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Abstract

The usual definition of a periodic sequence is made more general,
e.g., the sequence 1,1,2,2,3,3,... will have a "generalized period" of
2, A simple programming, dubbed ORVA, has been devised to gegerate
sequences of numbers, and will be used as a basis for defining the
generalized periodicity of a sequence. It is shown that a sequence’
with period p has generalized period p, and that basic properties
of periodic sequences carry over to the generalized case. It is con-

cluded that this new definition is a reasonable extension of the tra-

ditional notion of periodicity.
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Introduction

We are going to extend the traditional definiticn of a periodic
sequence to include sequences which (intuitively) behave in periodic

fashion, but are not periodic. For example, the sequences

1’0’2,0’3’0,.0 .
and
1,1,4,2,9,4,16,8,...

will have ggperalized period 2, and
1,2,3,2,3,4,3,4,5,...
has generalized period 3. A sequence like
1,1,2,1,2,3,2,1,2,3,4,3,2,1,...

does not have a generalized period.

The ORVA Language

In order to make precise the notion of generalized periodicity we
have devised a very simplg programming language, called ORVA, which
génerates sequences of numbers. ORVA stands for ORdered VAriable --
each variable introduced into a program has a unique positive integer
rank., This defines a strict total ordering of all variables, which will
limit the way in which variable assignments are made. For most purposes
the numerical rank of a variable is unimportant and only its order rela-
tive to other variables is considered.

The ORVA language has only thrée types of statements -- assignment,

output, and an unconditional ''goto'". An assignment has the form



xn = cnxn + cn—lxn—l + o + clxl + c°

where the variables x, to X1 must have a lower rank than that of

1
X and ¢y to c, are real numbers. The leading coefficient .Cn
must be non-negative. An output statement has the form "PRINT xi",
outputting only a single value per statement. The ''goto" has the form
"GO L" where L is a label attached to some preceding statement.
Unless otherwise specified, a subscript for a variable X, denotes

its rank relative to other variables x but says nothing about its

j’
relation to a variable w,, i.e., 1 < j dimplies rank(xi) < rank(xj)
but possibly rank(xi) > rank(wj) for some wj.

Sample program:

X = 1
x, 3= 0

L: X, i= x2+xl
X = x1+2
PRINT x,
GO L

The resulting output is the sequence 1,4,9,16,25,... . Typically the
first statements initialize variables and the rest of the code is an

infinite loop.

Definition of Generalized Periodicity

Definition. Suppose an ORVA program generates some sequence S. A
reduced ORVA program is one which generates S with the minimal number

of "PRINT" statements in its loop.



Definition. The generalized period (abbreviated g.p.) of a sequence that

can be generated by an ORVA program is defined to be the number of "PRINT"
statements in the loop of a reduced ORVA program for that sequence. We

say that a sequence is generally periodic if and only if it can be

generated by an ORVA program.

The idea of generalized periodicity and this formulation of its defi-
nition is due to Manuel Blum.
We will now describe a construction which allows us to put ORVA

programs into a form which is easy to work with.

-Definition. The normal form for a loop allows only one assignment to
each variable, zero or one print statements for each variable, and places
the assignment statements first, followed by the output statements,
followed by a goto. The assignments are made to varizbles in order of

rank, with the highest ranking variable being assigned first.

Example.
L: X =c X ++-e4+c¢ x.+c
n n,n n,1”1 ™n,o
X1 3% o1 n¥a-1t T e 1% 1,0
xl = cl’lxli-c
PRINT x
. 11
PRINT x,
i
m
GO L

We require ij = ik iff j =k, and m < n.



Theorem 1. Every ORVA loop can be put into normal form, without altering

the number of '"PRINT" statements.

Proof. Given a loop of code, we will produce an equivalent loop in normal
form which generates the same output for each cycle of the loop.

First we move all PRINT statements to the end of the loop and
eliminate multiple printing of the same variable. For each statement

"PRINT x.," we introduce a previously unused variable w, with

i J

rank(wj) > rank(xi). Delete the statement "PRINT xi" and insert the

LA P PRINT w,", If "PRINT x," occurs in more than one

J 3 i

place in the loop a different w, must be used in each instance. Each

3

"PRINT wj" can be moved toward the end of the loop without altering the

value of w,. Hence, we can now move all PRINT statements to the end

3

of the loop so that they form a block of output statements which imme-

code "

diately preceeds the "GO" statement. If we don't shuffle the original
order of the PRINT statements then the result is a program which pro-
duces the same output as before.

We now have a loop consisting of a block of assignment statements,
followed by a block of output statements, followed by a goto. We must
show how to convert an arbitrary block of assignment statements into an
equivalent one where the assignments are to variables of successively
decreasing rank. The proof is by induction on n, the highest rank of

any variable in the block.

Base. For n =1 all assignments are to the same variable, so we have

a block



xl = alxl+ ao
xl = blxl+ bo
xl = mlxl-l- mo

We can combine the first two assignments into the single statement

X; 3= bl( 1x1+a )+b (= b1 1 1+(b1a0+bo))

8o we can delete the first two statements and insert this one in their
place. If we continue to combine the first two assignments of each new
block we will eventually be left with one statement (e.g. X =g l+ c)
which is equivalent to the entire original block of statements. This

statement is in the desired form.

Induction Step. By hypothesis assume that any block of statements all

of whose variables have rank less than n can be converted into a block
where assignments are to variables of successively decreasing rank,
n>1l, Let rank(xi) =

Consider the statements

) xi 1= aixi+ai-lxi—1+.“+ao

(2) X, +=b x + b _1¥,ptecet b,

and the statement

3) X, i=bx +--c+D + by (a Xgbeeota )b, x, o+ cre+b

i+1%4+1 i-1%4-1

(= bnxh+°~”+b +biax +(b,a +oeee

i+1¥1+1 123-11P510%;
+ (bial-i-bl)xl + (biao+bo)) .



If (1) and (2) occur successively in a block and i = n then we
can delete them and insert (3) in their place. If 1 < n then we insert
(3), followed by (1). Using this method, we find the last assignment in
a block to X and move it upwards to the top of the block (by combining
or switching with the immediately preceding assignment and making
necessary changes in the scalars). When we reach the top the block will
consist of an assignment to X followed by assignments to variables
of lower rank. By the induction hypothesis these can be converted into
a block of decreasingly ranked assignments, so that the whole block has

the required form. Q.E.D.

We will henceforth assume that all ORVA loops initially are in

normal form.

Properties of Generally Periodic Sequences

We will now prove some theorems which describe the properties of

sequences which are generated by ORVA programs.

Convention. We denote the value of a variable x after t iterations
of the loop by x(t). x(0) is the value of x as the loop is about
to be entered for the first time. Hence, each variable x in an ORVA

loop is associated with a function x(t) over the non-negative integers.

Theorem 2 (Monotonicity Theorem). For any variable x in an ORVA loop
there is an integer to such that for all ¢t Z.to, x(t) 4is either
constant or strictly monotonic. We call such a function ultimately

monotonic (abbreviated u.m.).



Proof. The proof is an induction on n, the highest rank of any variable

in an ORVA loop in normal form.

Base. n =1, Let x have rank 1. Then the loop has one assignment:
X := ax+b '(aZ_O)..

Case 1. a = 0. Then x(t) = b for all t, hence it is constant
and therefore u.m.

Case 2. a = 1. An easy induction proves that x(t) = bt+x(0),
so x(t) is constant if b = 0 and strictly monotonic otherwise.

Case 3. a>0, a#1l.

b

Claim. =x(t) = at(x(O)iungD s

Proof of Claim by induction on ¢t:

- o b, __b_
If t=0 then a (x(0)+_=) ~ =3

Assuming that the claim holds for x(t-1) we have

= x(0). V

x(t) = ax(t-1) + b by definition
-1 b b )
= a(a (x(O)d—;:I - E:T) + b by inductive hypothesis
= gt _b_ _ ab
a (x(O)i-a_l) +b 1
R b ((a-1)-a)b
a(xm)+&4)+ Pe)
= at by __b_
=@t -3 7

so the claim is true. Since a function f of the form £(t) = atkl-i-k2

is strictly monotonic when a > 0, x(t) is u.m.

Induction Step. n > 1. Assume by hypothesis that all variables in a

loop with rank < n are u.m.

First we will need a



Lemma. Fix n. Assume that if a variable has rank < n then it is u.m.
Let w have rank n and let XysXgseeesX, g have ranks 1 through n-1

respectively (so they are u.m. by assumption). Define the function w(t)

by

wit) =c ;x _,(t)+c H(B)+ 20 +egx, (£)

X
n n-2"n-

where the c, are arbitrary constants. Then we claim that w(t) is

u.m.

Proof of Lemma. We will produce a variable z with rank n-1 such that

w(t) = z(t) for all t > 0. Then since z(t) is u.m. by assumption,
w(t) will also be u.m.
Consider a loop in normal form containing two variables x and y

with n > rank(y) > rank(x). Let their assignments in the loop be

y ¢= ay + bx + f(xl,...,xi)

X = ¢cx + g(xl,...,x )

3

where we are using "f" and '"g" as a shorthand to denote a sum of

other lower ranking variables. Then we can write

y(t+l) = ay(t) + bx(t) + £(t)

x(t+l) = cx(t) + g(t) .

We wish to show that z(t) = py(t) + qx(t) 1is u.m. For any scalars p
and q. Without loss of generality assume z(0) = py(0) + qx(0). At

the beginning of the loop containing x and y insert the assignment

(%) z := az + (pb+tgc-qa)x + pf(xl,.--.xi) + qg(xl..-.,xj) .



Claim, z(t) = py(t) + q(t)

Proof by induction on t: For t =0 the claim is true by assumption.

Assume the claim holds for z(t-1), so that

]

z(t) az(t-1) + (pbtqc-qa)x(t-1) + pf(t-1) + qg (t-1)

a(py(t-1) +<iX(t-l)) + (pbtqc-qa)x(t-1) + pf(t-1) + qg(t-1)

by induction hypothesis

p(ay(t-1) +bx(t-1) + £(t-1)) + q(cx(t-1) + g(t-1))

py(t) + qx(t)
so the claim is true.

Now observe that 2z does not depend upon the variable y. Hence
we can eliminate the variable y and its assignment statement, let
rank (z) have the value rank(y), and leave (4) in the loop. Then since
rank(z) < n the assumption tells us that z(t) is u.m., and hence
py(t) + qx(t) is u.m.

Observe that using this method we can successively produce
clxli-czxz, (c1x1+c2x2)+-c3x3, ((c1x1+c2x2)4-c3x3)i—c4x4, etc. with
each sum being u.m. Therefore we can produce a variable 2z such that
z(t) = clxl(t)-bczxz(t)-+--'+-cn_lxn_l(t) and rank(z) = n-1. This

proves the lemma.
Now we wish to show that if

wi=aw +an-1xn-l+ A a X, + a,

is the first statement in a loop in normal form and rank(w) = n then

w(t) 4is u.m.

10



Case 1. a_ = 0., Then the lemma can be applied to show w(t) is
u.m.

Case 2. a >0. Let f(t) = an_lxn_l(t) + oo +a1xl(t) +ao. Because
the variables X to X 1 have rank < n the lemma again applies to

tell us that f£(t) 1is u.m.

A. Suppose for all t > to we have f£(t) > £(t-1). Fix some t > to.
Then if w(t) > w(t-1) we get w(t+l) = anw(t) +£(t) > anw(t—1)+f(t)

> anw(t-1)+f(t—1) = w(t) hence
1) w(t) > w(t-1) = w(t+l) > w(t) .

Similarly w(t) > w(t-1) "= w(t+l) > w(t).

B. Suppose for all t > to we have f£(t) < f(t-1). Fix some ¢t > to.
Then if w(t) < w(t-l) we have w(t+l) = anw(t)+f(t) < anw(t—1)+f(t)

< anw(t-l)+f(t-1) = w(t) giving
(ii) w(t) < w(t-1) = w(t+l) < w(t) .

Similarly w(t) < w(t-1) = w(t+l) < w(t).

Now it is easy to show that w(t) is u.m. First determine if A or
B holds for £(t). Suppose A is true. Then after to steps we inspect
w(t). 1If ﬁ(t+1) > w(t) for any t > t, we know that w(t) dis strictly
monotone increasing, by (i). Otherwise if w(t+l) < w(t) for all t > t_
but, for some t > to’ w(t+l) > w(t)v‘, tﬁen w(t) is constant from then
on, again using (i). Lastly, it can happen that w(t+l) < w(t) for
‘all t > to’ so that w(t) is strictly monotone decreasing.

Similarly, if B holds then we use (ii) to get an equivalent result.

This proves the induction step. Q.E.D.

11



Corollary. If a sequence has generalized period one then it is ultimately

monotonic.

The Monotonicity Theorem is a useful tool in proving properties of
generally periodic sequences. It forms the basis for an easy proof of

the next theorem.
Theorem 3. A sequence of period p has generalized period p.

Proof. Let °o’°1""’°p-1’°p’°p+1"" be a sequence with p as its

smallest period (Ui = 0,, ). We can generate this sequence with an ORVA

itp
loop that uses p variables equal to constants oo,...,op_l, and has
P PRINT statements.

Let us assume that an ORVA program exists which generates
00,01,02,... using m < p PRINT statements in its loop. Assuming
that the loop is in normal form, then there are m different variables
ZyseeenZy which are printed at the end of each cycle in the loop.

Consider any zg. By the Monotonicity Theorem zi(t) is u.m. If
zi(t) was ultimately strictly increasing or decreasing it would take on
more than p different values, and hence could not be printing correct
values for the sequénce 00,0 ssee « We conclude that for all i=1,...,m,
zi(t) is constant (ultimately). Hence the sequence zl(O),zz(O),...,zm(O),
zl(l),zz(l),... has period m because zi(t) = zi(t+l) for all ¢t > to.

But m < p and we assumed that we were generating a sequence of period

p. Contradiction. Q.E.D.

It is clearly desirable that Theorem 3 be true, if our definition

for a generalized period is to be a good one. We can now see why certain

12



constraints were placed upon the ORVA language:

Remark. If we allow the leading coefficient of the general assignment

statement to be negative then Theorems 2 and 3 don't hold. Example:

1

Y
0

-x+1

-
Y
I

PRINT x

GO L
This program outputs the period two sequence 0,1,0,1,... with

only one PRINT statement in its loop. x(t) is not u.m.

Remark. If we eliminate the rankings we again can find a counterexample

to Theorems 2 and 3. Example:

x =1
y =2
L: Z =X
X =y
y =z
PRINT =z
GO L

This program outputs 1,2,1,2,... with only one PRINT statement.

Definition. For any numerical sequence S = 0301509500 the sequence

of differences is AS = 01-00,02-01,03-02,... .

Theorem 4. If a sequence S has generalized period p then the

corresponding sequence of differences AS has g.p. p. Conversely, if

13



a sequence T with g.p. p 1is considered a sequence of differences, then

any sequence S such that AS = T must have g.p. p.

Proof. Suppose we are considering a sequence where the (reduced) ORVA
loop prints successively the variables zl,zz,...,zp in each iteration.

Suppose z, is assigned in the loop by the statement

zl 1= czl+cnxn+ "'+Co and w.l.o.g.

assume that zl,...,zp are initialized before entering the loop.

Cagse 1. p = 1. We construct an ORVA loop to generate successive
differences as follows: Add the statement "w := -zl" a2t the top of the
loop, where w 1s a new variable. Insert "w := w+zl" directly before
"PRINT zl", and change ''PRINT zl" to "PRINT w'". The loop now outputs
w(t) = zl(t) - zl(t-l), as desired.

Case 2. p > 1. Create p new variables wl,...,wp and at the

beginning of the loop add

w1 = zz-—z1
w2 = z3—22
w .= -z
p-1 *~ %p Zp-1
wp = cz1 + cnxn + cn—lxn-l + e 4+ co - zp .

Delete all PRINT statements and insert "PRINT wl;...;PRINT wp" at the
end of the loop. This prints the sequence of differences. .

Note that we have shown that g.p.(AS) < g.p.(S).

Now assume that a sequence of differences AS 1is generated by a

reduced ORVA loop printing the variables WiseeosW s and the original

14



sequence S started with O,. Before the loop insert "z, := o ; PRINT z ".

i "o’ 1
Let ZyseeerZ be new variables. Delete all "PRINT wi" statements.
Case 1. m = 1. At the end of the loop imsert "z1 := z,+w;; PRINT zl".

Cagse 2. m > 1. At the end of the loop add

PRINT z

PRINT z

PRINT

This new loop outputs the original sequence S. We see g.p.(S) < m = g.p.(AS).

Hence g.p.(S) = g.p.(AS). Q.E.D.

Definition. Let S = 00,01,02,... . Then =S = -oo,-ol,-cz,... . Let

T = To,Tl,Tz,... . Then S+T = o°+10,01+11,02+12,... .
Theorem 5. g.p.(S) = g.p.(~S) .

Proof. In the program generating S replace each statement 'PRINT xi"

"w, = -x

. " ’ .
1 43 PRINT LA where wi is a néw variable. Then

g.P.(-S) < g.p.(8). But then g.p.(S) = g.p.(-(-S)) < g.p.(~8) < g.p.(S).

by

Q.E.D.
Theorem 6. If ‘g.p.(S) = g.p.(T) = p then g.p.(S+I) < p.

Proof. Assume w.l.o.g. that the programs for S and T do not have any

variables in common. Form a new loop consisting of all code from the loop

15



for S and the loop for T. Assuming that variables Sl""’sp and

tl,...,tp are printed, delete all PRINT statements and in place of

each PRINT s, and PRINT t, we insert "w, := s +t,; PRINT w." where
i i i i i i

w, is a new variable.
Similarly altering the initial code (before the loop) leads to a

program for S+T with p print statements. Q.E.D.

Note that g.p.(S+(-S)) = 1 for all sequences S. We will show

later that g.p.(S+T) divides p when g.p.(S) = g.p.(T) = p.
Corollary 6. If g.p.(S) = g.p.(T) = p then g.p.(S-T) < p.

Theorem 7. 1If x, -is a variable in an ORVA program then there exist

positive real constants Al,...,Am and polynomials pl(t),...,pm(t) such
—1 t L ] t

that xi(t) pl(t)kl+- +-pm(t)km. The numbers Al""’Am correspond

to non-zero leading coefficients in the assignment statements.

Proof. Let ;(t) denote the vector <xl(t),...,xn(t)> where X, to x
are variables in an ORVA loop in normal form (rank(xi) < rank(xi+l)).
Each iteration of the loop is equivalent to a matrix transformation
;(t+1) = A-§(t), where A 1is an nXxn lower triangular matrix. Induction
will prove that At'z(O) = ;(t).

The diagonal elements of A are also its eigenvalues, and since a
diagonal element ﬁorresponds to the non-negative leading coefficient of
an assignment, the eigenvalues are non-negative. There exist matrices E

1

and T such that A =T "ET and E is in Jordan-canonical form, with

the eigenvalues of A being the diagonal elements of E. Then

x(t) = TLE T (0).

16



Suppose E 1is a strictly diagonal matrix, say

A, O AL O
2
E = O . and EC = O . .
L ] L] t

Then

x, (t) = <0,...,0,1,0,...,05T LE'TX(0)

ith place
= L ] t. 1 ]
<al,...,an> E <b1"°”bn> for some a:j s and bj s

t t
albl)\l + + anbn}‘n

which is in the proper form.

Next take the case that E 1is a Jordan block, say

<]
1]
[
n

Using the binomial identity (:) = (::i) + (t;l) and interpreting (:1)

as 0 1if m > t we can prove by induction that

)\t

(A2

)

)\t

O

tA

t-1

ty,t-2
(A

17
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Then

= L] t.
xi(t) <al,...,an> J <b1,...,bn>
n-1 n-2
- . ty,t-1 ty,t-1i t
= <aj,...,a > <izobi+1(i)x , izobi+l(i)l seessb AT

p(t)}\t for some polynomial p(t) .

Finally, in the most general case where E contains several Jordan

sub-blocks, a variable x, is the sum of elements of the first two types,

i

so pl(t)kii-'°°4-pm(t)li = xi(t) for some pj's and Aj's. Q.E.D.

The outline for this proof comes from another preseuted by Pravin

Varaiya.

Theorem 8. Given any function of t of the form pl(t)A§-+--’-+pm(t)A;
where Ai >0 for 1=1,...,m, we can produce an ORVA program contain-

ing a variable w such that w(t) is that function for t > 0.

Proof. We will prove the theorem for the case w(t) = tklt. The more

general case follows easily. Proof by induction on k:

Base. k =0, Let w(0) =1 and place "w := Aw" in the loop. Then we

have w(t) = AC.

Induction Step. k > 0. Assume we have variables KyreoosXy such that

xi(t) = tikt for 1 < k. Let w(0) = 0. At the top of the loop contain-

ing the X, add the statement w := Xw-+(§)kxk_l-+~°°-+(t)kxo.

Claim. w(t) = tkkt.

Proof of Claim by induction on t: If t =0 then w(Q) =0 = Oklo. v

18



Assume the claim true for the first t wvalues of w.

w(tHl) = (g)xth‘: + (i)xck‘lxt +oeee + (‘l:)xt%t by hypothesis
e+l ke k . gk k-l . .. . k.0
AT+ (D T+ + (It7]
= Al eayk | v

This proves the claim and hence the theorem. Q.E.D.

For the following definitions let R = Po2PysPgs e+ and

S = 0,907509s¢ .- be generally periodic sequences,

Definition. R and S are equivalent (R = 8) 1if there exist constants

io and jo such that

g

pi°+i = it for all i>0.

For example, suppose R = 0,1,2,3,... and S = 2,3,4504. « Then

R =8S.

Definition. R is contained in S (R C 8) if there exist constants io

and jo such that py = cj and an increasing function £ such that
o o

£(0) = 0 and °1°+1 = JHEW”

Example: If R = 1,2,4,8,... and S =1,2,3,... then R C 8.

Definition. If the function f above can be represented as f(t) = mt
where m > 1 then we say that R is an m-section of S. Alternatively,

we can say that S is m-times as dense as R (D(S/R) = m).
Example: Let R = 1,4,16,64,... and S = 1,2,4,8,16,... . Then

19



R is a 2-gection of S, D(S/R) = 2.

Notation. Let (r(t)):;o denote the sequence r(0),r(1),r(2),...
generated by a variable r.

Suppose R = r(t):;o and S = (s(t)):;o. If R is an m-section
of S then we have r(i°+t) = s(jo+mt) for all t > 0. We note a

corollary to Theorem 7.

Corollary 7. If S = (s(t)):;o has g.p. 1 then there exist constants
Al,...,kn and polygomials pl(t),...,pn(t) such that

t t
s(t) = Pl(t)ll'+""+Pn(t)Xn~
Using Theorem 8 we can derive another result.

Corollary 8. Let S have g.p. 1. Then given an integer m > 1, each

m-section of S has g.p. 1.

Proof. Let S = (s(t)):;o and suppose R = (r(t)):;o is an m-section
of S with r(i°+t) = s(j°+mt) for all t > 0. Then for ¢t Z.io

r(t) = s(jo4-m(t-io)). By Corollary 7 there exist Al,...,ln and

pl(t),...,pn(t) such that

(J tme-1,)) (G tme-1,))
r(t) = py (3 tme-1 )2 +oredp (Jtm(e-1 )

eyt ' 't
Py (D)A] "+ +p (DA,

Il

so R has g.p. 1 by Theorem 8. Q.E.D.

Theorem 9. Let R be a sequence with generalized period 1. For each
integer m > 1 there exists a unique (up to equivalence) sequence S

with g.p. 1 such that R is an m-section of S (D(S/R) = m).
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Example. If a sequence 1,11,9,12,25,i3,... is known to have g.p. 1

then the sequence i 12,13,... must be equivalent to the sequence

1’
4,16’36’000 .

Proof. Let R = (r(t)):uo. By Theorem 7 there exist constants >‘1""’}‘n
t t
and polynomials pl(t),...,pn(t) such that r(t) = pl(t)Al+ "'+pn(t)}\n.
Existence: Fix m > 1. By Theorem 8 there exists a sequence
= -t- t/m s e -E. t/m ® =
S (pl(m)}\l + +pn(m))\n )t=0 with g.p. 1. Then D(S/R) = m.
Uniqueness: Suppose S = (s(t)):;o and S' = (s'(t)):;o both
have g.p. 1 and D(S/R) = D(S'/R) = m. By definition there exist
' = = ' '
constants io, jo’ and jo such that r(1°+im) s(jo+im) s (j°+im)
for all 1 > 0. Consider the sequence S-S'. By the corollary to
Theorem 6 S-S' has g.p. 1. Every mth term of this sequence is zero.

Since it is ultimately monotonic, it must be equivalent to the sequence

0,0,0,... . Hence S = 8'. Q.E.D.
Before we prove our final theorem we need a lemma.

Lemma, Let R, S, and W be sequences with g.p. 1, such that WCR
and W'E S. Suppose W 1s a p-section of R and W 1is a g-section of

S (D(R/W) = p and D(S/W)

q). Then p divides q implies R CS.

Proof. Let q = mp where m 1is a positive integer. By Theorem 7 W

is equivalent to a sequence (pl(t)}\1+ oo +pn(t)7\§):=o. By Theorem 8

there exist sequences R' = (pl(%)?\;;_/p +ooee +Pn(“g'))\;/p):=0 and

g' = (pl(ﬁ)xi/‘l.;.....,.p (.E)At/q

[o+)
n @ )t=0 each having g.p. 1. Since

t |\t t t o
S' = (pl(EI-;)Allmp+“‘+pn(m—p))\n/mp)t=0 we observe that R' is an m-

section.of S', hence R' CS'.
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By construction D(R'/W) = p = D(R/W) and D(S'/W) = q = D(S/W)

so by Theorem 9 we have R = R' and S = S'. But then R CsS. Q.E.D.

We may refer to a generalized period of a sequence to mean the number
of print statements in the loop of a (possibly) unreduced ORVA program
for that sequence. The next theorem shows that all generalized periods
of a sequence must be integral multiples of the fundamental (or smallest)
generalized period. This is in accord with the similar result for periodic
sequences, and hence strengthens our belief that we have a good definition

for the generalized period of a sequence.

Theorem 10. Let X have a g.p. of p and let Y have a g.p. of q.
Let d be the greatest common divisor of p and q. If X =Y then

there exists a sequence Z with a g.p. of d such that Z = X = Y.

Proof. We will assume that X = Y and find an approprlate Z such that
Z =X =Y, The result for equivalence follows.
= p-lye = q-lye
Let X ((xi(t))i=0)t=0 and Y ((yi(t))i=0)t=0' Let Xi denote
m - w I3 ~ - 3
(xi(t))t=0 and Yj = (yj(t))t=0’ so that each Xi is & p-section of
X, and Y, is a q-section of Y. For convenience let @) ,u),u2),...

]
denote the sequence xo(O),xl(O),...,xp_l(O),xo(l),xl(l),... =X =Y.
Note that

xi(t) = u(pt+i) for all 1 >0

and
y;(€) = u(qtH) for all 1 >0 .

(o]
Next define a sequence Ab = (ao(t))t=0 with ao(t) = xo(qt) = u(pqt)
= yo(pt) for all t.> 0. Intuitively, we chose points where Xo and Yo

"intersect". We have A CX with D(X /A ) = q and A _CY with
o— "0 o "o o o
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D(Yo/Ao) = p, Corollary 8 tells us that Xo and Yo’ and hence Ao,
all have g.p. 1. We now use Theorem 9 to find the unique sequence with

= et Pq . = P4
g.p. 1 Zo (zo(t))t=0 which is 3 times as dense as Ao’ D(zo/Ao) T

Because p and q both divide Pai the preceding lemma tells us that

C P
xo,- Z, and Y C2Z . We would like to show that X, C 2 whenever d
diVideS i’ i = 0’ see ’p-lo

' and

Pick any such i, setting i = cd. There exist constants a
b' such that d = a'p+b'q. Either a' < 0<b' or b'<0<a'. W.l.o.g.
assume the former inequality holds, so we set a = -ca', b = cb' to
get ap+i=bq with a and b non-negative.

We now look at points where X, and Yo "intersect'". Define

i
B = (bo(t)):;o with b (t) =y (b+tp) = u(bgttpq) = u(aptittqp) = x, (attq).

Using the lemma freely we have

= = = S.
D(YO/AO) p and D(ZO/AO) Pd_<1 implies D(ZO/YO) i
D(Y /B)) =p and D(z/Y)) = % implies D(Z_/B) = %9-
D(X,/B) = q and D(z /B) = Bl implies D(zo/xi) = g- .

This requires that Xi C Zo, . as desired.
We now know that X:L C Zo for 1 = 0,d,2d,...,p~-d. For each such

Xi’ D(Zo/xi) = g-, and there are g— different such X,'s, hence

i
Z = XO (0) ’xd (0) ’x2d 0),... axp_d 0) ,xo P)seees

(o]
= w(0),u(d),u(2d),... .

Therefore the sequence u(0),u(d),u(2d),... has g.p. 1.
In a similar manner we can define a sequence A1 with

a,(t) = x,(qt) = y,(pt), comstruct Z; such that D(Z;/A;) = Pf" and
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eventually conclude that the sequence u(l),u(d+l),u(2d+2),... has g.p. 1.
Continuing in this fashion we will eventually have sequences

Zo’zl"°"zd—1 each with g.p. 1 such that Z = ((z X =Y. Q.E.D.

d \» _
i)i=0)t=0 B

Corollary 10.1l. If a sequence has a generalized period of q and its

fundamental period is p then p divides q.

Corollary 10.2. Let S and T be sequences with g.p.(S) = g.p.(T) = p.

Then g.p.(S+T) divides p.

Proof. In Theorem 6 we produced a program for S+T which had p PRINT

statements in its loop. By Theorem 10 g.p.(S+I) divides p. Q.E.D.

Conclusion

A significant number of properties of periodic seyuences carry over
to the generalized case. We feel that they constitute a good justification
for choosing our particular definition of a generalized period. The ORVA
language has proved to be a useful tool for dealing with generally periodic
sequences,

There are sequences, such as the factorial sequence 1,2,6,24,...,
which are not generally periodic but are not particularly éomplex. Hence,
it would be nice to further extend the present definition to cover a
broader class of sequences. However, a little research revealed that a
"natural" attempt to extend the definition resulted in a huge increase in
complexity, so that further generalization constitutes a non-trivial

problem.
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