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THE PRIMITIVE RECURSIVE PERMUTATIONS GENERATE THE

GROUP OF RECURSIVE PERMUTATIONS
ABSTRACT
Ion Stefan Filotti

The title is proved. More precisely, it is shown that any
recursive permutation can be obtained by composing not more than
six permutations in E;l(Grzegorczyk's second class) or their
inverses. The recursive permutations cannot be obtained by com-
posing less than six permutations in 231 or their inverses.
Finally, the group generated by the permutations in é}o is‘strictly
contained in the group of recursive permutatioms.

These results completely solve a problem posed by Dr. Julia
Robinson and show that, in a sense, primitive recursive permu-
tations have not only very powerful inverses but also very
"flexible ones."

The thesis contains a number of additional results concer-
ning the primitive recursive functions and the Grzegorczyk
hierarchy.

The main result has also been obtained simultaneously and

independently by V. V. Koz'minikh from Novosibirsk.
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1. INTRODUCTION NOTATIONS

As can be guessed from its title, this thesis is devoted to
the solution of the following problem posed by Dr. Julia Robinson:
Do the primitive recursive permutations generate the group of
recursive permutations?. We answer this question in the affirm-
ative by showing, moreover, that any recursive permutation can
be written in the form vgl L nzl Ty n;l Ty Or T, “;1 LA n; Ty n;l
for some primitive recursive permutations " (i < 6). This result
is the best possible in the sense that there exist recursive perm-
utations that can not be obtained by composing less than six
primitive recursive permutations or their inverses (This result
is due to Professor Manuel Blum). Thus the result bears much
similarity to certain normal form theorems for recursive functions
[11] and shows that, in a sense, primitive recursive permutations
have not only very powerful inverses, but also very "flexible"
ones.

The solution to Dr. Robinson's problem was obtained by us in
May 1971 and was communicated to her and to Professor Blum on
June 5, 1971. We showed at that time a slightly weaker form of
the present results, namely that any recursive permutation can be
obtained by composing not more than thirty two primitive recursive
permutations or their inverses. It was immediately pointed out by
Richard Epstein, who had closely observed our work during that

period, that exactly the same proofs worked for permutations in
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Grzegorczyk's class 521 instead of primitive recursive ones.

In December 1971 Dr. Julia Robinson informed us that V. V.
Koz'minikh from Novosibirsk had independently solved the same
problem, proving moreover that six permutations in the class E}l
of Grzegorczyk are enough to generate any recursive permutation.
He announced further that the permutations of 530 do not generate
the group of recursive permutations. We are not familiar with
his proofs as his paper is just an abstract. The proofs appearing
in this thesis are our own, although we suspect that they can not
be essentially different from Koz'minikh's. .

The techniques we use are totally elementary. It has been
known for a long time that the primitive recursive permutations
do not form a group [6] and Dr. Robinson herself had the result
of Professor Blum mentioned above. We present here the proofs of
Koz'minikh's improved version instead of our original ome. Not
only is the result a better one, but we also avoid the use of a
result due to Kent (Lemma 2.5 of [4]), rendering the proofs more
self-contained.

The main results of the thesis appear in Section 7 and Section

8 where we prove that the permutations of E}l generate the group

LY

. 0
of recursive permutations and that the permutations of 53 do not.

Section 2 and Section 3 review basic facts about the Grzegorczyk

- lw

hierarchy. Sectién 4 contains technical results about the graphs
of recursive functions and Section 5 is devoted mainly to the
proof of a "representation" theorem (Theorem 5.3) which we find
interesting in its own right. Section 6 contains results about

sets enumerated by one-one by primitive recursive functions, results
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later used in Section 7 and Section 8.

Notation is ﬁostly standard. LAJ will denote the set of non-
negative integers. Capit#l letters will usually denote sets of
natrual numbers and small Roman or Greek letters will denote
functions from<J&’to<JK‘(an exception is made in Section 3 where
we conform to the use of denoting specific functions by capital
letters). A permutation is a function fromc,k]togJU which is
one-one and onto.

If X = {xo,xl,...,xn,...} and x for i € N, then I

i< %41 X

will denote the increasing enumeration of X, i.e. the unique
function I :u\] > (JU such that I(n) = X . If X C J’and x GUU‘
then vx(x) will denote the number of elements y € X such that

y < x. In general, if Q(z) is a one-place predicaté, vzQ(z) will
denote the cardinality of the set {z : Q(z)} and nzQ(z) will denote
the least z such that Q(z). For any X Su\l, cy will denote the
representing function of X, i.e. the function ¢ such that c(x) = 0
if x €X and c(x) = 1 if x € X.

Pairs of natural numbers will be encoded by a standard pair-
ing function discussed in Section 3. {x,y ) will denote the enco-
ding of the ordered pair (x,y) and the left and right projectionmns
will be denoted by r and 1 respectively. Thus (1l(u),r(u) }? = u,
1€x,y?) = x and r(x,y?) = y.

For any function £, Q]f will denote the graph of £, i.e. the

set {{x,y? :y=Ff(&x)}.



2. DEFINITION AND MAIN PROPERTIES OF THE PRIMITIVE

RECURSIVE FUNCTIONS AND OF THE GRZEGORCZYK HIERARCHY

The primitive recursive functions were originally intro-
duced, although not under this name, by Goédel. It was later
recognized that not all computable functions were primitive
recursive and this led to the definition of the general and of
the partial recursive functions. However, all computable func-
tions actually met in practice were primitive recursive. Later
Kalmar isolated a class of functions which he called "elementary"
and even this much more restricted class of functions seemed to
meet most practicai needs. On the other hand, to obtain com-
putable functions which are not primitive recursive one has to
resort to diagonal arguments. Ackermann constructed a function
which is larger than any given primitive recursive function on
all but a finite number of its arguments (see [7][12]).

Thus, at this stage, one possesses a formal definition of
the intuitive concept of recursion and a way of constructing
functions of larger growth than any of the functions defined
using the primitive recursive mechanism. Combining these two
ideas, Grzegorczyk [3] was able to exhibit a very natural hierar-
chy of the primitive recursive functions. Roughly, Grzegorczyk's
idea is the following. Instead of allowing the functions defined
by the primitive recursive procedure to grow unboundedly, we will

impose the restriction of defining only functions bounded by some
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previously defined function. Then, applying Ackermann's procedure,
a new function, dominating all the previously defined omes is
obtained. Now the process can be repeated using this new function
as an initial function as well. A new class of functions, strictly
containing the original one is thus produced. Repeating this
process denumerably many times produces a denumerable chain of
classes of functions, the union of which is the class of all prim-
itive recursive functions. Grzegorczyk then showed that Kalmar's
elementary functions are precisely the functions of 233, the third
class of the hierarchy.

The relations of a Grzegorczyk class have many of the proper-
ties of the primitive recursive relations. In particular they are
closed under bounded quantification and Boolean operations. Also,
Kleene's T-predicate can be shown to be in 233 and, after exercising
some care, even in 530. As a result of this, in Kleene's normal
form for partial recursive functions, f(x) = luy(r(x,y) = 0) one
can choose T to be in é}i for any i. Also it can be shown that
any r.e. set is enumerable by a function in E}O.

Let us note "en passant" that these ideas have been more
recently extended into the transfinite (see, for example [9]).

We now proceed to briefly review these definitions and the
main properties of the Grzegorczyk hierarchy.

Definition 2.1. Let () be a class of functions from\,A'to

)
vAL (; is closed under substitutions if it is closed under the

following three operations:

(i) Composition of functiqns. If f(xl""’xk—l’xk’xk+l"°"xn)

) .
and g(yl,...,yn) are functions in (, then so is their composition
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f(xl,...,xk_l,g(yl,...,yn),xk+1,...,xn)

(ii) Identification of variables. If f(xl,...,xj,...,xk,...,xn)
is a function in (}, then so is f(xl,...,y,...,y,...,xn), i.e.
the function obtained by substituting y for both xj and X simul-
taneously. Here y is a variable different from all the xi's.

(iii) Substitution of a constant. If f(xl,...,xk,...,xn) is a

function in (} then so is f(xl,...,O,...,xn) obtained by sub-
stituting the constant 0 for X .

Definition 2.2. Let f(xX,,...,X_,i) be a function of n + 1
== 1 n

variables. The functions g and h defined by

g(xls"°’xn’Y) = Z f(xl,...,xn,i) (2.1)
i<y

h(xl,...,xn,y) = | | f(xl,...,xn,i) (2.2)
i<y

are said to be defined by bounded summation and bounded multipli-

cationsrespectively, from f. A class (} is closed under bounded
summation (multiplication) if it contains g(h) defined by (2.1)
(2.2) every time it contains f.

Definition 2.3. Let f(u,x) be a function of n + 1 arguments

(here u stands for ul,...,un). The function
g(u,y) = ux < y(f(u,x) = 0 (2.3)

defined as follows

the smallest x < y such that f(u,x) =0

when such x exist
ux < y(f(u,x) = 0) =

0 otherwise

L
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is said to be defined by bounded minimization from f. A class

() of functions is closea under bounded minimization if it con-

tains the function g d;fined by (2.3) every time it contains f.
Definition 2.4. Let g,h,j be given functions and let f be

defined from them by the following equations:

£(u,0) = g (2.5)
f(_l_l_,x + 1) = h(’i’x’f@’x)) (2.6)
fu,x) < j(x) 2.7

Then f is said to be defined by bounded primitive recursion from

the functions g,h and j. If f is defined from g and h by equations
(2.5) and (2.6) only, then f is said to be defined by primitive
recursion from g and h.

To define Grzegorczyk's hierarchy we first introduce the

following functions:

fo(x,y) =x+1 (2.8)
fl(x,y) =x+y (2.9)
fz(x,y) = (x+ 1)@y +1) (2.10)

and for n > 2, £ defined as follows:
ntl
£ 40.) =£f (y+1,y+1) (2.11)
£+ L) = £ GGE L () (2.12)

Definition 2.5. The class E;n’ the n-th class in Grzegorczyk's




hierarchy, is the smallest class of functions () such that

(i) the functions Ax(x + 1), Ul(x,y) = X, Uz(x,y) =y
and fn(x,y) are in ().
)
(ii) (; is closed under substitutions and bounded primitive

recursion.

Definition 2.6. The class‘q) of the primitive recursive

functions is the smallest class of functioms () such that
(i) the functions Ax(x + 1), Ul(x,y) = X, UZ(X,Y) =y
are in (}.

(ii) () is closed under substitutions and primitive recursion.

Among the classes E}“ the class 2;3 is of particular impor-
tance as is shown by the following characterization theorem.

Theorem 2.7. (Grzegorczyk) The following classes of functions
are the same:

(i) The class €;3.

(ii) The smallest class of functions containing Ax(x + 1),
Axy(x = y), Axy(xy) and closed under substitutions and bounded
minimization.

(iii) The smallest class of functions containing Ax(x + 1),
Axy(xy) and closed under substitutions and bounded primitive
recursion.

(iv) The smallest class of functions containing Ax(x + 1),
Axy(x = y), Axy(x - y), Axy(xy) and closed under substitutions
and bounded summation.

(v) The smallest class of functions containing Ax(x + 1),

Axy(x + y), Axy(x = y) and closed under substitutions, bounded

summation and bounded multiplication (Kalmar's elementary functions).

-8~
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Theorem 2.8. (Grzegorczyk). U 8“ = Cp and 8n+1 2 Qn.
n>0

To any class of total functions we associate relatioms.
Definition 2.9. An n-ary relation R(xl,...,xn) is in the
class (3 of functions if there exists a function f in (3 such

that

R(xl,...,xn) hd f(xl,...,xn) =0 for all XysenesX o

We will identify sets and relations in the usual manner.

Definition 2.10. Let R(u,x) be an n + l-ary relation. The

relation S defined by

S(u,y) ® (Ix < y) R(u,x) (2.13)

is said to be defined from R by bounded existential quantification.

Similarly, the relation t defined by

T(u,y) © ¥ x < y) R(u,x) (2.14)

is said to be defined from R by bounded universal quantification.

Theorem 2.11. (Grzegorczyk). The relations of E}n(ngp) are
closed under bounded quantification and under Boolean operationms.

As mentioned at the beginning of this section, there exists
a function which grows faster than any of the functions of 2}“.

Theorem 2.12. (Grzegorczyk). The function fn+1(x,x) increases

faster than any of the functions of E}“(qu).



3. GRZEGORCZYK'S crLass O°

We stated in the Introduction the reasons for our interest
in 230. This section contains mainly technical results.

Theorem 3.1. Let f be a function of one variable in é?o.
There exists a constant k such that £f(x) < x + k for all x.

Proof. The proof is by induction on the definition of the
functions of E}O. The theorem trivially holds for the initial
functions and once the function is defined from functions for
which the theorem holds it also holds for that function.

Q.E.D.

Proposition 3.2 (Grzegorczyk). The following functions are

in 530.

(i) Axy(y + 1), for any y.

(ii) 0 = ax(0).

(iii) U, (x,y,z) = x, for any y and 2z
1

(iv) Uz(x,y,z) y, for any x and z.

v) UB(x,y,z) = z, for any x and y.

(vi) 0 if x
P(x) x 1= .

x-1 if x>0

[
o

lo

(vii) Ax(x y), for any y.
(viii) o(x,y) = x.07 = x(1 = y).

x + 0.

(ix) 1(x,y)

]

x) r&,y) the remainder of the division of x by y.

~10-



(x1)
(xii)

(xiii)
(xiv)
(xv)
(xvi)
Proof.
(1)
(i1)
(1ii)
(iv)
v)
(vi)

(vii)

(viii)

(ix)

(%)

(xi)

(xii)

[;—c'] = the integral part of the quotient of x and y.
[/;] the integral part of the square root of x.

QG0 =[x 2 [/E]z] .

Axn Q7 (x).

W(x,y) = vs < x(Q(s) = y).

R(x) = vs < x(Q(8) = x).

y+1l= Uz(x,y + 1).
o(x) = Uz(x,O).
Ul(x,y,Z) = Ul(x,Ul(y,Z)).
UZ(X,Y,Z) = Ul(Uz(x9Y):z)'
Us(xsy’z) = Uz(xsuz(Y:bz))-
P(0) = 0(0), P(x+ 1) = Ul(x,P(x)), P(x) < Ul(x,x).
x=0= Ul(x,x), x> (y+1 = U3(x,y,P(x =y)),
| x =y < U &),
0(x,0) = U; (x,x), o(x,y + 1) = 0(Uy(x,3,0(x,3))),

o(x,y) < U;(x,y).

T(X,O) =x+1, T(Xa}’ + 1) = Ul(X,Y,U(X,Y)),
T(x,5) < U (x,y) + 1.
r(0,y) = 0(y), r(x + 1,y) = Uz(x,o(r(x,y) =1,

1= (y-~ (r(x,y) + 1)))), r(x,y) hY UZ(X,)’).

8- 0[5 - e+ 1) 3] e

(71 - «([]. ([]+2)- [T‘*—*-—l—]) .

/x] +1

Vx < Ul(x,x) .

~-11-



(xiii) Q(0) =0,
Qx+ 1) =0(Qx) +1, 1 *r(x+1, [Vx + 1] )),
Qx) < U, (x,x).

(xiv) QO(X) = X, Qn+1

®) = QQ"(®), Q") < U; (x,x).
(xv) W(0,y) = 0(y),
Wi + 1,y) = ti@&,y), 2+ T * (7 2 Q)0 *y)),
wx,y) f_Ul(x,y).
(xvi) R(x) = W(x,Q(x)).
Q.E.D.
We are now in a position to define a pairing function whose
projections are in 530. Let J be defined as follows: J(2x,y)
= (x + y)2 +x, J(2x+ 1l,y) = (x+1+ y)2‘+ x. It is easy to
see that J maps J’xw one-one onto N and that, by the previous
Proposition, the two projections Q(z) = z + [Vz ]2 and R(z)
= vu < z(Q(u) = Q(z)) are both in 590. From now on we will
always use Q as our first (or left) projection 1 and R as our
second (or right) projection r. Note that the pairing function
OO0

J itself is not in ¢ but in 522. A few values of this pairing

function are tabulated below.

Rz 136 |so |s1 le7 les

25 |37 l38 [s2 |[s3
5

16 26 27 39 40
4 |

9 |17 |18 |28 |29
3

4 10 11 19 20
2

1 5 6 12 13
1

o 2 I3 |7 |8

)



The following property of this pairing function is immediate:

Proposition 3.3. Let g be a non-decreasing function. The
increasing enumeration of the graph of g will produce the points
of the graph in the order of increasing arguments of g.

This éroperty will be extremely useful later.

To encode n-tuples of natural numbers we proceed in the

usual manner by defining:
J(xo,xl,...,xn) = J(J(xo,...,xn_l),xn)
for every n. The projections are given by

X, = RJ(xO,...,xn),

X 1= RQJ(xO,...,xn),

a8 cess00 000000000000

X = RQkJ(xO,...,xn), (0 <k <n)

n-~-k

_ D
X = Q J(xo,...,xn)

By Proposition 3.2 all these projections are functions in E}O.

We also need a device for encoding all
finite sequences of integers. We do this by associating to the
sequence (xo,xl,...,xn) the code number J(n + 1, J(xo,xl,...,xn)).
In the remaining of this paper we denote J(xo,xl,...,xn) by
(xo,xl,...,xn ) and J(n + 1, J(xo,xl,...,xn)) by ((xo,xl,...,xn ».

To this encoding we associate the following decoding functions

-13-



which give the length and the n-th term of the sequence

respectively:
(" RR(z) ifm=n j
RRQ¥(z) ifm=n-kandl<k<n
t(n,m,z) = n
RQ (2) ifm=0 ;
9 0 ifm>n ?
1gth(z) = Q(2) |

Q(n,z) = Qn(z) can be defined by the following equations:

Q(0,2z) = Qo(z) 0

Q,2) = Q' (z)

Q(z)
Q(n + 1,2) = Q(Q(n,2))
Q(n,z) < z
. E?O
Hence Q(n,z) as a function of two arguments is in ¢ and,
consequently, t(n,m,z) (as a function of three arguments) and
lgth(z) are in 230 as well.

Proposition 3.4. Let H be a set in E;l(respectively‘qj)

(i < 0). The function vH(x) = the number of elements y < x such
that y € H, is a function in 531613).
Proof. Let Cy be the representing function of H, i.e. the

function taking value O and H and value 1 outside H. Vg satisfies i
the following equations:

= ¢

vH(O) =0 ?

vH(x) if x¢EH
vH(x + 1) ={:
vH(x) +1if x€H

Hence vy can be defined by:

~14-



. vH(O) =0
'vH(x +1) = T(vH(x),cH(X))
vy () < U, (x,%)

where T is the function from Proposition 2.14.

Q.E.D.

15~



4, RECURSIVE FUNCTIONS AND THEIR GRAPHS. HONEST FUNCTIONS.

As usual in recursion theory the graph of a function f is

{x,f(x) ) : x Gu\‘}, where {x,y ) denotes the

the set Qf
encoding of the pair (x,y) by our standard pairing function J.

A recursive function has always a recursive graph but sometimes
the graph of a recursive function may be primitive recursive or
even in 81. Such functions have been extensively studied, for
example in [8,9], and are sometimes called "honest" functions.
Honest functions are functions with easy to compute step-counting

‘

functions. The following theorem characterizes honest functions.

Proposition 4.1. Let f be a partial recursive function.

(i) The predicate f.\(x) y as a predicate of the two variables
x and y is in Q,i(CP) (i > 0) if and only if there exists a
function of two arguments in Q-i@) such that for all arguments
x, £(x) = wy(z(x,y) = 0).

(ii) The graph Qf of f is in Qi(fp) (i > 2) if and only if

there exists a function 7 of two arguments in Q-l(‘P) such that

for all arguments x, £(x) = uy(t(x,y) = 0).
Proof. Suppose f(x) = uy(t(x,y) = 0) for some function
T € ei (CP). Then
f(x) =y t(x,y) =0A (Vz<y)(t(x,z) # 0)
(x,y) € G, 16ey) = 0A (Vz < y)(t(x,2) #0)

-16-



Since 231 and Cp are closed under bounded quantification and
Boolean operations, and since the projection functions are in
220, the righthand side of these equivalences is a predicate in
orP.

Conversely, if £(x) = y or §3f are in 2?161’) then
f(x) = uy(f(x) = y) and respectively f£(x) = wy(x,y? € Q]f)
= HY(CQB €x,y?) = 0). Here again cgj is the representing

£ f

function of {3 This gives the desired representation for f and

f.
proves the proposition. -
Q.E.D.
i .
Remark 4.2. If Qf € 8 (1 < 2) then f is not necessarily
representable in the above form since the pairing function {(x,y?
is not a function in E;l. Therefore only half of (ii) holds in
this case.
Proposition 4.1 was first proved by Skolem in the primitive

recursive case. We shall say that a function is representable

in Skolem normal form if f(x) = uy(t(x,y) = 0) for some T € S}l

or 1 € P. Contrasting with Skolem's is Kleene's normal form
(see [7,12]) £(x) = ruy(t(x,y) = 0). Every partial recursive
function is representable in Kleene's normal form, but not nec-
essarily in Skolem's normal form.

Proposition 4.3. There exists a function g which is recursive
but not primitive recursive and whose graph (jg is in 530.

Proof. Let f be a recursive but not primitive recursive

function. Represent f in Grzegorczyk's normal form (see[3]):
£(x) = ruy(t(x,y) = 0)

-17-



where 1 is a function of two variables in 530. Let g(x)
= py(t(x,y) = 0). By Proposition 4.1 and the remark following
it {}g € 230. However, if g were primitive recursive so would
f = rg be, contradicting the hypothesis.
Q.E.D.
The previous Proposition can be improved to

Proposition 4.4. There exists a strictly increasing

recursive function which is not primitive recursive and whose
graph is in 230.
Proof. Let ge be the function of Proposition 4.3. Then

gg is in 80. Define h as follows:

h(0)

J(1,g(0))

h(n)

Jn + 1, J(g(O), g(l),‘°°9g(n))) (n > 0)

where J is the standard pairing function. From this, g can be,
expressed as a function of h:

g(0) = Rh(0)

1

g(n) = RRh(n) (n > 0)

Hence h is not primitive recursive since otherwise g would be
contradicting our initial choice. We can easily convince
ourselves, using the properties of the standard pairing function
and of the projection functions, that h is strictly increasing.
It remains to check that g]h € S?p.

First notice that, by the properties of the pairing function,

if z € (Jh and z = {x,y ) then for all i < x, {i,g(i) ) < h(x) < z.

-18-



Hence the following equivalence holds:

zeghQ[Qz 0AQz =1A (ﬂtiz)(tegg/\ Qt

Rt)]V

0 A RRy

1]

[Qz>0AQRz =Qz + 1A (Vi<Q(Jt<z)(tE€ Qg/\ Qt = i
A =x=Rt = RQRz) A (1 # x = Rt = QX 1qrz))]

All the quantifiers on the right-hand side are bounded and all
the predicates are in 80 by hypothesis or by virtue of Proposition
3.2. Therefore Qh is a set in 80.

Q.E.D.

Proposition 4.5. Let A ELNbe a set.

(i) If A€ Qi(CP) (1 > 0) then the graph of the increasing

enumeration IA of A is in 81 (CP).

(11) For 1 > 2 and P the converse of (1) holds as well, i.e. if

G. € ©1D) then a € 81 (D).

I
Proof. (i) Let A€ Si(fp) (i > 0). Then for all n,

IA(n) = uy(y €EAA (vz < y)(z €A) =n).

All the predicates within brackets are in 9.1@) and thus IA is

representable in Grzegorczyk normal form. By Proposition 4.1 and

Remark 4.2 it follows that QI e 81 P.
A
(ii) If 1 > 2 then the pairing function J is in gi and hence
yeasQrendxny) € )
A

since IA is an increasing function. Hence A € 91 c?).

Q.E.D.
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It is known that all recursively enumerable sets can be
enumerated by primifive recursive functions. More than that,
given any recursive function f there exists a primitive recursive
function g which enumerates the same range and in the same order
as f, although possibly with repetitions. We prove next a similar
result for functions in 2}0 instead of primitive recursive
functions.
A point {x + 1, g(x + 1) ) of ﬁjg is called a change of
value point if g(x) # g(x + 1). The function g which we comstruct
in the next Proposition satisfies the additional requirement that
if{x+1, g(x+ 1)) and {y + 1, g(y + 1) } are two points in
which g changes value and if x + 1 < y + 1 then also <{x +1,
gx+ 1)) < (y+1, gy +1)) . If g satisfies this require- '
ment, an enumeration in increasing order of the points of (}g in
which g changes value will produce these points in the order of ;
increasing arguments of g. E

Proposition 4.6. Let f be a recursive function. There

exists a function g € 80 such that:
(i) g assumes exactly the values of f in the same order as f,
but possibly with repetitioms.
(1) u<vA gu+1) #g A gv+1)¢#gw) =(u+l, gu+1)) ;
<{v+1, glv+1)) )
(iii) The set A = {u+ 1, glu+ 1)) : g(u) # g(u + 1)} of
points of (]g where g changes value is in 520.

Proof. Assuming the function g in 530 has been constructed,

the set A of (iii) is in 530 since
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(u+1,v) €EAe{u+1,v) Ggg/\v#g(u).

To prove (i) and (ii) first notice that the graph Qf of £

is recursively enumerable. Let m be a function in 80 enumerating

gf. Then mf is a function in 80 assuming infinitely often

each value assumed by m. Let n be defined by primitive recursion

as follows: n(0) = <0,£(0) )

me(u +1) if 2mi(u + 1) = n(u) + 1
A v = max{w<u : rn(w) # rn(w + 1)}
> (de<u+ D) =v+1
n(u + 1) = Ar(t) = v+ 1)]

n(u) otherwise

All the predicates in the above definition are in 80. To show
that n is in 80 it is therefore enough to place a bound in 80
on n. Sincem € 80 there exists, by Proposition 3.1, a constant
kl such that for all x, m(x)<x + kl.
Then n(0) < 0 + k = k. Assuming by induction that n(u) < u + k

Let k = max({0,£(0) ), kl)‘.

we have, by the above definition of n(u + 1), either n(u + 1)
=mu+1) <gu+1)+k<u+l+korn(+1l) =n(u
<u+k<u+1l+k., Thus Au(u + k) is a bound on n and n is in
Co |

We now claim that rn is the function g we need. First,
g € 80 since we just showed that n € 80. Suppose now that for
some u, n(u) = (s,f(s) ) € gf. Let v = max{w < u : ra(w) # rn(w + 1)}.
Then v is the largest point preceding u + 1 at which rn changes
value, i.e. rn(v + 1) = rn(u) = f(s). Hence n(v + 1) = {s,f(s) ).
If n is to change value at u + 1 two conditions must be satisfied:

(1) 2n(u) +1

s+ 1=2me(u+ 1), that is m2(u + 1)

=(s + 1,f(s + 1)) = n(u + 1).
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(i) u+l>t=C(v+1, mv+1)) ={v+1, £(s) ).
Hence {u+ 1, rn(u + 1) ) ={u+1, f(s +1) ) >u+ L<l{v + 1,£(s) ).
It follows that if u + 1 is a change of value point for g = rn
and,if v + 1 is the largest change of value point preceding it, then
(u+1, gu+ 1) Mv+1, g(vw+1)). An immediate induction
argument proves (ii). It is also clear from the preceding discus-
sion that whenever g changes values it assumes a new value of f
and this in the same order in which f enumerates these values.
Furthermore, since m enumerates each value of §]f infinitely
often a u satisfying (ii) above is always found and as a conse-
quence g enumerates each value of f at least once. This terminates
the proof.

Q.E.D.

Sets enumerable by one-one honest functions admit the

following useful characterization.

Proposition 4.7. A recursive set X is enumerable by a one-

one primitive recursive function if and only if there exists an
infinite primitive recursive set G such that G C X.

Proof. Suppose X 2 G, where G is a primitive recursive set.
Let A be a primitive recursive set such that r(A) =X - G and r

is one-one on A and define f as follows:

r (n) if n€A
f(n) =

- i € a
IG VA(n) if n€A

f is obviously one-one and enumerates X. IG is honest by

Proposition 4.5. Since
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{u,v) € E]f +~+ (UEA v=r())V (WEAAvV=h vK(u))
f is honest.

Conversely, let f be a one-one honest function and let X
be the range of f£f. Since f is one-one there exist infinitely
many elements x such that f(x) > x. Let A = {x : £(x) > x} and
let G = £(A). G is primitive‘recursive since

yEGC+— 3 x < y(E& =y).

Q.E.D.
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5. SOME RESULTS ON RECURSIVE SETS

We use this section mainly as a garbage collector.
Theorem 5.3 was an important tool in earlier proofs of the results
of Section 8. Although we now possess simpler proofs of those
results, Theorem 5.3 is of interest by itself.

Proposition 5.1. Let f£f be a function in 23161))(1 > 0)

and A a set in £Bi(CFb(i > 0). Then f_l(A) is also a set in
EXPyu 2 0.

Proof. Evident.

The converse of Proposition 5.1 is false. 1In fact

Proposition 5.2. Given any recursive set X there exists

a set G in é}i(CFb(i > 0) such that r(G) = X and r is strictly
increasing on G, (r is the standard right projection; a similar
result holds for the left projection.)

Proof. Since X is recursive its increasing enumeration IX
is also recursive. By Proposition 4.6 there exists a function
g in E}iéq))(i > 0) such that g enumerates X nondecreasingly
élthough with repetitibns and that the set 6 = {{u+ 1, g(u+ 1) ):
g(u) # g(u + 1)} of points of (}g where g changes value is in
23161))(1 > 0). Moreover, Proposition 4.6 ensures that r(IG(n))
= Ix(n). The set G is our required set.

Q.E.D.
The previous result has an obvious generalization. Instead

of asking r to be increasing on G, we can ask that r(IG(n)) = f(n),
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where f is some arbitrary one-one function enumerating the
recursive set X. This could easily be ﬁroved by an appropriate
use of Proposition 4.6 in the previous proof. In a sense the
set G is a primitive recursive mirror of the recursive set X
and one can pass in a primitive recursive fashion from G to X
by using the projection r. Our next goal is to prove a further
refinement of this result. Let X be a given recursive set. We
shall show that we can find a primitive recursive set H and a
primitive recursive subset G and H such that r(H) = vMand r(G)
= X and that r increases on both G and H - G. If H = {xo <%
< x, ++s} then G will consist the elements xIX(O)’ xIx(l)”°'°
Thus not only is G a primitive recursive mirror of X, but its
elements are positioned with respect to the elements of H in
exactly the same way in which the elements of X are positioned
with respect to the elements ofg)“. This time we state the
theorem in its most general form by showing that H and G can
even be chosen in 520 and that instead of r we can choose a
function in 530 which maps IG(n) onto fx(n) and I, _ G(n) onto
fi(n) where fx and fi are two arbitrary one - one enumerations
of X and X respectively.

Theorem 5.3. Let X and Y be two recursive sets such that
X = §. Let fx’fY be two recursive one - one enumerations of X
and Y respectively. Then there exist sets G and H in 231633)
(i > 0) and a function t € 2?1617)(1 > 0) such that

(i) G CH.

(ii) H,H,G and H - G are infinite.
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(ii1) 6 ={x€H: vH(x) € X}.
(iv) t is one - one on H and t(G) = X, t(H) =;,‘U.
(] = =
(v) x€6=tx) = £,(v,(x))
S - = =
x€H-6=tk) fY(vH _ G(x)).
Proof. Let I}'(,f}'(,I{.,fi. be the functions given by Proposition

4.6 which enumerate the same range as Ix,f I respectively.

X’ Y’fY

Let A,B,C,D be the corresponding sets given by Propositions 4.6 i.e.

A= {(o,x}'((o) YU K u+l,I)'((u+l) ) I)'((u+1) # I}'((u)}
B = {(O,f)'((O) )}U{(u+1,f)'((u+l) ) f}'((u+1) # f)'((u)}
¢c = {£0,1:(0) )}U{(u+1,I:I(u+1) ) I\'I(u+l) # I{.(u)}
D = {(0,54(0) 3RV, {(u+l,f§(u+l) Y e £y (utl) # f;{(u)}

By Proposition 4.5 and 4.6 A,B,C and D are sets in QI(CP)
(i > 0) and their increasing enumerations 1 ,IB’IC’ID have graphs
in 81@) (1 > 0). Also IA(n) = (u,Ix(n) ), IB(n) = (v,fx(n) ),
Ic(n) = <W,IY(n) ), ID(n) = (y,fY(n) ) for some u,v,w,y. Let h
be an increasing function whose graph H is in Q.i (CP) (i > 0) and

dominates IA,IB,IC,ID. The following facts are immediate:

Iy(m) = {n,h()?, IQIA(n) ={n,I,(n)?, IQIB(n)

= (n,IB(n) ), Ig\ (n) = (n,IC(n) ), IQI (n) = (n,ID(n) )

Ie D

h(n) > I,(n), h(n) > I,(n), h(n) > I.(n), h(n) > I,(n)

(n), I (n), I (n), I
I OI QI GI

I (n) > I(\
H
JA_ B C D

rIA(n) = Ix(n), rIB(n) = fx(n), rIC(n) = IY(n), rID(n)

= f_(n)
v -26-



Let G = {x€H: (ay <x)(y € QI A vH(x) =rr(y))}.
, A

Since H is in Si(cp) (1 > 0) and G is defined by bounded quan-
1P
tifiers and propositional connectives from predicates in 8 Py
it follows that G € 81@).
Claim: G ={x€H : vH(x) € Xx}.
Proof of the claim. x€G=x€HA vH(x) = rr(y) for some

y € QI , ¥ < x. But by the previous facts if y € QI then
A A

y = (n,IA(n) ) for some n. Hence r(y) = I,(n). By an earlier
remark, IA(n) = (u,Ix(n) ), for some u and therefore rr(y) = Ix(n).
Conversely, let x € H such that vH(x) = n € X. Since h dominates

IA and since h is an increasing function, we must have

X = IA(n) = {n,h(n) ) > (n,IA(n) ) = IgI (n)
A

rr(IgI (n)) = r(IA(n)) = Ix(n).
A

Hence if x € H and vH(x) € X then x € 6. It follows that
H-G={x€H: vH(x) € Y}. Since both X and Y = X are infinite

by hypothesis so must G and H - G be. We define t as follows:

rrr(y) if x € G and y = uz < x[z € GIA\)Q (z)
B IB

Ve (0]

rr(y) if x € H-G and y = pz < x[z € QI A vC (z)

Ce(x) = { D JID

= vy o1

~ 0 if x¢ H
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We claim that t is well defined and in E;léq))(i > 0).
First notice that t is defined by bounded quantifiers and logical

connectives from predicates in 53161)). Secondly, assuming t
well defined, we must have t(x) < x, i.e. t is bounded by the

identity.
To show that t is well defined, suppose that x € G and

vG(x) = n. Since IG(n) 3_IH(n) > IQZIA(n)’ Ig}IB(n), it follows

that for each x € G there exists a unique y € (}I such that
B

vgz (y) = vG(x) and, moreover, such a y is smaller than x.
I
B

Similarly, if x € H - G and v ) = n it follows that there

H-*
exists a unique z € (31 such that vgz (y) = vG(x). Thus we have
D 1
D

shown that t is well defined.

Also, if x € G and vG(x) = n then the unique y € EJI such
B

that v(] (y) = n is such that rr(y) = fx(n). Therefore if x € G

Ty

then t(x)

fx(vG(x)). One shows similarly that if x € H - G

then t(x) = fY(vH_G(x)). This completely proves the theorem.

Q.E.D.
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6. ENUMERATION OF RECURSIVE SETS

We collect under this heading a number of results concern-
ing recursive sets enumerated by one - to - one primitive
recursive functions or by one - to - one functions in one of the
Grzegorczyk classes.

Proposition 6.1. Let f € Egi(CFE(i > 0) be such that
f(x) > x for all x. Then Rg(f) € 23161)). ‘

Proof. y €Rg(f) ® J x < y(y = £(x)). The predicate within
brackets is in E}iéj)).

Q.E.D.

Corollary 6.2. If £ € 81@) (1 > 0) is increasing then
re(f) € &' CP).

Proof. Any increasing function is such that £(x) > x for
all x.

Q.E.D.

The converse of this Corollary is not true.

Proposition 6.3. There exists a set A € E}O whose increasing

enumeration is not in 520 and which in fact is not even primitive

recursive.

Proof. Let g be a function as in Proposition 4.4 and let
A= éjg. By hypothesis g is not primitive recursive and A € 5?0.
Since g is strictly increasing IA(n) ={n,g(n) }, and by
Proposition 3.3 rIA(n) = g(n). Hence IA cannot be primitive

recursive for if it were g would also be primitive recursive.

Contradiction. ~29-
Q.E.D.



Probosit;pn 6.4. A set AE 231613)(1 > 0) is enumerated

by a one - one function in E}iéib if and only if IA € 52161)).

Proof. The "if" part is trivia.
Suppose on the other hand that I, 3 é;iéj)) but that
f € 53161)) is a one - one function such that Rg(f) = A. Let
g(x) = max £(i). We claim that g € 531613). For let h be defined

i<x
as follows:

h(x) = ut < x(V s < x)(f(s) < £(t)).

Then h € ggi(crb, being defined by bounded minimization and
bounded quantification from predicates in 23161)) and being
bounded by the identity. Hence g(x) = £(h(x)) also belongs to
E}iéﬁ)). g takes values in A and,since f is one - one by hypoth-
esis, the set {0,1,...,g8(x)} contains at least x + 1 elements of

A. Now set

k(0)

by < 8(0) (e, (y) = 0)

1

k(x + 1) = py < glx + 1)(c,(y) = 0 Ay > k(x))

k(x) < g(x)

where ) is the representing function of A. k is defined by.
bounded primitive recursion from functions and predicates in
2}1613) and belongs therefore to 23161\). By the above remark
k is well defined and increasingly enumerates A contradicting
our assumption.

Q.E.D.

Corollary 6.5. There exist sets in & (D) (i > 0) which
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are not enumerated by any one - one function in Cp.

That there exist recursive sets such as this was already
known (see [7],p.140,Problem 9, where it is shown that the range
of the Ackermann exponential is such a set).

We now characterize the recursive sets that can be enumerated
by a one - one primitive recursive function. In view of
Proposition 6.4 the following definition is useful.

Definition 6.6. A set is called strongly primitive recursive

if its increasing enumeration IA is primitive recursive. Similarly
A is strongly in 81(1 > 0) if IA € ei.

Proposition 6.7. A set A is enumerated by a one - one func-

tion in 81@) (i > 0) if and only if A 2D B where B is strongly
in Qi (strongly primitive recursive).

Proof. Necessity. Let f € 81@) be a one - one function
and Rg(f) = A. We construct a strictly increasing function h

such that Rg(h) = B C A, Let g(x) = max f(y). By the same
y<x

argument as in Proposition 6.4, g € Q.i(CD). Define first a

function k as follows:

k(0) = ny < g(0) (¥ z < g(0)) (£(2) > £(y))
k(n+1) =uy <g@n + DY) > f£&@) A (Vz < gl + 1))(E(2)
> £(k(n)) = £(2) 2 £(y))]
k(n) < g(n)

k is defined by primitive recursion and is therefore in 8.1 (CP)

Set now h = fk. Then h € €X(P). Rg(h) CRg(f) = A. It remains
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to show that h is indeed increasing. The argument that follows
is typical of a class of counting arguments which will be
repeatedly used. We proceed by induction.

n=0. Since f is one - one {£(0),f(1),...,£(g(0))} contains
at least one element > f(0) = g(0). Two cases may occur:
Case 1. max{£(0),£(1),...,£(g(0))} = min{£(0),£(1),...,£(g(0))}.
Then £(0),£(1),...,£(g(0)) has just bne element, i.e. £(0)
= £(g(0)). This is possible only if;g(O) = 0 and hence £(0) = 0.
In this case f(1) > £(0) and hence among £(0),f(1),..., £(g(1))
there must be at least one element > f(0). This ensures that
f(k(1)) > £((0)).
Case 2. {£(0),£(1),...,£(g(0))} has at least two elements. £(k(0))
is the smallest of them and there exists an element z > £(k(0))
among £(0),f(1),...,£(g(1)).

n > 1. We assume the induction hypothesis that k(0) < g(0),
k(1) < g(1),...,k(m) < g(n),£(k(0) < £(k(1)) < ... < f(k(n)).
Again two cases may occur:
Case 1. {f(0),f(1),...,f(g(n))} has just n + 1 elements. This
can only happen when g(n) = n and hence, since f is one - one,
f(n+ 1) > f(n). Sincen+ 1 < g(n + 1), £(n + 1) € {£(0),
ceesf(g(n + 1))} and thus k(n+l) can be found which satisfies our claim.

Case 2. {£(0),£(1),...,f(g(n))} has has > n + 1 elements. Suppose for

reductio ad absurdum that there is no x < g(n + 1) such that

£(x) > £(k(n)). But k(0),k(1),...,k(n) € {0,1,...,g(n)}. By
definition of k(n) and k(n - 1) it follows that x # k(0) A x # k(1)
AN x4 k@A x<gh) =£(x) ¢« £kn - IDA x> g - 1).
Therefore {0,1,...,g(m)} = {k(0),k(1),...,k(m)} U {x : x # k(n)

Agm - 1) < x < g(n)}, Also k(n) > g(n - 1), for if k(n) < g(n - 1)
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then g(n) > x > g(n - 1) = £(x) > £(k(n)) contradicting our
hypothesis. Therefore {0,1,...,8(n - 1)} = {k(0),k(1),...,k(n - 1)}
and hence g(n - 1) = n - 1. As before we can now distinguish two
subcases:

Subcase 2.1. g(n) = n. Then f(n + 1) =n > f(n - 1) and k(n + 1)
can be found satisfying our requirements. Contradiction.

Subcase 2.2. g(n) > n. Then k(n) is such that f(k(n)) is the
smallest z among f£(0),f(1l),...,f(g(n)) such that z > f(k(n - 1))

and there is at least another candidate for k(n + 1) among these
elements. Contradiction.

Sufficiency. Let A 2 B and IB € Q,i@). By Proposition 5.2
there exists a set G € Egiéq)) such that r(G) = A - B is where r
is our standard first projection. We can assume that r one - omne
on G. Define f by

r(n) if n €6

f(n) =

IB(va(n)) ifn€EG

f is clearly in é}i(q)). It is immediate that £ is one - one
and enumerates A.
Q.E.D.

The intuitive content of the previous Proposition is that
sets enumerated by one - one functions in é;i cannot be very
sparse. More precisely, the increasing enumeration IA of such
a set A does not dominate all primitive recursive functions since

if A D B and IB € E?i then IA(n) 5_IB(n) for infinitely many n.

There exist recursive sets A which are not primitive

-33-



recursive and such that both A and A are enumerated by one - one
functions in Eg?. An instance of such a set is A = 2X U (AVA[4-1)
and A = 2X U (4L)U+'3), where X is some recursive and not prim-
itive recursive set. B& the criterion offered by Proposition 6.7
both A and A are enumerated by one - one functioms in 5?1.
Intuitively, a set can be considered very sparse if its
increasing enumeration dominates every primitive recursive func-
tion., For example the‘range of the Ackermann exponential is in
this sense very sparse. The next Proposition shows that if a set
is primitive recursive then either the set or its complement are
not very sparse and, even more, one of them can be enumerated by

a one - one primitive recursive function.

Proposition 6.8. Let G € Egiéq))(i,g 3) be a set. Suppose

that IG dominates all functions in é}iéﬂ)). Then G has a one -
one enumeration in E}iGJD).

Proof. We shall prove the theorem for i = 3. The same proof
will work for all é?i and for P. By Proposition 6.7 it is
enough to show that G O B and I € 93.

Since IG dominates all functions of 223 it dominates An(2n).
Thus there exists an m such that for n > m we have IG(n) > 2n.
Hence for n > m, G possesses not more than n elements in {0,1,...,2n}.
Suppose now that x € G, vG(x) = k and k > m. Thus in the set
{0,1,...,x} there are exactly k + 1 elements of G.

We now claim that the set {0,1,...,% + (x - 2k + 2)} contains
at least one element of G which is > x. For, suppose to the

contrary that among x + 1, x + 2,...,2x - 2k + 2 there is no

element of G which does not already appear in {0,1,...,x}. Then
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the set {0,1,...,2x - 2k + 2} has 2x - 2k + 3 - (x+ 1) + (k + 1)
= x - k + 3 elements in G. But by our hypothesis there are at
most x - k + 1 such elements. This contradiction proves the
claim.

Let now xo € G be such that vG(xo) > m and define £ as follows:

£(0) = X,
f(m) +1 if f(n) + 1 E€G
fn+1) =
wy(f(m) <y < 2f(n) - 2k + 2) where k = vG(f(n)+1)
if f(n) + 1 €6
£(n) < 2%x,

f € 533 and increasingly enumerates the set B S;E we need.
Q.E.D.

The sets enumerated by one - one functions in 530 admit a
remarkable characterization.

Proposition 6.9. If f € 2?0 and f is one - one, the
range of f is cofinite.

Proof. By Proposition 3.1 there exists a constant k such
that for all n, f£(n) < n + k. Suppose that Rg(f) is co - infinite.
Let Xg,X1seees¥y be the first k elements of ,A[- Rg(f) and let n
be big enough that {£(0),...,£(n)} contains all elements < X, of
Rg(f). The {£(0),...,£(n)} must contain all element p 2 n + k.
But for i < n we have f(i) <i+k<n+kand hence p <n + k.

Contradiction.

Q.E.D.
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Corollary 6.10. The‘i:e exists no recursive set such that

both the set and its complement are infinite and are enumerated

. . OO0
by one - one functions in 80.
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7. GENERATORS FOR THE GROUP OF . RECURSIVE PERMUTATIONS

The recursive permutations form a multiplicative group when
multiplication is interpreted as the composition of functions
and the inverse as the inverse function. We shall denote this
group by R. Throughout this section we shall restrict our
attention to the case of 231. Our results and our proofs remain
unchanged in the case of Egi(i > 1) or of CF!

Let us denote by TPn the set of permutations of the form

-1 - -1
Ty Tpe1 "pe2°°°T2 T when n is even and of the form

. 1
Th Tae1l Tp=2°°T 2 ™ when n is odd, where L € E} . Analogously,

let us denote by E’; the set of permutations of the form

T ﬂn_l "n—2"’ Ty "1 when n is even and of the form

-1
Ty Ta-1 Mn-2°°° T2 T when n is odd. Thus the permutations of

é}l are precisely the permutations of P 1 and their inverses are
the permutations of‘P i. We shall sometimes say that a perm-
utation is of length n if it belongs to F’n or to ﬁ>;.

Proposition 7.1. The permutations of é?l do not form a

group.

Proof. ﬁ>1 is closed under composition and hence we have
to show that it is not closed under inverses.

Let G € 2?1 be a set whose increasing enumeration I,
dominates all primitive recursive functioms. G can be chosen

infinite and co-infinite (see Proposition 4.5). Now define

foll :
m as follows _37-



2vG(x) if x €6
n(x) =

2va(x) +1 if xE€GC

Since G € 531 we have m € E}l and since G is infinite and co-
infinite m is a permutation. Now notice that ﬂ-1(2n) = IG(n). -

Hence if 7 belonged to 521 so would I, contradicting our

G
h&pothesis.
Q.E.D.

Thus the inverse of a permutation in E}l can grow extremely
fast on a set whose increasing enumeration is in 231.

The functions of 231 are recursively enumerable in the
following sense. If {¢i}i€)u is an acceptable Godel numbering
of all the partial recursive functions [12, Exercise 2-10], there
exists a total recursive function o such that E?l = {¢0(i): i E\J\U
[7,9]. The next result shows that no matter what recursively
enumerable class of total functions we may choose the permutations
of length 5 generated by this class do not exhaust the recursive

permutations.

Theorem 7.2 (Blum). Let () = {¢o(i): i € A} be a recursively

enumerable class of total recursive functions. There exists a Pe
recursive permutation different from all the permutations of
length 5 generated by the class.
Proof. Let 1 be a total recursive functions enumerating
. < . . . -
all quintuples 11,12,13,14,15

enumerated by 0. Our goal is to construct a recursive permutation

) of indices i, (1 < k < 5) :
that will differ from all the permutations of the form
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3ﬂ;1w or ﬂ-lﬂ ﬂ-lﬂ ﬂ_l, where the 7,'s are permutations

1 5 43 21 i
in (). We describe the computation of 7 in the following informal

momtn
54

procedure for enumerating the graph of m. The computation will
keep two lists of quintuples as enumerated by t and will proceed
in stages.

Stages n. Using T, append to the bottom of each of the two
lists a quintuple that does not already appear in it. Let x be
the smallest element that has not as yet been placed in the domain
of ™ and y the smallest element that has not as yet been placed
in the range of w.

Substage 1(2). Examine in order all the quintuples of the

first (second) list. Find the quintuple closest to the top of

the list for which there exists z < x (z < y) such that ﬂz(z)

= nl(x) (na(z) = ws(y)) (For simplicity of notation we denote

¢ik by m, if (11,12,13,14,15 ) is the quintuple under comsiderationm).
If there is no quintuple satisfying the above conditions go to
Substage 2(the next stage). When and if such a quintuple is found,
look for the smallest u such that m, (u) # m,(2) (1, (u) # 7,(2))

and such that ﬂs(u) (ﬂl(u)) has not as yet been placed in the range
(domain) of w. When such a u is found, place the pair (x,ﬂs(u) )
(<y,ﬂ1(u) >) in the graph of 7T and delete the quintuple from the
first (second) list. If during the search for u it is found that
“4(ﬂ2) or ns(wl) take the same value for different arguments

delete the quintuple from the list and proceed again at the begin-
ning of the substage.

To prove the theorem, let Tys Tos Tas Wy Te be permutations

in (l, and assume that at stage n, a quintuple of indices for
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these permutations has been ﬁlaced on the list. Since T and
T, are permutations, there exist infinitely many pairs (x,2)
such that wz(z) = wl(x) and z < x, for otherwise, as can easily
be seen bj induction, nzl T would not be onto. Thus during
Substage 1 the search for z has infinitely many opportunities
to succeed.

After our quintuple has appeared on the list there must be
a stage at which it will be the quintuple closest to the top of
the list for which such a z is found. Indeed there are only
finitely many quintuples preceding the one under consideration
and, once a z has been found for a quintuple, that quintuple is
altogether eliminated from the list. Assuming now that the
quintuple is the closest to the top for which z is found, n3(z)
has a certain value. Since Ty and me are permutations and only
finitely many elements were so far placed in the range of 7, u
must be found such that n4(u) # ﬂ3(z) and such that ns(u) has
not as yet occurred in the range of m. The search for this u
is made by successively computing "4(0)’ n4(1),...,w5(0),n 1),... .
During this search it may be found that m, Or T are not one-one
which also results in their deletion. This possibility must be
taken into consideration as in general (3 does not consist only
of permutations. As a matter of fact in the cases which interest -
us it most certainly will not contain only permutations since it
can be shown that the permutations of S;l are not recursively
enumerable. However if TyseeesTg are permutations then
ﬂsﬂzlﬂ3ﬂ;lﬂ;1ﬂl(x) # ns(u). By our construction, though,

-1 -1
T(x) = ns(u) and hence we have succeeded in making 7 # MM, Mol W)
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It is similarly seen that Substage 2 of our construction will
make T # s = 4ﬂ3 “2“11 It is immediate from the comstruction
that 7 is one-one. Finally, since Substage 1 places all integers
in the domain while Substage 2 does the same for the range it
follows that m is a permutation.

Q.E.D.

Corollary 7.3. R = FDS and R # EDE.

All attempts to generalize Theorem 7.2 to numbers larger
than 5 have failed. The reason is that, as shown by our next
theorem, R = “)é. This came as a surprise since even if the
permutations of E;l generate R it is not a priori clear that
a bound can be placed on the number of permutations needed to
generate an arbitrary recursive one.

Theorem 7.4. R = ﬁ’é.

Proof. The inclusion P é CTR is by definition. To show
the converse let m be an arbitrary recursive permutation. Let
'Tr(ZL)“) = X and Tf(ZL,M'l’ 1) = X. Let A€ 81 be a set such that
both I, and Iy are in S}l and ANX, ANX, ANX, ANX are
infinite. The graph Q}ﬂ of 7™ is a recursive set. Let G be a
gset in 531 such that r(G) = gzn and that r is increasing on G .
It follows that G is infinite and co-infinite. Such a set G can
be found by Proposition 5.2. To every pair (x,y) of natural
numbers such that y = 7(x) there corresponds exactly one element
z € G such that x = 1(r(2)) and y = r(x(z)). Let us set a(z)
= 1(xr(z)) and v(z) = r(r(z)). The functions a and v are obviously

(@) !

in ¢~. Since 1 and r are one-one on (}n so are a and v on G,
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The set G is the union of the following four disjoint sets:

H ={z€6: a(z) € 2 NA v(z) € A}

Hy = {z€6 : a(2) € 2 NA v(z) € 1} ]
K =1{z€6: a(z)'62QJ\f+ 1 A v(z) € A}

K, {2€6: a(z) € 2N+ 1A v(z) €ER}

Since both G and A are in 81 so are Hl’ HZ’ K1 and K2.

We now define functions 7 i(]. < i < 6) as follows:

{ a(x) :'foeKlUK2

wl(X)

ZW(X) if x € Kl U K2

3W(x) if x € Kl U K‘2

3\)K(x)+2 if x €K

9 2

3a§x2] .
[ 2 if x € Hl U Hz

= V——— €H, UH, UK
T4 (x) 3 i, U 1(z(x) +1 if x€H UH, UK,

3vg (x) +2 if x €K
2

IA(Zvﬂl(x)) if x € Hy
wl‘(x) =( v(x) if x € H, UK

2

2 2

€W UH. UK
IA(Zv—————-—Hl O ) g Kz(x)) if x € H) H, K,

IA(Z\)Hl(x)) if x € Hy
1r5(x) = IA(ZvKl(x)) if x € Kl

Iﬁ(v——_ﬂl ] Kl(x)) if x € Hy V] K,
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v(x) if x€H, UK
Te(x) =
IK(vﬁl—U—Kl(x) 1f x € UK
These defi'tnitions are.schematically represented in the

following diagram:

M T2 T3 T4 Ts Te
) - —_A N
%a] H, — I, A H, ANX
2u\14— K1 U K2—>3 e
v
HZ—-——K N X L A NX
N - - X
N
. K, ==3N+ 1<=H Ul, UK, =T, A+ 1ye—K—>4 N X
2u\] + 1
K2—>3J’+2f K, A NX < M A NX

It immediately follows from these definitions that
ZJ] +1
2 N +1

a(, U H,) 2 A a(k; U K,)

v(H, U Kl) = A v(H2 v Kz)

We now proceed to show that the ni's are permutations in
81. That " € 81 is immediate from their definitions, for
all sets and functions involved are in 81.

T, is certainly onto since a(Kl v Kz) =2 AN +1 and

22— (Kl v K2) = ZJ] as K, UK, is infinite. Moreover, a

Kl v K2 1 2
- U - U
is one-one on Kl K2 and vITl-U—K-Z is one-one on Kl Kz. Hence
- v
T is a permutation. For Tys We have mz one-one on Kl K2,
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v one-one on Ki’ v one-one on K., and (K UK )

K 2?
= BKJU’ m,(K)) = 3J\l +1, 1) = 3N 2. Thus 7, is a pern-

utation. a(H1 v H2) = ZLJU; hence ﬂ3(H Y H2> = B;Aj and Ty is
one-one on Hl U H2 since a is. As for ﬂz we see that 1r3(H1 U K2)

= 3LJU + 1 and ns(Kz) = 3;}“ + 2 and that Ta is a permutation.

) = () = A - U i -
114(H2 KZ) v(H2 K2) A and L is one-one on H2 K2. v, 1is one

H
1
one on Hl and IA is one-one and hence ﬂ4(H1) = I (ZvA’). Similarly, =
i - V) U U
T, is one-one on Hl H2 K2 and 1r4(Hl H2 2) I 2. M + 1).
Hence 174(H2 UK =1 ()U) A; is also a permutation. For mg i
UR) =TI.(Ah =
we see as for 7, that ws(Hl Kl) IA(ka A, that nS(H1 Kl)
= A - () = i
A and that ﬂs is one-one. Finally, "G(Hl Kl) A and "6 is
- U U - A
one-one on Hl Kl because v is.ﬂ6 maps H1 K1 one-one onto A

and this proves that e is also a permutation.

Let us set 7' =1 We claim that ©' = w. By

-1 -1 -1
6"5 W4W3 ﬂzﬂl .

-1
our previous remarks, Ty ﬂzﬂl (2VA|) H U Hy, ﬂs w4(H )

= = = N N E A N R
H, ﬂ6(H1) ANX, ﬂ4(H v(Hz) ANX, “6“5 (A X) =ANX

2)

By the definition of H, and H, it follows that for each z € Hy U H2

1
we have n'(a(z)) = v(z) = w(a(z)) and hence 7 and 7' agree on
a(g, V) = 2 M.
A similar argument convinces us that 7 and 7' agree on
ZL)U + 1, thereby completely proving the theorem.
Q.E.D. =
Our next goal is to show that F? = ﬁ>6' We need the

following :

Proposition 7.5. Let 7 be a recursive permutation. There

H

i

. . c gsos Ol . ess !
exists an infinite and co-infinite set A € ¢ and infinite sets ,
|

i

G and H in 01 such that m(A) 2 G and w(A) D H.

Y.



Proof. Let g be the function in 81, given by Proposition
4.6, which enumerates g“_l in the same order as the recursive
function Ax (x,'n-l(x) ). By Proposition 4.6 the set
K={{u+1, gu+1)) : g(u) # glu+ 1)} is in 8.1 and rrIK(n) = n,
1rIK(n) = 11'-1(‘[1). Set v(x) = rr(x) and a(x) = 2r(x). Then
vIg(n) = n and aIK(n) = w-l(n). To simplify the notation, set
IK(n) = kn.

We define now an infinite set L in 81 with the property
that aI.K(l n+1) > IK(ln)’ where, as in the case of K, we denote
IL(n) by 1n' L will be the range of the function h defined below.
The functions t(n,m,z) and lgth(z) have been defined in Section 3.

h(0) = 0

h(1) = nyly €KX Ay > ({(h(0) N A a(y) > IKh(O)

AVu(u >y > a(u) > Ih(0))]
hin + 1) = uyly EX Ay > ({(h(0),h(1),...,h(n) »}

Aa(y) > Ith(n) AVu(u2y > a(u) > Izh(n))]

To show that L is a set in 81 notice first that there are
exactly u + 1 elements s in K such that a(s) < u. With this

observation the following holds:

1]

YGL*‘*(32<y)(an<y)[1gth(z) n+1l
A(vom<n)(Ju<y)aly) >uAu€KRA v () = t(n,m,z2)

Avs < y(s €EKA a(s) < u)

u+ 1)]

All the quantifiers are bounded and all the functions are
in 8]‘. This proves that L € Q-l.
Let G = {x : x€L /\vL(x) is even}

H={x: xEL/\vL(x) is odd }
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and denote IG(n) by g, and IH(n) by hn. G and H are obviously

sets in 9 1. By the definition of K the following inequalities

hold:
a(k O) > kgo a(kgl) > kho
a(khl) > kgl a(kgz) > khl -
a(khn) ” kgn a(kgn+1) ” k.hn
Denoting the set {mym+ 1, m + 2,...,n} by [m,n], let
us set

aA=[0k 1V U [k +1,k ]
o i>0 khi Bi1

Hence i = U [k, +1, k ). It is immediate that A is in oL,
i &
>0 i i
We show by induction that the sets A, G and H we just defined i

satisfy our Proposition. 8o € w(A) since w-l(go) = a(kg ) < kg
0 0

- -1 _
and [O,kgO] C A, ho € n(A) since w (ho) = a(kho) < k.ho and

atk, ) >k
kho 0 0

=a(k, )<k and a(k, ) > and [k, + 1, k] CA.
gn+1 gn+1 gn+1 khn khn gn+1

- . -1
and [kg + k, khO] CA, 841 € n(A) since ™ (gn+1)

h_,, € 7(®) since 7 Lh ) T a(h.hn+1) <k and a(k.hn+1) >k

n+l En+l

and [k +1, k ] CA. Hence w(A) 2 G and w(A) D H.
En+l o+l

o)
Q.E.D.

Let us briefly remark that the previous Proposition is not
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trivial in the sense that there exist recursive sets X which
do not contain any infinite primitive recursive set. We shall
call such sets internally strange. One can show, by a direct
construction which we omit, that there exist recursive sets X
such that both X and X are internally strange. In fact, if this
were not the case one could simplify the proof of Theorem 7.4
and show that ﬁk = ﬁjg. However, as our previous Proposition
showed, a recursive permutation cannot map all primitive recursive
sets only onto internally strange sets.

Theorem 7.6. R = W>6'

Proof. As in Theorem 7.4, the inclusion P 6 c R is by
definition. We prove now R c P 6°

Let A, G and H be tﬁé sets in E}l given by Proposition 7.5
for which 7(A) 2 G and 7 (A) 2 H. We can assume without loss of
generality that w(A) - G and m(A) - H are infinite; for if one
of them is finite, say w(A) - G, we only have to replace G by
{x €6 : vyx) € 2 N1,

Let K be a set in 221 such that r(K) = sz and let a(z) = 1lx(z)
and v(z) = rr(z). As in Theorem 7.4,if 7 (x) = y, there is a unique
z € K such that a(z) = x and v(z) = y. a and v are in Ql and

are one-one on K. The set K is the union of following four disjoint

sets:
B ={z€K: a(z) € A A v(z) €G U H}
K, ={z€K: a(z) €EAA V() €6}
Hy={z€K: a(z) EAA V() €¢ U H}
K, = {z€K: a(z) € AN v(z) € H}
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Again Hl, Kl’ 1-12 and K2 are sets in 81. The permutations

i < 6) are now defined as follows:

iA

ZVA(x)! A ifx€A
T (x) =
2vg(x) + 1 if x €A
ZvAa(x) if x € Hl v H2
'ﬂ'z(x) =
2vﬁ;~cr§i(x) + 1 if x € H1 U Kl
(4. (x) if x €H
H1 1
“3(X) = 4 4VGv(x) + 2 if x € Kl
2vﬁ—1j-i (x) +1 if x € Hl U K1
\. 1 1
F
4vH1(x) if x € H1
ZvKa(x) + 1 if x € H2
™, (%)
N .
4 H1 O H2 0 K2(x) + 2 if x € Hl U HZ v K2
ZvKa(x) +1 if x € K2
\ .
3\1*(;—U—H v(x) if x € Hl U H2
'ITS(X)= 3\>H—-J'm x) +1 ifx€H1UH2UK2
1 2 2
BvHv(x) + 2 if x € K2
BVG_U-E (x) if x€GUH
w6(x) = 3vG(x) + 1 if x€G
3vH(x) + 2 if x€H

The following diagram represents these definitions:
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Bax < H—— 4/ <—H,
A -——>zx%4<+——l.f—-ézzxﬁq<--l{z

A —~——I% e— Kl———-—rlﬂm-z«—":'%:z———» 3> 1<— &G

—> 2X4 1 <— 1 —> 2% <— K, ——> 32— H

It is now easily checked, as in the proof of Theorem 7.4,

o=l =1 -1
that 7 = ﬂ6 “5 4 n3 2 “l'
Q.E.D.
] C ]
Theorem 7.7. For 1<i <5, P ¢ P1+15Pi ¢ lPiﬂ,
]
P, +P..
Proof. Immediate form Corollary 7.3 and Theorem 7.4.
Q.EODD



8. THE PERMUTATIONS 530.

The permutations of 80 do not generate the group of s

recursive permutations. This is ultimately due to the fact that

.

the functions of 80 are bounded by Ax(x + k) (see §3). Theorem
8.3 of this section shows that, as a consequence of this, perm—
utations generated by permutations in 9-0 always map a set X such
that both X and X are enumerable by one-one primitive recursive
functions onto a set with the same property. Hence the permutations
of 80 do not generate the recursive ones. Let us remark that the
proofs of Section 7 do not hold in the case of 80 since one-one
functions in 80 can not enumerate both a set and its complement.
This last property was essential in the proofs we presented there.
We start this section by showing that the permutations of 9-0 do
not form a group.

0 .
9 whose inverse

Theorem 8.1. There exist permutations in
is not in 80. Hence the permutations of 80 do not form a group.

Proof. By Proposition 3.1, for any function f in 90 there ,
exists a constant k such that for all x, f(x) < x + k. Our goai
is to construct a permutation f in 80 such that V & ay(f-l(y)
>y + %), ensuring thereby that f_]' is not in QO.

The following permutation f will satisfy our theorem:

0

£(0)

x+1 if x + 2 is not a power of 2

f(x) vy < x(y is a power of 2) -~ 1 if
x + 2 is a power of 2.
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A few values of f are listed below:

£(0) =0 £8) =9
£Q1) = 2 £(9) =10
£(2) = 1 f(iO) =11
£(3) = 4 £(11) = 12
£(4) =5 £(12) = 13
£(5) = 6 £(13) = 14
£(6) = 3 £(14) = 7
£(7) =8

f can be easily defined in 530 since, by Corollary 3.7,
the predicate "x is a power of 2" is in 5?0. f is onto since,
if x + 1 is not a power of 2, f(x ~ 1) = x and, if x + 1 is a
power of 2, £(2x) = x. f is evidently one-one.

' 1 00

To show that f = is not in & notice that the sequence

20 =0, 21 =1, Ly = 3, ceey L, = 2 -1, ... has the property

n

that for all i, —x(x > £f(x) + 4.) since 22 = £(22 ) + 2 .
- i n n n

Q.E.D.

)
Proposition 8.2. Let 7w € 550 be a permutation and Y an

infinite and co-infinite set such that both Y and Y can be
enumerated by one-one primitive recursive functions. Then
X = ﬂ-l(Y) and X = ﬂ-1(§) can be enumerated by one-one primitive
recursive functions.

Proof. Since m € 230, there exists a constant k such that
for all x, m(x) < x + k (Proposition 3.1). By Proposition 6.7
there exist sets G and H with primitive recursive increasing

enumeration such that Y D G and Y D H. It follows that both
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G and H are also strongly primitive recursive.
Set G' = w_l(G) and H' = ﬂ_l(H). We shall show that G'
is strongly primitive recursive. For every n and x, let B(n,x)

= (IEIG)n(k). It is immediate that B is a primitive recursive

function. Hence the function y defined by the equation
y(n) = f((n+1) k+n+1, Ia(n))

is also primitive recursive.

We now claim that for all n, y(n) € G and that there exist
(n+1) k+n + 1 elements x of G such that Ia(n) < x < y().
For (n+ 1) k+n+ 1> 0 and hence, by the definition of y and
B, Y(n) € G. Now, if x € G then IG(x) > x and in fact, since
IG(x) € G, IG(x) > x. Further, IEIG(X) Z_IG(x) and, since
IEIG(X) € G, IEIG(X) > IG(x). Hence if x € G, x and B(l,x) are
separated by one glement in G. An induction argument shows
immediately that x and B(m,x) are separated by m elements of G.
This proves the claim.

Let us now define a function h as follows:

h(0) = ux < v(0) + L(n(x) € G)

h(n + 1)

px <y(n+1)+n+1 (x> h()A 7(x) €6)

Clearly, h is primitive recursive and mh(n) €G, i.e.
h enumerates a subset of G'.

Let us show that it actually enumerates G'. We show by

induction on n that there are at least n + 1 elements x < y(n) + n

such that m(x) € G.
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n = 0. Suppose to the contrary that for all x < v(0) + 1
we have m(x) € G. There exists then x < v(0) + 1 such that
m(x) > I(-;(y(O) + 1). But, by our previous claim, there exist at
least k + 1 elements of G preceding Y(0) and there are also
Y(0) + 2 elements y of G such that y < I(-;(y(O) + 2). Hence,

m(x) > Ic-;('y(O) + 1) > y(0) + k + 2, On the other hand,
ﬂ(x)' <x+k < yv(0) + k + 1. Contradiction.

n + 1. Let us assume the induction hypothesis that there
exist n + 1 elements x such that x < y(n) + n and that w(x) € G.
Suppose, contradicting our claim, that there are not more than
n elements x such that x < y(n + 1) + n+ 1 and 7(x) € G. Hence
among the elements < y(n + 1) + n + 1 there are y(n + 1) +n+ 2 - n
= y(n + 1) + 2 elements x such that w(x) € G. There exists,
therefore, an element x < y(n + 1) + n + 1 such that w(x)
> IE(Y(n + 1) + 1. Reasoning as for the case n = 0, we find that
Ia(y(n-l-l) +1)>y(n+1)+1+@+2)k+n+2=y@m+1)

+ (n+2)k+n+3. But 7(x) <x+k<y(n+1) +n+ 1 and this
is a contradiciton.

This concludes the proof that h enumerates G' increasingly
and hence that G' is strongly primitive recursive.

A similar agument proves that H' is strongly primitive
recursive. Since G' € X and H' C X it follows that X and X are
indeed enumerable by one-one primitive recursive functions.

Q.E.D.

Theorem 8.3. The group of permutations generated by the

permutations in 80 contains only permutations which map a set

X such that both X and X are enumerable by one-one primitive
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recursive functions onto sets Y with the same property. Hence,
the permut;tions of 529 do not generate the group of recursive
permutations.

Proof. Clearly, if m € 530 is a permutation and X and X
are both enumerable by one-one primitive recursive functions,
the same hodls for m(X) and w(X). By the previous Proposition
n'l(x) and n-l(i) are also enumerable by one-one primitive
recursive functions. Hence, by induction on the length of a
permutation generated by permutations of 530’ the same is true
for such a permutation. Therefore the permutations of é}o do
not generate all the recursive permutations, since it is easy

to construct a recursive permutation which does not have this

property (e.g. any permutation mapping the even integers and the

odd integers onto internally strange sets).

Q.E.D.
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