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1. 1Introduction

In this paper we continue the development of a theory of martingales
and stochastic integrals ifor processes with a two-dimensional parameter
which was initiated in [1]. With little loss of generality we shall take
as parameter space the unit square T = [O,l]2 and define a partial ordering

]

for the points in T by

a<b < aiibi,i=l,2.

Let (Q, ‘f,@) be a fixed probability space. A family of o-subfields
{fz,z € T} is said to be increasing ifz>» z'= fz = fz" Given an
increasing family {?z,z € T}, we say a process {Xz,z € T} is a martingale
with respect to it, (or {Xz,j?z,z € T} is a martingale) if

£,
X

LI
2>z E .

= Xz ' almost surely

A Gaussian random function {wz,z € T} is said to be a Wiener process

if it satisfies the conditionms.

W)t ,yt) = minGxxh) min(y,y')

Let {Wz,z € T} be a Wiener process and denote by”&/z the o~field generated
by Wz;' z < z. " Then {Wz, Z(é,z € T} is a martingale. The martingale property
of a Wiener process is obvious if we view Wz as the integral over the rec-

tangle ¢ < z of a Gaussian white noise [1]. More generally, we shall

say the pair {wz,fz,z € T} is a Wiener process if it is a martingale and



W is a Wiener process. Clearly, we must have }Pz =) 2«/2
In this paper our objective is to study functionals of a Wiener

process and zog—martingales by means of a pair of stochastic integrals
jd» W(dz)
52

%Jéw(zl,zz)W(dzl)w(dzz)

where ¢ and ¢y are random functions satisfying appropriaté measurability and
integrability conditions. Integrals of the first type and a special case
of the second type were introduced in [1]. Our main result in this paper
is that if X is a functional of Wiener process {Wz,z € T} and if E|X|2 < o
then X admits a representation of the form

[j]w(zl,zz)w(dzl,)w(dzz)

X = Jq) W(dz) +
T % TXT

It then follows from a martingale property of the stochastic integrals.
that every 'Zdz—martingale is of the form
M, = J%W(d;) + [J] ¥ W(dz,)wW(dz,)
<z (1

z °1°%2
i=1,2

Ito [2] introduced the concept of a multiple Wiener integral (more

appropriately named multiple Ito-Wiener integral)

S h(zl,zz, s ,zn)W(dzl) see 'W(dzn)

Tn



where h is non-random, and showed that every functibnal of a Wiener process
can be represented in a series of multiple Ito~Wiener integrals. Clearly,
there is relationship between the two integrals that we introduce in this
paper and the multiple Ito-Wiener integrals. This relationship will be

explored in some detail.

2. Martingales on Increassing Paths.

We define a path in T = [0,1]2 as a continuous function 6 = [0,1] > T.
We shall say a path is increasing if a > B = 6(a) > 6(B), and smooth if 9
has a continuous derivative on (0,1). Let {Mz’ 3;,2 € T} be a martingale
and 6(*) an increasing path. Clearly, {Me(t)’J?e(t)’ t € [0,1]} is a one-
parameter martingale. 'Therefore, a two-parameter martingale defines a
one-parameter martingale on every increasing path. Conversely, a two-
parameter process which is a one-parameter martingale on every increasing
path is a martingale. This is because if z > z' then we can take the path

8(t) = z' + (z-2')t and find

z' 3?6
S Fe@), .
E "M, =E Ma1) = Mooy = Mz

The characterization of two-parameter martingales as one-parameter martin-
gales on incréasing paths allows one to make use of results in one-parameter
martingale theory.

Let {Mz,jjé,z € T} be a martingale such that almost all sample functions
are continuous. Then for every increasing path 6, {Me(t)’:fé(t)’ 0<t<1}
is a sample continuous martingale. As such, it is necessarily locally square
integrable, and then exists a unique continuous increasing function At such

that



2
Mocr) ~ A¢

- : . (=
is an 8 (t) local martingale [3]. We shall say {Mz,jf;, z €T} is

path-independent if for every increasing path 9, Al depends only on the end-

points 6(0) and 6(1) and not on the points in between. For a path-independent

martingale M we can define a function (M,M )z, z € T as the increasing func-
tion Al for all paths connecting the points 6(0) = (0,0) and 6(1) = 2. It
will then follow that {Mﬁ - (M,M.)z, ;%;, z € T} is a martingale if EMi < ®
and otherwise a local martingale. Here, we define a two-parameter local

martingale as a process which is a local martingale on every increasing path.

We can call (M,M) the increasing process of M, since 2z > z' = (M,M) d

{(M,M )z" Conversely, a sample continuous martingale M is necessarily path-
independent if we can find an increasing process (M,M) such that M? - {(M,M)
is a local martingéle. It is easy to verify that a Wiener process is a path-

independent martingale with

(2.1) (W,W >z = Area(z<z).

3. Stochastic Integrals.

Let {Wz,zfé,z € T} be a Wiener process. Integrals of the form

I,(0) = J«p(z)mdz)
T

have been defined in [1], and will be referred to as stochastic integrals

of the first type. The definition and some properties of these integrals

are summarized below.

Let ¢(w,z) satisfy the following conditions:



H,: ¢(w,z) is a bimeasurable function of (w,z) with respect to.f(:> 3

where <P denotes the o-algebré of Borel sets in T.

For each z € T, ¢ is Jf;-measurable.

2 .
H,: J;¢ < @
3 T 2
. - =
For the case where ¢z is simple (i.e. ¢z is of the form ¢z ¢v, z Av’
v=1l, 2, -++, k and zero elsewhere, where Av = [a;,bi)x[a;,b;) are disjoint

rectangles), Il(¢) is defined as

k
HOED NN

v=1

where

\Y

_ v,V vy _ vovy v,V
AvW = W(bl,bz) + W (al,az) W(bl,az) w(al’bZ)'

The definition of Il(¢) is then extended to ¢z satisfying Hl - H3

standard completion érgument. The main properties of Il(¢) are:

by a

(a) linearity: Il(a¢+6¢) = a11(¢) + BIl(w)

(b) inner product: EIl(¢)-Il(w) = !;zwzdz

(c) martingale: E(Il(¢)|£§2) = !.¢(§)W(dc)-
£z

We consider now what we will call the stochastic integ;al of the

second type and will denote it by:



[Sw(z 2, W(dz, W (dz,)
TXT 1’72 1 2
The motivation for introducing the stochastic integral of the second type

is as follows. vLet ¢(z) be a square integrable nonrandom function of z

and consider

X = j ¢ (z)W(dz)
t<z

which can be interpreted as either a Wiener integral [2] or a stochastic

integral of the first type. Consider now Xi. By partitioning the rectangle

[0,x] x [0,y] we have, roughly,

2,
X = Z 6 (10,30) 8y W+ (k8 RA) By oW
i,j,k,2

where

Aijw = W((1+1)A, (J+1)A) + W(ia,j4) - W((itl)A,jA) - W(iA,(3+D)4).

(namely Aijw is the white noise integral of the AxA square starting at

(i4,jA)). The summation in the above expression are of three types:

(a) i=%k, j =4, by known properties of the quadratic variation of

Brownian motion in one dimensional time we expect that the terms of this

type sum up toJI ¢2(x,y)dxdy.

(b) terms where (iA,jA) > (kA,24) or (iA,jA) 4 (kA,%4); namely, ordered
points. By the definition of the stochastic integral of the first type we

expect these terms to add up to 2j'¢(s) J.¢(c)W(d§)W(ds)
s<z t<s



(c) terms for whiqﬁ (iA,jA) and (kA,2A) are a pair of unordered points.
The stochastic integral of the second type will be defined so as to collect
such terms, and as will be seen in section 5 the two types of stochastic .
integrals suffice to represent all functionals and martingales of the two
dimensional Wiener process Wz.

We turn, now, to the definition of the stochastic integral. For two
points in A zys 2, which are unordered we will use szzz to den§te the
smallest z satisfying z > z, z > Zye In other words if z, = (xl,yl) and
z, = (xz,yz) are unordered then z1sz = (max(xl,xz), max(yl,yz)). Let
GCT x T be such that (zl,zz) € G if z; and z, are unordered, let hG(zl’zZ)
be the indicator function of this set. Let w(w,zl,zz) be a random function

on T x T satisfying

Hi: w(w,zl,zz) is jointly measurable with respect to E; (:) é? (:) 49

Hé: for each unordered pair Z35 z, the function w(w,zi,zz) is measur-

able with respect to :f
zlvz2

2
| ©
H3. Eé!; (zl,zz)dzldz2 <

Let w(zl,zz) be a simple function of z €ETi.e. P is of the form

1° %2
w(zl,zz) =, 2z € Al, z, € A2

¢(zl,zz) = 0 elsewhere

where Av = [aI,bI) X [a;,b;), v =1, 2 are a pair of non overlapping rec-



tangles. Assume first that Al.and AZ are such that for any zy € Al’

zZ.E A2 the pair z,» 2, are unordered. In this case we define

I2(\b) = é!% w(zl,zz)w(dzl)W(dzz) = aAlWAzw

_ V.,V vV V o,V V.V
where AvW = W(bl,bz) + w(al,az) W(al,bz) W(az,bl).
Without the assumption that for any z, € Al? z, € A2 the pair zy, 2z, are

unordered, we define 12(¢) as follows. Let us define an ¢ lattice on T,
Let [z]e denote the lattice point nearest to z from below and to the left
of z. The lattice on T defines a lattice on T x T. Let ie,’j8 denote

points of the lattice on T x T. We define, now,

Lw= Y !P(ie,je)hc(ie,je)'Aiew'Ajew

LE LE
i,]
where the summation is over all lattice points or, what is the same because

of hG’ over all unordered lattice pairs. ¢ is still a simple function.

Let €, be a subpartition of €1 then

2 2
&1 &8 2 ﬁ 1 €1 €1 €2
E[Iz -IZJ = By -TT[hG([zll Jzy) D) = bg(lzy] Lhlz,] )| dzjdz,

€ €
It follows from the result of the appendix that E[%zl - 122] -+ 0 as €15 €5 7 0.

Therefore Ig(w) converges in quadratic mean. We define

CI(P) = lim q.m. IS(Y).
2 0 2



It is easily verified that this definition is consistent with the definition
> 31 | s s ¢ 2 ) : G .

given earlier [or the case where for any z, = Al and z, Az, are z; and z,

unordered. We now extend the definition of 12(¢) for functions which are

the L2 closure of linear combinations of simple functions in the usual way.,

I_Hl

It follows that Iz(w) is defined for all random functions satisfying Hl 3

and inherits from I; the following properties
D Tplaghy + a0 = a1, () + a1, (b))
2) 1,1 = I,(hg¥)

3) E12(¢1)12(¢2) =J:’;C(zl,zz)¢l(zl,zz)wz(zl,zz)dzl dz2
TT

4) EL (DI1,(4) =0

5) E(T,w|F) =;l_! lz V(2 »2,)W(dE,IW(dE,)
1°=2

These propertieé are easily verified for I;(w) and extended to Ig(w) by
standard arguments.
Both I1 and 12 can be extended to integrands ¢ and ¥ which do not
satisfy H3 and Hé, but instead the conditions
P

4¢§dz < e almost surely
T

3
2
g !; (zl,zz)dzl dz2 almost surely

-10-



The extension is by approximating ¢ (resp. ) by a sequence of bounded
function ¢n(wn) converging almost surely to ¢ (resp. ¢) at every point z

(resp. every pair (zl,zz)). I1 and 12 can then be defined as

Il(¢) = lim in ﬁrob. Il(¢n)

n -+ o

12<¢) = lim in prob. Iz(pn)

n-+w

So defined, Il and 12 retain most of the properties, except they need not

be square integrable and need not have the martingale property.

4. Relation between stochastic integrals and multiple Wiener integrals.

In this section we consider the n-th order Wiener integral [2]

4.1) I8 = §! B(Ey 5o 5t DH(dE,) -+ W(dE )

where g(t) is a non-random function and t2 is a non-random function and
ty is a two dimensional parameter. The following theorem and corollary

will be proved.

Theorem 4.1 Every Wiener integral can be represented as the sum of two

stochastic integrals:

4.2)3_(8) = ! $(EIN(dE) + %s% ¥(E) £ )W(dE IW(dE )

It follows from this theorem that:

Corollary. Every square integrable functional of the two dimensional

-11-



Brownian motion can be represented as

. lv

. T, _ . s
G-Drup = LEE) + J W) + D] vlep,e)uldeulde,)

and every square integrable Zug-martingale has the representation

(‘h‘*)mz =my + f¢(C)W(d€) + [[] ‘P(Cl,CZ)W(dcl)W(dCz)
<z £13%,%2

Two proofs of these results will be given. The first proof is based on
section 3 and the appendix. The second proof is based on a differentiation
formula and will be given in section 5. The second proof also clarifieé
the relation between stochastic integ;als and the Hefmite polynomial

representation of Wiener integrals.

First Proof: From the way multiple Wiener integrals are defined in [2],
it follows immediately that it is sufficient to prove the theorem for the
case where g(tl,---,tn) - g(t) is é simple function and tieT where T is
the unit rectangle. Let Av = [a;,b;) X [a;,b;), v=1l, ***+ , n be a set

of non-overlapping rectangles and let g(t) be the indicator function of

this set. Let é(g) denote the symmetrized version of g(t) [2].

(4.5) g(t) = = S g(t, ,t, ,ort,t, )
<~ nl ; 11 12 in

where the summation is over all permutations of 1, :++, n. Let F denote
the set in T for which t_ > t ,1=1, ¢+++, n-1 and let h (t) denote the
n i F -~

indicator function of this set. Consider now the multiple Wiener integral

-12-



(4.6)J (hog) = ig".ljhE(E)g(E)w(dtl)"'W(dtn)'

Let m be an integer and consider the lattice on T defined by the lattice
points (im—l,jm-l) i, j =1, Z,A---, m. For each t = (x,y) € T we define
[t]m as the lattice point nearest to t from the left and below t. [1:]m =
(e 1% oen 1e 1.

By the properties of the multiple Wieﬁer integral [2] and the results
of the appendix to this paper we can approximate Jn(ghF) arbitrarily closely

in the L2 sense by

@@ g = .. f he (1™ g([e]™W(ae) - -wedt )
T T

for sufficiently large m. Note that the integrand is simple and

.3 (@) =2 on (T, e 1B, SRIgRR
' 1 n

where i® = (am,Bm) denote the lattice points on T,

(4.9) A= Weom L, 8%m L) + W™, 8™
i

- W L,EY) - W, )

and the summation is over all the lattice points in T" induced by the
lattice on T.

Consider now the type I stochastic integral

(4.10)1 (h g) 2-[[ j ss e f h (t ,oooo’t )g(t ’.ooo,t )W(dt )oooW(dt-)]
1Y'F 7 tl<t £ <t F*1 n 1 n 1 n-1
n n-1""mn
W(dtn)



where the integrand in the integration with respect to W(dtn) is a Wiener

integral of order (n-1). Let

(4.11)I7(h g) = [ J f h([t)™E([£]MW(dL) - W(dt__ )]w(d: )
18 = 4 00 e J4IeR 1 n-1 n

For the Wiener integral we have {[2]

(4.12)E(Jn(gl) - Jn(gz))2 = J‘...J‘(gl(g) - gz(s))zdtl...dtn
T T |

By this result, the result of the appendix to this paper and the properties

of the stochastic integral of the first type, we have
m 2

as m + ®», On the other hand we have by the definition of the Wiener in-

tegral of order (n-1) (the integrand of the expression for I?(th))

(4.13) f f n, BCEIDEUEIMUEE)  W(de )

m
tl<[tn] , tn_l<[tn]

= n e e m m e s . m ooooA w
Z hli’(il’ ’in)g(il’ ' ’j’n)A mw i®
; il n-1

where the notation and summation is as in (4.8). By the definition

of the stochastic integral of the first type it follows that IT(th) is
the same as Jm(th). Therefore, by standard completion arguments,

for any non-random square integrable g(t), the Wiener integral Jn(hg) can

be expressed as a stochastic integral of the first type.

14—



Consider now the set G in TV for which tn—l and tn are unordered and

tn—ivtn)b t;p 1 =1,-.+, n-2. Let h.(t) denote the indicator function of

this set. Consider the multiple Wiener integral

(4.14) J (h.8) = ! 'Tth(E)é(s)W(dtl) -eeW(dt )

and the stochastic integral of the second type

(4.15)1,(h8) = L,;

h, (£)g(L)W(dt, ) W(dt__ )]
TXT [tl'(tnYtn_ ¢ ' o2

£ o<t Ve o

1l n-2

W(de__ )W(dt )

where the integrand is a (n-2) order multiple Wiener integral with tn—l’

t, as parameters. It follows by the same arguments as before that IZ(hGg) =
Jn(hGg) and, therefore, by the standard completion argument the same equality
holds for any squafe integrable g(t). |

Now, let Fi denote the subset of T" for which ti.>'tj’ j=1, ¢++y, n,
and let Gij denoté the set in T® such that ti’ tj are unordered and tiV%j > tz,
2 =1, «++, n. Obviously Gij = Gji' Given amy point t,

t. say t., 1is ordered with respect to all others and t, » t,, j =1 ¢«+ n
i i, io 3
then (tl, ey tn) €EF

s seny tn if one of the

i * If there is no such t, then consider the components
0 0
ti = (xi,yi) let xjo be largest number among Xps *0ts X énd let Yy be the
oo; e e e -
largest among Yy s Vi then obviously tjdvtko > ti and (tl, ,tn) GjOkO

Therefore

-15-



Note that Il(hF g) is independent of i since § is symmetric in t,, °°°, t

1’ n
i
and similarly ‘IZ(hG g) is independent of (i,j). By the definition of the
ij
multiple Wiener integral we can set g(g) = 0 whenever t, = t.,, i # j, without

i i’

changing the value of In(g). Under this assumption F, VF, = ¢ for i # j

J
N = X =
and Fi ij ¢.. The sets Gij Gji are not disjoint since, for example
=i = (1 =1, L -
t, =« 3 Vst = (5 1), ty (1, 2) belong to both G1,3 and 62’3. How

ever, by an argument similar to the one given in the appendix it follows

immediately that

-[...slh (t)_h (t)ldt’ -ov’dt = 0
T T Gj_j - er“ 1 n

whenever Gi # sz. Therefore

3

J (8) = J (h; g) + J (h, g)
n ;n Fi EnGij

n(n-1)
= 03, (he) + 22 5 (age)

which proves the theorem. In order to prove the corollary we use the

result that any zero mean L2 functional £ of Wz 1s expressible as:
XD RACKE
n

Therefore, by the theorem just proved

£=2, j 8, (2)W(dz)
i T ‘

+ Z[J’] ¥y (zy,2,)W(dz,)W(dz,)
i TxT

-16-



By the orthogonality property of Wiener integrals of different order, the
orthogonality between type I and type II stochastic integrals and since

it was assumed that Eg2< ©, }E:¢i(z) and :E: wi(zi,zz) converge in quadratic

mean (to, say, ¢(z) and w(zlzz) respectively) and

£ - Eg = Ifb(Z)W(dz) + "J] ¥(z;,2,)W(dz,)W(dz,)
T XT.

Furthermore if m, is a square integrable TLg-martingale, set m

an = *
then
m, = E( i:‘:p(z)wm.z) |}t) + E(%!% ¥(z;,2,) W(dzl)wcdz2)|‘3et)

s ¢ (2)W(dz) + [[] ¥(z,,2,)W(dz,)W(dz.)
z<t zl,zz<t . 172 1 2

which completes the proof of the corollary.

5. Differentiation Formula and Hermite Functionals.

For path-independent martingales a differentiation formula can be
established almost immediately by using the differentiation rule for one-
parameter martingales on increasing paths.

Let MZ = (Mlz’ Zz’i..’Mﬁz) be a set of sample-continuous path-indepen-
dent martingales with respect to a fixed increasing family of o-fields
{:;;,z € T}. Since both Miz + Mﬁz and Miz - MBZ are path-independent sample-

continuous martingales we can define an inner product process

L1 » (MM M
(5.1) (Mi’Mj >z = A [<Mi+Mj’Mi+M )z (Mi Mj’Mi NB )z]

-17-



Let £(u,z), u € Rn, 2 €T, be a real or complex valued function, having
continuous mixed second partials with respect to the components of u and

a continuous gradient with respect to z. We adopt the notation

fi(u,z) - afgﬁazQ
i

2
i 3°£ (u,z)
£ (u,2) = 3u a::z

i3

VE(u,z) = gradz f(u,z)

Let 6(t), 0 < t < 1, be an increasing path. Since Mie(t)’ 0 <t<1, are
one-parameter continuous martingales the familiar,differentiatibn formula

of Ito and Kunita-Watanabe [3] yields

t
i
(5.2)  £045(),0(8)) = £y (1,0(0) =Z[f (Mg (g »0 (A
i

t
+f 13 tHwaw MM )+ VE,2)] o ) +d0(s)
0 i,j ‘ u=Me(S)

Equation (5.2) can be expressed in a simpler and more suggestive way as

(5.3) grad £(M_,z) = Zfi(Mz,z)VMz
i

1 ij
+3 Z £ (Mz,z)V(Mi,Mj Y, + Vf(Mz,z)
i,] ‘

-18-



the precise meaning of which is given by (5.2).

Suppose (Mi’Mj )z are nonrandom functions, which we shall denote by

Vij(z)' For example, this is the case if

M ¢, (2)W(dg)
iz Ozl;h i

where ¢; are nonrandom functions, in which event Vij are given by

V..(2) = f¢.(c)¢.(c)dc
1] 0%z & d

If (Mi’Mj ) = Vij are nonrandom and if f is a function satisfying

(5.4) -;- Z gl (u,2)W, () + VE(u,2) = 0
i,j

then (5.2) yiélds the result

t
(5.5 £04,2) - £0, 120) = Ef fi(Me(s)’e(s))dMie(s)
170 |

where 6 is any increasing path such that 6(0) = z, and 6(t) = z. Since

0
the right hand side is a local martingale for any increasing path 6, we
have proved that f(Mz,z) is a local martingale provided that f satisfies

(5.4). Theorem 5.1 shows that (5.4) has many solutionms.

- Theorem 5.1. For every m = (ml,mz,..., mn), my being integers, there is a
polynomial in u

k., k k

(5.6) fm(u,z) = :E: amk(z)ullu22'°°unn
k4m

-19-



which satisfies (5.4) with amm(z) = 1. (We have used k < m to denote

{k, <m, for every i}, and k < m will stand for {k <m and k, <m, for

at least one i}.).

Proof: We first observe that for any real values al, Gy °*°s G the

function
= 1
(5.7)  f(u,z30) = exp{ijg:ajuj +3 ;E; a0V, (2))
Js

is always a solution of (5.4). Therefore, we can take

m.+m,+°*° *+m ml+m2+~--mh

(w2 = (-1 - 2 P A—— £(n,z;0)
30, Yoa 2+ e+ 3a ®
172 n a.=
h|
j:l’z’ooo’n
which is of the form (5.6) and satisfies (5.4). . =

Equation (5.7) allows us to generate solutions to (5.4) almost at

will. By itself, it also allows us to prove the following important re-

sult.

Theorem 5.2. Let {Xz,z € T} be a path-independent sample continuous mar-

tingale with increasing process

V(z) = area (¢ € z)

Then X is a Wiener process.

Proof: Take a set of points a;s a,, teey a in T and define

-20-~



Then we have

(MM, = V(2 A8 )

and'Miz are sample-continuous path-independent martingales. Therefore,

(5.7) and (5.5) yield the result
: 1 =
E exp{iZaijz + 3 2 ajakvjk(z)} 1
J jok

Putting z = (1,1) yields:

which proves the theorem. "
Let Wz’ z € T, be a Wiener process, and let {¢v(z),z € T} be a complete
orthonormal systeﬁ of real-valued nonrandom functions. For each v and each

z€T,

(5.8) oM, = j:p-(z;)W(dC)
vz ;<z\’

is well defined both as a Wiener integral and as a type-I stochastic in-

tegral. {Mvz’z € T} is a collection of sample-continuous martingales with

(5.9) (MM )=V (2) = Jz%“""u("“‘
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A celebrated result of Cameron and Martin [4] states that every square-

integrable functional of the Wiener process {Wz,z € T} can be represented

in a series of Hermite functionals, a Hermite functional being a product

of the form

H H (¢ (z)w(dz))
i=1 Pv T 9

where Hp are Hermite polynomials.
n

For each p = (pl,pz, P ), m H (u ) is a polynomial in u =

P,
v=1
of degree p. Theorem 5.1 implies that we can write

(5.10) n H (u) B (u,(l.l))
v=1 }E:

when fk satisfy (5.4). It follows that there is a function

(5.11) . f(u,z) = }E:Bpkfk(u’z)

such that f(Mz,z)} z € T, is a martingale and

n
(5.12) I H qu (t)w(dy)) = £(M_,2)
v=1 Py T VY z

z=(1,1)
1
i
‘Z[ £7 (Mg gy 0080 dM, 5y
10

where 6 is any increasing path connecting (0,0) and (1,1).

-22-
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Theorem 5.3. Let {Wz, ji,z € T} be a Wiener process and define

(5.13) M, = f¢ (z)w(de)
iz <z i

where ¢i are nonrandom functions. Let f(u,z) be a function satisfying
(5.4) with contihuous partials with respect to the components of u up

through the third order. Then

(5.14) £(4,,2) = £(0,0) + f 2 £104,,004, (2)W(dD)
‘ ' . ;42 i

l ' ij ] L ]

+3 [f j] D U0, 0,TVE )6, (D)4 (£)HWEDIN(AL")
£,t4z 1,]j

Remark: Unlike (5.2), (5.14) is truly a differentiation formula of two-

parameter stochastic calculus since it involves stochastic integrals of

both types.

Proof: It is clear that we only need to prove (5.14) for the case z = (1,1),
since the general case follows from the martingale property of both sides.
Now, let the unit square T Be partitioned by a sequence of square subdivisions.
It is convenient to take the squares to be of the same size (say Gk) in each
partition and we assume

§, — O

k K + o
We can order the lattice points of each partition in some arbitrary way and

denote them by

-23-
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2y T (xkv’ykv)
We can now write

£(M(1,1),(1,1)) - £(M(1,0),(1,0)) - £(M(0,1),(0,1)) + £(M(0,0),(0,0))

=:E:{f(m(xkv+6k’ykv+6n)’(xkv+6k’ykv+§k))
v

- f (M(xkv+6k ’yk\)) ’ (xk\)+6k ’yk\)) )
-f (M(’Lkv ’ka+6k) ’ (xk.\) ’yk\’+6k) )

+ EM(x 5y ) s (B oY) }

Since f satisfies (5.4), we can use (5.5) for the bracketed terms and write

£M(1,1),(1,1)) - £(M(1,0),(1,0)) - £(M(0,1),(0,1)) + £(M(0,0),(0,0))
1 .
=ZZ f {f]L [M(xkv+6k,yk\,+86k) s (xkv+6k,ykv+s Gk) |
v 1
0

. Mi(xkv+6k’ykv+6kds)

i
- £ [M(xkv’ykv+86k)’(xkv’ykv+ssk)] ’ Mi(xkv’ykv+6kds)}

v+6k

Tk
= Z Z f {fi [M(xkv+6k sY) (xk\J+6k sY) ]Mi (xkv+6\)’d}’)
vo1 kv

- £ MG 3D, G e9) I, (g ud9) )

-24=



Because of the forward-difference nature of one-parameter stochastic

integrals, we can write

f(M(l,l)a(lsl)) = f(M(190)>(190)) = f(M(O,l),(O,l)) + f(M(0,0),(0,0))

= Lim in prob. 3 G MO vy ) » Gy D108 G5 Lve) - M, Gy Ly )1
v 1

k &>
i +
= EIMOG oYy ) s (5 oy ) TIMG (2 oy ) = M G oy D 1)
+ +
where Xy = Xy + Gk and Yiv = Yo + Gk.
Rearranging terms and using (5.5) for the difference

+ i '
£ [M(xkv.ykv),(xkv,ykv)] i MRS 0 Y € S A )
+$

. v ©
- f Y My ) (v ) M, (xyy )
kv | J

we find

£[M(1,1),(1,1)] - £[M(1,0),(1,0)] - £[¥(0,1),(0,1)] + £[M(0,0),(0,0)]

= lim in prob. { D) DL LI AR NCINCAP ')
v 1

k +

13 . el 2
+ 3 123: £ MGy ) + G i) 1+ G 1) G }
v ’

where we have adopted the notations
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SV + +
Ak\)M:I. = Mi(xkv ’ykv) - Mi(xkv’ykv) - Mi(xkv’ykv) + Mi(xkv’?'kv)

1 - L+ -
6k\:Mi Mi(xkv ’ykv) Mi(xkv ’ykv)

2

+
Sty = Mi(xkv’ykv) - My (o)

From (5.13) we have
Ak\)M:i. -~ ¢i (xkv’ykv) Akvw

Therefore,

k + =

lim in prob. 3~ £ MG 5y, ) s (oY )] A M
- | |

J
g £ (Mt,c)¢i(c)W(d;)

Now, we observe that for any function g

2 Z g(xkvmu’ykvvyku)AkvMiAkqu
v H
v

1 2 2. .1
D80T [ My S My + 62, 8 M)
v Ll
Since fj'j = fji, we have .

Lin in prob. 3 3 £ M 1y, ) s Gy o3y 10 M) (S M)

ke 45 v
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= -%'- lim Ii{.n_)p:;ob. Z 2 fij[M(z Vz ) z
i,j vip

10 Zend Y i

ij

=7 [ ,/.] £ J(M .,cvc')¢i(c)¢j(;')W(dC)W(dC')
TxT

The proof of theorem 5.3 is now complete. "

We now observe that as a corollary of theorem 5.3 we have the following:

Corollary: (c.f. corollary of theorem 4.1) Let X be a square integrable

functional of {W s2 € T}. Then X has a representation of the form

(5.15) f 6 WD) + [ f 1o, W@DW(AL") + EX
TxT
Proof: First, we observe that from (5.12) every Hermite functional has a

.representation

n . A
(5.16) I H (‘]\b (z)W(dZL)) = constant + fz: fi(M Yo, (z)W(dZ)
P v T CSI; i

vl VT S i

+ [f] Z £t 00ve! )«pi(c)q»j(; YWELH(AL")
TxT 1,3

The assertion of the cofollary now follows from COﬁpleteness of
Hermite functionials in the space of square-integrable Wiener functionals
‘and from q.m. closure of stochastic integrals. Thus, we have prbvided a
second proof of theorem 4.1. "

Results of this section provide still another link between the stochastic
integrals introduced in section 3 and multiple Ito-Wiener integrals. In

[2] Ito proved the formula
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f qusl(zlml(zz) ez, ) e (2

tr

1
n b (— Y (2)W(dz))
. P, /2 v

p\)
v=1 (V2 )

where the left hand side is a multiple Ito-Wiener integral, {¢1,"',¢n}

is an orthonomial system and Hp are Hermite polynomials. It folldws that

if we denote Miz = Jr ¢i(;)W(d;) then there exists a polynomial in u
4 <z
f(u,z) satisfying (5.4) such that

(5.17) I L (2,) *++ ¢ (
7 4 1*71 n

i} i
- fZ £01, 4, (@)W(de)

Ty

W(dzl) soe W(dz )

z N e o0 | LN
Pytpytectp ) PPyt ctp

+%[ij;1 )OI Sl CIER B IR OTRCUICHLTEED
1,3

+ constant.
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Appendix

In this appendix we state and prove a lemma which is referred to in
sections 3 and 4. |

Let Av = [aI,bI) x [a;,b;), v=1, 2, *++, n be a set of n rectangles
and let g(tl,---,tn) = g(s) denote the indicator function of ﬁhis set. Let
T denote the rectangle [0,1] x [0,1], and let F denote the set of points in
T" such that tn >-ti, i=1,2, +«+, n-1. Let G be the set of points in T®
such that t 1s t, are unordered and tﬁy%n-l:> tysi=1,2, +ov, n-2,
Let hF(tl,"°,tn) = hF(E) and hG(g) denote thé characgeristic functions of
F and G respectively. Let m be an integer and consider the lattice on T"
defined by the lattice points (im-l,jmﬁl), i, is= 1, 2, ¢«+«, m. For each_
t = (x,y) € T we define [t]m as the lattice point nearest to t from below
and to the left oflt, [g]m =v([t1]m,“',[tn]m). dt will denote dt

1
(= dxldyldxzdyz"'dxndyn){

Lemma

2
f f(s(g)HF(s) - ([t1Mng([£1™) dt » 0

T T
as n->0,
m m 2
f f (8(t)hg(t) - g([t])h (It]")) dt » 0
T T

as n > 0, where the integrals are n-fold integrals over ™,

Proof: Since the proof for hF and hG is almost identical we will use h

to denote both hF and hG. Adding and subtracting h(t)g([t]):
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2
j I(g(g)hcy - g([e1HR([e)™) dt <
T T :

' | 2
< ZJ Ih2<5) [8(t) - ([e]™] at

2
+ 2 ffgz(lslm)[h(s) - h([t]™] at

' 2 2
=2 f f[g(g) - g([t1)] dt + 2 f f[h(g)' - h([£]H] dt

The first integral obviously tends to zero as m + »., The integrand in
the second iﬁtegfal is either one or zero. Consider now the case h = hF.
In order that IhF(E)-hF([t])I = 1 we must have for some i tn2$ ti and

(e 1> [t,] (e, > tj and [t 1% [tj] is impossible). Therefore a necessary
condition for th(g)-hF([t])l = 1 is that for at least ome t (i # n)
should differ from t in one of its coordinates by no more than m_l,
namely |xi - xnl < m-l or lyi - ynl < mfl. We now overbound the lebesgue
measure of the set in A X<:+XA for which Iyn - yil < m-1 for some i # n
by the following arguﬁent. Assume that points are placed on [0,1] x [0,1]
at random with a uniform probability distribution. A first random sample

gives X > Yo a second and independent shot gives x The probability

1°%1°
that |x1 - xnl i.m-l is upper bounded by Zm-l. The probability that

%, - x| <ntor [&i-ynl <o?! for at least one 1 # n is upper bounded
by 4(n~1)m-l. Therefore, as m + », the second integral in the last in-

equality goes to zero. The case where th(E)'hG(IEJm)I = 1 follows along

very similar lines and we ommit the details.

Note: The results of the lemma hold for z(t) continuous on ™,
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