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ABSTRACT

We consider the response of a nonlinear, time-varying, coupled RLC
network starting from a given operating point. We view the response
as motion occurring in a differentiable manifold I in [RZb x R_'_, where
b is the number of branches. We impose two basic manifold conditions
on the network. First, the resistor characteristics are required to
be a manifold A. Second, the resistor characteristics and their connec-
tions are such that the set of branch-voltages and branch-currents
satisfying both the Kirchhoff laws and the resistor characteristics is
a manifold £. We then show that under the conditions imposed on the
RLC elements and the topology of the network, the network has a unique
response specified by a flow on I if and only if the capacitor voltages,
inductor currents, and time constitute a parametrization for L. Finally
we show that our conditions include as special cases the determinateness

conditions previously obtained by several authors.

Research sponsored by the National Science Foundation, Grant GK-10656X1.



I. INTRODUCTION

The formulation of the nonlinear network problem requires answers
to two questions: (I) is there an operating point and is it unique?
(II) given an operating point what conditions are required in order to
have a unique well-defined trajectory? The first question concerns
with the-existence and uniqueness of solutions of resistive networks
and is considered, for example, in [20]-[21], [12] for certain nonlinear
networks. In this paper we consider exclusively the second question,

The conventional formulation of the dynamic equations of nonlinear
network views the motion as occurring in the linear vector space R™
where n is the dimension of the state-vector. Following the geometric
viewpoint first explicitly stated by Smale [1], we consider the motion

(L I in a bigger space RZb

as occurring in a differentiable manifold
XIRqﬂ where b is the number of branches. We allow elements to be
nonlinear, time-varying, and coupled (among similar elements).

Our basic assumptions are in the form of two "manifold conditions”
(MCI) and (MCII) and some natural positive definiteness conditions on
the L's and C's. (MCI) requires that the characteristics of the p non-
linear time-varying coupled resistors constitute a manifold in URZD x F2+.

(MCI) is a straightforward generalization of the basic assumption of

Smale. Physically, the operating point (v,i,t) € WRZb X W?+ must
(1)

Roughly speaking, a manifold in R™ can be thought of as a smooth
"surface" such that at every point of the surface there is a local
parametric representation of the surface (e.g. longitude and latitude
for a sphere in W?S). We will explain this in detail in Sec. II. For

an introduction to differentiable manifolds, see [2]-[5].



satisfy the Kirchhoff laws and lie on the resistor characteristics;

thus (MCII) requires that the set of points which satisfy these two
conditions constitute a manifold I in E§2b X ﬂ?+. In Theorem 1, we

show that, under the conditions imposed on the elements and the topology
of the network, the physical laws specify a unique flow on the manifold
Z (hence the network has a unique well-defined trajectory starting from
any given operating point) if and only if the capacitor voltages,
inductor currents, and time constitute a parametrization for I. An
immediate consequence of the manifold condition is that, at every
operating point, the small-signal equivalent network must satisfy the
determinateness conditions that Purslow [6] discovered for linear time-
invariant networks. We then show that conditions that several authors
[9]1,[10]),[13]-[17] needed in order to write the network dynamic equations
in normal form are in fact sufficient conditions for our manifold

conditions.

II. FORMULATION
1I.1 NetworngM

We consider a nonlinear, time-varying RLC network‘,Alwhich, for
simplicity, is assumed to have a connected graph with b branches and
n_=n + 1 nodes. Electrical coupling among branches of the same kind
is allowed; thus dependent sources are viewed as coupled resistors.
Each set of network variables (v,i), where v is the set of branch

2b
voltages and i is the set of branch currents, is a vector in R

partitioned as (Vc,Vr,vk,ic,ir,iz), where subscript c (r,% resp.)



denotes the variable pertaining to capacitors (resistors, inductors,

resp.). Thus “§2b is a direct sum
[R?.b:Cv@va@%ev@Ci@qu@gi (1)

II.2 Independent sources

Without loss of generality, we can assume that for any RLC netowrk,
given any tree, the independent sources are distributed in such a way
that each independent voltage source is connected in series with a link
and each independent current source is connected in parallel with a
tree-branch. This can always be brought about by source transformation
[7, pp. 709-414].

Thus a typical link and a typical tree-branch are of the form in
Fig. 1, where the rectangular box represents an element which is not a
source.

Let Vk (resp. Ik) denote the voltage across (resp. current through)

the composite branch, then we have

v - ek(t) if branch k is a link
Vk =
vy if branch k is a tree-branch
(2)
ik if branch k is a link
Ik =
ik - jk(t) if branch k is a tree-branch.

We assume, for simplicity, that the independent sources are C2-

functions of time. As will be clear later the whole formulation is



still valid if the independent sources are continuous functions of time,
in which case, however, the only modification needs to be made is to
invoke, instead, a continuous version of implicit function theorem [5,

Th. 9.3, p. 230; 8, Th. 5.2.4., p. 128].

I1.3 Kirchhoff laws

Given any tree, KVL is expressed by B(v-e(t)) = 0, and KCL is
expressed by Q(i-j(t)) = 0, where B and Q are the corresponding funda-
mental loop and cutset matrices, respectively; and as a result of source
transformation e(t) is a b-vector whose k-th component is equal to ek(t),
the voltage source in series with branch k, if branch k is a link and 0
if branch k is a tree-branch; j(t) is a b-vector whose k-th component
is equal to jk(t), the current source in parallel with branch k, if
branch k is a tree-branch and 0 if branch k is a link. Let K C R 2P
lei_be the set of all (v,i,t) such that (v,i) is a set of branch-

voltages and branch-currents that satisfy Kirchhoff laws at time t, i.e.,

b

K= {(v,1,t) € R® x R® x R_ | B(v-e(t)) = 0, Q(i-3(t)) = 0}

(3)

Tellegen theorem states that (v-e(t)) and (i-j(t)) lie in the complemen-

tary orthogonal subspaces of each other [9; also 7, p. 422]. Since for

L
any linear map A: Rk R™, CD(AT) @ N@) = FRk,

K= {(v,i,t) ER?® xR_| v= Q'v_+e(), i=8'1 +3(O)} ¥

Note that v, and ix are the set of tree-branch voltages and the set of



link currents, respectively. (See equation (2)). The map ¢K: (vT,ix,
£) b (v,1,t) is a C’-diffeomorphiem of RP x R onto K. Let K,
denote the intersection of Kand t - t' = 0. The map ¢K(-,',t'): (vT,
iA)-—+ (v,i) is a Cm-diffeomorphism of RbP onto Kt" Thus K is a
(b+1)-dimensional C’ manifold of R?® x R, and y, constitutes a

global parametrization for K. Moreover, for each time t', Kt' is a

b-dimensional C° manifold (in fact, an affine subspace) of R2P and

¢K(-,',t') is a global parametrization for Ry 1o

II.4 Resistor characteristics

Let p be the number of (possibly electrically coupled) resistive
branches, which, as indicated before, may include dependent sources.
Let A be the set of all (vr’ir’t) ECQV xCQi x [R+, which satisfy the
resistor characteristics. Let At' denote the intersection of A and
t - t' =0. We impose the following basic requirement on the resistor
characteristics:

(CD): Ads a C? submanifold of R%® x R, of dimension (o+1);

furthermore, for each t', A_, is a c? submanifold of Fﬁzp,

t'
of dimension p.
MCI means, by definition, that for each (p,t') € A, there exist an
open neighborhood Up c R of P, an open neighborhood T C R +ofth
an open set Vp of Rp, and a Cz—fmctionwA: (u,t) +— (Grv(u,t),

irv(u,t), t) with ¥y being a (32-diffeomorphism of Vb x T onto A N (Up

(2
x T).( ) 17 is a (local) parametrization of A. The local inverse

(2)

Subscript V is used to emphasize that these functions depend on V.



of ¢ A is called a (local) coordinate system of A about (p,t'). Further-

more, for fixed t € T, the map ¢A(°,t): u b~ (\A'rv(u,t): irv(u,t)) is
a local parametrization of At. Hence the (2p) x p Jacobian matrix
Dl ¢A(u,t) is of rank p for all u € Vp and t € T.(s) In short, (vr’ir’

t) €EAN (Up x T) if and only if

~

v, = vrv(u,t)
(5)
i = irv(u,t)
Dler(u’t)
and the 2p % p matrix N is of full rank for all (6)
Dzirv(u,t)

= €y C RP c
u (ul, ceesy U ) Vp RP ana t €T R+.

An equivalent formulation of MCI is often useful [3, pp. 122; 4,
PP. 71-72]: for each (p,t') € A there exist an open neighborhood
Up cR%¥ of p. An open neighborhood T C R+ of t' and a Cz-function

g: Up x T > RP such that

z € At N Up c R ¢ and only if g(z,t) =0
and ' 7)

rank[Dlg(z,t)] = p for all z € Up, t €T.

Remarks: (1) If all resistors are time-invariant. At is the same for

all t. Therefore, (MCI) can be simplified as

At is a Cz-submanifold of RZD, of dimension p.

(3)D1 q)A(u,t) is the derivative map of the function ¢A(-,t) at u.



(2) 1In some cases, Up can be chosen to be [RZp itself and Vp to be 'Rp,
then ¢(+,t) = (Gr(-,t), ir(-,t)) is called a global parametrization
for At. For example, if all resistors are voltage-controlled, then we

can choose u = v, and consequently ;r("t) is the identity map on RP.

(3) 1If A can be expressed as

A= {(z,t)lg(z,t) =0, g € C2 and Dlg(z,t) is of full rank}, €]

then MCI is satisfied.

(4) Note that MCI is more restrictive than characterizing a resistive
n-port element by g(vr,ir,t) = 0 where g: R™ x R® x IR+ +» R® For
example, let n = 1 and g(vr,ir,t) = sin2 ﬂvi + sin2 nii = 0 (which con-
sists of all points in WQZ with integer coordinates) does not qualify
to be a resistor characteristic according to MCI, even though g(-,-,")

. L]
is C .

(5) If a two-terminal resistor characteristic is parametrized by arc
length via an injective Cz-map defined over a compact interval, then
it satisfies MCI. It is a special case of the unicursal resistor of
Chua and Rohrer [10]. Note that the unicursal resistor is allowed to

have a characteristic that crosses itself.

IT.5 Configuration space

Let I be the set of all (v,i,t) € W?Zb x H?+.such that (i) (v,i,t)
€ K and (ii) (vr’ir’t) € A. In Lagrangian mechanics, I would be the

configuration space; any (v,i,t) € I satisfies both the Kirchhoff



constraints and the constraints imposed by the resistor characteristics.

Let I denote the intersection of L and t - t' = 0. We impose the

t'

additional basic assumption:

MCII): I is a C2 submanifold of 'RZb X [R+, of dimension (b-p+1);
furthermore, for each t' > 0, Xt, is a C2 submanifold of

\R?'b, of dimension (b-p).

(MCII) means that for any (m,t') € I, there exist an open neighbor-
hood Wm c RZb of m, an open neighborhood T of t', an open set Nm in

[Rb_p., and a C° -function ¢, such that

(v,i,t) € N (Wm x T) if and only if

(v,i,t) = (¢5(a,t), t) ¥ (a,t) € N *T

where ¢z(',t): Nm > [RZb is a Cz-diffeomorphism of Nm onto Zt N wm.

Let us bring in: (i) the parametrization (4) of K;

QTvT + e(t)

<
1]

(8)

BTiX + 3(0)

[N
il

and (ii) the parametrization (5) of A: locally, (vr’ir’t) € A if and

only if

<
]

= Grv(u,t)
(9)

i = irv(u,t)



~

Dler(u’t)

and ~ is of full rank for u in some open set V of R° and
Dlirv(u,t)

t in an open neighborhood T C F‘+ of t'. Classifying the branches as

in (1), we partition B and Q as

[B, : B, i B] [Q, 1 Q, Q] (10)

Thus by combining (8) and (9), we conclude that, locally, (v,i,t) €z

if and only if

%rv(u,t) - Qi v, - e (t) =0
(11)
it - BL i, - §_(t) = 0

Dlvrv(u,t)

and is of full rank for u €V and t € T. Note that the

Dlirv(u,t)

left hand side of (11) defines a map g(u,vT,iA,t) from a subset V X Flb
+b+
x T of RP b+l into szp. MCII is equivalent to requiring that the

Jacobian matrix [Dlg . D,g . D3g] be of full rank, i.e.,

rank J(u,t) = 2p ¥Vu€v ¥tET (12)
where
(u,t) = | DV _y(u,t) Qz 0
R T (13)
DlirV(u’t) 0 Br

Remarks: (1) Equation (8) shows that the configuration space I depends



on the waveforms of the independent sources.

(2) Loosely speaking, if (MCI) is satisfied, (MCII) has the additional
requirement that the Kirchhoff constraints and the constraints imposed
by the resistor characteristics be "independent" in the sense that at
no point will the resistor characteristics duplicate any one of the
Kirchhoff constraints. Let us illustrate the point by the following
example (Fig. 2). In this example, WQZD = {(Vl’VZ’il’iZ)} and At =
{(vl’VZ’il’iZ) | v, = Ril, v, = kill, which is a two-dimensional C
submanifold of Waé for all k. However when k = R, the resistor con-
straints v, = ril, v, = kil duplicate the Kirchhoff law v, - v, = 0,

1 1
MCII is not satisfied.

I1.6 Capacitor and inductor characteristics

As indicated above, the capacitors and inductors are not-necessarily-
linear, not-necessarily-time-invariant, and possibly coupled. We make

the assumption:

(LC): (a) All capacitors are voltage-controlled and all inductors are

current-controlled, i.e., q, = ac(vc,t), ¢2 = ¢2(12,t), with

ac and $£ in Cz, hence an
dvc 3 -
C(Vc,t) T ic T qc(vc,t)
(18)
dil 3 -
L(il’t) dt = VR. - a_E' ¢2(i£:t)

where C(vc,t) = Dla (vc,t) and L(iz,t) = D1¢z(iz’t)' 19)

-10-



, 4
(b) The matrices C(vc,t) and L(iz,t) are positive deflnite( )

for all (vc’iz’t)'

Remarks: (1) It can be shown [8,pp. 142-143] that the positive definite-
ness assumption (b) requires that at every time t, the mappings qc(-,t)

and $£(-,t) be strictly monotone.(s)

(2) 1In the linear time-invariant case, passivity of the inductors and
capacitors is equivalent to the positive semidefiniteness of the L and
C matrices [19, pp. 127-148]. Our assumption of positive definite-
ness at every point is stronger and it rules out degenerate networks

of "perfectly coupled" L's and C's [7, pp. 568-570].

ITI.7 Flows on L

Let x = (m,t) be a point on the manifold . A (differentiable)
curve on I through x is, by definition, a differentiable map a: I -+ I,

where I C R is an interval containing the origin, such that a«(0) = x.

Let w = %? a(t) , then w is called the tangent vector to the curve
t=0

a(+) at x. The set of all tangent vectors to I at x is called the

tangent space to I at x and is denoted by TX(Z). Indeed, if ¢ is a

parametrization of I in the neighborhood of x with %(0) = x, then TX(Z)

is the image of the linear map Dy (0): nab—p+1 -+ W12b+1, hence it is a

linear subspace of Ez2b+l, of dimension (b-p+l1) [4, p. 74]. The
(4)

A not-necessarily symmetric matrix A € R™™M s said to be positive
definite (semidefinite) iff xTAx >0 (>0) ¥x+#0.
(5)

Amap F: D C R™ > R™ is said to be monotone (strictly monotone)

on D if {x - y|Fx - Fy ) > 0 (> 0, for x # y, resp.), ¥ x,y €D.

. -11-



tangent space Tx(Z) can be viewed as the best "local approximating linear
space" to the differentiable manifold I at the point x. The network
interpretation of the tangent space is as follows; if x is the operating
point, Tx(z) would be the configuration space of the small-signal
equivalent network obtained by replacing all nonlinear resistors by
linear resistors whose resistances are equal to the small-signal incre-
mental resistances at the operating point x = (m,t) [7, pp. 720-724].

A §1gg_on T is, by definition, a differentiable map s: U CR xx
+ I, where U is an open set containing {0} x I, such that (i) s(0,x) = x;
and (ii) s(t'+t,x) = s(t, s(t',x)), whenever both sides of the equation
are defined. Thus, for each x € I, s(-,x) is a curve on I through x.
Under certain regularity conditions, I can be considered as the state
space of the dynamical system describing(JA’and s is then the state

transition function [11, pp. 46-49]. On the other hand, a vector field

on I is, by definition, a map which assigns to each x € I a tangent vector
in TX(Z). If s is a flow on I, then for each x € I the tangent vector
to the curve s (.,x) is defined. In this manner, the flow s gives rise
to a vector field X on I, indeed gz- s (t,x) = X(s(t,x)) ¥ (t,x) €EU.
This can be visualized as analogous to the velocity field of a moving
fluid. Conversely, it can be shown that every C1 vector field on I defines
a flow [5, p. 381].

The network variables are constrained by Kirchhoff laws and the
branch characteristics. Kirchhoff laws and resistor characteristics
force the network variables to lie on I. Therefore the network solution,

i.e., the function t  (v(t), i(t), t), for a given set of initial

-12-



conditions will be a curve on I. Now at each point x € I the capacitor
and inductor equations (18) specify certain components, namely (Qc,iz),
of the tangent vector (G,i,é) € TX(Z) to the solution curve. Note that
the last component of the tangent vector,,&, is always equal to 1. If
equation (18) can specify a unique smooth vector field on I the network
will have a unique response; in which case the corresponding flow of
the vector field is the solution of the network analysis problem.

Let m denote the natural projection of fRZb x IR+ into Cv x Efi X
W§+, i.e., m: (vc,vr,vz,ic,ir,iz,t) — (vc’il’t)' To simplify notation,

r ~ni
we let ™ restricted to I be denoted by o 4 wlzz I — () x :f x W§+,

Theorem 1. Let(,A]be a network as described in Sec. II.1 and satisfy
(MCI), (MCII) and (LC). Under these conditions, the capacitor and
inductor characteristics specify a unique C1 vector field on I, hence
gA!has a unique response starting from any operating point, if and only
. = W cpl

if given any point x € £, o: I - (} x ;Q X[R+_is a coordinate system

for Z about x (or, equivalently, 0-1 is a parametrization of I).

Remarks: (1) In a network analysis problem, the first step is to
determine a set of variables which completely specify all the network
variables, i.e., to determine a coordinate system for . Theorem 1 shows
that under the stated conditions, this set must be (up to local diffeo-
morphism) capacitor voltages, inductor currents, and time. This justifies

the normal tree approach.

(2) 1If a C1 vector field is defined on I, the network, starting from a

given operating point, will have a unique response specified by the

-13-



corresponding flow. The flow is determined from the vector field by

solving the differential equations.

(3) Chua and Rohrer [10] have considered nonlinear time-invariant
networks with unicursal elements. They have given conditions for the
existence of normal form equations. Note that if the nonlinear mapping

F that they defined has an inverse, then the mappings (v ,1,,t) ~

+ eR(t), FT i+ jG(t)) = u exist, where the last mapping is

(--F LG L

RC'C

F—l. Hence (vc,il,t) is a parametrization for I.

Proof. First note that I is a C2 submanifold, hence ¢ is a Cz-map.

< By assumption 0 is a local diffeomorphism. Hence Do(x) is a linear
. W cpl

homeomorphism of TX(Z) onto To(x)((' x ;f x Wi+). Therefore any

(Qc,il,l) specifies, via (Dc(x))-l, a unique tangent vector in Tx(Z).

It remains to show that the vector field thus defined on I is Cl.

Equation (18) defines, as a consequence of assumption (LC), a C1 map

(vyit) (;c,iz,l) and we have a Cl—map (Do(x))_lz (Gc,il,l)l—*

(&,i,l) = Tx(Z). Therefore, the vector field is Cl.

= We know that o 1is Cz. Now we claim that the derivative map

Do(x): Tx(z) + T )( Cv x %ei X [R+) is nonsingular. Hence 0 will be

o(x

a local diffeomorphism. Suppose Do(x) were singular, then some point

(; ,i »1) €T ( Vet xR ) would have no preimage and even if it
e’ : +

o(x)
had, it would not be unique. This would mean that equation (18) could
not specify a unique vector field on I. We reach the desired contra-

diction. ) X

14—



III. CIRCUIT-THEORETIC INTERPRETATION

If at every point x on the manifold I, o: z 4-(? b3 &fi x W§+ is
a coordinate system about x, then the tangent space of Z at x, TX(Z),
is isomorphic to (f'x %£i x R. With the interpretation that the tan-
gent space as being the configuration space of the small-signal equiva-
jent network at x = (v,i,t), the fact that o is a coordinate system
about x means that (vc,ig,t) determines a unique set of voltages and
currents in the small-signal equivalent network. Let us justify this
from the rank condition.

Let us for the time being assume thatg}“ has no capacitor-only loop
and no inductor-only cutset. Networks having capacitor-only loops and
inductor-only cutsets will be discussed later. Let v be partitioned
into (vR,vL,vC,vG), where the subscripts R, L, C, and G denote resistive
links, inductive links, capacitive tree-branches, and resistive tree
branches, respectively. Similarly for i. Hence, the fundamental loop

matrix is expressed as [7, pp. 516-521]

I 0 FRC FRG

0 I FLC FLG

Equation (11) becomes
vRV(u,t) + FRCVC + FRGVG - eR(t) =0

va(u,t) -V = 0

-15-



and

MCII further requires (equations (12) and (13)) that

~

iRV(u,t) - iR = 0

T

A T
1oy(ust) - Fpelp = Frolp = 3g(0) = 0

—~
-~

D.,v

1Vgy (wst)

DIVGV(u’t)
DliRV(u,t)

D i (u,t)
_ 1°Gv

-

rank J(u,t) = 2p

¥Fu€v,

¥ tET.

where J(u,t) is the 2p x (p+b) matrix defined by

J(u,t) =

—

DlvRV(u,t)
DlvGV(u,t)
DliRV(u,t)

DliGV(u,t)

-

“Fre

-F

RG

is of full rank for all u€ V and t €T,

(20)

(21)

(22)

(23)

Let us consider Theorem 1 and think in terms of the implicit function

theorem. The projection o: I 4-(? x gfi x[R4_is a coordinate system

for ¥ (i.e., I is parametrizable by capacitor voltages, inductor currents,

and time) if and only if the 2p x 2p matrix

K(u,t) 4

—

DlvRV(u,t)

DlvGV(u,t)

“Fre
I

0

=16~

2
0

0

(24)



is nonsingular ¥ u €V, ¥ t €T,
By elementary row operations, it can easily be shown that K(u,t)

is nonsingular if and only if

DlvRV(u,t) + FRG DlvGV(u,t)
T (25)
~Fpg Dyigy(ust) + Dyigy(u,t)
is nonsingular, i.e., if and only if
[T FRG] 1 RV(u t) Au =0
D vy (v, »t)
T n
[-F 1] (u,t) Au =0
RG 1 RV (26)
D, Gv(u,t)_‘
- N —
implies Au = 0. Since the 2p x p matrix DlvRV(u,t) is assumed to
DlvGV(u,t)
DliRV(u,t)
L 1 GV(u £)
be of full rank, Au = 0 if and only if
— -
D Vpy(ust) | du = 0. (27)
DlvGV(u,t)
DliRV(u,t)
Dlin(u,t)
— —

Therefore, K(u,t) is nonsingular if and only if (26) implies (27).

<17~



Now let us derive a small-signal equivalent networkLJUR at (u,t)
fromgdkL First, remove all inductors, replace all capacitors by short-
circuits, and set all independent sources to zero. Second, replace
resistors by linear resistors which are specified by the following
parametric representation Avr = [Dlgr(u,t)]Au and Air = [Dlir(u,t)]Au.
Thus equations (26) are exactly the KVL and KCL forLjUR. Hence (26)

will imply (27) if and only if
.J\jR has only the trivial solution Av = 0, Ai = O. (28)

Remarks. (1) Purslow [6] has shown that for a linear time-invariant
network, if there exists a cutset (resp. loop) of dependent and indepen-
dent current sources and none of the branch voltages (resp. currents)

in the cutset (resp. loop) controls any dependent sources, then the
network does not have a unique solution. This is in fact true for
nonlinear networks. We are going to show that if such a cutset (resp.
loop) exists, then (28) can not be satisfied. Consider the small-signal
equivalent linear network;)UR at (u,t). Let all the branch-currents

and branch-voltages other than the branch-voltages (resp. currents) in
the cutset (resp. loop) be zero; and let each branch in the cutset (resp.
loop) have a nonzero branch-voltage (resp. branch-current) &. Clearly
this is a nontrivial solution forLJUR, i.e., it satisfies KVL, KCL, and

branch-relations forQ)“Rf

(2) For a monotone network, i.e., a network whose branches are two-
terminal elements having monotone increasing characteristics [12],

(28) is satisfied at all points if after removing all inductors and
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replacing all capacitors by short-circuits, the resulting resistive
network satisfies the following conditions:

(U,) every loop made of c.c. resistors contains at least one strictly

L
increasing resistor;
(Uc) every cutset made of v.c. resistors contains at least one strictly

increasing resistor.

IV. SUFFICIENT CONDITIONS

LethAfbe a network as described in Sec. II.1 and satisfy (MCI),
(MCII), and (LC). We shall give some sufficient conditions under which
equation (24) is satisfied at an operating point, i.e., the projection
g: I 9-(? x %fi x “§+ is a coordinate system for I about the operating
point. If at every point x € I any one of the sufficient conditions
given below is satisfied, then as a consequence of Theorem 1, the capaci-
tor and inductor characteristics (18) define a unique C1 vector field on
I, hence the network will have a unique response specified by the
corresponding flow.

In this section, conditions are examined for fixed t, we will hence-
forth suppress the variable t as if we were in the time-invariant case.
Also the subscript V will be dropped, however we must keep in mind that

all the conditions in this section are local conditions.

Case I. All resistors are voltage-controlled; in this case, u =

(VR,VG) .

~19-



(sI): 1f DliR(vR,vG) | DziR(vR,vG) is positive definite

R R (30)
DliG(vR,vG) DziG(vR,vG)
then condition (24) is satisfied.
L d — B T
Proof: Since K(vR,vG) = I 0 “Fpe 0
0 I I 0
. . (31)
D1 R D21R 0 I
D1z Dyig 0 Fre
— s
is nonsingular if and only if
T . - '
[—FRG 1] DliR DziR -FRG is nonsingular. (32)
DliG DziG I
Hence (SI) follows. X

Remarks: (1) Condition (SI) requires the resistor characteristics

(vR,vG) — (ER(VR,VG), iG(vR,vG)) be strictly monotone [8, pp. 142-143].

(2) Condition (SI) does not require the matrix be symmetric, hence

nonreciprocal elements, for example, dependent sources, are allowed.

(3) Quasilinear resistors [13, p. 35] constitute a special case of
condition (SI). Indeed, it is required for quasilinear resistors that
the matrix in equation (30) be uniformly positive definite, as well as

symmetric.

Case II. All resistors are current-controlled. (Dual to Case I.)
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Case III. Some resistors are voltage-controlled, and some are current-

controlled.

Assumption T: There exists a normal tree such that all resistors whose

voltages. are controlling variables can be put in the links and all
resistors whose currents are controlling variables can be put in the

tree, i.e., u = (iG,vR).

(SIIIA): 1If every resistor whose voltage (resp. current) is a control-
ling variable can form a loop (resp. cutset) with only capacitors (resp.

inductors), then condition (24) is satisfied.

Proof: Since K(iG,vR) = (- 0 I -FRG 0 W
DV D v I 0
lAG ZAG (33)
DliR D21R 0 I
T
I 0 0 FRG
- -
is nonsingular if and only if
I 0 0 -FL D.v. D
+ RG th 2AG (34)
0 I FRG 0 D11R D21R
is nonsingular.
Note that the assumption in (SIIIA) implies FRG = 0. Hence
(SIIIA) follows. g

Remarks: (1) Condition (SIIIA) imposes only topological constraint on

the network. Indeed, electric coupling between links and tree-branches

D1vg Dy
is allowed. The resistor characteristics R is not
DliR DliR
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necessarily symmetric, hence nonreciprocal elements are allowed.

(2) The class of complete networks [9] for which FR = 0 satisfies

G

(SIIIA). However, Brayton and Moser considered only uncoupled

resistors.
(SIIIB): 1f DleG DZGG is positive semidefinite and symmetric,

Diip  Dyig

e >

(resp. is positive definite); then condition (24) is satisfied.

Proof: It follows from (34) and Fact 1 (resp. Fact 2) in the Appendix.

X

Remark: It can be shown [8, pp. 142-143] that DlvG D2vG is posi-

Dyip  Dyly
tive semidefinite if and only if the resistor characteristics (iG,vR)
— (VG(iG,VR), iR(iG,vR)) is monotone (see Footnote (5)).. If the matrix

is positive definite, then the resistor characteristics are strictly

monotone.

(SIIIC): Suppose there is no electric coupling between resistive links
and resistive tree-branches. If D;G(iG) and DER(VR) are positive semi-
definite, and either one of them is symmetric, (resp. either one of
them is positive definite); under these conditions, then (24) is

satisfied.

Proof: Equation (34) becomes

T ~
1 0 0 -F Dv 0
+ RG G ) (35)
0 I FRG 0 0 DiR :
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which is nonsingular if and only if

T N ~
[1+ FRG(DlR)FRG(DvG)] is nonsingular, or (36)
S . .
[T + FRG(DVG)FRG(DiR)] is nonsingular. (37)
Hence (SIIIC) follows from Fact 1 (resp. Fact 2) in the Appendix. X

Remarks: (1) For the monotone networks considered by Desoer and
Katzenelson [14], if we further require that the resistor characteris-
tics be differentiable, then D%G and DER are both positive semidefinite

and diagonal, hence satisfy (SIIIC).

(2) Varaiya and Liu [15] have considered the following classes of
networks; D;G and DiR are positive semidefinite and either one of them
is positive definite and symmetric (resp. either one of them is positive

semidefinite and diagonal). These classes of networks satisfy (SIIIC).

(3) Ohtsuki and Watanabe [16] have considered the class of netowrks
for which elements characteristics are uniformly positive definite,

hence they satisfy (SIIIB).

(4) Fujisawa and Kuh [17] have considered the following classes of
SNl ~ .
networks; (i) (DVG)FRG (D1R)FRG € PO, (ii) DvG is positive semidefinite
TI\
ue .
and diagonal, and FRG(DlR)FRG PO. They have shown that in these cases

(36) is nonsingular. Hence these classes of networks satisfy condition

(24).
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V. CAPACITOR LOOPS AND INDUCTOR CUTSETS

Suppose that;,Alhas Y capacitor-only loops and A inductor-only
cutsets. Because of the constraints imposed by the Kirchhoff laws,
not all the capacitor voltages and inductor currents are independent.

One would expect from Theorem 1 a posteriori that solution curves are

constrained to a submanifold of I. We are going to justify this fact.
Pick a normal tree. Let v be partitioned as (vS,vR,vL,vC,vG,Vr);

similarly for i, where the subscripts S, R, L (C,G,I') denote link

(tree-branch) capacitors, resistors, and inductors, respectively. The

corresponding fundamental loop matrix is then given by [8]:

B B
B=|1 0 0 Fg, 0 0
0 I 0 FRC FRG 0 (38)
0 0 I F. Fg Fp
d -

The capacitor and inductor equations (18) written in terms of

the above partition, become

= a [ O 3 F“ -
iS = C(vs,vc,t) ac | s + 3¢ qS(vS’VC’t)
e Ve e (vgsVest)
J S — - —
(39)
= = —
e a [ 3 | -
v |7 LI gy | i |t ap | e Gpeipt)
VI. iPJ ¢P(iL’iP’t)
—J — — -

Note that the Kirchhoff laws require
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(1 FSC] ve | = es(t) (40)
Ve
[-FL. T1[4 ) = §.(t)
LT L r
ip
Thus,
1 r.lciv.,v,f[i - g wov.t) | =4 e ()
sC s*Ve? s ~ 3t %s\VVsVe? at °s
1-2 4« )
SCARE 94ctVgr Ve
(41)
T -1 i B P _d .
[-FLP I] L (iL’lr,t) VL = ﬁ ¢L(1L’]P’t) = dt Jr\(t)
v, - é—'$ (i, ,1i.,t)
LY T e rtetre

Hence the Kirchhoff laws (40) and the capacitor and inductor characteris-
tics impose on the network variables (y+A) additional algebraic con-
straints, namely (41). Let K' be the set of all (v,i,t) satisfying

both Kirchhoff laws (3) and (41). Note that K' C K. Our assumptions
imply that K' defines a (b-y-A+1l)-dimensional Cz-submanifold in HRZb x
IR%” Indeed, first note that (3) and (41) are in the form of (b+y+A)
equations g(v,i,t) = 0 (see Eq. (7)), second, the Jacobian matrix of g

is of full rank because

-1 T -1,. .
[1 FSC]C (vs,vc,t) I |and [-FLF I]L (lL’lf’t) -FLP

FSC I

-25-



are both nonsingular by (LC).
Let ' be the set of all (v,i,t) such that (a) (v,i,t) € K' and
(b) (vR,VG,iR,iG,t) € A. Therefore, for the present case, (MCII) must

be modified to read:

(MCII'): 3I' is a Cz-submanifold of RZb x IR+ of dimension (b-p-y-A+l1l);
furthermore, for each t' > 0, Z't, is a C2-submanifold of “RZb,

of dimension (b-p-y-1).

It turns out that (MCII') holds if and only if equations (20) hold and the
rank condition on J(u,t) (defined by (23)) holds.
Let o' be the restriction to I' of the projection map (v,i,t)

(VC,iL,t), then for the present case Theorem 1 becomes:

Theorem 1'. Let<¢Albe a network as described in Sec. II.1 and having
Y capacitor-only loops and A inductor-only cutsets. Suppose that LN
satisfies (MCI), (MCII'), and (LC). Under these conditions, the capaci-
tor and inductor characteristics specify a unique C1 vector f%eld on
' if and only if given any point x € ', o': I' > CVC x Q:LL x 'R+
is a coordinate system for I' about x.

With the implicit function theorem in mind, it can be shown that
o' is a coordinate system for I' if and only if the 2p x 2p matrix
K(u,t) (which turns out to have precisely the same form as (24)) is

nonsingular, for all u € V and t € T.
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Appendix

Fact 1. Let A and B be two nxn matrices with real elements. If A and
B are positive semidefinite, and either one of them is symmetric, then
(I+AB) is nonsingular.

Proof: Suppose B is symmetric. First we claim that xTBx = 0 implies

n

Bx = 0. Since B is symmetric, we can write x = I a e where ei’s are
i=1

orthonormal eigenvectors of B. Bx =
i

(L ae IE=1

A.a.e, where A,'s are eigen-
p 11 i

n
values of B. Hence xTBx = I A,|a |2, since e?e, = §,.. Note that
j=1 1 i i’j ij

A > 0 because B is positive semidefinite and symmetric. Therefore, x1Bx = 0

implies A,a, = 0 for all i, i.e., Bx = 0.
i

i
Now we are going to show (I+AB) is nonsingular by contradiction.
Suppose there were an x # 0 such that (I+AB)x = 0, i.e., x = -ABx.
Therefore, xTBTx = - xTBTABx; but A and B are both positive semidefinite,
hence xTBx = 0. This implies Bx = 0. But this would lead to x = 0

because x = -ABx, hence we reach a contradiction. If A is symmetric,

consider (I+AB)T = I + BYA-. X

Fact 2. Let R and S be two nxn matrices with real elements. If one
of them is positive definite and the other is positive semidefinite,

then (I+RS) is nonsingular.

Proof: Suppose R is p.d. and S is p.s.d. For the other case one needs

only to take the transpose. By contradiction. Suppose there were an

X # 0 for which x + RSx = 0, Then xTSTx = - xTSTRSx, hence xTSTRSx = 0,



Now note that Sx # 0, because if it were, then x = 0. So we have
(Sx)TR(Sx) = 0 and Sx # 0, which contradicts to the fact that R

is p.d.



FOOTNOTES

(1)
Roughly speaking, a manifold in R® can be thought of as a smooth

"surface" such that at every point of the surface there is a local
parametric representation of the surface (e.g. longitude and latitude
for a sphere in [RB). We will explain this in detail in Sec. II. For

an introduction to differentiable manifolds, see [2]-[5].

(2)

Subscript V is used to emphasize that these functions depend on V.

(B)Dl ¢A(u,t) is the derivative map of the function ¢A(-,t) at u,

(4)

A not-necessarily symmetric matrix A € R™® is said to be positive

definite (semidefinite) iff xTAx >0 (>0) ¥x#0.

(5

Amap F: DC R" -+ R™® is said to be monotone (strictly monotone)

on D if {x - y|Fx - Fy ) > 0 (> 0, for x # y, resp.), ¥ x,y €D.
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Fig. 1. Network element (a) a typical link,

(b) a typical tree-branch.
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Fig. 2. A network satisfying (MCI) but not

(MCII) when k = R.
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