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1. Introduction and Summary. This péper extends previous results
{1,5-7,9-14] based on the theory of martingales for filtering and esti-
mation where the "noise" process is an additive Brownian motion, to the
case where it is an arbitrary additive martingale with continuous sample
paths.

The first crucial result (Theorem 2.2) states that if m is a n-
dimentional, continuous martingale, then every martingale z.» which is
adapted to the c-fields.ﬁf: generated by m , can be expressed as a stochas-

tic integral

This is a generalization of the corresponding celebrated result for the

case where m, is Brownian motion [16], and is in fact an easy consequence

of the latter result and an important theorem due to Knight [15].
Next, in Section 3, we show that if the probability d:>on the
measurable space on which m is defined is replaced by another measure

J:i, mutually absolutely continuous with respect to éil then m_ can be

expressed as

t
(1.1) mt=s ¢Bd(m)s+nt
0

where n, is a maréingale under Cﬁi. Furthermore, the quadratic varia-

tions of o, and n -are equal, (m )t =(n )t’ and all processes, adapted

to E}:, which are martingales under 6%.are stochastic integrals of n,

(Theorem 3.1). More importantly, we show that this representation as

?
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stochastic integrals of n_ continues to hold when m is given by (1.1)

t
whether or not (iz is absolutely continuous with respect to éi%Theorem
/3.2). Both these results use techniques first developed in [7]
as refined later in [19,20].
At this point we are ready to use these concepts to formulate
models for estimating an 'unknown' process given an 'observed' process
of the form (1.1), and to use these results to obtain theAstochastic dif-
ferential equation satisfied by the optimum least squares estimates
(Theorem 4.1). This portion of the exercise is worked out in Section 4.
There are various miscellaneous results of minor nature in the

paper. Thus, for example, Section 3 contains a formula for the condi- .

tional likelihood ratio which extends the one derived in [5,10,11].

2, Martingale representation' theorem. Let (£, 7,49) be a proba-
bility space and let (:7t), t € R+, be an increasing, right-continuous
family of sub-o-fields of /. Let :Z; =V 51. Every family (x.),

t € R+, of real-valued functions on suc; that X, is L;i-measurable,
defines a stochastic process (xt, 51,07). The same family (xt) defines

a &ifferent process if either the family (:7t) or the probability 49
changes. In particular, if (xt,z?£,0£5 is a process, so is (xt,s;i,&j)
wheret?‘t = o{xs|0 <s < t}. When the context makes it clear we write
(xt, 3%’#9) as (xt,E?t) or (xt,fj) or (xt). Finally it will always be
assumed that o-fields are complete with respect to the associated
probability measures.

For a discussiog of any unfamiliar tefms or concepts used below
please refer to [2] or [17].

Let (9,3t,(P), t € R, be a fixed family.



DEFINITIOI\{ 2.1, 77”(1(3;,@) is the set of all processes (mt,y‘t,ﬂ

which are uniformly integrable martingales. mz(?t,p ) = {(mt) €

“TY\l(E]'t,Ps | sup Emﬁ < ®»}, Fori-= 1,2')7']i (‘?t’P) is the set of
t .

loc

all processes (mt) for which there exists a sequence of stopping times

Sk such that Sk + ® a,s, and (m ) 677\1 for all k.

I
t:/\sk {Sk>0}

Without loss of generality, we will assume that every (mt) Gmioc

has sample paths which are right-continuous and have left-hand limits.

‘It is evident t:h::zt:‘n’\2 c ml and hmcemioc c mioc' Also, if (mt) €

2

1 .
mloc has continuous sample paths, then (mt) € mloc'

DEFINITION 2.2. j (3’t, P) is the set of all right-continuous
processes (at , 3t’P ) with a; = 0, and such that they have integrable
I .
variation i.e., E |da | < =, )4‘ (F ,P) is the set of all pro-
0 t loc* ™t
cesses (at) for which there exists a sequence of stopping times Sk that
S, > ® a.s. and (at/\Sk) 624(3":,?).
2
€
Now if (m,) mloc

2 1
table process (m ) t_-)E loc(a‘t,(P) such that (mt -(m) t) € mloc(“?t’p)'

Cm) t:):I.s called the (predictable) quadratic variation of (mt). It is

(3t’P)’ then there exists a unique 3E-predic-

important to note that unless (mt) is continuous, ((m ) t) depends crucially
‘upon the family (\?‘t,do). These statements are proved in [16]. For (mt)

and (nt) inm2

=1 _ _
Loc(Fes P Lot Cmn) | = 3 @wid - (@) -(n) ).

If (m,n)t Z 0 a.s. we say that (mt), (nt) are orthogonal; it then fol-

1

lows that (mtnt) € mloc'

Our representation theorem is a consequence of the following result.

THEOREM 2.1. (Knight [15]) Let (ml:) emz(é‘t,P), k=1,...,n,
be a collection of continuous, pairwise orthogonal martingales. Let

'(Bt, ?t’p ) be a n-dimensional Brownian motion which is independent of

.a



1
@) ,.0ey (m). Let
k X k
Tt(w) = inf {s| (m )S(w) > t}, if this is finite
= o, otherwise
Set
o) = n (W), 16 T5@) <=
t
T, (w)
t
k k- .
(2.1) = mm(w) + B (w) , otherwise,

t -(m ) (w)

and let 3: be the sub-o-field of ?generated by xls(, 0<s<t,
1<k <n.

Then (xt,y’ ::,P) is an n-dimensional Brownian motion.

Remark 2.1. The sample paths of (xlsz) are obtained from those of
(mlé) by a random time change up to the time s = (mk ),» and after this

time an independent Brownian motion Bk is attached to xk. Note that

(w) (@) =t 1f () (w) > t. Also, if ¢

< t2, then on the set
T, (W)

1

{wl (mk) (w) = (mk) (w)} we have mk(m) = mk (w) a.s. for t, <t < t,.
tl t t tl 1 2
Different components x of x are obtained by different time changes, and

the importance of the theorem lies precisely in permitting this, since

the result has been long known for the case when (ml )t Z .. = (m" )t'
It rshould be clear that thefe is no general inclusion relation between
J'I::, the o-field generated by ml;, 0<s<t,l<k<n, and 3": of
course 3‘2 c &: Meyer [2] has given a simple proof of this theorem

when (mk 2” = o g,8, for all k.



DEFINITION 2.3. For a_€ /41“(,? ), 1et 12 (a, 37 A
2 }
(L1oe(ass g't,P)) denote :he set of all %t-predictable processes
2 2
(¢t, 3’},% such that Ejo ¢s|dasl < (SO ¢S|das| < ® a,s. for all
t € R+).

COROLLARY 2.1. Under the hypothesis of Theorem 2.1 every random

variable z € LZ(Q,?:, ) has a representation

n
(2.2) z = EGz|3) + 3
k=

for some processes (¢l:) € L2( (m t’ P) (The integral in (2.2)

is a stochastic integral, see [4D.

Proof. First of all LZ(Q,::}':,f) c Lz(n,.}::,/)). Next, since
(xt,}:,p) is Brownian motion, therefore, by the well-known result

for the representation of functionals of Brownian motion [16],

(2.3) E(z],}l") + }: w dx
for some processes (:p ) € L ( (x F) Now, using (2.1), rewrite
(2.3) as

(mk )

z=E(z]33)+l§l J; +Ef

t-(m )

Since (Bt) is independent of j 2, therefore the second integral above

vanishes a.s.,



(mk

n
(2.4) z = E(z|3‘3) + 3 ¥
k=1 Jo

8\/

dx

TR
[

Finally, set

P =¥, W, k=1,...,n
(m )t(w)

It is easily checked (see [18]) that ¢l: is }t—predictable, and

(mk>

L] o k. k
S ¢l:dm1:=j vy dx,
0 0

k,2 k k.2 k
E (¢)d(m)==Ef (W)H)"d{x ).
SO t t 0 t t

Notation. We use the notation (d>om)t to denote stochastic integral

t
q>sdmS

($om) e = SO

Our representation theorem is an easy consequence of the Corollary

above.

THEOREM 2.2. Let (ml:) € mz(:}t:,(P) , k=1,...,n be pairwise orthogonal

martingales with continuous sample paths. Then

(1) (zt) emz(\}':,o?) < there exist (¢l:) € Lz(. (mk )t,a’:,oo)

such that

(2.5) z, =z, + i (¢komk)-
: I t



an M2, c(&‘;‘,ég) = 32,6 ana every (z) €)1 30

has continuous sample paths.

loc loc

(11) (Z ) e‘7n (Efm GD)  there exist (¢ ) € L ( (m E}m 0;;

such that

loc

' n
(2.6) 2, =24+ Eéi(¢komk)t

Remark 2.2, (i) This result is certainly false if the sample path

continuity assumption is dropped. For suppose that N; and Ni are two

independent Poisson processes. Then L = Ni - Ni is a discontinuous
martingale and xi = Ni - t, i=1,2 both belong to'rnz(g}t). But neither

of these can be represented as stochastic integrals of (mt). However
the result continues to hold without the orthogonality restriction. To
see this, suppose that the (mﬁ) are not orthogonal. Then we can construct

orthogonal martingales (ﬁl;) Gymz(_}:,P) such that

% R
e =M
.k k-1
2.7) m_ = - 2: (¢ > 1,

and such that thé (ﬁt) and the (mi) generate the same family of martingales
(see [16, p. 223]). Using Theorem 2.2 we obtain the representation in
terms of stochastic integrals of the (ﬁi) and then substitute the rela-
tions (2.6) to obtain a representation in terms of the (mt).

(ii) It is easy to see that the processes (¢t) in (2.5) or (2.6)

satisfy



hence

(7 Lk
(dd "<z'mm“>> ) = )

3. Translation of martingales by an absolutely continuous change

of measure.

We need two results of a somewhat general nature, the first of these

is an immediate consequence of [3, Theorem 1].

2 &9
€
LEMMA 3.1 Let (nt) 7nloc( }E) ) have continuous sample paths.

Then

(3.1) At = exp(nt -(n %),t € R,

is the unique process which satisfies the integral equation

t
(3.2) AL =1+ s 1\.S n

Furthermore At >0 a.s., (At,jt,p) is a supermartingale, and
(3.3) E(A) <1 for all t

The next result is a special case of [20, Theorem 3.2]. For com-

pleteness, we present a proof in the Appendix.

LEMMA 3.2 Let (nt), (zt) be continuous local martingales in

771§oc(£}t’69) and let At be given by (3.1). Suppose that



(3.4) E(A,) =1

and define the probability measure pl on (9,3’) by

P @ = !A@(w) Raw, aeF

2
€
Then the process (xt) mloc( 3t’ (}Cl) » where X, is defined by

(3.5) x, =2z - (n,z >t

and, furthermore,

(3.6) (x)t = (Z)t a.s.

Remark 3.1 Lemma 3.2 is a generalization of [8, Theorem 1].
A As a corollary of Lemmas 3.1, 3.2 and Theorem 2.2 we obtain our
first interesting result, Let (mlé) Emz(g;:,F) , k=1,..,n be continuous,
pairwise orthogonal martingales. Let J)l be another measure on (9,3/)

such that P 1 {IC. Define the conditional likelihood ratio
d 1 }m
. = e
(3.7) Lt E(WI t)’ t R+

THEOREM 3.1 There exist processes (¢1:) € Lioc( (mk )t’j :,@ such

that

n t t

k,k 1 k,2 |

(3.8) Lt = L0 exp z: (s (psdms -3 (¢S) d{(m )s)

=] 0 0
Let

k_ k k %k, ,k

(3.9) X, =m_ -my - so ¢:sd (m )

~-10-



Then

k 2,9n k, _ k k j -
(3.10) (xt)em t,ﬂ), (x )t= (m >t’ (x ,xJ>t= 0 for k#j,

and we have the representations

(yt)_emz(J‘:, Q) » there exist (4:1:) e L2 (x5 %o 32, ) such

that
L
(3.11) VeIt T W)y,

2 k 2 k
(yt) emloc(JJ::l"Fl) ¢ there exist (wt) € Lloc( (x )t’ 31::1, Fl)

such that

(3.12) y

n
k k
=y, + 3, (pox)
e Yo" & t

Proof. From (3.7) it is immediate that (Lt) € ml(}:, 69). Also

since ﬂl ~ p, Lt >0 a.s., and so

L .
_,t 1
(A) = (f(;) € m (}n;’ ¥
Hence, if we define (nt) by

t
1
n = — dA »
t sOAs 8 ,

1
then (nt) € mloc(—_}f’ﬂ and At satisfies (3.1). By Theorem 2.2 there

exist (¢l:) € Lioc( (mk )t’ 3‘:,?) such that

n
(3.13) n, = > (¢komk)t
k=1

-11-



Also (nt) has continuous sample paths. Hence by Lemma 3.1

=117t =
At = LtLO = exp(n

which upon substitution of (3.13) yields (3.8).

Next, in (3.5), if we identify z, with mﬁ - m

(3.6) yield the first and second assertions of (3.10). To prove the

s then (3.5) and

orthogonality, note that, by (3.6)

(xk + xj % = (m + m j

hence

(xk,xj %

- (Jyy =1 k oy O (F
(x %) =3 ((m” +m % (m

Lok dy _k
2 ({x +x % (x )

& :

- (md )

{m ,mj ) = 0 a.s. for k#j by hypothesis.

Finally to obtain the representations we begin by the well-known

fact that
1 m
oo €M 6D = wrp e M 36
By Theorem 2.2 there exist (n ) € L 3 525 such that
_
_ k k
Yele = Yoo t Z_: (n"om™)
k=1
or, dividing throughout by L

0’

| ~ -1k k
(3.14) Vb =g + 1<Z=:1(L° nom ),

-12-



From (3.2), (3.9), (3.13), and the differentiation formula [4], it is

easy to show that
-1 & -1 .,k .k

(3.15) dA T = - Z AT ¢ dx
t k=1 t

t t

which together write (3.14) and the differentiation formula gives

: n
-1, , -1 Skl k
dy, = (7, ADAUTD) + ATy A - kz=:1 MM eeniota (o),

n
-1 -1 k k
kz___:l (4, “tl‘o -y dx

n
-1k ky , k
=3 (L'n_ -y¢)dx
& e e T e e

Hence

n
~ Kk k
yt—y0+l§1(wox)t

=1 k k

where tpl: = Lt n, - yt¢t. This proves (3.12). To prove (3.1l) we merely

need to observe that, because the (xlz) are orthogonal, therefore

n ' n ‘
E(Y, (ox )%= % Est w52 ().
k=1 =1 Jo "

Remark 3.2. The significance of this result is twofold. In the
first place it shows that when 9 is replaced by Pl, a continuous martin-

gale (mt) € mz(}?,p ) takes the form of a semimartingale

t
(3.16) mt=m0+so ¢sd(m>8+xt,

-13-



where (¢ t) d {m,n} d( ann))) and where (x ) € m2(3 fl). Furthermore,
the linear map (mt,jt,do) 1 (xt,‘}?,ﬂ)’ is an isometry i.e., ( (x )t) =
((m )t)' Secondly, all processes (yt) which are martingales on the family
(9,31::, (pl) are stochastic integrals of the new "basis' martingales

(xk). It turns out that this result holds whenever the semimartingales

t
(mlz) have the form (3.9), as we see below. ’
Once again let (ml:) € 7712(31,?), k=1,...,n be continuous, pairwise
orthogonal martingales. Let (hl:) € L2( (mk )t’ }t’p ) and define the

semimartingales (x:) by

t
k k k k k
= €
(3.17) X X, + S hsd (m >s + m, t R+

Let}:no{xl;lof_sit,likf_n}.

Notation. For any process (ft,:?;,F) such that Elftl < » for all

t, let

£ = E(ftljf)

THEOREM 3.2. There exist continuous martingales (ulz) € 7712(..:-1L ,2’09)

with
(3.18) W) = (m Yo Gl 20 kA
such that
. t
Kk K, , k K
(3.19) X = so fisa (i) + 5

Furthermore, we have the representations

-14-



, |
0 €MPBLE) » there extsr (45 € 12( (4t 2o F5F) such that
&k k
(3.20) Ye =Yg+ 2, (bou),
k=1

2 x . k 2 k
(yt) € Wﬂloc(f}t,éj) + there exist (¢t) € Lloc( (u Q,E}:,Oﬁg such that

: n Kk k
(3.21) Ye =Yg+ 2 (bou),
k=1

Note. In analogy with the case where in (3.17) (mﬁ) is Brownian

motion [10], we call the (ut)theinnovations of the (xi).

Proof. First of all, it is clear from the proof of (3.6) that
(mk>t is 3’ }:-measurable. Next define the continuous processes (ulé, ’:,F)

by

(3.22) poam -xg

t
-g ik (o® ) |
S S

0

2
It is easy to check, using this relation and (3.17), that (ui) € TW

(}’E,V). From (3.17) and (3.22)
) |

t
k _ k ok S k
n, = s (hs hs)ds + m = S hsds + m _, say,

t Yo 0

which, using the differentiation rule, yields

t t .
ki _ kj_ =3 ik k. j JamKy +
et "sus‘- S; (uﬁhr +uzhpdr + . (updm? + wdm )

+ (mk,m

3y
t

so that

-15-



It follows that

<uk:uj> = k j>
and this proves (3.18).

We prove the representations (3.20), (3.21) in a sequence of stages.

1 X ’
Let (y,) € mloc(}t,y). Firstly, define

Ak sk k
z_ = (h7on )¢

Evidently (El:) € mz :,?) since (ﬁlé) € L2( (uk >t" :,?). For each

integer £, let Tz be the stopping time

k

t
TQ = inf{t] (2 % = S (ﬁg)zd (uk é > % for some k}, if this is finite

0

« otherwise
Evidently T2 t » a.s. Define

“k ~

- ko _ Kk k k k
Yot yt/\Tz’ 2.t~ FeAT 2ot

n
~k
2z = X = x
& e Moot “t/\Tz’ g,t = “eAT,
Secondly, let (A2 t) be the unique solution of the integral equation

. ]

t

Az,t =1+ S; Az’sdzz,t

Since (22 % < n& a.8. for all t, it follows from an adaptation [19, 3.3.6]

of a technique due to Clark that

-16-



Ehy, o =1

Hence by Lemma 3.2

tAT

Kk L
(3:23) (g = CEug)) = Gy + f
e 0

where the probability measure Pz is given by d @2 = A

the (xt t) are orthogonal martingales since
’
k :l = k.’i

Thirdly, by Lemma 3.2 again

2

Hence, by Theorem 2.2,

such that
N n
Yot~ (z).9, k =y * 2;31 (9g0%,),

ot Z {(¢20u2 g;

which we can rewrite as

n
Yy . - Yo - 2
e % &

-17-

hia (€)= o

there exist processes (¢2 t) € L ( (x A

tAT,” xg) €

Wc}t” ,

2 °l,v:lp; furthermore
]

6’)

t/\T ’

k

~ k

n |
k_k o !t k Ak,
(dgomgdy = (2Zuy, % - kz:: 0 b ,6d $ 2oy L =W, 3y



The left-hand side is a member of??(z(ff 4%5, whereas the right-

’
t/\Tl

hand side is a member of 94(5} &1). Hence, by [16, p. 213], LA = 0.

t/\'r ’

Thus we have shown that

Yo ¢ ot E (%ou2

S

Finally, define the processes (¢E) by

k k
¢t(w) = ¢2’t(w) for Tz-l <t j_Tz.

It is easy to see that
n
k k
(3.24) Ve =Yg * kz—-:l (¢ on) .

The integrability conditions on (¢t) follows from the fact that if Ye

satisfies (3.24) then

This is our most important result of this section. We use it to
extend the likelihood ratio formula which has been obtained previously
for the Brownian motion case [5,11].

Let (Q,;?i,da), t €R,, 1=1,2 be two familles with the same
measurable épaces (9,5};). Let xt, mi, k=1,...,n be families of real-

valued functions on 9 such that

(i) the (m%) are continuous, pairwise orthogonal martingales in

mz(}t, ?i) for both i=1,2,

(11) there exist processes (h:’i) € L2( (mk %,.};,ﬂgg) i=1,2 such

-18~



. ‘
that under @ (xt), (ml:) are related according 4o

k _ k ki k k
(3.25) X, x0+so s d{(m )+mt,tER

(ii1) 451 " éﬁg

af,
THEOREM 3.3. The conditional likelihood ratio L = E (77 I} x) is

given by the formula

n t
) ~k,2_ rk,1, . k,1 k,2_ ck,1,2, , k,1
(3.26) L, = L, exp kz=1 {so(h8 hs )dus’ 3 so(ﬁ ﬁ Y°d (u )s}

where ﬁt’i = Ei(ht’il}:) and (ul:’l) is the innovations of (xk }x F)

given by (3.19).

Proof. By Theorem 3.2 and the argument which led to (3.13) we can

conclude that

-1 t
A, = LLy =1+ s; Agdn,

where n_ = 3" (¢ Ouk’l) for some processes (¢k) € L2( <uk’l )y ,3* P)-
t k=1 t t
So by Lemma 3.1

t
(3.27) . = exp 5 (5 $5 st - %f(q»)uu“p
k—l 0

By Leﬁma 3.2
- kyl k,, k,l 2 x
g™ - Y sa oty e M2 (3%, 6

0

so that substitution using (3.19), (3.20) leads to

-19~



t
kK k k1, , k K,s., k 2 X
(xt-xo-j:hs d{m )s- s ¢ >d(m )s)em ('}t’fz)

On the other hand, again by Theorem 3.2,

t
(xlz - xlg - S ﬁl;’zd (o )) € m2 (3);, Pz)

0 loc

so that

loc

t .
k sk,1  ~k,2 k 2
cSO (0 + By = B7Ha ")y e M %, .

By [16,p.213] this can happen only if

t
(¢k + ﬁk’l - ﬁk’z)d (mk ) =0 a.s. for all t, which in
o S s s s

turn implies by well-known properties of stochastic integrals that

(¢k°uk)t = ((ﬁk’l - ﬁk’z)ouk)t a.s.

Substituting this into (3.27) leads to (3.26). "

4. Nonlinear filtering of processes. We use Theorem 3.2 to obtain
the st?ucture of optimal least-squares estimates of an "unknown' process .
(zt) when the observed processes (xt) have the form of a semimartingale
(3.17). The unknown process is also modelled as a semimartingale but of
a more general form. We begin with a more abstract result.

Throughout this section the unknown process (zt) is a semimartingale,

= €
(4.1) z, =z + a, + n,, t R+

with Elzol < @, (at) € 94(5*;,49); (nt) € 7reli?t,ﬂ9) with n, = 0 a.s.

-20-



The observed process is vector-valued with components (x:, }t’% s
= X k
k=1,...,n. J’t = o{xs|k=1,...,n, 0 <s<t}. For any t, s in R_,_,, and

any process (ft,Bt,P) denote
fels T E(ftlajs‘)’ fe = e
— x
LEMMA 4.1. There exist a unique predictable process (at) € .74(3t,(} )

and a unique martingale (Ht) € ml(ﬂ’:,P) with n, = 0 a.s. such that

0
(4.2) zt=zo+at+nt,t€R+.
Proof. Write (a ) as a_ = al - a2 where (al) (az) are increasing
t t t t t’? t

‘processes in &4(31,(79), and check that (51‘,}":,(?) and (éi,}’é,P) are

both submartingales. By [17,VII T31] there exist unique increasing, predictable
9

processes (Et) € 54’(.}:,49) and unique martingales (;11') € 7]{1(}’:,{1’)

with Ei = 0 a.s. such that

0
iy S e
= € .
(4.3) a = a + m,_ a.s. t R+
Then, z =z + ;t + Ht’ where
- _=1 _=2
(4.4) a, = a - ag
—— - ~ : -l —2 ~ ~
nt—nt+mt mt+20|t Zqs
satisfies the assertion. v . ]
t
Remark 4.1. (1) If (at) in (4.1) is given by a, = s fsds for some
0

process (fs)’ then it 1s easy to check that (;t) in (4.2) is given by
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(i1) For t > s, the predictor atls is given by

— o —
els ¥ E(atl‘:?s) T 4

For the remainder of this section we make the following additional

assuimptions:

@n @) € M 3.0,

(A2) the processes (xt) satisfy

t
(4.5) xt = xg + s hgd (ms ) + m:, t € R+,

where the (mt) are continuous, pairwise orthogonal martingales in 7nz(i7t,é>)
k . k 2 k

with my = 0 a.s., and (ht) €EL"((m %,xabt,ég).
By [16,p.223], there exist predictable processes (¢t,ﬁ3&,49) such

that

t

4.6) E\ [¢5/a(u®) < and (o) =
0 t t t

¢kd (mk ) a.s.
o S s

THEOREM 4.1. The optimal filter satisfies the equation
A= 2 k, -k, k
= . (S
(4.7) z, =z, + a, + égi ((6™ + ¢ )Hopu )t a.s., t R+
where, ;; is given by (4.4),

t
k k k ~k k
(4.8) He = X = Xy - S; hsd {(n 2
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is the innovations of (xlé) , and

k _ A k rk
o, = E{ (z,-z,) (ht_ﬁt) I,?f}

is the conditional covariance of 2, and h]:, given 3 }:

Proof. By Lemma 4.1 and Theorem 3.2 there exist processes (q;]:) €

L2( (uk )t,_}:,f) such that -
t

- - - & .k k
(4.9) z =zo+at‘+k=21(tp ou'),

For convenience denote

Then

By the diffefentiation formula [4] we obtain,

¢ ,
- ks k_ (% sk, ok sk koo T
zZ M =z M = s:zthtd (u )T + Sszsdms +‘ s:utd(a_r aT)

t t t n t n t
k k, _ kj.3 _ T k j
+ s n_l,dn'r + s m‘l_dnT + S d (n,p )T E S ptwrdpr 2_,- Sslpjd (u ,u )T
8 s i=1 Js i=1

: X
Now we take conditional expectations on both sides with respect to} s’ The
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different terms are as follows.

E(Etut—isuzl}:) = 0 since E(irl_}}:) =0,

TT T s

t
E(S 2 hkd () | %) = E( S oxd G |35
S S
From (4.3), (4.4) it follows that E(da -da_|F¥) = 0, hence
t k - X
E( Lqu(aT-aT)l.}s) = 0,

E( : dn_| %) = B¢ tkd |}x)=iE( tkjdjl,jrx)=0
snt '~ s ot S 3 IS =1 Suth el 7 ’

8

by the martingale property. Finally,

£ {a oy | 7% = 6 (265 794 a0 135 by (4.6), and
e S g TTT n i y (4.0), a
n t t
i k j Xy _ k k b4
j2=:1 E( sswtd Gl [ 5 = 5( Sé;ptd G | F0)
Thus,

t
_ k , sk k k X
0 = E{ L(UT + 60 - ¥d () |3,
which implies that

loc

k ~k k k 1 X
( s;(os +i-whaaiy eM (3560,

so that by [3,p.213]
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t t '

k , °k

s;(os + ¢s)d (uK é = s wgd (ukg a.s. for all t.
0

Using this relation in (4.9) yields (4.7).

Remark 4.2. (i) Suppose a_ = stfsds and suppose that the unknown
0
process noise and observation noise, (mt) and (nt), are independent.

Then (4.7) becomes

: t n
A n 2 k |, 2k k _rk k
z =2, + s fsds + kil o(q + ¢ )s(de , hsd (u L)

0
which has a striking resemblance with fhe Kalman-Bucy filter and the

formula for nonlinear filters for the Brownian motion case [6,7,9].

(11) The filter equation (4.7) is not recursive gince the quantities

;£, ot, $i cannot generally be computed as functions of ;t.

(ii1) Equations similar to (4.7) can be. obtained for the optimal
prediction and smoothing estimates. We state the equation for the latter.

For s > t,
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Appendix: Proof of Lemma 3.2

2
First of all since (xt) is continuous it is in nlloc(:}t’d:i) if
1
it is in n11oc(jfi’é%)° To prove the latter it is equivalent to show
1
that (xtAt) € nlloc(jft’(j)' By the differentiation formula

t
xtAt = xOAo + stsdAs + sZASdzs - s;Asd {(n,z é + (z,A é

By (3.2) d (z,A % = Atd (z,n %, so that

4 t :
xtAt = xOAO + s;xsdAs + j:Asdzs

1

which is clearly in )]

(5?1,47). Finally, (3.6) is a well-known

property of semimartingales [4].
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