1
R:gécldet Q(;—;;) [I-l-G(s)]P(—s—_'_—a')l > 0.

-13-



Hence, since by (25)-(26) det ﬁ(s) has only one zero for Re s > o i.e. at

p, we obtain with (28)

inf |det N(s)| > 0
SEU

(37)

|
where U is the half plane Re s > ¢ with a small neighborhood of p deleted.
Consider now det ﬁ(p).

Remark that by (35), (22) and (25)-(26)

(38) NyGe) = M|-Tioobo i

with
a9 R, @) =0

Thus by (31), (32), (38)-(40)

det ﬁ(p) = det ﬁl(p) det[ﬁzz(p) + ﬁz(p)] with

by (33), (16) and (18)

(41) det ﬁl(p) #0

and by (34), (18), (26) and (21)



(42) det[), @) + B,@)1 =

det{fzz(p) + diag[b‘a_'_l(l/ (pta)),... ,SB (1/ (p+a)),0,... ’0]}

which is nonzero 'by (C). Hence

(43) det N(p) # 0 .

Since ﬁ(s) is continuous in Re s > o, (36), (37) and (43) imply that

et e Jim‘“(c) . Q.E.D.

Necessity. He u‘tmm(o) by assumption.

(23) follows immediately by [6].

To establish (C) we use contradiction. So by (42) suppose that

det[ﬁzz(p) + ﬁz(p)] = 0. We are going to show that, for some input

u € L§0[0,°°) (i.e. u(t) et e Li[()’._g)ﬁ)» ’ the system defined by (1)-(2) has
an error eand thus also an output y = u - e not in lelc[o,w). This is a

contradiction because u € Lzo[o,w) and H eu4nxn(c) imply y = H*u € LZC’ [0,)
n L . 'n s />

(11 [2].

The Laplace transforms of e and u are related by

(44) [I + G(s)])é(s) = fi(s) .

Multiply (44) on the left by 6(—;}_—8) and define the n-vectors e(s) and

;(s) by
45) Bl fite) B(e) = &(s)
(46) AE) 6Ge) = u(a) .

By (44)-(46) and (28) obtain . i
-15-



(47) N(s) e(s) = u(s) .

Because det [f.zz(p) + ﬁz(p)] = 0 we can pick a nonzero vector n € ¢™% in

the null space of [f.zz(i)) + ﬁz(p)], hence

(48) [L,,() + D) =0.

Pick now the vector & € ca such that

-

49) g8 - B, 1 L ,0em

which is well defined because of (41) and the fact that all elements of

£12 are in u‘l(a).

Hence with
. . :
T(e) = 1 R
(50) e(e) = 55 (n)
and

ul(s) }a
(51) u(s) =| _ ,
u, (8) }n—a

and (47), (31), (32), (38), we obtain

(52) U (s) = {[B;(s) + R ;(8)IE + L, (eIn}/ (s-p)

(53) U, (8) = &, ()€ + [B,(s) + £,,(s)In}/(e-p) .

-16~



All the components of the numerators of (52) and (53) are in Lj@(o); by
virtue of (39)-(40) and (48)-(49) they have at least a first order zero
at p. Therefore Gi(s) and Eé(s) are well behaved and bounded at s = p.

Thus u(s) is analytic for Res > g, bounded on Res > 0 and as le -+ oo
|[u(Re s + jw)| is at most 0(%) for any fixed Re s > 0.

It follows therefore that the components of u(s) are the Laplace trans-
forms of elements of ch[o,w) [14]. From fact 3 and (46) we conclude

that the same is true for the components of ii(s), hence
20
(54) u € Ln [0,%) .

Finally by (45), (50), (25)-(26) and since n # 0 and f(;%;) is unimodular,
there exists at least one component of €(s) which has a nonzero residue at p.

Thus
(55) e ¢ Lﬁ"[o,w)

and by (54) and (55) we have established a contradiction. Q.E.D.

Remarks.
1) The theorem above describes in detail what happens when K_, KO’ K+
are nonempty. When one or more of these sets are empty the required
modifications of (C) and of the multiplier ﬁ(s) are straightforward.
2) 1In case there are £ poles at Pys Pyseces Py of order My Myseee, M

L
with real part larger than or equal to 0, one uses a product of

-17-



multipliers like ﬁ(s), one for each pole. Condition (C) is used only

to check that det ﬁ(s) doeé not vanish at 8 = p. Therefore for the more
general case an appropfiate condition (C) is required at each pole.

3) We have checked that these techniques can be applied in a straightforward
manner for the discrete-time case, thus providing a generalization to the

wofk of Desoer, Wu and Lam [8,9,10].

-18-
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