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ABSTRACT

Let G = (N,A) be a directed graph, and let c,, and tij be a "cost"

ij

and a "transit time' assigned to each arc (i,j). We consider three

problems. The Negative Cycle Problem: Does G contain a directed cycle

for which the sum of the costs is strictly negative? The Minimal-Cost

Cycle Problem: Assuming G contains no negative cycles, find a directed

cycle for which the sum of the costs in minimum. The Minimal Cost-to-

rTime Ratio Cycle Problem: Find a directed cycle for which the sum of the

costs divided by the sum of the transit times is minimum.

The first two problems can be solved by adaptations of well-known
shortest path algorithms which require 0(n3) computational steps, where
n is the number of nodes of G. The minimal cosf—to-time ratio problem
can be solved by a procedure which uses a negative cycle algorithm as a
subroutine, This procedure is essentiallyvO(n3 log n) in complexity.

Various generalizations of these problems, in the form of side con-

straints on the cycles, are indicated.
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1. Introduction

Let G = (N,A) be a directed graph where N is the set of nodes and
A is the set of directed arcs. Let cij be a (positive or negative)
"cost" and tij be a "transit time" assigned to arc (i,j).

We consider three problems:

Negative Cycle Problem: Does G contain a directed cycle for which

the sum of the costs is strictly negative? And if so, find such a cycle.

Minimal-Cost Cycle Problem: Assuming G contains no negative cycles,

find a directed cycle for which the sum of the costs is minimum.

Minimal Cost-to-Time Ratio Cycle Problem: Find a directed cycle

for which the sum of the costs divided by the sum of the transit times is
minimum.

The first two problems can be solved by adapting well-known shortest-
path algorithms for the purpose. We review the algorithms of Bellman-
Ford and Floyd-Warshall and indicate their application to these problems.

The minimal cost-to-time ratio problem can be solved by a procedure
which uses a negative cycle algorithm as a subroutine. We show that the
ratio problem can be solved in a number of computational steps that is a
relatively low-order polynomial function of the dimension of the problem.
(Essentially O(n3 log n) for an n-node graph, compared with O(n3) for a
single shortest path computation.)

We conclude by indicating various generalizations of these problems
in the form of side constraints on the cycles.

Remark:

(1.1) In‘this‘paper we deal exclusively with directed networks.

Analogous results and computational methods can be obtained for undirected

networks. However, the theory and the computational procedures are



necessarily much more sophisticated. E.g. shortest path problems in

undirected networks are solved by the matching algorithms of Edmonds [5].

2. Bellman-Ford Shortest Path Algprithm'
Let cij be the "cost'" of arc (i,j) if there is such an arc, and
+ o if no such arc exists. Let cij =0, if i = j.
Suppose we seek to find a least-costly path from node 1 to each
of the other nodes, i = 2, 3,..., n. Let

*
c, = the cost of a least-costly
path from node 1 to node i.

: *
If there are no negative cycles, the values Cys i=1,2,..., n, must

satisfy the following equations:

=0’
(2.1)

[N >

min {c. + }
min tc, + ¢ ..
bt kv ki

The nonlinear equations (2.1) imply implicit functional relation-

*
ships: between the variables ¢y Bellman [1] and Ford [8] have proposed

" solving these equations by a method of "successive approximations:"

- @
| Ji - e
(2.2)

- - lfi(m+1) ) m;n {ck<m) -

(1)

Because cii = 0, for all i, it is easy to see that c; 1 >

> ces 2 c.(m) > ¢ (m+1).
- 1 - i

We can understand the equations (2.2), and demonstrate convergence



*
Lo Cio by applying the following interpretation:

c(m) = th

i e cost of a least-costly
path from node 1 to node i,
subject to the constraint
that the path contains no

more than m arcs.

In the absence of negative cycles, there exists an optimal path to

any node i with no more than n-1 arcs. (If a path contains n or more

arcs, at least one node is repeated, and the path contains a cycle.) It

follows that ci(“‘) = ¢, , for all i and all m > n-1.

The complexity of the computation can be estimated as follows. It

(m)

is necessary to compute ¢y for i = 2,3,..., n and for m = 2,3,..., n-1.
Each such computation, by (2.2), requires n additions and n-1 comparisons.

Thus, approximately n3 additions and n3 comparisons all required in all.

3. Negative Cycle Computation

We propose to use the Bellman-Ford algorithm to detect the existence
of negative cycles. Although the results we state do not strictly require
it, it is reasonable to suppose that the graph G is strongly connected.
That is, for any pair of nodes i,j there exists a path from i to j and a
path from j to i. If G is not strongly connected, it is best to identify
its strongly connected components and analyze the components separately.

We leave the proof 5f the theorem below as an exercise for the reader.

Theorem 3.1

Let G have a path from node 1 to each of the other nodes. Then G
(n) cl.(n-l), ¢

contains a negative cycle if and only if, in (2.2), ¢, ‘or

at least one i = 1,2,..., n.

Theorem 3.1 suggests that to detect the existence of negative cycles,

all that is necessary is to carry out the computation of (2.2) for one



additional iteration. Thus, the complexity»of the computation remains at
| 3 3 .
approximately n~ additions and n~ comparisons.
[t may be possible to halt the computation earlier by testing for
other conditions which are sufficient to indicate the existence or non-

(m)
1

existence of negative cycles. One condition is that c < 0, for any

m (there is a nega;ive'cycle containing node 1). Another such condition
1is tﬁat c.(m+1) = ci(m), for all i, -and for any m (there are no negative
Eycies). 'Still another set of such conditions is given by the following
theorem.v

Theorem 3.2,

G contains a negative cycle if, in (2.2), ci(m+l) < ci(m)

, for some
m=1,2,3,..., n-1, and for at least n-m distinct nodes i.

‘These sufficient conditions may well enable the computation to be
ended earlier, but they do not affect the worst-case bound of n3 additions
and n? comparisons.

Remarks:
(3.1)-We haveimadé no attempt to find a '"most negative" negative cycle.

Any p%ocedure capable of solving that problem could be applied to solve
the traveiing salesman problem as well. (Subtract a sufficiently large
number from the length Qf each arc in the traveling salesman problem. A
minimum-length Hamiltonian tour is then identified with a most-negative
cyclé.): | |

‘~f3.2) Any procedure fot solving the assignment problem can be used
to solve the negative cycle problem. Solve the assignment problem for
the matrix pf arc costs, with cii‘= 0. Then an optimal solution to the

assignment problem yields a most negative union of disjoint negative



cycles, if negative cycles exist. Note: Assignment algorithms are
generally O(n3) in complexity,

(3.3) We have not described how to construct a negative cycle, when
such a cycle is detected. In the tradition of dynamic programming, we
simply assert that by appropriate record-keeping (particularly of the
choices of k that give rise to minimum values in (2.2)), one can construct

such cycles relatively easily as a byproduct of the computation.

4. Improvement in Efficiency of Bellman-Ford Algorithm

A close examination of the computations implied by equatiomns (2.2)
reveals that these computations may not be as efficient as they could be.

They do not make use of the best information available at each iteration.

(mrt1) 1(m), Cz(m)""’ c (m),

is computed as a function of ¢ n

For example, c,

(m+1) (m+1) (m+1)
1 » €y se s ey ci-l

Making use of these (m + 1)st order approximations, when available, might

even though c may already have been computed.
accelerate convergence. This is indeed possible, as has been suggested
by J. Y. Yen [2]

Suppose we call an arc (i,j) rightward if i < j and leftward if

i > j. A path is said to contain a change in direction whenever a right-

ward arc is followed by a leftward arc, or vice-versa. Note that because
node 1 is the first node of any path, the first arc is rightward and the
first change in direction (if any) must be from right to left.

. . m
Let us assign a new interpretation to Ci( ). Let

(m)

c. = the cost of a least-costly path from
* node 1 to node i, subject to the con-
straint that the path contains no more
than m-1 changes in direction.



“(m)

The appropriate equations for cy are: -
/
ci(O) =cli’ i=l,2,ooo,n
1) (e | (e, ™, min {c, ™ + ¢ 11, m even.
g k<i ’
ci(m+l) = min {ci(m), min {ck(m) + ¢ 41}, moodd.
g o k>i

There exists an optimal path to any node i with no more than n-1 arcs

and hence no more than n-2 changes in direction. It follows that ci(n—l) =

* ,
¢; . Each equation is solved by a minimization over about %—alter-

natiﬁes, on the average; instead of n, as in (2.2). Accordingly, the

computational complexity has been reduced by a factor of approximately

two: about %-ns additions and'% n3 comparisons are required.

Another, possibly less important, advantage is that storage require-

ments are also reduced by a factor of approximately two, since not both

,ci(m+l) and c (urt1)

(m)')

(m)
i

must be stored. (As soon as'ci is computed, it

replgces ey
| Ihéofeﬁs 3.1 and 3.2 aﬁply to Yeh's modification (with (4.1) sub-
sﬁituted for (2.2) in the statement of the theorems). Interestingly,
Theorem 3.2 is Ehe key to a still further improvement‘in‘efficiency.
Yen [lS]khas shown how the length of the computation can be reduced to
gpproximately %'n3 additiogs and.%-n3 comparisons by exploiting the
fact that, at each iteration, one additional value ci(m) becomes equal

* . :
to ¢y and therefore affects the calculations no more thereafter.



5. Floyd-Warshall Shortest Path Algorithm [7]

Now suppose we see to find a least-costly path from node i to node

j, for all ordered pairs i,j. Let

*
c., = the cost of a least-costly
ij . .
path from node i to node j.

*
We propose to compute Cij Ly a method of successive approximations, as

follows:
c (1) =c
ij ij
(5.1)
c..(m+l) = min {c..(m), c, (m) + c .(m)}
ij ij im mj
We give cij(m) the following interpretation:
Cij(m) = the cost of a least-costly path from

node i to node j, subject to the con-
straint that the path does not pass
through any of the nodes m, w+l,..., n
(i,j excepted).

The equations (5.1) call for minimization over two alternatives. It is
. m .

now clear that the first of these alternatives (Cij( )) is that the

desired path does not pass through node m and the second alternative

(c. (m) + c .(m)) is that it does. With this insight, it becomes easy

im mj
s . (nt+1) *
to justify the equations (5.1) and to see that S5 = Cii .

We estimate the complexity of the Floyd-Warshall algorithm as
(m)

follows. It is necessary to compute cij for i = 1,2,..., n, for
j=1,2,..., n and for m = 2,3,..., n+l. Each such computation, by
3
(5.1), requires one addition and one comparison. Thus, exactly n

. 3 . .
additions and n”~ comparisons are required overall.

6. Min-Cost Cycle Problem

The theorem below requires no proof.

~8-



Tﬂeorém 6.1 |

G contains a pegative cycle if and only if, ip (5.1), cii(m) <0,
for éome i=1,2,..., n and some m = 2,3,..., ntl.

TheAFioyd-Warshall algorithm has essentially the same upper bound
on the number of computational steps as the (unmodified) Bellman-Ford
algorithm. However, in practice it appears that the Bellman-Ford
algorithm 4s much more likely to terminate early, and should be preferred
for the negative cycle problem.

The Floyd-Warshall method is more useful, for our purpose, to solve

the minimal-cost cycle problem.

" Theorem 6.2

If G does not contain a negative cycle, then the cost of a least-

costly cycle is given by

min {Ci'i(n-l-l) }

(n+1) is determined by (5.1), with Ciy = + o , for all i.

where c, .
ii

7. Minimal Cost-to-Time Ratio Problem
Recall that in addition to a cost Ciq0 each arc (i,j) of G is

assigned a transit time tij‘ We now wish to find a directed cycle C for

which the cost-to~time ratio,

) .

(7.1) £ -
2.
¢ 4

is minimal.

.As an example of this type of problem, consider the following

-9-



situation suggested by Dantzig [3].

A tramp steamer is free to choose its ports of call and the order
in which it calls on them. A voyage from port i to.port j earns pij
dollars profit, and requires tij days time (including time for loading

cargo at i and unloading at j). What ports should the steamer visit,

and in what order, so as to maximize its mean daily profit?

The system can be represented by a labelled directed graph, with
nodes identified with ports (states) and arcs with possible voyages
(state transitions). Each arc has associated with it a profit (output)
pij = - cij and a transit time tij'

A solution to the optimization problem is found by identifying a
directed cycle reachable from the initial node for which the ratio of
total profit to total travel time is maximized. The trap steamer then
sails from its starting point to any port in this cycle, and then con-
tinues to sail around this cycle idefinitely.

In order to avoid complications, and to avoid having to examine a
multiplicity of cases, we assume that the sum of the transit times around
any cycle is strictly positive. I.e., for all C,

(7.2) Zt o

c M

Let us guess a minimum value A for the ratio (7.1). Suppose we give
: i,j) in G ¢,.=oc,. - A t,.,. There are three
each arc (i,j) in G a new cost cij c1J 1
situations that may exist with respect to these modified cost coefficients
cij'
Case 1. There is a negative cycle in G.

Case 2. There is no negative cycle, and the cost of a minimal-cost

cycle is exactly zero.

~10-



Case 3, There is no negative cycle, and the cost of a minimal-cost

cycle is strictly positive.

Suppose that Case 1 holds. Let C be a negative cycle.

VVThen

3

Z:E,.=Z(c.-l\t.)<0.
c 1J C ij i

By assumption (7.2), it follows that

.

ij
C <A
>N
C J

In other words, the guessed value of A is too large and C is a cycle for
which the cost-to-time ratio is strictly smaller than A.

By similar analysis, we see thatkin‘Case 2 the guessed value of X
is exactly equal to the minimal cost~to-time ratio, and in Case 3 )\ is
too small,

Ihese_bﬁservationsvsuggest a search procedure based on the testing
of successive trial values of A. There aré two principal types of
searches we might conduct:  '"monotonic" and "binary."

One can ofganize a monotonic search by choosing an initial value k(o)
at least as large as the minimum cost-time ratio, and then, by successive
applications of Case 1, obtain A(O) > A(l) > 1(2) <., until some X(p) is
found for which Case 2 holds. This must occur in a finite number‘of steps,

- because G contains only a finite number of cycles. Hence there are only

a finite number of possible cost-time ratios.

-11-



In fact, it can be shown by the analysis in Section 8 that a mono-
tonic search requires only 0(n3) trial values of A. Since each trial
value requires an 0(n3) negative cycle computation, the monotonic search
procedure is 0(n6) overall.

Binary search [10] provides a much better bound and is probably
much more effective in practice. The binary search proceeds as follows.

Suppose we know that the optimum cost-time ratio is contained in the

a+b

interval (a,b). We first try the trial value A = 7 If Case 1 holds,
we know that the optimum ratio is contained in the interval (a, E%h).

If Case 3 holds, the optimum ratio is in the interval (2%2 , b). If
Case 2 holds, we have, of course, found the optimum value of the cost-
time ratio at the first try.

We continue in this way, halving the remaining interval with each
trial value. After k trial values the length of the remaining interval
can be no greater than (b—a)/2k. Or, to put it another way, the number
of trial values required to reduce the length of the interval to € is
log2 (b-a) - log2 €.

We continue the interval-halving procedure until the remaining
interval is so small that only one distinct cost-time ratio can be con-
tained within the interval. Then one additional trial value of X is
sufficient to find the cycle with this minimal ratio. (The final value
of A is chosen to be equal to the largest value in the e-interval; either
Case 1 or Case 2 must hold.)

In the next section we indicate how to determine the values a,b,
and €, and estimate the length of the computation.

Remark:
(7.3) 1t is not difficult to formulate the ratio cycle problem

as a "fractional" linear programming problem. I.e. a problem with linear

-12-



constraints and an objective function that is the ratio of two linear
forms. However, the standard techniques for solving such problems, e.g.

[2], are unworkable, because they do not yield integer solutionms.

8. Complexity of Cost-to~Time Ratio Algorithm

are integers and

We suppose that all the parameters c,. and ti

ij A
that lci;l < ¥ and 'tijl < T, for all i,j. Each cycle contains at most

jh = 2
n arcs, and the smallest possible value for the sum of the transit times
around ‘any cycle is unity. Hence the minimum and maximum attainable cost-

to-time ratios are a = - n Yy and b = n vy, respectively.

Furthermore, if the cost-to-time ratios for two cycles are unequal,
those ratios must differ by at least € = 1/n2T2.
It follows that the binary search procedure outlined in Section 7:

. requires no more trial values of A than
; 2.2 ' T
logz(b-a) -‘1og2-€ = log2(2ny) - log2(1/n T)=1+3 logzn + 1og2 Y + 2 log2

Thué, the number of negative-cycle proBlems which must be solved is
0(log.n + log Y + log T).

Suppose we are concerned with graphs of various sizes, but with
similar cost and time parameter values, if we assume that y and T are
invariant with n(or even if Y and T increase as polynomial functions of
ﬁ) then the number of negative cycle computations is simply proportional
Ato logzn and the overall computation is 0(n310g2n).

Even if we make no assumptions aboﬁt the nature of the parameters
;ij and tij’ it is clear that the number of computational steps is
bounded by a polynomial function.in the number of bits required to
specify an instance of the problem. In this sense, the minimal cost-to-
‘time ratio problem can be considered to‘be a well-solved combinatorial

optimization problem.

-13-



Remark:

(8.1) The cost-to-time ratios for two cycles, if unequal, must
differ by at least l/nsz. However, it is possible that the ratios for
two closed paths (not cycles) may differ by less than this amount. Thus,
the final interval of length &€ may contain a multiplicity of realizable
ratios, with respect to closed paths other than cycles. However, the
minimum ratio is realized by a cycle, and the negative-cycle computation
enables us to find such a cycle.

(8.2) The present author [10] and Shapiro [12] had previously propsed
proposed an O(né) algorithm for solving the ratio problem, in the special
case that tij = 1, for all i,j. This was based on the recursion

= =+(X)
cij(l) Cij’ where iy

(mtl) _ (m)
Iy = min {cik + ij}'
K

One then computes

c..
. . ii
min min {—7;—~{}
i m

to obtain the minimum cost-to-time ratio. However, except in very special
circumstances it appears that this method is inferior to the bimary search

method.

9, Side Constraints

It is interesting to consider variations of the cost-to-time ratio
problem. For example, suppose there are only m ports, m < n, at which
the tramp steamer may refuel. A closed path must be found which is
optimal, subject to the constraint that the travel time between two

successive refulings does not exceed a certain time T. This version of

~14-



‘the ratio problem can be solvéd as follows.

| We first observe that, because of the refueling restri;tions, an
optimal closed path may not be a cycle. That is, it can pass through
a given'refﬁeling port no more than once, but it may pass through a
given nonrefueling port as many as m timgs, but not more than once
between successive refueling ports. It follows that the minimum and
maximum attainable cost-to-time ratios are a = - m(n-m+l)y and b =
m(n-m+1)y, and that the cost-to-time ratios of two closed paths can be
assumed to differ by at least € = 1/m2(n-m+l)?12. A small bit of
algebra shows that, although the number of trial values of A is greater
than in the unconstrained problem, this number is 0(log n + log T +
log y), as before. |

- For each trial value of A, we must'test for the existence of a
-negative closed path, subject to refueling constraints. This can be
done in two stéges. First c,.(T) is computed, for all refueling ports

1]
i and j, where

ci.(t) = the cost of a least-costly path from node i to
1 node j, subject to the constraint that the path
requires no more than t units of time.

Then a conventional negative cycle computation is carried out for the

.(T). We assert

m-node network of refueling ports, with arc lengths ciJ

phat there is a negative closed path in the original n-node network,
subject to refueling constraints, if and only if there is a negative
cycle in the m-node network.

One way to carry out the computation of cij(T) is as follows.

~15-



Assume that each tij is a positive integer. Then we have

c,.(t) =+ «, if t <0,

1]

i

(9.1)
= min{cik(t-tkj) + ckj}’ if t > 0,

where we assume a self loop with c;y T 0, t = 1, at each node i.

ii
Equations (9.1) can be viewed as a generalization of equations (2.2),
. 2
and require 0(mn“T) computational steps. (Incidentally, note that c..
1]
is actually cij = cij - A tij’ where A is the current trial value.)

An alternative computation, for the case T >> 1, is as follows.

r

cij(t) = + o, if t <0,
t t
= min min {c, (|_—__| -8) + ¢ .(r—-]+6)},
Kfi,j O<gcr &2 kjth 2
(9.2) < if 02t <ty
= min{c,,, min min {c, (L_E;J—é) +c ([E7+)1)
17 hti,5 0<ser R 2 S
. if v,

(The symbols "L _J" and "[ 7]" denote "oreatest integer less than or

equal to" and "least integer greater tham or equal to," respectively.)

An analysis of equations (9.2) shows that they imply O(m n2T2 log T)

computational steps to obtain cij(T)’ for all m refueling ports i and j.

1f we take the number of trial values of A to be essentially
0(log n), then the overall computation is either O(mnzT log n) or
O(mnzw'2 log T log n), depending upon whether equations (9.1) or (9.2)
are used. If either T or 1 is sufficiently small, the computation may

not be too forbidding.

-16-



: Iiemarkv:

(9;3) Tﬂe gufhér is iﬁdebtéd to‘S. Riﬁalqi for suggesting
iﬁprbvements iﬁ the steamer refueling computation,‘and for pointingx
.out'thét the monoﬁpne search method fqr-fhelratio problem is 0(n6)

in complexity.

~17-~
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