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Abstract

In this thesis three problems are considered -- the first two
in Part I and the third one in Part II. The first problem we con-
sider is the characterization of partial squares of trees. A
uniqueness theorem of square roots is also proved with application
to total graphs. Secondly, those line graphs which are clique
graphs or partial tree squares are characterized. These special
clique graphs are shown to have other interesting properties.
Finally we have proved a generalized form of the following con-
jecture on factors: If <di> and <di-k>, 1<1i<n, are
graphical sequences then there exists a graph with degree sequence
<di> and containing a factor F which has k edges at each
vertex. A similar conjecture for digraphs is also generalized

and proved.
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INTRODUCTION

It is well known that an even (binary) matroid is graphic if
and only if it has a 2-comp;ete family of cocircuits. A natural
question would be, "What graéhs have a 2-complete family of fun-
damental cocircuits?" A family of fundamental cocircuits (cutsets)
is defined as follows. Consider a basis B of the graphic matroid
M(G). Each edge e of G belonging to B defines a unique
cutset c(e) which intersects B at the element e alone. The
cutsets {c(e): e € B} define what is known as a family of funda-
mental cut;ets (with respect to B). It is observed that a graph
G has a 2-complete family of fundamental cutsets if and only if
G is a partial square of a forest.

In Chapter 1 we shall obtain a characterization of partial
squares of trees. We also show that if a partial tree square is
'large' (in a suitable sense) with respect to the tree then the
tree is determined uniquely from the partial square. In particular,
the square of a tree T determines T uniquely. Harary [5] has
obtained a charﬁcterization of graphs that are tree squares.

(There is a mistake in his proof; although the theorem is possibly
true. A counterexample seems almost impossible.) Our characteri-
zation of a tree square has a form similar to .the one given (?) by
Harary. Mukhopadhyay [ 8] has characterized squares of arbitrary
graphs. His characterization requires existence of a family of
complete subgraphs which satisfy certain intersection properties.
It is not easy to use Mukhopadhaya's theorem for an efficient

method to find if a given graph is a square graph because one



has to examine all possible choices of complete subgraphs which
are just too many in number.

Our characterization of partial squares of trees, and its
generalizations to squares of graphs with girth > 6, do not suffer
from such shortcomings. The characterizations involve only the
3-components and cliques of the graph.

As a special case we have shown that the total graph T(G)
of a graph G determines the graph G uniquely. This is simi-
lar to a well known result on line graphs which says that G 1is
determined uniquely (with one exception) from its line graph.

We note in passing that a planar partial tree square is 4-colorable.

In Chapter 2 explicit characterizations are obtained for
those line graphs which are clique graphs, partial tree squares
or both. Such a characterization was felt necessary because
every partial tree square was observed to be a clique graph on
the one hand and on the other hand the characterizations of line
graphs, clique graphs and partial squares of trees all happen to
have a very similar form -- the existence of a family of maximal
subsets of vertices (3-components, cliques, etc.) with certain
intersection properties.

In Part II we consider the problem of existence of graphs G
with given degrees of the vertices and G containing a factor
which is also specified by a degree sequence. Following gener-
alized form of the k-factor conjecture (by A.R. Rao, S.B. Rao
and B. Grunbaumj is proved.

If the sequences (di)’ (di-ki)’ i=1,2,...,n of

e



non-negative integers d, and di—ki are graphical and (ki) is
almost regular (i.e., for some k, k g_ki < k+l, for all 1)
then there exists a graph G with degree sequence <di> whose
ith vertex has degree k1 in a factor F CG.

A corresponding theorem for directed graphs is also proved
generalizing a conjecture by A.R. Rao and S.B. Rao. Examples
show that our theorems are best possible in general. Several
other variations are also considered.

Part I and Part II of the thesis can be read independently.
The numbering of figures and theorems are independent in the two
parts. The references for Part I appear at the end of Chapter 2.

The references include only those works which are of primary

importance.

Note to the reader. It is strongly urged that the reader make

constant use of figures whenever possible. There are several little
facts which become clear once a figure is drawn and are used in the
proofs. We believe that giving formal explanations of all of them

would make the reading of the thesis unpleasant.



PART I
Chapter 1
PARTIAL SQUARES OF TREES

1. Definitions and Introduction

A graph G = (V(G),E(G)) consists of a finite set of ver-
)
j b4
vy # vj, called edges of G. The square of G, denoted by Gz,

tices V(G) and a set E(G) of unordered pairs (vi,v

has the vertex set V(G) and (x,y) belongs to E(Gz) if

(x,y) 1is in E(G) or there is a vertex z such that (x,z),(z,y)
are in E(G). G is called a square root of G2. The distance
dG(x,y) -betéeen two vertices x,y 1is the length of a shortest
path in G from x to y. Thus we can write E(Gz) = {(x,y):

1 f'dG(x,y) 5_2}. The square of a disconnected graph is clearly
the disjoint union of the squares of the components. We shall
assume that all graphs are connected in the following and further,
to avoid trivialitieg, |V(G)| > 3, unless otherwise mentioned.
By HCG we mean V(H) CV(G) and E(H) C E(C) and say that

H 1is a partial subgraph of G. If every edge of G having both
end points in V(H) is an edge of H then H 1is called an
(induced) subgraph. We shall write in that case H = G|V(H).

Also G-S, S CV(G) will denote the induced subgraph G|V(G)-S.

A partial square H of G is defined by GCHC GZ. Note that

the graphs G and H have same vertices. The complete graph Kn

n(ﬁgl) edges so that any two vertices are

has n vertices and
adjacent. A graph G 1is called n-connected if it has at least
n vertices and for any set of n-1 or less vertices S, G-S 1is

connected. This definition is slightly different from the one
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usually given. However, they coincide if G has more than n
vertices. The only n connected graph on n vertices is the
complete graph Kn' We say that a subset of vertices § is
complete, n-connected (in general, P) if the graph GIS is
respectively complete, n-connected (has property P). A maximal
complete set S 1s called a clique and a maximél n-connected set
an n-component. We shall often identify the set S with the
graph GIS in case no confusion is likely. For general concepts
in graph theory we refer the reader to Harary [5]. Few other
definitions not included in the text are collected at the end of Part
I. A cutset in a graph is a minimal set of edges removal of
which from the graph increases the number of‘components.

The concepf of a complete family of cutsets of a graph
corresponds to that of a basis in a vector space. More precisely,
a family C of cutsets is called complete if any cutset is a
mod 2 sum of cutsets in C and C is minimal with respect to
this property. C 1is called 2-complete if no edge belongs to more
than two of the cutsets (. These definitions can be made
actually for an arbitrary matroid [10]. A family of fundamental

cutsets (cocircuits) of an even matroid is complete.

THEOREM 1.1. A connected graph G has a 2-complete family of
fundamental cutsets if and only if there is a tree T such that

T Ce T

Proof. Suppose G 1is a partial square of the tree T. The edges
E(T) form a basis of the graphic matroid on E(G). An edge

e = (x,y) of T defines the cutset c(e) as follows. T-e has



two components and the edges of G whose end points belong to
different components constitutes the cutset c(e). Clearly, the
family {c(e): e € E(T)} is 2-complete. Conversely, suppose
the family of fundamental cutsets with respect to the basis

B = E(T) 1is 2-complete. It is easy to see that for an edge
(x,y) of G which i8 not in T, dT(x,y) = 2, Thus G 1is a
partial square of T.

A disconnected graph has a 2-complete family of fund;mental
cutsets if every component* ~ of the graphic matroid M(G) does.
A component of M(G) 1is nothing but a 2-component subgraph of G.
Thus one can further assume that the graph G is 2-connected.

To obtain a spanning tree T of G such that TCGC 'I‘2 we
shall first find corresponding trees for the 2-components of G

and then 'attach' them in the same way as the 2-components them-

selves are attached. We state that as

THEOREM 1.2. A graph G 1is a partial tree square if and only

if every 2-component of G 1s a partial tree square.

It is interesting to note the following equivalent conditions

for a partial tree square to be 2-connected.

PROPOSITION 1.3. Let TCGC T, The following are equivalent.

i) G 1is 2-connected.
ii) Glr&(x) is connected for each vertex x.
111) G-T has two components.

iﬁ) G|NG(x) is 2-connected.

*
Connected component -- i.e., an irreducible part of the graphic
matroid in the sense of Whitney [12].

A}



Proof. i) ® ii). x is an articulation vertex of G if and
only if Glr&(x) is not connected.

ii) ® 1i1). G-T has two components on t;he two color
classes of the graph T. The components are obtained by 'attach-
ing' the connected graphs (G-T)Ir&(x) as x varies in each of
the two parts.

iii) = iv). If G-T has two components then it is not
hard to see that r&(x) is connected in G for all x. In
other words G|NT(x) 1s 2-connected. If y 1is a vertex in
NG(x)-NT(x) then there is a vertex 2z in r&(x) such that
(z,y) € E(T) CE(G). It follows that NG(x) is 2-connected in G.

iv) = ii). This is easily shown by contradiction.

Condition iv) gives a simple method for obtaining the
2-components of G. The 2-components of G|NG(x) are contained
in different 2-components of G. However such a property of a
graph G does not imply that G is a partial tree square; for

example, let G be the 'big' triangle (fig.1l1).

2. Characterization of Partial Squares of Trees

We proceed to obtain a n.s.c. for a graph to be a partial

tree square. We shall assume that G is 2-connected.

LEMMA 2.1. The 3-components of T2 are of the form NT(xi)’
dT(xi) > 2, In particular, 3-components of a partial square of
T are subsets of NT(xi) containing X, .

Proof. Easy.



It is important to remember that two 3-components in a graph
can intersect at most at two vertices. A vertex x 1is called

a multiple point if it belongs to 2 or more 3-components. Let G

be a partial square of T and let the 3-components contained in

NT(xi) be labeled by C Then the following properties 1), ii),

ij°

iii) are easily verified where VO is the set of nonterminal
vertices of T.

i) V Cij =G, i.e., L’V(Cij) =V(G) and U E(Cij) = E(G).

i1) If C C intersect at one point, then there

i3’ "i'j!
exists a sequence s = (Cij’Ci"jl"”’ci"jk’ci'j') such that
two consecutive C's in s meet at two vertices.* Moreover,
i=41" 4if 1i=1".

iii) There exists a subset Vo = {xi: 1<14 5_n} of multiple
points such that a) x

€ -
c, —-NG(xi) and x, €C

=
i | i i'j’

Xy € Ci for some j, b) if |Cij n Ci'j'I =2 and i #1i'

3

then the common points are in Vo'

Next we show that these three conditions are also sufficiedt.

THEOREM 2.2. If there exists a labeling {Cij} of the 3-compo-
nents of ‘G and a labeling {xi} for a subset Vo of multiple
points such that the properties i), ii), iii) above hold, then
G 1is a partial square of a tree.

Proof. Define the graph T by V(T) = V(G), E(T) = {(y,xi):

y € Cij’ y ¢ xi}. Certainly, T CGC Tz. We have to show that

T is a tree, i.e., T has no cycle and T 1is connected. The

*
* We say that the sequence s = (so,sl,...,s > Jjoins the terms

k+1

5, = Cij’ Sptl = Ci' at the two ends.

:l'
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proof is broken into three parts 10) - 30).

10) First we show that if i # i' and |Cij N Ci'j'l = 2 then
the points in the intersection are Xs Xgve
Proof. There are two cases to consider: Xy €C and

i'y'

Suppose x, € C By iii), there exists a j"

13" 1 U1y
such that x,, € Cij"' Without loss of generality let j" # j.

Xy ¢ C

Let s be a sequence joining Cij’ Cij":

s = {C ) .

..5C yeeesC.. 5C..n
ij ijl iJk ij
(s 1is possibly of length 2). See fig. 1. Also let y be the
other vertex in Cij N Ci'j" Since (xi,,y) € E(G), X4 € Cij"’

yEC we have U s (= union of the sets in s) is 3-connected.

ij

This is a contradiction. Thus we consider the other case

. n =
Xy & Ci'j' and x,, & Cij Let Cij Ci'j' {xk,xm}.

Fig. 1. The sequence of 3-components in

s = (s =C =C

o ij,sl ijl""’sk+l=cij")'
Each egg shaped region is 2-connected and x
is adjacent to all the vertices in that region.



We shall then have (xi,xk), (xi,xm), (xi,xk), (xi,xm) edges in
T which form a cycle. As we show in 20 this is impossible.

Thus C,, NC

15 Ci'yr T LI E

20) We show that there does not exist a cycle in T|Vo.

Proof (by contradiction). Let & = (xl,xz,...,xk,xl) be a
smallest cycle in T|V°. (xi’xi+l) € E(T) implies, say,
€ .
X4 Ciji There is containing Xy and then
= N . '
{xi’xi+l} Ciji Ci+1’ji Let j;, 3§ be chosen for all

c
1+1,3}

1<1<k (vhere k+l is identified with 1mod k). Let s

be a sequence joining C,., and C for 2< 1<k and
] 1y -

sl joining Clj" Clj . Also assume that the sequences si,
k 1

1< 1<k are so chosen that the total length of all sl is

minimum. Thus X4 belongs only to the last term in si. We

show that S =U (U si), union over 1 < i < k, 1s 3-connected,

a contradiction. Clearly, x, €U si unless x

X are conse-
] Py
b i’ 3

cutive vertices in E£.
Choose two vertices x, y in S. If at most one of them
is in cycle £ we leave it to the reader to verify that

S= S -{x,y} 1s connected; let us assume X = xl, y = xt. First

let t=2. U s1 is connected containing Xy and UV s2 is

connected containing X,. Thus S 1is connected. Next, if
2< t<k them U sl (resp. Y st) is connected containing

(resp. x l) and S contains the paths

*r> *2 e-1* Fe+
(x2,x3,...,xt_1) and (xt+1,xt+2,...,xk). Hence S 1s connected

once again. This completes the proof.

10
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It follows from 20 that, in fact, T has no cycle. If x
is a multiple point and x & Vo then necessarily dT(x) =1,
Otherwise there are Cij’ Ci'j' (1 #1') containing x and
they must intersect at x only. Let 1" be as in condition (ii).
Then it follows Xin € Cij n Ci'j' which means x = x" € Vo, a
contradiction. A nonmultiple point of G has degree one in T.

Thus any cycle of T 1s in fact a cycle of T|V° and there is

none in the latter.
30) Finally, it remains to show that T is connected.

Proof. It is enough to show that T|Vo is connected. Let
T| {xl,...;xk}, k < n be a component. Define the partial graph

H by E( = U E(C,,), V(&) = UV
i<k i<k M

In particular, V(H) # V(G). Choose an edge (x,y) of G such

). Xy EVMH) for 1i> k.

that only x belongs to V(H). There exists 1<k, 1i'>k

such that x € C (x,y) € E(Ci'j')' Since Ci , C meet

ii’ j* 'y
at one point, namely x, we can show as before that x = Xin and
in fact (xi,xi"), (xi",xi,) are in E(T) contradicting that

T| {xl,xz,...,xk} is a component. Thus k=n and T is a tree.
The proof of the theorem is complete.

A particularly interesting special case of (2.2) is when there
is just one 3-component Ci corresponding to each vertex Xy € Vo.
If G 1is a partial square of T and G has sufficiently many
edges in the sense that G| r&(xi) is 2-connected for all nonter-
minal vertices Xy of the tree T then we observe that

cC, = NT(xi) is a 3-component of G and V_ is precisely the set

i
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of multiple points of G. Conditions i), ii), 1ii) can now be
rewritten as
1) UCi=G, 1<1i<n.
ii) If Ci’ Cj in;ersect at one point then there exists Ck
sharing two points with each of them.
iii) There is a 1-1 correspondence between the 3-components

and the multiple points Vo’ x "’Ci such that x, € C ENG(xi)

i i i

€ @ (=] .
and X, Cj xj Ci
These conditions are also sufficient for a graph G to be a
partial square of a tree T such that GIF&(x) is 2-connected.

This 1s our next theorenm.

THEOREM 2.3. For G to be a partial square of a tree T such
that G"ﬁT(x) is 2-connected for all vertices x, dT(x) >1 it

is both necessary and sufficient that i), ii), iii) above hold.

Proof. We need to prove sufficiency. Let T be the tree as
constructed in (2.2). The edges of T are E(T) = {(y,xi):
yE€C,y # xi}. V, 1is the set of nonterminal vertices of T.

Since Ci is 3-connected, r&(xi) = Ci--xi is 2-connected in G.

Yet another special case of (2.2) gives us a characterization
of tree squares. If G = T2 then each of the 3-components Ci
1s a clique of G. Thus the necessary part of the following

corollary is easy.

COROLLARY 2.4. A graph G 1is a tree square if and only if there

exists a 1l-1 correspondence, x "’Ci, between the cliques {Ci}

i
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and vertices V_ =_{xi} belonging to two or more cliques, such

that a), b) and ¢) or ¢') are true.

a) I%ﬂ%ISZam M{Mﬂ=1 implies there is a C

sharing two points with each of them.

k

b) X, €C, and x, €EC, ¢ x, €C,.

i i h | 3 i
c) Ci's are the 3-components of G, or
c') There are |Vo|-1 pairs of Ci which meet at two

vertices.

Proof. In proving the sufficiency we need to consider only the

combination a), b) and ¢'). We prove that |Cif\Cj| = 2 implies
E' . [ n = . n =

x, cj, 1g > €4 Cj {xi,xj} If not, then C, cj {xk,xm}

and Ckr\Cm = {xi,xj} for some distinct i, j, k, m. Let C

be a clique containing Xys Xos Xps Xo Then |Cir\C| >3, a

3

contradiction. Thus CiﬁCj = {xi,xj}. As one would expect we
shall define a graph T by E(T) = {(y,xi): y € Ci» ¥ # xi}. It
is not hard to prove that T|Vo is connected. Condition c') then

implies that TIVo has no cycle. It follows that T is a tree.

G 1is clearly the square of T.

3. Uniqueness Theorems

Define the core of a tree T, c(T), as the induced subgraph
of T on the nonterminal vertices {x: dp(x) > 2}. Since T is
assumed to have at least three vertices the'core is a tree (i.e.,
has at least one vertex). We prove that if a partial square of T
satisfies the three conditions in (2.3) then tree T is determined

uniquely except when <¢(T) has at most two vertices. We shall

13
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let t(x) denote the terminal vertices of T that are in r&(x).

THEOREM 3.1. Let G be a partial square of a tree. Suppose
there do not exist two vertices in G which are adjacent to every
other vertex. Then there is a unique tree T such that G is a
partial square of T and G|r&(x) is 2-connected for vertices

in c(T).

Proof. The number of nonterminal vertices of T is the same as
that of the 3-components of G. If |V°| > 2, then (xi,xj) is
an edge of ¢(T) 4if and only if Xy € Cj or equivalently, there

exists two 3-components (Ci,C )} which meet at xi, X Suppose

k| i
1* X9 is adjacent to all other

vertices of G then interchanging the labels of C

c(T) = {xl,xz}. If each of x

1° C2 we shall

obtain a different correspondence x, ¢ C, and thus a different

i i
by the comstruction in (2.3). T, €GC Ti. T and Tl

1 1
are isomorphic (obtained by interchanging t(xl), t(xz)). iIf G

tree T

is 3-connected then T 1is a star. In these two cases we can
determine tree T only up to isomorphism. (There is an isomor-
phism of order two between two such trees.) Now suppose that
|e(T)| > 3. We show that the correspondence in 2.3(iii) is unique.
For example let X34 Q‘Ci be another such correspondence obtained
from a tree T, (of which G 1is a partial square as in (3.1))
where o is a permutation of {1,2,...,n}." Let (x,,x,) be an
edge in ¢(T). Then IClr\Czl = 2 implies that the intersection
is equal to each of {xl,xz} and {xcl’x02}' If (x5,%4) is

another edge in c¢(T) then {xz,x3} = {x02’x03}' It follows that
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02 =2 and thus ¢l =1, 03 = 3. One can repeat the argument

and conclude that o is identity. Hence Xy ‘*‘C:L is unique.

This means that ¢(T) is identical with C(Tl)' The terminal

vertices t{xi) are precisely the nonmultiple points in Ci'

Thus T = Tl'
If a partial square of a tree does not satisfy the hypothesis
of Theorem 3.1, then the tree T constructed in (2.2) is far from

unique because there will be, in general, several many to one corre-

spondence cij X See Example 1.
COROLLARY 3.2. If G 1is a tree square and G has three or more

cliques then there is a unique tree T such that G = T2.

Before we close this section we would like to present some

examples.
Example 1. Consider the tree T which is a path of length five,
(xl,xz,x3,x4,x5,x6). The edges in E(Tz)-E(T) are shown by

broken lines (Fig. 2).

"- ’b‘-_:._:h:.\ ’)"-:_ -“-.
- o XF- iy ot >0
X

] i 3 X4 *5 X6

Fig. 2. A tree T and its square.

A correspondence Ci “ x, satisfying Harary's theorem® can be

i
bepoxgixgd = 0oy {xguxgux,d = cf Ixgoxoxgd = G5, {x,x0,%,}

= C5. The tree, as constructed by Harary, is the path

*
See Appendix.
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2
(xl,xz,x4,x3,x5,x6) which gives a different square than T~ . The
tree square in Fig. 2 can be regarded also as a partial square of
the following tree T'. However, Glr&,(x3) is not biconnected.

Thus it does not contradict our Theorem 3.1.

Fig. 3. Tree T' consisting of solid lines.

Example 2. Consider the graph G shown in solid lines (Fig. 4).

2
The cliques of G° can be labeled.as cy = {xi-l’xi’xi+1}’

1 <1i< 7 where zero and 8, respectively, mean 7 and 1 (taken

mod 7). Then the correspondence Ci <a'xi satisfies conditions

in Theorem II in [ 8].* But G2 is not a tree square to be sure.

Fig. 4. Graph G (a 7-cycle) and Gz.

We shall see in section 4 that much of the theory developed in
section 2 and section 3 will generalize for squares of graphs whose

girth is at least 7.

*
See Appendix.



4, Generalizations to Graphs of Girth > 6

We shall now generalize theorems in sections 2, 3 to squares
of graphs which have finite girth > 6. (A tree can be regarded
as a graph of infinite girth.) The reason that we can do so is
that the cliques of the square of such a graph H are once again
of the form NH(x). One of our theorems in this section will be
the determination of H from its square uniquely which is a
generalization of Corollary 3.2.

Throughout this section H will denote a graph of finite
girth > 6 and we shall make repeated implicit use of that in the

following.

LEMMA 4.1. For each nonterminal vertex x, NH(x) is a clique

of H2 and they are the only cliques.

Proof. That NH(x) is a clique is easy to verify. Now suppose
S 1is a clique and x, y, z are three vertices in S. One can
show easily that exactly two of the edges (x,y), (y,z), (z,x)
are in H. Let (x,y), (x,2) € E(H) and u be another vertex
in S. We show that (x,u) € E(H). If not, then considering the
triples x, u, y and x, u, z we get y, z GI_H(u), which is
impossible since girth of H > 6 and (x,z,u,y,x) 1is a 4-cycle

of H. Thus S = NH(x).

COROLLARY 4.2. If S 1is a clique in a partial square of H then

s C NH(x) for some x and x belongs to S. x 1s unique if

Is| > 3.

17
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Proof. x is the vertex such that NH(x) is a clique of H2 con-
taining S. If |S| > 3 then girth H > 6 implieé x 1s unique.
If we call the clique NH(xi) by C then |Cir\Cj| <2

}

i,

with equality if and only if (xi,xj) is an edge of H. {Ci

satisfy the three conditions in the following theorem.

THEOREM 4.3. A graph G 1is the square of a graph of finite girth
> 6 41f and only if there is an 1-1 correspondence between the

cliques {Ci} and vertices V = {xi: 1< i< n} belonging to

two or more cliques, Xy 0'Ci, such that the following are true.

1) |CifWCj| <2 and lcir\cj| = 1 implies there is C,
sharing two points with each of them.

11) x ECi and x, €C, ®x, €¢C,.

i i hj 3 i
iii) There exists at least one sequence (Ci’cj""’ct’ci)
of which consecutive cliques meet at two points, and any such cyclic

sequence has seven or more cliques in it.

Proof. Consider the graph H on V(G) defined by the edges E(H)
= {(xi,y): y € Ci’ y # xi}. We prove that H 1is a connected

graph. It suffices to show that HIVO is connected. 1If not,

let H| {xl’XZ""’xk}’ k < n be a component. Define

H' = 1:;,01. Xy i >k 1is not a vertex of H'. Thus V(H')

# V(G), and G being connected there exists an edge (x,y) € E(G)
such that only x € V(H'). As in the proof of (2.2) a contradiction

is reached from there. Suppose x € C 1<k and (x,y) €EC

i, j!
j > k. Let C,, be such that [C,NC,,| =2= |ci,ncj|. Then

(xi,xi,), (xi,,xj) are in E(H), a contradiction. Thus H is

“a
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connected. That H2 = G follows directly from the definition of
H. The vertices V(G)-—V0 are terminal vertices in H. Condition
iii) implies that any cycle contained in V(G)--Vo is necessarily
of length 7 or more and there is at least one of them.

We do not know at this moment how to characterize the partial
squares of H. The set of 3-components of a partial square has
no such property as those given in Theorem 2.2. Some basically
different technique has to be developed to deal with partial squares
of graphs having finite girth > 6. We prefer to have a characteri-
zation which uses families of maximal subsets of vertices with
respect to some property P suitably defined (i.e., we want to
aQoid a theorem likévthe one given by Mukhopadhyay, see Appendix).

We state this és an @pen problen.

Problem 1. Obtain characterization of partial squares of a graph

of finite girth > 6.

On the other hand, the squares of graphs which have girth
4, 5, 6 seem to be difficult to characterize. However, if G
is a subdivision graph, and hence has a girth > 5, then we can
show that 62 determines graph G wuniquely, except in one case
when there is an isomorphism of order two between two square roots
of Gz. This will be the topic of Section 5. Our next open

problem:

Problem 2. Characterize squares of graphs which have girth either

4 or 5+ in terms of some maximal subsets.

The following example may illustrate the peculiarities of

+See footnote on page 20.
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cliques in G2 when G has girth 5.

Example 3. Consider the graph G which consists of a 5-cycle
(xl’xZ’XS’x4’x5’xl) and three other edges (xl,xs), (x3,x6),
(xs,x7) (and, of course, the vertices Xes X9 x8). The graph

2

G® has four cliques each of which is a K They are V(G) - S

6.
vhere § is {xz,xk}, {xz,xs}, {x7,x4}, {x7,x8}. Vertices x,,

Xq, Xg, Xg belong to every clique of G2.

It is worth noting that

PROPOSITION 4.4. Every graph is a partial square of a graph of

girth > 4,

Proof. It is clearly true for graphs having 3 or less vertices.
The general case is proved by induction on the number of vertices.
Suppose G has n > 4 vertices and the proposition is true for
all graphs with n-1 vertices. Choose a vertex x of degree > 2.
Consider the grgph G = (G=x) ~ {(xi,xj

G has n-1 vertices and is possibly disconnected. Obtain a graph

) € E(G): x50 X, ErG(x)}.

F such that FCGC gz and girth F > 4. Define F by
V(F) = V(G) and E(F) = E(F) U {(x,xi): X, Grc(x)}. F has
girth > 4 and F CG. Further I_F(x) = I_G(x) implies that

¢ C F.

The proof of Theorem 4.5 is almost the same as that of (3.1).

THEOREM 4.5 (Uniqueness). The graph Hz determines the graph H

uniquely.

Write yourself a characterization of H“, girth H = 6, as in
(4.3), using NH(x) is a clique of H (see proof of Remark 4.5).

AR



Proof. If possible let H, H be two graphs each of girth > 6
such that Hz = Ez. As in (3.1), it suffices to show that H, H
have identical core subgraphs.® Vertices in c(H), c(H) are

the same; they are the vertices in H2 belonging to two or more
cliques. Suppose NH(xi) = Ci = Ng(x o‘i) where X1 hid Ci satis-
fies i), ii), iii) in (4.3). Then one can show that for every
edge (xi,xj) in c(H), {xi,xj} = {xci’xcj}' Thus o is either
the identity permutation, when H = H, or c(H) has two vertices.

The latter is impossible as c(H) has finite girth. Thus H = H.

2 = g"' where H has girth > 6 (possi-

REMARK 4.6. Suppose G = H
bly infinite) and girth of H is at least 6. Then girth of H

is also > 6. If H 1s a tree.then so is H.

Proof. If possible, su'ppose E = (xl,xz,x3,...,x6,x1) is a
6-cycle in H. First we show that NH(xl) is a clique in G.
If not, let C be a clique containin; it porperly and let y be
a vertex in C which is not in NH'(x1)° There is a vertex 2z
adjacent to X5 Y in H. Also, ;-ither (xz,y) € E(_q)+, or for
some vertex u, (xz,u), (u,y) € E(H). Each of them contradicts
girth H > 6. Thus "NH(xl) is a clique.

The cliques NH(x:), 1 <i< 6 violate the condition iii)
in Theorem 4.3 if ; has a finite girth. Thus G cannot be Ez.
If H 1is a tree we know that there cannot be a family of cliques

as {NH(xi)}' This proves the first part. Also, if H is a

tree then H has no cycle, or H 1is a tree.

*
The core c(H) of H is the subgraph induced by the nonterminal
vertices of H.

-rAssume X, # z. Otherwise, consider Xe instead of Xye

21
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Theorem 4.5 and Corollary 3.2 imply that H = H except when

c(H) as two vertices.

5. Application to Total Graphs

In his classical paper Whitney [11] proved that the line
graph of a connected graph G determines the graph G uniquely
up to an isomorphism except in one case when the line graph is a
triangle. We shall show that a similar property holds true for
total graphs, namely.

The total graph of a connected graph G determines the
graph G uniquely up to an isomorphism.

. The total graph T(G) of a graph G = (V,E) has vertex set
VUE and two vertices of T(G) are adjacent if the correspond-
ing elements of G are adjacént or incident (according to the
nature of the elements) in G. From now onwards we shall say
x, a are adjacent no matter whether one, both or none of them
is a vertex. This will simplify the language considefably. A
total graph is a special kind of square graph, namely, square of
the subdivision graph. We define the subdivision graph §(G) as
follows. .Graph S(G) has vertices VU E and the edges (x,e)
where x in V, e is in E and e 1is incident with the vertex

x 1in G. Behzad [ 1] has noted the following:

THEOREM 5.1 (Behzad). T(G) = S(G)2.

Since the girth of S(G) 1is at least 6 we have, iIn particular,
a total graph is the square of a graph of girth 6 or more. The

proof of (5.1) is easy. We leave it to the reader.

vy
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A triangle is a set of three mutually adjacent vertices. A
triangle of T(G) 1s even if every vertex of T(G) is adjacent
to an even number of vertices of the triangle. It is clear that
the total graph of a disconnected graph is the disjoint union of
the total graphs of the components. Thus we shall consider con-
nected graphs .only. To avoid trivialities we shall assume that
the graph G has at least four vertices.

Let G, be a gfaph whose vertices and edges are labeled.

1
Let G2 be another graph whose vertices and edges are also labeled
by the same set of labels in such a way that two labeled elements
‘are adjacent in G2 1f and only if they are adjacent in Gl'
This is the same as saying, T(Gl) = T(Gz) (as labeled graphs).

Observe that both ‘Gl and G2 are connected.

THEOREM 5.2. Gl is isomorphic to G2.

We begin with three lemmas.

LEMMA 5.3. Let a, b, ¢ be the vertices of an even triangle of
T(G). Then a, b, ¢ consist of either the edges of a triangle

of G or two vertices and the edge joining them in G.

Proof. Let a, b, ¢ form an even triangle of T(G). There are
four typical arrangements of the elements a, b, ¢ in G as shown

below.

Fig. 5. The elements a,b,c in G such that they form a
triangle of T(G).
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Since G has four or more vertices the 2nd and 4th possi-

bilities are excluded. Hence the lemma is proved.

LEMMA 5.4. Let 1 and 2 (resp. a) be vertices of G1 (resp.
Gz) and a (resp. 2) the edge joining them as in Fig. 6. Then

G1 and G2 are complete graphs of the same order.

Proof. Let k # 1 be a vertex of Gl adjacent to 2 and let

¢ = (2,k). Since c 1s adjacent to 2 and a in Gl’ c must
be an edge at a in Gz. But k being not adjacent to a in

Gl, the other end vertex of c¢ in G2 is different from Kk;

let it be b. Also in G k 1is adjacent to 2 and c but

1’
not to a. It follows that k = (1,b) imn G2. Hence k 1is

Fig. 6.

adjacent to 1 in Gl; b being adjacent to 1, k, ¢ in G2
we have b = (1,k) in Gl' Thus, in Gl’ every vertex adjacent
to 2 is also adjacent to 1.

On the other hand, let t # 2 be a vertex of G; Jjoined to
1 by an edge d = (1,t). Since d is adjacent to 1 and a

but not to 2 in Gl’ d 1is a vertex of GZ' It is not hard to



see that the edge (1,d) in G, has label t. Also let e = (a,d)

2

in G2' It follows that e = (2,t) in Gl'

In each of Gl, G2 one of the elements 2, a 1s an edge

and the other is a vertex. Thus any deduction from G1 to G2
holds true as well from G2 to Gl' Also observe the "inter-
changes" of the pairs {2,a}, {k,b}, {t,d} in G, and G,. The

edges e, ¢ of Gl are also edges of G2 between corresponding
vertices. To complete the proof of the lemma it remains to apply

the same argument back and forth repeatedly between G1 and 02

and use connectivity of the two graphs.

G

LEMMA 5.5. In G 2 let 1 and 2 be vertices and a = (1,2).

l,
Then G,, G, are isomorphic graphs.
Proof. Let k # 1 be a vertex of Gl joined to 2 by an edge

b (Fig. 7). Since b is adjacent to a and 2 in G b is

1’
an edge at 2 in GZ' Moreover k .being adjacent to b and 2
but not to a in Gl’ it follows that in GZ’ k 1is the other

end vertex of b. Repeat the argument and use the connectivity of

Gl' It follows that Gl, G2 are isomorphic.
1
a a
26— - -0k 20 : -0 k
Graph G] Graph G2

Fig. 7.

25
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Proof of Theorem 5.2. Suppose first that one of the two graphs,

say G has a triangle {1,2,3} and a, b, ¢ are its edges:

1’
a= (1,2, b=(1,3), c=(2,3). The vertices a, b, ¢ form

an even triangle of T(Gl). . In view of Lemma 5.3 there are two

cases.

Case 1. a, b, ¢ are edges of a triangle in G2°

Now the element 1 can be a vertex or an edge of G Let

20

1 be a vertex. Since 1 dis adjacent to a, b in G 1 has

1’

to be the vertex adjacent to a, b in Gz. The adjacencies from

G, 1imply that in GZ’ 2 1is the common vertex of a, ¢. By

1

Lemma 5.5, Gl and G2 are isomorphic. On the other hand, if

1 is an edge of G2 let d be the vertex of G, common to 1,

2
a and b. Evidently, d is different from 2,3. Now one can
easily see that in Gl’ d is an edge at 1. Furthér, if

d= (1,4) in Gl then 1= (d,4) 1in G2 since in Gl’
adjacent to 1, d and not to a. Applying Lemma 5.4 to 4, 1, d

4 is

we get the two graphs are isomorphic.

Case 2. 1In G2 one of a, b, ¢ 1is an edge and the other two
are its end vertices.
Without loss of generality, let b be the edge b = (a,c).

Since 2 is adjacent to a and c¢ but not to b in G it

1’

follows that 2 1is a vertex of G2 adjacent to a and c.

Also, 1 being adjacent to a, b and 2 in G 1= (a,2) in

1’

G Lemma 5.4 applies to the triplet 2, a, 1. We conclude that

9
G1 is isomorphic to Gz. This completes the proof when G1 has

a triangle.



Suppose now that Gl’ G2 have no triangle. We have
se)? = 7(e,) = 1(c,) = s(c.,)>
1 1 2 2

where S(G) denotes the subdivision graph of G. The graphs
S(Gl)’ S(Gz) have girth at least 8, and thus they are equal
by (4.5). However, it is easy to see that Gl’ G2 are deter-
mined uniquely up to isomorphism from their subdivision graphs.
(The isomorphism is nontrivial only when Gl’ G2 are cycles.)

Thus they are isomorphic.

The theorem is proved.

Behzad has note& that the total graph of l(.n is the line

graph of K

1 It is not hard to see that T(Kn)’ n>1 are

the only total graphs that are also line graphs. Thus if a total
graph G is a line graph then cliques of G are of two sizes,

3 and n > 3. There are (ngl) cliques of the first kind and
(n+l) of the second kind. A graph G which fails to be a

line graph i1is a total graph if G is the total graph of the
graph H constructed from the cliques of G as in Theorem 4.3.
Note that we do not need to know the correspondence Xy Q'Ci
before hand. An edge (xi,xj) is being taken in H provided
two cliques intersect at these two points. A vertex y other
than x_ 's is joined by an edge (y,xi) if and only if there is

i

a clique containing both y and X,

27
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Vs

6. A 4-color Theorem

In this section we shall obtain a four-color theorem for a
class of planar graphs. Let rl,rz,... denote the colors. A
(vertex) coloring of a graph G is an assignment of colors
x ¢ r(x) to the vertices of G such that r(x) 1s different
from r(y) whenever x, y are adjacent in G. The chromatic
number X(G) is the minimum number of colors needed to color G.
An elementary contraction of a graph is defined as follows. In
G identify two adjacent vertices x, y to a single vertex (xy).
A vertex 2z 1is adjacent to (xy) "if 2z 1is adjacent to at least
one of x, y. Other edges (z,z') remain as they are. This is

illustrated in Fig. 8 below.

X4

X2 X3 Xo X3

Graph G X, y are identified to
: a single vertex (xy)

Fig. 8. An example of contraction.

A graph obtained by successive elementary contractions of G 1is
called a contraction of G. A famous problen in the theory of

graph colorings is the following:

HADWIGER'S CONJECTURE. If the chromatic number of a graph G is

e
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n, then G can be contracted to a complete graph on n vertices.

The conjecture is known to be true for n < 4. The cases
n =2, 3 are trivial and the case n = 4 has been proved by
Dirac [3]. It is also known that if the conjecture is true for
ns=35, tﬁen every planar graph is colorable with four colors.
Let us assume that G 1is a partial square of a tree T.
It is easy to see that ¥(G) = max x(GINT(x)) = 1 + max x(GH—T(x))

where the maxima is taken over all vertices x.

LEMMA 6.1. If X(G) =n < 5, then the graph G can be contracted

to Kn"

Proof. First observe that if there is a contraction of GHﬁT(x)

to K then G can be contracted to K .
b pt+l

contractions which take Glr&(x) to Kp will take G|NT(x) _to

The elementary

Kp+1‘

The lemma follows easily from the theorem of Dirac.
THEOREM 6.2. A planar graph is 4-colorable (i.e., x < 4) if it
has a 2-complete family of fundamental cocircuits.

Proof. Apply Theorem 1.1 and Lemma 6.1.

The following is a n.s.c. for a partial tree square to be

planar. A graph G is called outer planar'if there exists a

planar embedding of G such that all vertices are on the exterior

face.

THEOREM 6.3. A partial tree square, T CG C T2, is planar if

and only if Glr&(x)' is outer planar for every vertex X.
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Proof. The necessity is clear since G|NT(x) is planar. To

prove the sufficiency we note that Glr&(x) outer planar implies
GINT(x) is planar. A planar representation of G 1is obtained

as follows. Take a planar representation of GlNT(x). For

y € I—T(x), choose a face of GlNT(x) with (x,y) on its boundary.
Then finsert' in that face a planar representation of GlNT(y)

in which (x,y) is on the boundary of the exterior face (see Fig. 9).

Continue in this - way until all of G have been drawn.

Example 4.

Fig. 9. A planar partial tree square
and its planar embedding.

In particular, T2 is planar if and only if the degree of

each vertex is at most 3.

Appendix.

Some of the previous works on squares of trees and graphs
in general are collected here.
Harary [ 5] states the following theorem characterizing tree

squares. We state it in our terminology.



THEOREM (Harary). A connected graph G 1is a tree square if and
oul& if there exists a 1-1 correspondence xi‘e'ci between the
cliques of G and vertices {xi: 1< 41 < n} belonging to two or
more cliques such that the following are true.
1) e >3
ii) |Cir\Cj| < 2; 4if the intersection has one point then
for some C,, Ckr\Ci, CkﬂCj has two points each.
iii) There are as many Cj's containing x; as there are
xj's in C,.
iv) There are (n-1) pairs of cliques which meet at two
points.
On page 646, line 7, [ 5] Harary says "It is clear that the
tree T constructed from the algorithm is a tree square root."
We feel that this is not at all clear. His algorithm is given
below.
(xi,xj) is an edge of T if ICifWle = 2, Other than those,
T has the e@ges (y,xi) where y 1is in Ci and y # Xy
The condition iii) in Harary's theorem seems to be very
strong. It is precisely this requirement that makes the con-
struction of a éounter example to the theorem very unlikely.
The following theorems were obtained by A. Mukhopadhyay [ 8].
Theorem I characterizes the-square of an arbitrary graph. There

are practical difficulties in applying the theorem since one has

to consider all complete subgraphs.

THEOREM I (Mukhopadhyay). A connected graph G with n vertices

vl,vz,...,vn is a square graph if and only if some set of n

31



complete subgraphs of G whose union is G can be labeled
Cl’CZ""’Cn so that, for all 1, j = 1,2,...,n the following
conditions hold:

i) vy € Ci

ii) \ € Cj if and only if Vj € Ci'

For tree squares, he states

THEOREM II (Mukhopadhyay). A graph G with n vertices is a
tree square if and only if G has p cliques and q vertices
bélonging to only one clique of G such that

i) n=p+gq

1i) There exists a labeling C, of cliques such that the

i
vertices Xy belonging to two or more cliques has the properties
€
a) X, Ci
€ - S
b) xi' Cj x:l Ci .

Theorem II has been shown to be wrong in Example 2.
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Chapter 2

CLIQUE GRAPHS, LINE GRAPHS AND SQUARE GRAPHS

In this chapter we shall consider three classes of graphs:
clique graphs, line graphs and graphs that are partial squares
of a tree. In Chapter 1, we have obtained a characterization of
graphs which are partial squares of trees. Clique graphs have
been characterized by Roberts and Spencer [ 9]. A common fea-
ture of these characterizations is the existence of a family of
subsets of vertices of the graph with certain intersection
properties. For partial tree squares the subsets are 3-compo-
nents of the graph and for clique graphs each subset is a com-
plete set of vertices. We show that every partial tree square
is a clique graph. The line graphs become important in our
discussion because many line graphs happen to be clique graphs as
well. We hawe obtained a n.s.c. for a line graph to be a clique
graph. We show that the line graph of H 1is a clique graph if
and only if H does not contain a triangle all of whose vertices
have degree 3 or more. An explicit characterization is obtained
for the graphs H whose line graph is a partial tree square.
Such graphs H are quite easily described and are closely related
to trees. In the last section we note that some products of

clique graphs are also clique graphs.

1. Definitions

Let G be any graph. The line graph L(G) of G is

defined as follows. Corresponding to each edge a = (x,,x,) of

i3
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G there is a vertex of L(G) (which is written as a = v(xi,xj)),
and two of the vertices are adjacent if the corresponding edges

of G are incident with a common vertex. The line graph L(G)
gives us the incidence relation among the lines of G. Similarly,
in order to study the intersection patterﬁ of the cliques of G
one defines the clique graph of G. The vertices of the clique
graph K(G)* represent cliques of G and two vertices K, K2

in K(G) are adjacent if the correspoﬁding cliques of G inter-
sect. if G has girth > 4, then the cliques of G are nothing
but the lines of G and the clique graph K(G) coincides with
the line graph L(G). We shall obtain characterizations of those
line graphs which are clique graéhs and those which are partial
squares of a tree.

The fundamental problem of characterizing clique graphs
themselves is solved by Fred Roberts and Joel Spencer {9]. Our
results are obtained as applicationsvof their theorem.

Let F be a family of nonempty subsets. We say F has
property P (or F is a P family) if each pair of sets in F
has a nonempty intersection. F is said to have property I if‘

' for every P subfamily F'CF, N F* # §. 1In particular,
NF#¢@ implies F is an I-family. In the following F will
consist of complete sets of vertices. A triangle will be often

denoted by A = {xi,xj,xk}.

THEOREM 1.1 (Roberts and Spencer). A graph H is a clique graph

if and only if there is a collection K of complete subgraphs of

*

We regard L and K as operators on the class G of 'finite'
connected graphs into themselves. L(G) 1is the set of line graphs
and K(G) the set of clique graphs.
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H which satisfies the following two properties:
1) K covers all the edges, i.e., if (x,y) € E(H) then
some element of K contains vertices x, y.

ii) K satisfies property 1.

Using Theorem 1.1 one can easily see that all the nine for-
bidden subgraphs in a line graph (see page 75, Harary [ 6]) are
clique graphs. For example, the graph G3 is union of two copies
of K4 having the three points on the horizontal line in common.
This simply means that a graph G whose clique graph is one of
these nine forbidden subgraphs has girth 3. The reason that led
us to a joint study of the line graphs, the tree-square graphs,
and the clique graphs is that they are all characterized by the
existence of a family of complete subgraphs (which ére often cliques)
with some sort of intersection properties.

In Section 2 we shall determine the intersection L(G)NK(G)
of the family of line graphs with the family of clique graphs.
Section 3 will be devoted to the consideration of the squares of
trees and other graphs. Finally in the last section we discuss
some products of clique graphs. Clearly, a graph is a clique
graph if and only if each of its (connected) components is a clique
graph. As before, all graphs will be assumed connected unless
otherwise mentioned. To avoid trivialities we shall often assume,

without explicit mention, that graphs have four or more vertices.

2. Characterization of Clique Graphs of the Form L(H)

We have noted earlier that many line graphs are also clique



graphs. A complete characterization of such line graphs is given

by

THEOREM 2.1. L(H) 1is a clique graph if and only if H does not

contain a triangle whose vertices are of degree > 3.

In particular, if L(H) 1is a clique graph then H 2 Kl;'

We prove the following lemma as a preparation to Theorem 2.1.

LEMMA 2.2. Let there be a triangle in H whose vertices have

degrees > 3. Then L(H) is not a clique graph.

Proof. We shall let a, b, ¢ denote the edges of such a triangle
and a', b', ¢' denote three other edges, one at each vertex of

the triangle, as in Fig. 10.

Fig. 10. A triangle in H whose vertices have degree > 3.

Let F = {Li} be a family of complete subgraphs of L(H) such

that UF = L(H) and, if possible, let F have property I.
1f {a,b,c,'} €L, for all i then let {a,p} C L,

{b,e'}CL

{c',a} CL,; {L;,L,,L;} is a P subfamily of F

2’ 3;
which has empty intersection. Thus F is not I. Thus there

exists an L, in F containing {a,b,c'}. Similarly let

Lj D {b,c,a'}, L, D {c,a,b'} (i,j,k distinct). But then
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{Li’Lj’Lk} is a P subfamily having an empty intersection. The
contradiction shows that F is not I and hence L(H) is not a

clique graph.

Proéf of Theorem 2.1. The lemma proves the 'only if' part. We

prove now sufficiency. Let H be a graph satisfying the hypo-
thesis of the theorem. If H has no triangle, we have seen that
L(H) = K(H) is trivially a clique graph. Next, let H have a
triangle. For each triangle A in H, let {(A) be a vertex in
A which is of degree two. { is an 1-1 map from triangles of H
into the vertices of H. Define the following cliques in L(H).
For x, = §(4), Li.m {the edges of the triangle A}, otherwise

Lj = {set of edges incident with vertex xj} if dG(xj) >3 or

dG(xj) = 2 and x, does not belong to any triangle. L, 1is a

k| i
complete set in L(H). Clearly, U Li = L(H). Let P be a sub-
family of {Li} with the intersection property P. If Ly €EP

where x, = §(A) and A= {xi,x x,} then PS{Li,Lj,Lk} and

j’
vertex v(xj,xk) of L(H) is in N P. On the other hand if P
does not contain any Lﬂ(A) then it is not hard to see that P

contains only two Li's and NP +# @. By Theorem 1.1 L(H) is a

clique graph.

COROLLARY 2.3, L(H) 1is a clique graph if and only if the family

of cliques of L(H) has property I.

Compare Corollary 2.3 with the following theorem of Roberts

and Spencer [ 9]. The clique number of a graph is the maximum

number of vertices in a clique. The clique number of L(H) can
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be, certainly, arbitrarily large.

THEOREM 2.4 (Roberts and Spencer). If the clique number of a graph

G 1s < 4, then G 1is a clique graph if and only if the cliques

of G have property 1.

The following is a simple corollary to Theorem 2.1.

COROLLARY 2.5. If L(H) is a clique graph, then all induced

subgraphs of L(H) are also clique graphs.

It is not true in general that the induced subgraphs of a
clique graph are also clique graphs. See Example 5. The converse
of Corollary 2.5 is also false, i.e., a graph and all its induced
subgraphs may be clique graphs and still the graph itself may not
be a line graph. For example, consider the wheel graph on 6 ver-

tices shown in Fig. 12.

‘Example 5. Consider the graph G shown in Fig. 11. G 1is a
clique graph since all cliques of G contain the vertex x. G-x
is not a clique graph by (2.1). However, all proper induced sub-
graphs of G -x are clique graphs since they are line graphs

satisfying Theorem 2.1.

Fig. 11. The graph G. The graph G-x is called the big triangle.
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Fig. 12. The wheel graph on 6 vertices.

3. Partial Square Graphs and Clique Graphs

Another large class of clique graphs are partial squares of
graphs G where girth of G is at least 7. The partial square
graphs in this class share some of the important properties of the
clique graphs of the form L(H). For example, it is true that
the cliques of a partial square of G have property I. Also
induéed subgraphs of G2 are clique graphs. One is thereby
naturally inclined to ask "Which of these partial square graphs
are line graphs?" The answer is given in Theorems 3.5, 3.8.

We recall that a graph H is called a partial square (of G)
if for some graph G with the same vertices as those of H, one
has G CHC G2, The definition is not very useful unless one
restricts the graph G in some way since every graph is a partial
square of itself. (In fact, every graph is a partial square of
a graph of girth > 4. See (4.4), Chapter 1.) In the study of
clique graphs, the natural restriction seems to require that G

be of girth 7 or more. A tree has girth o by definition.



THEOREM 3.1. If G 1is a connected graph and G has girth > 7
then every graph H, GCHC Gz, is a clique graph and the

cliques of H have property 1.

Proof. The theorem is trivial for |V(G)| < 3. To prove the
general case we recall Lemma 4.1 in Chapter 1. The cliques of

G2 were shown to be of the form NG(x) where degree of x is

2 or more. Thus cliques of H are subsets of the form L SENG(x)
and x GlL.* The cliques contained in NG(x) are written as
Lx,L;,L;,... . We show that the set of cliques of H, K, has
property I. Let P be a P-subfamily of K. If for some x,
all cliques in P are of the form Lii) then x €ENP. So

let there be cliqueé Lx’ Ly in P such that they are not con-
tained in the same neighborhood. To simplify the argument let

each of them have three or more vertices. We have 1 g_dG(x,y) <2

since L NI # @.
X y
Case 1. For any Lt’ Lz in P, dG(t,z) < 1.

= N = '

Then d,(x,y) =1 and L Ly {x,y}. 1f L, 1is any
clique in P then z =x or y; otherwise {x,y,z} 1is a tri-
angle in G. If y € L; for all L; €EP then y€ENP., On the
other hand if there exists an L; ‘not containing y then x

belongs to every clique in P.
Case 2. dG(x,y) = 2,

N = = N .
Then Lx Ly z where =z NG(x) NG(y) Let Lt be a

third clique in P. We show that z € L, proving NP # @. If

*

There is a slight ambiguity as far as x 1s concerned when Lx
is a K, graph. But this should not create any -serious diffi=
culty in following the proof.
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Lt - NG(x), then z € Lt because Lt: N Ly # @#. Similarly,

z € L, for L, C NG(y). Now suppose that L 4 NG(x), NG(y)
and u € L, F\Lx. Then L, rlLy # @ implies that G contains
a cycle containing u and the length of the cycle is no more

than 6 (Fig. 13) which is impossible. Thus the theorem is proved.

Fig. 13. Mutually intersecting cliques Lx’ Ly’ Lt in H.

The edges shown are in G.

Theorem 3.1 is not true if girth of G < 6. The big triangle
is a partial square of a 6-cycle and it is not a clique graph.
Also see Theorem 4.1. Compare Corollary 3.2 with Corollaries 2.3

and 2.5.

COROLLARY 3.2. Let G be a graph of girth > 7 and S C V(G).

Then Gz— S is a clique graph.

Proof. Consider the family K of nonempty members of {Né(x) =

NG(x)— S: x € V(G)}. It is clear that K consists of cliques of

GZ—S. Because, a clique K of GZ—S is contained in a clique
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NG(x) of G2 and therefore K = NG(x) -S. Let P bea P-sub-
family of K and IPI > 2. We can assume without loss of genera-
lity that IN(';‘(x)| > 2 for cliques in P. Let P' = {Né(x) EP:
x € S}. Also consider the following partial square of G,
H = GZ— {edges in E(Gz) - E(G) which are incident with a vertex in S}
and let P" be the family {N(!.’(x)Ux: N(';(x) € P-P'}. Note that
for Né(x) € P~-P', the vertex x 1is determined unambiguously;
this is not necessarily so for Né(x) € P' unless INé(x)l > 3.
Since cliques of H are subsets of neighborhoods NG(x).,
it follows that P'UP" 4ig a f'amily of cliques in H and it
satisfies the intersection property P. We have NP = (NP') N
(N P") since the right hand side is a subset of V(G) -S whether
or not P' = @. Therefore NP # @ by Theorem 3.1 applied to the

graph H.

REMARK. Corollary 3.2 cannot be generalized to partial squares
of G, i.e., an induced subgraph of a partial square of G may

not be a clique graph. Nevertheless, if G CHC G2

and HING(x)
is complete then H-x 1s a clique graph. If NG(x) is not
complete in H, then the conclusion is again false. For example,
consider the graph G in Fig. 11. It can be regarded as a partial

square of a star 'rooted' at the vertex x. G-x 1is not a clique

graph.

We proceed to the characterization of line graphs such that
G CL(H) C Gz. We shall study the problem in two steps -- G is a
tree (girth = ©) and graph G has a finite gif:th > 7. The cases

girth 5, 6 are undecided and remain open. Throughout the rest of



Section 3, L(H) is assumed to be a clique graph. For our purpose
a graph G which is a partial square of a tree T, TCGC T2,
is best described as edge disjoint union of two subgraphs: T and
G-T. The graph G-T is a disjoint union of two induced subgraphs,
one on each of the color classes of T. Each of the induced sub-
graphs in turn consists of a bunch of smaller subgraphs G|r&(x)

(possibly disconnected) "hinged" at single vertices. See Fig. 14

below.

Fig. 14. Schematic view of G|{a color class of T}. Each of
the circled regions is of the form G|, (x) which is
2 T
a complete graph in case G = T“.

It is interesting to note the structure of an arbitrary cycle

of a partial square of T or, for that matter,a tree square.

PROPOSITION 3.3. A cycle of Tz, C = (xl,xz,...,xn,xl) which

is not contained in any r&(x) has exactly two edges of T and

consists of consecutive sets of vertices from I—T(.)'s as indicated

in Fig. 15.



44

Xe X. =X X
Xg X3 1] 1 A12 le] 13
/ R ron ' AR ,,.-/’/://
/ PR \ ! 4 ) / ’ ’ -7 / /
7 / I / ’ P ” 'd 7 4
/ s/ \ s M ! , s L
/ ! Py .77 /
a Ve / \ 4 / . P4 7
/s N R A c
;7 7 ’ |'/ [] v ////'/ s’ // /
7/ / ", ' Y ,&/, // , /
X X X X.= X=X, X: 41

Fig. 15. A cycle C of T2. Edges a, b belong to
tree T. Chords of C are shown as broken
lines and they are edges of T. I—T(xl) 2
: < < D :
{x,: 2224}, l_T(xiS) 2 {x.: 1)
r ») : = :
T(xi4) 2{x 1,2t 1.}, I—T(xi3) {x,

<t}

<t < = : < .

{13+l <t< 14}, I_T(xiz) {xt 1,2t 15} etc
Proof. We prove it by induction on the number of vertices n
in the cycle. The proposition is trivial for n = 3. Suppose
it is true for all cycles of length < n and C 1is a cycle of
length n > 4. If C contains no edge of T then C EI—T(x)

for some x, contrary to the assumption. So let (xl,xz} €T,

Case 1. (xz,x3) € T. Then (xl,x3) € Tz. Consider the cycle
c' = (xl,x3,x4,...,x1). C' 1is easily seen to be contained in

*
r (xz), and the proposition is proved.

Case 2. No two consecutive edges of C are in T. For every
edge (xi’xi+1) (i+1 =1 for i =mn) of C which is not in T

there exists a vertex x, such that X5 X GT—T(ii). We claim

i

that X, = x, for some i, j; otherwise T should contain a

i 3

i+l

2
ﬁ—T(xz) is a 2-component of T - X, containing Xy» Xge



cycle contained in the set {x,} U {ii}. Now one of the following

41 (P) x4, to

not containing X,, is of length > 2. Use the induction hypo-

two arcs of C:(a) x; to xj not containing x

thesis for each of the cycles (if it is one): arc(a) L’(xi,xj),

). The result follows immediately.

arc(b) U (xj,xi+l

COROLLARY 3.4. A cycle C of a partial square of T which has

no chord is of length 3 or is contained in r&(x) so that it

is the rim of a wheel with center at x.

Now we are in a position to prove one of our important theo-

rems on line graphs. We make the following

DEFINITION. A thick tree is either a tree or it is a graph in

which 1) the only cycles without a chord are triangles, 2) two
triangles have two or no vertices in common and 3) each triangle

has a vertex of degree 2.

X

A

A typical method for constructing a thick tree can be described

as follows. Take a tree T and select a set of nonadjacent edges
Eo = {e = (x,y)}. Corresponding to each e € Eo’ add a finite
number of vertices {ei}, all distinct, and put the edges
{(ei,x),(ei,y)} to make (x,y) '"thick". The result is a thick
tree. The tree T itself is called a skeleton of the thick tree
so constructed. An edge e € Eo is called a thick edge of thick-
ness I{ei}l + 1. It is easy to see that the skeleton of a thick

tree is determined uniquely up to isomorphism.

THEOREM 3.5. A line graph L(H) is a partial square of a tree
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if and only if H dis a thick tree.

Proof. "only if" part. Assume L(H) is a partial square of tree
T. Let C be a cycle in H having k > 4 edges. The induced
graph L(C) CL(H) is a cycle which has no chord. By (3.4),

L(C) 1is the rim of a k-wheel. For k=5, and k> 6 this

implies respectively G9 and G, (page 75, [6]) are induced

1
subgraphs of L(H) which is impossible. If k = 4, then the
center of the 4-wheel corresponds in H to a chord of cycle C.
Also by (2.1) every triangle of H has a vertex of degree 2.
It remains tovshow that two triangles in H do not intersect at
a single vertex. Let Al, A2 be two triangles and Al N A2 = X.
Then L(Al), L(Az) and the induced subgraph L = set of edges
incident with x are cliques of L(H) and L(Al) N L(Az) =0,
|L(Al) N Lxl = IL(AZ) N Lxl = 2, However this is impossible in
a partial tree square (since each clique is a subset of NT(xi))'

"If" part. This is a special case of Theorem 3.8. We
observe that the thick edges each taken with two opposite orien-
tations constitute a d—métching of H that satisfies condi-
tions i), ii) of Theorem 3.8 with 7 (see Remark 3.9) replaced by
|E(H)| 4+ 1. Therefore L(H) dis a partial tree square.

Each of the graphs H in Fig. 16 has the line graph L(H)

which is equal to a tree square. Corollary 3.6 shows that they

are the only graphs with this property.

COROLLARY 3.6. L(H) is a tree square if and only if H is one

of the graphs in Fig. 16.
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Fig. 16.

Two graphs of diameter one, two classes of
graphs of diameter 2 -- star and thick star

with one edge of thickness 2, and one graph
of diameter 3.
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2
Proof. L(H) = T~ implies that H does not contain a four cycle

since the only chordless cycle of T2 is a 3-cycle. We first

show that a tree skeleton Tl of H has diameter < 3. Suppose not

and (xl,xz,x3,x4,x5) is a path in T We recall that Lx de-

10
notes the induced subgraph of L(H) on the edges of H at vertex
X. Since (xl,x3), (x2,x4) are not in H, sz, sz are cliques
of L(H) and |Lx N L | = 1. But L(H) being a tree square
2 3
there is a clique of L(H) that meets each of Lx ’ Lx at two
2 3
vertices. Such a clique must be the edges of a triangle of H

containing X, x3. Therefore (x2,x3) is a thick edge. Simi-
larly, (x3,x4) is a thick edge which is impossible. Thus dia-

meter of T1 < 3. 1In case of equality we have noted that the

"middle" edge of a path of length 3 is a thick edge. It is easy

to verify that degrees of Xy, X, are necessarily 3 in that case.

3

For the rest of the section 3, G will denote a graph of
finite girth > 7. Unlike the tree case a line graph is never
equal to G2. L(H) 1is equal to G 1if H 1is a cycle of length

> 7, and only then.

PROPOSITION 3.7. G2 is not a line graph.

Proof. Let P = (xl,xz,...,x6) be an arc of a cycle in G of
smallest length. The possible induced graphs G2|{x1,x2,...,x6}

are shown below.
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The graph in Fig. 17(i) arises if there does not exist a vertex

x, adjacent to Xy and Xe3 this graph is G8.+ The graph in

7

Fig. 17(ii) contains G, (remove xs).+ Thus G2 & L(@G).

2
The following concepts are essential for our next theorem.
An edge of H with a specified direction (orientation) is called

an arc of H. (x,y) stands for the arc: from x to vy.

DEFINITION. A subset M of the arcs of a graph H is called a
*
d-matching if the common terminal vertex of two arcs in M has

degree 2 in H.

A d-matching may contain two arcs obtained by opposite
orientations of the same edge. If a d-matching is symmetric
(i.e., (x,y)” €M implies (y,x) €M) then the edges {(x,y):
(x,y)” € M} constitute a matching except that for a vertex of
degree 2 both the edges adjacent to it may occur in the matching.
We say arc (x,y) covers y and y is an unexposed vertex.

A vertex that is not unexposed is called exposed. An arc x,y)

is called an escape-arc for a cycle C of H if y 1is a vertex

of C and x 1is not.

The basic theorem can now be stated in terms of d-matching.
In the sufficiency part of the theorem we do not actually assume

that L(H) 1is a clique graph. It follows from Theorem 3.1.

THEOREM 3.8. A line graph L(H) 1is a partial square of a graph G

of finite girth > 7 1if and only if the graph H has a d-matching

TSee page 75, [6].

*
d for directed.



M such that the following are true.
i) At most two arcs of M belong to each triangle of H
and they cover the vertices of the triangle that have degree > 3.
ii) A chordless n-cycle of H, 4 < n < 7, has at least

7-n escape-arcs in M.

Proof. "Sufficiency". Suppose that graph H has a d-matching
satisfying 3.8(i), (ii) and |V(H)]| > 4.

It is rather immediate from 3.8(i) that not all vertices of
a triangle of H have degree > 3 and two triangles do not meet
at exactly one vertex. Also note that if there are two triangles
A= {x,y,z}, A' = {x',y,z}, then necessarily (v,2) , (z,y) €EM.
Enlarge the d-matching M to Mo =MUM' where M' consists of
a set of arcs {(.,x)—}* chosen arbitrarily, one at each exposed
vertex x, d(x) > 2 where either x is a vertex not belonging
to a triangle or d(x) = 2 and M has only one arc in the triangle
containing x (if any*). We construct a graph G on the ver-
tices of L(H) as follows. Take an unexposed vertex x and let
(a,x)  be the arc in Mo' Join the vertex v(a,x) (in G) to
all the vertices of the form v(.,x). We show first that
¢ CL(H) C Gz. That G C L(H) is trivial from construction. Let
(y,x), (x,z) be two edges of H. If d(x) >3 and (y,x)—,
(z,x) & Mo’ there is an arc (a,x) € Mo and hence v(y,x),
v(z,x) are adjacent in G2. The other nontrivial case is when
d(x) = 2 and (y,x) , (z,x) & Mo; but then A = {x,y,z} must

be a triangle. Two cases arise.

.'.

G,x) means some arc into x.

*

Such a triangle A has exactly one vertex of degree > 3. Do not
choose an arc (.,x) for each of the two vertices of degree 2 in
A, just for one of them.
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Case 1. d(y) and d(z) > 3. One of the following pairs of arcs
is in M_: GoLY) T, (x,2) 75 (L), (5,2) 5 (x,2) 7, (2,97

(7,2)", (z,y)”. Therefore (v(y,x),v(x,z)) € E(C2).

Case 2. Say, d(y) =2, d(z) > 3. We leave the verification

to the reader.

We show that girth of G > 7. Let & = (el,ez,...,ek,el) ‘
be a smallest cycle of G. (k is necessarily > 4). Consider
the partial subgraph H of H induced by the edges {el,ez,...,ek}
of H. Let M= {(x,y) € MO: (x,y) € E(H)} and V be M-unexposed
vertices. For (x,y) € M it is easily seen that 2 < dH(y) < 3.
If dH(y) = 3 then the three edges of H at y are con;ecutive:
ei—l’—ei = (x,y¥), €1’ furthemore vertex x 1s M-exposed

and the other end vertices of the edges e are in V.

1-1° %141
For dH(y) = 2 we leave it to the reader to verify that the two
vertic;s that y 1is adjacent to in H are in V and the two
edges of H at y are &5 @iy (or e ei_l). Thus glg

has all vertices of degree 2 and it should not be difficult to

see that §_|y_ is a cycle, say, C = (xo,xl,...,xt,xo). Also

note that x, € C and dH(xi) = 2 are covered by arcs of M
belonging to C. It is n;t hard to see that C has four or more
edges (use 3.8(i)). We claim that C has no chord in H. If
possible, let e = (xo,xs) be a chord and s 1is minimum. Sup-
pose s = 2. Since e & E(H), considering A = {xo,xl,xz} we
have (xl,xo)-, (xl’XZ)- €M and dH(xl) = 2. But this being
impossible,‘ because xl is unexposed, s > 3. Suppose dH(xo) = 3,

(y,xo)— € M; then £ 1is not a smallest cycle since the arc
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v(y,xo),v(xo,xl),...,v(xs,xs+l) in £ can be replaced by one
of the following,
v(y’xo) ,e,v(xs_l ’xS) ’v(xs’xs+1) if (Xs_l,xs) € M
V(st0)9e’v(xs’xs+l) if (x8+1,xs) € M
v(y,xo),e,v(z,xs),v(xs,xs+l) if dgﬁxs) = 3 and (z,xs)- eEM
Thus dH(xO) = 2 and similarly dH(xs) = 2, Further reasoning
in a similar spirit (if dH(xO) = 2 etc.) shows that s ¥ 3
(hence s = 3) and (xl,xo) , (xz,x3) €M and dgﬁxl) =2 =
dH(xz). But this contradicts 3.8(ii) for the 4-cycle of H
(xo,xl,xz,xs,xo). Thus C has no chord. Now the vertices
x, € v(C), dH(xi) = 2 are covered by arcs of Mo belonging to

i
C. Therefore C has at most k-t escape-arcs in Mo. By 3.8(ii),

7-t < (k-t), or 7 < k.

"Necessity". Let the line graph L(H) be a partial square
of a graph G of finite girth > 7. We construct a d-matching M
going from vertices to vertices of H as follows. Notice that
L(H) being a clique graph, by (2.1), every triangle of H has
a vertex of degree 2. Also two triangles do not meet at exactly
one point.+ If dH(x) >3, or =2 and x does not belong to
a triangle of H, then L = {set of edges at x} is a clique
in L(H). There exists an edge e € Lx such that NG(ex) 2 Lx
by (4.2), Chapter 1; e, is unique if degree of x > 3. Orient

the edge ex into the vertex x. Let dH(x) = 2 and x belong

to the triangle A = {x,y,z} in H and let dH(z) > 3. Since the

+As in proof of (3.5), the intersection pattern of the cliques
L(Al), L(Az), Lx is an impossibility in a partial square of a

graph of finite girth > 7 as it is for infinite girth (i.e., a tree).



vertices L, = {v(x,y),v(y,z),v(z,x)} form a clique of L(H) and
girth G > 7 we have that e = (y,z)- or (x,z) and e,
covers z (prove it by contradictiomn). If dH(y) >3 we do
nothing for x. Observe that in case there is another triangle
A' = {x',y,z} then e, is also one of (x',2z) , (y,z) ; hence
e, = (y,z)  and similarly e, = (z,y) . Finally, if we had
dH(y) = 2 choose only one of the arcs x,9) , (y,x) in M for
the pair of vertices x, y. An M-exposed vertex is either of
degree 1 or of degree 2 belonging to a triangle.

We show that M satisfies properties 3.8(i), (ii). That M
is a d-matching is clear from construction as also the property
3.8(i). Property 3.8(ii) follows because girth G 1is, by hypo-

thesis, at least 7.

REMARK 3.9. In the proof of sufficiency in (3.8) we can replace
7 by an arbitrary number g > 5 and get a very general theorem.
However, number 7 plays an important role throughout the necessary

part, so much so that it cannot be replaced by 5 or 6.

Example 6. In the graph H (Fig. 18) there is no symmetric

d-matching M with properties 3.8(i), (ii). Consider the cycle

(xl,xz,x3,x4,x5,x1). Edges 6, 7 must be in M if M is symmetric.

But then there is no way to help the cycle (xl,xs,x4,x8,x6,xl).

A d-matching M is indicated by arrows on the arcs of M.
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3 8

graph H graphs L(H) and G

Fig. 18. L(H) 1is a clique graph. Corresponding to the
d-matching M, the edges of G are shown in
bold lines.

4., Miscellaneous Theorems on Clique Graphs

An example of a non-clique graph:

THEOREM 4.1. If G 1is a graph of girth 3 then the total graph. T(G)

is not a clique graph.

Proof. Let A= {xl,xz,x3} be a triangle of G and a = (xl,xz),
b= (xz,x3), c= (x3,xl). The triangles Al = {a,xl,xz},

AZ = {b,:-&,x 3}, A3 = {c,xl,x3} are cliques of T(G). If possible
let {Li} be a cover by complete subgraphs of T(G) and {ii}

be 1. Then the edges (xl,xz), (xl,a), (xz,a) of T(G) must

be in the same L., for some 1 and thus L, = {xl,xz,a}. Let

i i

A, =L, i=1,2,3. But then {L;}, 1<1<3 is P-family

i i’
but not I, a contradiction. Thus T(G) is not a clique graph.
However, there are square graphs G2, girth G = 6, which

are clique graphs.

Example 7. Let G be the graph induced by the solid edges in



Fig. 19. The graph G2 is the union of 6 cliques NG(xi)’

1<1i<6 eachof which is K4. The cliques of G2 have property I.

Fig. 19. A clique graph

Theorem 4.2 characterizes a graph G whose clique graph is
bipartite. Since a graph of girth > 4 is always a clique graph,

all bipartite graphs are in K(G).

THEOREM 4.2. The clique graph K(G) is bipartite if and only if
G satisfies the conditions:
i) A vertex is in at most two cliques of G.

ii) Every odd cycle of length > 5 has a chord.

Proof. Necessity. Suppose C = (xl,xz,...,xk,xl), k>5 1is an

odd cycle and has no chord. Let K 1<i<k (ktl =1

i,1+1°
mod k) be cliques of G containing {xi’xi+1}' They are all

distinct. The vertices K , 1<k of K(G) form an odd
i,1+1 —

cycle (taken in that order). Trivially, a vertex should not belong



to three cliques of G.

Sufficiency. Let C = (Kl’KZ""’Kk’Kl) be a smallest odd
cycle in K(G). C has no chord. If possible, let k > 5.
Choose a vertex of G, X, € Ky n K, for each 1<4<k. Then
c' = (xl,xz,...,xk,xl) is a cycle in G and fortunately has no
chord either. This is easy to see. Thus we contradict (ii) and
hence k = 3. We shall now prove that K, N K, N K3 is non
empty which is impossible and the theorem will be proved. If not,
Xy Xgs x3 (as above) are distinct and form a triangle. Let K
be any clique containing the triangle. If K = K]. then

= N N . N N
X, Kl K2 K3, otherwise x2€K K2 K3.

We close this chapter with two theorems on product graphs.
The product graphs G O H, G ® H are defined as follows. They

have vertices V(G)x V(H) while the edges are respectively

EG © H)

{(x,y),&x",y"): (x,x') € E@G), (y,y') € E(H)}
{(Gy) 5 (x,9")): (y,y") €EM), x € V(G)}

U {(x,y),&"',y): (x,x') €EE@), y EV(H)} UE(G ©H).

E(G ® H)

THEOREM 4.3. If G, H are clique graphs then the Kronecker

product G @ H 1is a clique graph.

Proof. Let {Gi: 1<1ic<ml, {Hj: 1< 3 <n} be two families
of complete subgraphs of G and H respectively which satisfy 1
and UGi = G, U}lj =H as in (1.1). Define (xt’Hj) =
{(xt,yk): Y, € Hj} and  (Gy,y,) = {(xk,ys): x, € Gi} for all

X, € v(), Vg € V(H); they are complete subgraphs of G ©H
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and their union is all of G OH. Let P C {(x ’Hj)’(Gi’ys)} be

a P-family. (x ), (x 's j') € P implies X =X and

t'

H, NH

: g # §. Thus P can be written as

P = {(X ) (X 9H )’0'-’(x H )}

j1 Iy

U {(Gil’ys)’(Giz’ys)"°"(cip’ys)} .

N S < .
But (xt Hjl) CH l,y ) # @ implies x, Gil, Vg Hj]_ We
conclude (x t’ys) €NP, Thus G OH is a clique graph.

THEOREM 4.4. K(G ® H) = K(G) @ K(H).
In particular, @-product of clique graphs is a clique graph.

Proof. The cliques of G ® H are of the form CxD where C, D
are cliques of G and H respectively. If C, D are cliques,
clearly C'x D 1is a complete subgraph. On the other hand, if
s C V(G):x V(H) a clique then Sl’ S2 are complete where S1 (82)
is projection of S on V(G) (resp. V(H)). Since S C Slx Sy
we have § = SlX 82. It follows that CXD is a clique.

Finally CxD NC'xD' # ¢ if and only if CNC' # @,
DND'# @. This is the same as saying (C,C') € E(K(G)) and
D=D', or (D,D') € (K(H)) and C=¢C', or (C,C'), (D,D')

are edges of K(G), K(H). This proves the theorem.
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Notations.
Arc: If & = (xo,xl,...,xk_l,xo) is a cycle then the path
‘ (io,xl,...,xi), i < k-1 1is called an arc of &.

Articulation vertex: It is a vertex x such that G-x has more
components than G.

Big triangle: See Fig. 11, page 38.

Core: The point induced subgraph by the nonterminal points.

c(G): Core of G.

Component: l-component

Connected: If G 1is l-connected then we simply say that it is
connected.

Cutset: A minimal set of edges whose removal from the graph
increases the number of components. fhis is the same as a
cocircuit of the graphic matroid.

Chord: An edge (xi,xj), [1-3] # 1 (mod k), is called a chord
of cycle (xo,xl,.;.,xk_l,xo).

Cycle (xo,...,xk_l,xo): It is a path whose first and last vertices
are the same. A cycle of length n is called an n-cycle.

d-matching: See page 49.

dg(x): Degree of vertex x in G, d,(x) = |ré(x)|.

dG(x,y): Distance of vertices x and y in graph G.

G: G = (V(G),E(G)) 1is a finite graph without multiple edges and
loops.

G CH: G is a partial subgraph of H, i.e., V(G) CV(H) and
E(G) CE(H).

GIS: For a subset of vertices S, it denotes the ﬁoint induced

subgraph of G on S.
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ré(x): Set of vertices adjacent to x in G.

6%: square of €. V(G = V@, E@E%) = {(x,9): d Gx,y) < 2},

G © H: See page 56.

G ® H: See page 56.

Girth: Length of the shortest cycle. Girth of a tree is by
definition .

H U G: It is the graph whose vertices are V(H) U V(G) and
edges E(H) U E(G).

H~G: It is defined for H2 G and H-G has vertices V(H)
and edges E(H) - E(G).

Kn: The complete graph on n vertices.

M(G): The graphic matroid on E(G). Circuits of M(G) are the

‘ cycles of G.

Multiple point: A vertex belonging to two or more 3-components.

NG(x): X Ul_é(x), called neighborhood of x.

P: see paée 34.

Partial square: G 1is partial square of H if HCG C HZ.

Path(xo,xl,...,xk): Except in Part II, we always take the vertices
Xgs oo sXy distinct unless Xg = X when the path becomes

a cycle. The length of the path is the number of edges in

it, k (namely, (xi,x 0<1i<k-1). In Part II, a

i+l)’
path is indicated by the sequence of edges (xi’xi+l)'
Property I: See page 34.

T: A tree T is a connected graph having no cycle.
Terminal point: A vertex x of degree one.

t(x): Terminal vertices adjacent to x.

Thick tree: See page 45.
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PART II: Factorization of Graphs

THE k-FACTOR CONJECTURE IS TRUE

We shall show that if sequences (di>’

graphical then there exists a graph G with degrees di which

has a factor with k lines at each vertex. Similar results have

{4 -
di k) are

been obtained for digraphs. Also some other related problems

are discussed.

To every graph G whose vertices are labelled vi,
1 <1i<n, one can associate the degree sequence (di) where
di = degree of the vertex vy G 1is called a representing graph
for {(d,) and the sequence itself is called graphical. The

i

degree sequence is an 'invariant' of a graph. It is a rather 'weak'
invariant and there 18 almost always more than one graph with the
same degree sequence [2]. This 'incompleteness' of degree sequences
allows one to raise many existence problems about representing
graphs. In that regard, the following conjecture was made by
A.R. Rao and S.B. Rao [8] and also by B. Grunbaum.

If (di)’ (di—k) are graphical sequences then there exists
a graph G with degrees (di) which has a factor with k lines
at each vertex.

Also a similar conjecture for digraphs was made by A.R. Rao
and S.B. Rao [8]. We shall prove a generalized version for each
of them, first for graphs and then for digraphs. The ideas

involved in the two cases are very similar. The concept of an

alternating path will be Important throughout.
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1. UNDIRECTED GRAPHS
We shall assume that graphs have no multiple lines and loopsf
All graphs are drawn on a fixed set of vertices V = {vl’VZ"'°’vn}°
Therefore it is convenient to identify a graph G with the subset

of unordered pairs {(vi,v )}, where (vi,v ) are lines of G.

J 3
A sequence (of n nonnegative integers) (di: 1<4i<n) is
called graphical if there exists a graph G with degree of vy
being equal to di for all 1. We say that G 1s a represent-
ing graph of (di). For a given sequence (ki: 0<ky<dgy) a
subgraph F C G 1is called a subfactor if F has at most ki
lines at vye Call v, a saturated vertex (with respect to F)
if F has exactly ki lines at vy We shal% denote by S = S(F)
the set of saturated vertices. F 1is called a factor if S = V.
If ki =k, 1<1i<n, F is called a k-factor. We often
consider two graphs G, H simultaneously. To distinguish their
lines we shall put colors on the lines (Vi?vj) as follows:
lines of G (resp. H) not in H (resp. G) are colored red
(resp. blue), the lines common to G and H are colored green
and all other lines are colored white. We shall write r = red,
b = blue, g = greén, w = white and c(vi,vj) for the color of
line (vi,vj). A few other notations like g = r+b, r = g-b,
w = b-b, etc. will be useful. We shall let Ec(vi) denote the
set of lines at vertex vy with color ¢, ¢ = r,b,g, and
Ec = U Ec(vi)’ Qnion over all v, Clearly lEr(vi)' + IEg(vi)I,

*
We shall use the word line for edge. A loop is an edge whose
endpoints are equal.




IEb(vi)l + IEg(Vi)l are respectively the degrees of A in G

and H. Finally, an alternating path P = (XO’XI)’(xl’xz)’(xz’XS)"°'

is a path whose lines are distinct and c(xi,x =t or b

i+1)

according as i even or odd.

THEOREM 1.1. Let (di)’ (di-ki) be two graphical sequences
such that for some k > 0, k f_ki S ktl for 1< i< mn. Then
there is a graph G with degree sequence (di) and having a

(ki)—factor.

Proof.

Consider two graphs G', H' with degree sequences (di>,
(di-ki? respectively and the associated coloring of the lines
(Vi’vj) in white, red, blue and green. Clearly, lEr(vi)l =
|Eb(vi)| + k; for all vertex v,. Let F' SEr* be a (ki)-
subfactor; F' is possibly empty. Suppose that the graphs G, H
and a subfactor F are so chosen that |F| + |Eg| has maximum
value among all possible choices of G', H', F'. If all vertices
v, are saturated in F we are done. We shall show that it is
indeed so. This is accomplished in several steps. Let S = S(F)

and assume that S # V.

10) 1f Xgs Xq» Xys X are four distinct vertices such that

c(xo,xl) =b = c(xz,x3), c(xl,xz) = r and (xl,xz) & F then

c(xo,x3) = b.

Proof. 1If c(xo,x3) = r or g then changing the colors c(xo,xl),

c(xz,x3) from b to g = btr, c(xl,xz) to w and c(xo,x3)

*
All subfactors will be a subset of red lines.
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to c(xo,x3)-r we increase IEgI by two or one according as
c(xo,x3) =r or g. In the worst case, when (xo,x3) €EF we
form the new subfactor F-(xo,x3). In any case, |F| + |Egl has
been increased, a contradiction.

If c(xo,x3) = w then change each of .(xo,xl), (x2,x3) to
a white line while adding blue to c(xl,xz) and c(xo,xs). The
result is an increase in IEgI without changing F. Thus
c(xo,x3) = b, Note that the changes in colors did not disturb
the equations IEr(Vi)I + |E8(vi)| = di’ IEb(vi)I + |Eg(v1)|
= di-ki, 1<1i<n. This will always be the case in all

recolorings.

0
27) Let (xo,xl),(xl,xz),...,(xzt,x2t+1), t>1, X, # Xpea1

be an alternating path P which is line disjoint with F and

) € P. Then c(xo,x ) = r.

(xgsXge41 2t+1
Proof. Suppose c(x,,x ) # r. We show as in 10 thatby suita-
—_— 072+l

ble recoloring of the lines of P and the line (xo,x2t+l) we
can increase IEgI’ F remaining unchanged. For example, if
c(xo,x2t+1) =b or g then change the color of all red lines
of P to green by adding blue to them, change the color of all
blue lines of P to white and c(xo,x2t+l) to c(xo,x2t+1) -b.
If c(xo,x2t+1) = w then change it to red, c(xZi,x21+l) to
white for 0 <1 <t and c(x21+1,x21+2) to green for

Next, observe that for each vertex vy € V-S, there are at

least 14-|Eb(vi)| red lines not in F which are incident with



v, whereas for v, €s, IEr(vi)-Fl = lEb(Vi)|' This is straight
forward from the definition of S. Also note that a red line with
both end points in V-S is necessarily in F. (Otherwise we can
add it to F!) Choose a vertex X, in V-8 and a red line
(xo,xl) EF; X € S. There is a blue line, say (xl,xz) and

thus a red line (xz,x3) EF (x3 is possibly same as xo) and

a blue line (x3,x4) if x3-¢ V-S. One can proceed in this way
and get an alternating path (line) disjoint with F and terminating
at a vertex in V-S. Let P = (xo,xl),(xl,xz),...,(x2t,x2t+l),

be an alternating path with smallest number of lines among all the
alternating paths from X, terminating in V-S and being dis-
joint with F. It is shown in part 60 that t =1 or 2;
moreover, if t = 2 we have X, =X, (see fig. 1). For t =1,

there are two possibilities: X # X, (fig. 2) and Xy = X The

30

case X, = Xq will be taken up in 40 and 50 while 30 deals with

the other cases.

Fig. 1. t = 2., The broken line is in F.
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Fig. 2. t=1 and X, # g

30) Each of the following gives a contradiction. The alternating

path P has 1) 5 lines, 2) three lines and X, e X5

" Proof. Let us write y = Xc OF X4 according as we are in 1)

or 2). By 20, c(xo,y) =r and x y being in V-S,

0’
(xo,y) € F. Thus k(y) > 2 (where k(y) = ki if y = vi) and
therefore by the hypothesis of the theorem k(xl) > 1. Let

(xl,u) € F. Note that in the case 2) we can assume that u # y

= X, because otherwise k(y) is in fact > 3 and thus k(xl)

being at 1east. 2 we can find a vertex v # X35 such that

(v,xl) € F. In case 1) obviously u # y. Let us define

F' = F-—(u,xl)-+(xl,xo); [F'[ = |F|. Consider the path Q from

u to y obtained by replacing (xo,xl) in P with (u,xl).

Since u and y are unsaturated with respect to F' and Q is
disjoint from F', by ZQ, (u,y) € F' and hence (u,y) € F. Ve
can now say that k(y) > 3 and obtain another vertex u' # u,

such that u' 1s not incident with any line of P and (u',xl) € F.
Repeating the same argument again and again we obtain k(y) 1is

arbitrarily large which is certainly impossible.
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40) t=1 and X = Xg. Then there is a blue line at Xy

Proof. Suppose not. Then k(xo) = |Er(xo)| > 2, and therefore
k(xl) > 1. Obtain a vertex u such that (u,xl) € F. Define,
F' = F«-(u,xl)i-(xo,xl) as before and consider the path (u,xl),
(xl,xz), (xz,xo). But then we are back in 30 which is just shown
not possible.

50) t =1 and Xg = X3 There cannot be a blue line at xo.

Proof. Suppose there is a blue line at X3 = X4, say (x3,x4).

Consider all possible alternating paths Q from x,. to some

0
point of V-8 which contains P properly as an initial part and

disjoint with F. Paths Q exist because for all points v,6 € S,

i
at vy there are as many red lines not belonging to F UP as

there are blue lines not in F UP, No such path Q ‘'returns'

to the vertex Xq 'after' x

number of lines among all Q. We show that P0 has two lines

3.* Let P'=P U P0 have smallest

only.

By 10 and proper choices of three lines one can show that
c(xl,xa) = c(xz,x4) = b, If P0 has three or more lines let
(x3,x4), (x4’X5)’ (xs,x6) be the first three lines. X Xy enesXg
are all distinct. c(xa,x5) = r implies, by 20, c(x5,xi) =r,
1<1i< 3. Thus Xo 1s different from X;» 1<1i<5. But
c(x3,x6) = b (by 10) and hence (x3,x6) EPU P0 implies we can
replace the subsequence (x3,x4), (xé’XS)’ (x5,x6) in Po by

(x3,x6) and we get a shorter alternating path contradicting

Because it will imply the existence of an even cycle C disjoint
with F and whose lines are alternately blue and red. But then

one can increase IE | (IFI remaining fixed) by making the red

lines of C white and blue lines of C green.
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minimality of PO' Thus P0 = (x3,x4), (x4,x5). (see fig. 3.)
Now consider the path  P" = (xo,xl), (xl,x4), (xa,xs). P" is
line disjoint with F. However, existence of such an alternating

path is shown to be impossible in 30.

Fig. 3. x

X are in V-S.

0° 75

60) The shortest alternating path P = (xo,xl),(xl,xz),...,

starting at x. and terminating at a vertex in V-S,

(g 9%ge41) 0
has at most 5 lines. P 1s line disjoint with F.

Proof. It is useful to regard (for the moment) the lines of P
being oriented in the direction from X, to X510

)" . Then at a vertex Vv

0 <1ic<2t;

we write them as arc (xi, there

X1 i’

is at most one line, of each color, directed from and one line

directed into v, that belong to P. For example, if there are

i
two blue lines directed from v, ome of them precedes the other
as one traverses P. But this implies that P ‘'enters' vy
with a red line after it had left vy by the first blue line.

In other words there is an even cycle whose lines are alternately
blue and red. As we have seen earlier this would imply that
|F|-+|E8l is not maximum, contrary to the assumption. Suppose

P has five or more lines.



If possible, let there be three consecutive lines of P as

s41) = &

By 10, c(x

follows: c(xi,x ) =b, c(x ) =r and

i+2°%i+3 i+1°%1+2

Xy # Xi4at i+3) b; (xi,xi+3) must be a line

of P (otherwise we can replace the sequence (xi,xi+1),...,

(xi+2,xi+3) by (xi,xi+3)). Further, the line (x +3°%4 ) is

oriented into X, (fig. 4).

Xi+l

Fig. 4.

Let (xj_l,xj) ,  (x, ,xj+1 i+3) be the two lines of P imme-
diately preceding (xi+3’xi) ; they are respectively blue and red

and the blue line exists if x # X Observe that xj # xp:

i<p<it3, and x # Xy By 10, c(xi,x ) = b, and it

j-1
cannot be in P. However, this contradicts the minimality of P

(as the sequence (xj_l,xj) , (Xj’xi+3) , (xi+3,xi) can be

replaced by (Xj—l’xi)_)' Thus Xg = x Similarly, the red line

0

following (xi+3,xi)- in P must be (x »X ). But then

2t+1
(XO’Xi+3)’ (xi+3,xi), (xi’x2t+l) is an alternating path disjoint

with F, a contradiction. Thus X, =X Then the path P

i+3°

can be written as
P = (xO’xl) ’ (xl 9x2) ’ (x2 ’x3) ’ (x3 ’Xl) ’ (xl ,XS) yeeey (x2t ’x2t+1) .

If t >3, then the 6th line (xs,x3) is blue and we can replace

the first six arcs by (xo,xl)_, (xl,x3)_ to obtain an alternating
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path with less lines than P. Thus t < 2 and in case P has

five lines it conforms to the description that X) = Xy

The contradictions in 3O together with 40,‘50 show that
V-S # ¢ 1is impossible. Therefore V = S and we have proved the

theoren.

Remark. If there exists a graph with degree sequence (di) and
containing a <ki>_ factor then, trivially, (di-ki) is graphical.
The following examples show that the theorem is not true if

two ki's differ by two or more.

Example 1. Let (d) = (5,5,4,3,3,2) and (k. = (3,3,1,3,3,D).
Each of (di)’ (ki), (di-ki) = (2,2,3,0,0,1) 4is a graphical

sequence. If Theorem 1.1 was true for these (di), <ki) then
it would be possible to find a graph G with degree sequence (di)
that contains the unique graph H (fig. 5) with degree sequence

(di—ki). Unfortunately, there is no such G, as can be seen

easily.

vi V2

Vs o— V3

V50 ovg

Fig. 5. The graph H with degree sequence <di-ki)'



Example 2. The sequences (di) = 4,3,2,2,1), (k) =(3,1,2,2,0),
<di-ki) = <l,2,0,0,1> are graphical. But there is no graph G
whose degree sequence is (di) and which contains the graph F

with degrees (ki).

COROLLARY 1.2. If <di> is graphical then there is a graph G

with degree sequence (di) and having a k-factor if and only if

(di-k) is graphical.

A result of A.R. Rao and S.B. Rao [7,8] on connected factors

implies rather immediately

COROLLARY 1.3. There exists a graph with degree sequence (d,)

i
and containing a Hamiltonian cycle if and only if <di), (di—Z)
n
are graphical and for all p < 33 E di < p(n-p-1) + 2 d:
i=1 n-p+1

where (di) is a rearrangement of (di> into a non-increasing

sequence.

COROLLARY 1.4. If <d1)’ (ki) are arbitrary graphical sequences

such that k g_di— ki < k+1l for some k then there exists a

graph G with degree sequence (di) and containing a (ki)—-factor.

Proof. Interchange the role of (ki) and (d,—ki) in Theorem 1.1.
— i

We have a graph G with degree sequence (di) which contains a
factor F having di--ki lines at vertex v,. The lines G-F

i
form the required factor (see examples 1 and 2).

COROLLARY 1.5. 1If there exists a graph with degree sequence (d.)
i
and containing a k-factor, then for 0 < £ <k, & = k (mod 2)

if n 1is odd, there is graph with degree sequence (di> and
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containing an &-factor.

Proof. One simply notes that under the hypothesis of the corollary
(di-2> is graphical; This follows (after some symmetrizations
as shown by A.R. Rao) from a theorem of Fulkerson [1l] on the
existence of (0,1) matrices with given row sums and column sums
and zero diagonal elements.

The case £ = k (mod 2) for arbitrary n was obtained
earlier in [7,8].

The next theorem gives a n.s.c. for existence of graphs G
with given degree sequences and containing a given graph F. It
happens that we have to assume a lot more than before in order
that G 2 F. But at the same time éuch extra assumptions allow
more flexibility, though not as much as on2 would wish, on the
choice of F than those given by the degree sequences (ki),

k < ki < k+l. This time the proof is by induction.

THEOREM 1.6. Let F be a graph not containing an induced sub-
graph isomorphic to the graph in fig. 6. There exists a graph \G
with degree sequence (di) and G containing the graph F if

and only if for evéry graph F' CF we ﬁave (di-ki> is graphical

where (ki) is the degree sequence of F'.

Proof. The necessity is trivial. We prove 'if' part by induction
on |F|. If |F| =1 then (1.6) is same as (1.1). Let

|F| =m > 2 and let the theorem be true for all graphs F having
m-1 or less lines. Let (x,y) be a line in F and

Fg = F - (x,y). FO does not contain a copy of the subgraph in
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fig. 6. Thus there exists a graph G 2 FO with degree

sequence (di>’ and let (x,y) not be in any such G. Also
there exists a graph H E{Fo which has di lines at all vertices
A # x, y where it has only di_l lines. Consider the pair of

graphs G, H-FO and associated coloring of the lines (vi,vj)

in r,b,g,w. Suppose that G, H are so chosen that IEgl is
maximum (ngWFo = ¢). It is easy to see that there is an alter-
nating path from x to y which is line disjoint with Fo and
has one more red lines than blue lines; let P be one such path
with minimum number of lines. If (x,y) & P then as in 20 of
(1.1) one can perform recoloring on PU(x,y) so that (x,y)
becomes green or red and we have proved the theorem. Let us

— * = =
therefore assume that (x,y) = (Xi’xi+l) and P (x xo,xl),

GrpoXgdseens (g = XXy = 9D (Rppy s Xy p) oo en (Rppa¥ppyy = 903

c(xi,x ) = b, Observe that P ‘arrives' at y only at x

i+l i+1

and x Consider the subpath P' of P: from (xl,xz) to

2t+1°

If c(xl,xi+1) is blue then we can form alternating

(g s%54q)-

| LI
Path P = (xo ,Xl) s (xl ’xi+1) ’ (x1+1 ’xi_'_z) gevey (x2t’x2t+l) not

containing (x,y). If c(xl,xi+1) = w,g, OF c(xl = r

i41)
and (xl,xi+l) & F0 then one can increase IEgI by a recoloring

of P'LJ(xl,x ). Thus ) € FO. Considering the path

i+1 (0%

(xi’xi-l) ’ (xi—l’xi—z) seey (xl’xo) ’ (xo ’xi+l) ’ (xi'l‘l ’xi+2) )
(th,x2t+1) one can show that (xi—l’xi+1) € FO. Similarly

) EF

(xi,xi+2), (xi,x2t 0 But x) # X 10 Fyao # X implies

we have F contains the subgraph shown in fig. 5, a contradiction.

*
(x,y) cannot be (x1+1,xi). Also note that (xl,xi+1) ¢ P.
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i =i = Xota
Fig. 6. The excluded subgraph in F.
This proves the theorem.

Following example shows that Theorem 1.6 may not be true if

F does contain the graph in fig. 6.

vExamgle 3. Let‘(di) = (4,4,4,4,4,4) and F be K3,3. F has
9 edges and thus 29 subgraphs. Since d,'s are same it is

i
enough to check that (d i-ki) is graphical for different isomor-
phic subgraphs F' CF. For |F'| < 5 they are shown in table 1.
There is no graph G D F with degree sequence (d i)' You may
note, howevef, that there is a graph G which contains all but

one edge of 1(3’3 (fig. 7).

Fig. 7. Graph G containing all but one edge of F.



Table 1.

lF'I isomorphic type* <di_ki) representing graph
of F' CF

0 |o 0 0 0 0 0f€4,4,4,4,4,4) G in fig. 6.

1 |0—0 0 0 0 0}(3,3,4,4,4,4 Gl=G-(,v1,v2)

2 fo—0 0—0 0 0]{¢3,3,3,3,4,4) 62 = G'-{(vl’vz)’(VS’VA)}

0<:;——0 0 0 0}€2,3,3,4,4,4) Gy G-{(vl,vz),(vl,v3)}

3 |0—0 0—0 0—0|(3,3,3,3,3,3)G, = ¢ - {(v},v3), (v, ,v.), (v,,v)}

0<:;,/0 0—0 0}(2,3,3,3,3,4) G5 = G3 -(v4,v5)

0 0}€2,3,2,3,4,4) |G, = G3 -(v3,v4)

!

(1,3,3,4,3,4)|G, = G, —(vl,vs)

p

<2:3a3’2’3s3> G, = GS ‘(V4yv6)

/]
il

0}¢2,3,2,3,3,3)|¢ G t

4]

(3,2,2,2,3,4) GlO = G6-(v4,v5)

i)

*
The vertices can be thought of as vl,vz,...,v6 in that order.

+z stands for isomorphism.



Table 1 (continued)

|F'| isomorphic type (di-ki) representing graph
of F* CF

76

O 0 0[¢2,2,2,2,4,8 |G, = G6-§v2,v4)
({ = -

@0 0{(1,3,2,3,3,8 6, = G, = (v,,vs)

5 m{) (2,3,2,2,2,3) G13 = G9 -(v4,v5?

@ <1’3’1’3’3’3) G14 = G12 - (v3,v6)
@0 (1,2,2,3,3,3) Gy5 = Gy~ (vz,v6)
O—-@ 0}¢2,2,2,1,3,4) Gy = Gyq = (vysVe)

0270 0—01¢2,2,2,3,2,3|¢

R
@

17 13

For |F'| > 6 the subgraphs are obtained by removing a sub-
graph of 9-|F'| 1lines from F. There are 8 of them. The
sequences (di-ki) are listed below. They are all graphical as

can be checked easily.

|F'| (d, -k,

(1,1,1,1,1,1)
(2,2,1,1,1,1)
(2,2,2,2,1,1)
3,2,2,1,1,1)

6 (2,2,2,2,2,2)
(2,3,2,2,2,1)
2,3,3,2,1,1)
(2,4,2,2,1,1) .



COROLLARY 1.7. There exists a graph G with degree sequence (di)

and disjoint from F if and only if (di+ki) are graphical where

<ki> is degree sequence of an arbitrary graph F' CF.

Proof. Note that (d i-l-ki) is graphical if and only if ((n-1-d i)-ki)

is graphical. Rest is easy.

If F = {(vl,vz),(v3,v4),(v5,v6)} and (di) = (2,2,1,1,3,3)
then the sequence (di—ki) is graphical for all F' CF except
when F' = {(Vl’vz)’(VB’vé)}° And there is no graph G contain-

ing F with degree sequence <di)'

COROLLARY 1.8. Let (di)’ (ki_di> be two graphical sequences

where k 5-ki L{ktl, 1 <i<n and di f_ki < n-1. Then there

are disjoint graphs with degree sequences (di), (ki-di).

Proof. There exists a graph G with degree sequences ((n-l)—di)
and G containing a ((n—l)-ki)-factor F. The graphs K -G and

G-F satisfy the corollary (Kn is the complete graph).

The proof of Theorem 1.1 (and also 1.6, 2.1, 2.3) in fact

yields an algorithm to obtain a graph G with degree sequence (di)
containing a (ki) -factor (resp. required graphs and digraphs).
To start with choose arbitrary graphs G, H with degree sequences
<di)’ (di—ki) respectively and a subfactor F. One consiructs an
alternating path P = (xo,xl),(xl,xz),... from a vertex X, € v-§,
and then increases IFI + IEgl by recoloring some of the lines

0 0 1
(vi,vj) as indicated in 1) - 6 ) until |F| +|Eg| =5 Ld.
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2. DIRECTED GRAPHS \

We shall assume that digraphs have no multiple arcs and loops
and all digraphs are drawn on vertices VisesesVoo A pair of arcs

(vi,vj), (v ,vi) is however possible. Note that an arc from

3

v, to v, 1s written as (vi,v

i k|
+ - .
pairs of non negative integers, <(di’di)>’ we say it is graphical

j). Given a sequence of ordered

>
if there exists a digraph G with outdegree and indegree of

vertex vy being equal to respectively d;

has degree sequence ((dI,d;)). We shall identify G with the

and d;. We say E

set of arcs in E. A n.s.c. for a sequence ((dI,d;)) to be -
graphical is obtained by Fulkerson [1]. Most of the terminology
introduced for graphs in §1 has a natural extension to digraphs.
A subdigraph F SE is called a subfactor with respect to

((k;,k; )) if ¥ has at most k: arcs from v, and k; arcs

i
into v, We shall let S+ = S+(§) (s = S_(f)) denote the ver-

+
tices vy haying ki i

> + -
in F. A vertex in S (S ) is called outer (inner) saturated.

(respectively k;) arcs from (into) v

A vertex that is both outer and inner saturated is simply called
saturated and S = S+ NS~ is the set of saturated vertices. F
is called a factor if S = V. Notations E:(vi), E;(vi) will be
used with their obvious meanings. For example, E:(vi) is the
+ -
= U = U .
set of red arcs from vertex v,. Ec Ec(vi) Ec(vi)

i
We shall prove the following Theorem.

THEOREM 2.1. Let the sequence d = ((d:,d;)) be graphical and let
((kI,k;)) be a sequence such that for some k > 0, k = k; (or

for that matter k = k:), 1 <1i<n. Then there exists a digraph
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¢ with degree sequence ((d+ d_)) containing a ((k L,k )) -factor

if and only if the sequence ((d k1)> d' 1is graphical.

i i’ i

That the sequence ((d k.)) be graphical is clearly

i~ i’ i i
necessary. The theorem says that it is also sufficient. The

special case k: =k = k;, 1 <i<n was conjectured by
A.R. Rao and S.B. Rao along with their conjecture on undirected
graphs (see §1). The proof of (2.1) is a modification of that of

(1.1) to accomodate arcs instead of lines.

Proof of Theorem 2.1. Let 6 and I be representing digraphs

for the sequences d and d' respectively. Consider the color-

ing of arcs (vi,v ) inr, b, g and w as before, namely,

h
c(vi,vj) =1r Iif (vi,v ) € E\ﬁ, b if (vi,vj) € 1\¢ , etc.

+ g + it
dis B v + |Eg( Pl =ik

and similar equations for indegrees. We choose a subfactor ¥ SEEr.

k|
+ + _
One has lEr(vi)I + IEg(Vi)l =

> > > >
Let us assume that G, H, F have been so chosen that |Eg|-+|F|
has maximum value. We show that % is a factor. For brevity
let k = k;, 1<i<n and let S # V. We observe that
+ - + - >
i) s #V #8; ii) IEr(vi) F| > lEb(vi)I lEr(vi)-— F| >

]E;(vi)l for all v, and the equality holds precisely for

i

A € S+ and \ €s respectively; iii) There do not exist

distinct arcs (yo’yl)’(yz’yl)’(yz’y3)""’(y2t’y2t+1)’(y0’y2t+l)
whose colors are red and blue alternately in that order such that
all the red arcs are in Er-%. Property iii) 1is almost trivial.

One can change c(y2m ) to white and ) to

Y 222V 21
green for 0 <m< t (y2t+2 = yo) and increase |Eg|, keeping

Y om+1

Ifl unchanged, contradicting that |Eg|-+|§| was maximum. The



sequence (yo,yl),(yz.yl),(yz,y3),---,(y2t.y2t+1) is said to

constitute an alternating chain. Note that the vertices

Yor¥1r Y241 need not be distinct.

Take a vertex X € V-S+ and let (xo,xl) be a red arc not

in F. Xy is necessarily in S and let (xz,xl) be a blue arc;
there exists a red arc (xz,x3) not in f. We can continue in
this way to build an alternating chain P until it 'terminates'

at a vertex in V-8 . Let P = (xo,xl),(xz,xl),(xz,x3),...,
(Kppo%pe4n)s Xoppr € V5 -

We show that c(x and thus

) €P.

0°%oepr) =T AE Xy F Xy

e-P
(xo’x2t+l) F. This is easy once we show that (xo,x2t+1

The proof is similar to the one in 20, Theorem 1.1. Suppose

) is in P. If c(xo,x ) =b them P would con-

(xgs%5 047

tain a closed alternating chain as in iii) because in P blue

2t+l

arcs are traversed in opposite direction. If c(xo,x2t+l)'= r

and (xo,x2t+1) = (xi’xi+l)’ then (xo,xl),...,(xi,xi_l) is a
closed alternating chain of even length. Thus we conclude that

(xgsXgpyp) F B

Now we prove by contradiction that an alternating chain P

does not exsit.

Case I.* |p| =3, x,=x Since k-(xl) = k_(xo) >1

0" *3°
h 1 # h that ( ) €F. Consid
there exists x4 xo s xl > x2 suc that XA ,Xl ) - ons er

B = oGy + goxy)s '] = (Bl The chatn

*
Compare the corresponding situation in Theorem 1.1l.



P' = (xa,xl),(xz,xl),(xz,x3) implies (xa,x3) €F' because

x, € V-S+(§'), X, € V-S—(F'). Hence (xa,x3) €T and

k-(xo) > 2 which implies there exists X # X5 0<1i<4,

such that (xs,xl) € F. We can prove, as before, that

(xs,x3) €F and so on, finally obtaining k—(xo) is arbitrarily

large. This is impossible.

Case 1I. ‘|P| = 3, X, # x3. Same as above as long as

Xy sXgseoo remain different from Xge If X, = Xg

, -> ->
i > 4, then with respect to F'=TF - (xi,xl) + (xo,xl) and

for some

' =
P (xi’xl)’(XZ’xl)’(xz’XB) we are in Case I.

. = + > = . i

Case I1I IP' 2t l, t 2, xo x2 1 As in Case 1
h ist ( £4 ) t F', p' be defined
there exists X2 z,xl €TF and le s e aerlned as

-)' _ -> _ v -
F' =F ,xl) + (xo,xl), P P+ (x2t+2,x1) (xo,xl).

) € P'. It follows

(942

: .
P' 1is an alternating chain and (x2t+2,x2t+1

that ) € F' and thus it belongs to F and

(%9422 %2041

k-(x2t+l) > 2. A contradiction is ahead as in Case I.

. = > .
Case IV. |P| = 2t+1, t > 2, X, # Xt

to Case III or a contradiction otherwise (as in Case II).

It can be reduced

COROLLARY 2.2. Let ((d:,d;j) be graphical. Suppose ((k;,k;))
is graphical and d >k}, d; >k, 1<1i<n and either
(d;-k;) or (d;-k;) is a sequence of constant terms. Then a di-
graph ¢ with degree sequence ((d:,d;)) and a ((k;,k;))-factor

exists.
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Example 4. In the following we have the sequences d, k, d-k all
graphical and yet there is no graph with degree sequence d and

having (k;,k;)-factor. The sequence (k;) vary only by 1.

d = <(4s4)’(3’3):(2’2),(232)’(191)>
k = ((1:1)9(1s2)’(190)’(0’0):(191)>

d-k = ((333)3(2’1)’(192)9(2’2)9(030))

V|

Vg Vo i\. o

V4 V3

Fig. 8. Digraphs with degree sequences d, k, d-k respectively.
There is a unique digraph with degree sequence d-k.

Note. In contrast with the undirected case the shortest alter-
nating path in directed case can be of arbitrary length and thus
we don't use them in the proof.

Corresponding to Theorem 1.6, we have

THEOREM 2.3. Let F be a given digraph. There exists a digraph
E with degree sequence ((d;,d;)) and E containing f, if
and only if for every subdigraph ¥ C F the sequence
(@I—k;,d;—k;)) is graphical where ((k:,k;)) is degree sequence

of F'.

Proof. The necessity is trivial. We shall prove sufficiency by

82



83

induction on the number of arcs in f.

0 > -
17) Let F = (x,y) and ((k;,ki)) be the degree sequence of F.
Suppose there is no digraph ¢ E{f. We shall obtain a contradiction.

Consider digraphs 6, A with degree sequences ((d;,d;)),

+ +
((di-ki,

the corresponding coloring; c(x,y) =b or w. It is easy to

d;—k;)), respectively, such that |Eg| is maximum in

see that there is an alternating chain P from x to y such

that P S;Er UE (x,y) € P (because that would imply P tra-

b’
verses back to x by an even cycle whose arcs are alternately
red and blue and this in turn implies that |Eg| is not maximum).
But then C = P U (x,y) is an even cycle. Perform a suitable

recoloring of C such that c(x,y) =g or r. We obtain a

> >
digraph G D F.

20) Suppose the theorem is true for all digraphs with m-1 or
less arcs and ¥ has m arcs. Let (x,y) be an arc of f;

- > > >
write F, = F -(x,y). Thus there are digraphs G, H containing

0

- >
%0 with degree sequence ((d:,di)) for G and for ﬁ, x (y)

>
has outdegree (indegree) one less thau that in G. Consider a

> > > > >
pair of G, H such that in the associated coloring of G, H-—FO,

IEgI is maximum. Without loss of generality we can assume that
c(x,y) # r, g. There exists an alternating chain P EE(Er—FO) U Eb
+
from x to y since for every vertex vy IEr(vi)-fo| >
+ - % -
IEb(vi)l’ |Er(vi)-F0| Z_lEb(vi)| with strict inequality respec-
tively for x and y. As before (x,y) & P. There exists a

recoloring of the even cycle C =P U (x,y) such that c(x,y) =r¢
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or g. Then we have a digraph ¢ 2 F.
For digraphs one can state and prove theorems as in (1.7),

(1.8). For example the following is true.

COROLLARY 2.4. Suppose ((d}:,d;)), ((k:-d;,k;—d;)) are graphical
sequences where k;: (or k;) are same for all i and k+, k; <

n-1. Then there are disjoint representing digraphs for them.
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