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In this thesis we present a new approach to waiting line

problems, using the theory of martingales and stochastic integration.
We show that this approach allows us to formulate and analyse more
general problems than the classical approach.

Some of the advantages of the martingale approach are as
follows: (1) the queueing problem for random and time-varying
arrival rates and service rates can be formulated in great generality
without the assumptioﬂ of Markov property for the queue process.

(2) In many caées where the classical approach yields solutionmns,
the same solution can be obtained more directly. For example,
Laplace transform need not to be invoked. (3) Queueing with
feedback can be formulated, and thereby permitting optimal control
problems to be considered. (4) Recursive equations for estimators
of various kinds can be obtained.

The advantages cited above are exploited in this dissertation
in connecfion with singlelserfer first-come-~first-served queues to
yiél@ a variety of results, the most important ones being on control
and estimation. Extension to queues of more general types is in

principle not difficult, but it is not considered in this dissertation.
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CHAPTER ?t

INTRODUCTION

Waiting line (or queueing) problems arise in a large number of
applications. These include: telephone congestion, air and road
traffic, operation of dams, analysis of particle counters, and design
of waiting room facilities. The basic problem in common involves a
process of arrivals, and a process by which :they are served. The
interaction between arrivals and serving produces the queueing process
whose properties constitute the main objective of the theory of queues.

The standard model in queue, which we shall follow, involves:

a stochastic process representing the arrivals, a queue discipline
which determines how service is offered, and a process representing
the successive service durations.

The traditional goal of queueing has been one of analysis. The
emphasis has been to derive properties of the queue (e.g. average
queue length) under a given assumption on the queue discipline and the
probability laws governing the arrival and service times. Possibly
a more important goal is optimization. Of the various problems in
optimization, the gpes involving feedback control are probably the
most important and also the most difficult. A satisfactory formulation
of queues with feedback requires a modeling of the dynamics of the
queueing process itself as opposed to the dynamics of the probability
law, the latter being the starting point in most analyses involving
queues.

The basic approach of this thesis, which we believe to be new, is
to model the queue as the solution of a stochastic integral equation
driven by the arrival and ;ervice processes, which are in turn modeled
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by semi-martingales. This allows us to bring to bear on the problem
the powerful calculus made available by recent developments in
martingale theory. Our approéch will be to deal with the queue process
itself rather than witﬁ its probability law.

Although our approach is in no way restricted to single-server
single-queue systems, the detailed analysis in this thesis will be
largely confined to such cases. On the other hand a very general class
of arrival and service-time distributions will be allowed, including
cases where they depend on the queue (feedback).

In chapter 2 we will present the basic tools needed for our goal;
it will be a review of martigale theory, stochastic integration,
transformation of measure, stochastic calculus, etc. The modeling of
the waiting-line process will be done in chapter 3. Chapter 4 will
deal with the derivation of some properties of the queue. The coptrol
problem will be treated in chapter 5 and problems related to estimation
and identification in chapter 6. We end in chapter 7 with discussion

and conclusions.



CHAPTER 2

PRELIMINARIES

2.1. Introduction

In this chapter we shall summarize the basic mathematical material
needed in our work, and establish the notations used in the remaining
chapters. The main topics of the chapter will be definitio; and
properties of general stochastic processes, martingales, Poisson process
and related topics, stochastic integrals, martingale representation
résults, absolute continuity of measures and transformation of

martingales.

2.2. Stochastic processes

Probability spaces

1. A probability space, denoted by (n,q,fp), is a triple consisting
of a set 2, a o-field gy’of subsets of Q and a probability measure<q)
defined on‘;;. ;11w111 be called complete with respect to‘q), iff

B CA and CP(A) = 0 imply B € CJ A probability space is said to be

complete, iff g;fis complete with respect to‘J). In our work we will
deal exclusively with complete probability spaces.

2. T will denote the index set, which will be a subset of the real line.

3. (g};,t € T) is a family of o-fields satisfying:
a. Cth CC(T for all t €T
b. gssgtfort,seT,sit

c. n G;; = ?9; for all t € T (right-continuity)
s>t

d. 91; contains all the null sets of<;r.
2
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Stochastic processes

5. Given a probability space (Q,?}’,CP) and an index set T, a stochastic
process X = (Xt,t € T) is a family of random variables on (Q,CJ‘) indexed
by T, that is, xt is a random variable on (Q,ﬂ’) for any t in T. |

6. (Xt’t € T) is said to be adapted to the family of o-fields G})t,t €T
if X, is qt-measurable for all t € T.

7. 1If the stochastic process X has sample functions thatl are right

continuous with left-limits, we define:

A -—
Axt = XE_xt.- = jump of X at time t

Stopping times
8. Let (Q,CJ’,CP) be a probability space and let (g't,t € T) be an
increasing family of sub-o-fields of q. A positive random variable
t defined on Q is said to be a stopping time if we have (t<t) € qt
for every t € T, .
9. Let T be a stopping time relatively to (%;:’t € T) then
F, = (€ T _|a N {azed €J, for all t €T}
10. Given a stochastic process (xt,gt,t € T), 1 a stopping time with

respect to (qt,t € T), we define:

A
xtl\‘r xtI(‘l‘<t) + x1:]:(1'_<_t:)

This process is called the process X stopped at T.

11. A stopping time t is predictable, if there is a sequence of stopping

times Tn such that:

)
L

T 41
n

t <1 on {150}, for all n



12. A stopping time 1 is said to be totally inaccesible, if t is not

almost sure infinite and if, for every sequence (Tn) e<€r s
Plw: 1im tn(m) = t(w), Tn(w) < 1(w) < » for every n €N} =0
. n

13. The O‘fie1dﬁj4 on 2 x T generated by all left continuous adapted
process on T X Q is called the predictable o-field.

14. A stochastic process (xt,qgi,t € T) is said to be predictable, if

it is measurable with respect to (TXQ,)4)

Increasing processes

15. A process A = (At’t € T) is said to be an increasing process, if
its trajectories are right-continuous increasing functions and Ab =0
16. fBﬁ+ = {A/A is an increasing process}

+
= = - e
17. BV= {A/A Al A2/A1,A BV}

2
18. IV = {A/A € BV and A is integrable}

+
19. 1v= {A/A = Al-AZ/Al,A €1V}

2

20. LIV = {A/A€BV and J {1}, Hm 1_= = a.s., ¥ : A
n

€1v
n

tAT
Remark: For the definitions and notation of this section we follow

[ Meyer,1966] and [Dellacherie,1972]

2.3. Martingales
In this section we shall introduce some definitions and results

concerning martingales. More details can be found in [Meyer, 1966],
[ Runita-Watanabe,1967] and [ Doléans-Dade,Meyer, 1970].
1. A martingale M = (Mt,ggi,tgp) is a stochastic process, such that:

a. Mt is q;;—measurable, integrable

b. E(Mtlggi) = M, a.s. for all t,s,t > s
2. A process M is a submartingale, if (b) in (2.3.1) is replaced by:
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b. E(Mt/qs) > M_ a.s. for all t,s,t > s
3. A process M is a supermartingale, if (b) in (2.3.1) is replaced by
b. E(Mt/QJ;) < M_ a.s. for all t,s,t > s
4, 1If (Mt,qgl,qzo) is a martingale and h is a convex function such
that h(Mt) is integrable, then (h(Mt),gjl,qzo) is a submartingale.
5. If a function h is convex, increasing and (Mt,QJZ,qu) is a
submartingale, then (h(Mt),g;;,qzo) is a submartingale (if h(Mt) is
integrable)

Remark: If M is a submartingale, then -M is a supermartingale.
Therefore, any property concerning submartingales can be extended
easily to supermartingales and vice-versa.

Let us define some classes of martingales:

6. LAAl & {M/M is a right continuous with left limits martingale
with respect to some family C%;;,t €T1), Mo = 0 and M is uniformly

integrable}

>

7. {M E,AA /sup E(Mz) < o} = class of L,~bounded martingales
2 1 €T t 2
c

8. V)MZ

M€ ]‘.:k/M is sample continuous}
9. VAAloc = {M/M is a right continuous, adapted stochastic process,

e

Rb = 0, and there is an increasing sequence of stopping times {Tn},
1lim T, = ® a.s., such that for all n, on the set {Tn>0}, MtATn G“Adl}

N
= class of local martingales

10. ‘AAioc &y GLAAloc/M is sample continuous}

( = (=3 = .
11. “AA21oc {M ,AAloc/there exists {Tn}, 1im T, = ® a.8., such that

for a n, Mz }

These classes of martingales will be used in the decomposition

results and in defining stochastic integrals.



Decomposition of supermartingales

12. A uniformly integrable supermartingale (xt,§;;,;3p) is of class

D, if {XT’ for all stopping times t} is a uniformly integrable family.
13. A uniformly integrable supermartingale (xt,QI;,pgp) is of class
Da’ if {xT, T a stopping time, T < a} is a uniformly integrable family.
14. A uniformly integrable supermartingale (Xt,QE;,qu) is locally
class D, if it is class Da for all positive real a.

15. Theorem [Meyer,1966]: A supermartingale (Xt,ﬁjl,tzp) is locally

class D, iff

X, = M-A

where M is a martingale, A is a predictable process, right continuous

increasing paths, A, = 0, EA_ < », This decomposition is unique.
0 t

Decomposition of martingales

16; Two local martingales M and N are said to be orthogonal, if

= - € (S
MN (MtNt,:;;,qu) 'Aﬂloc' In the same way M,N ,AAz are orthogonal
iff MN E'AAI' Similarly, M,N e“AAZIOC are orthogonal, iff MN € M oc®

loc
17. Theorem: [Doléans-Dade,Meyer 1970]

If M e’iﬂloc’ then there is a unique decomposition of M in the

form:

M= +

where M® and Y belong tovAAloc’ M° GLAAEOC and ¥d is a local

Cc

martingale, orthogonal to all local martingales belonging to*AAloc'

18. Theorem: [Doléans-Dade,Meyer,1970].

If M G“AAZ’ then M can be decomposed uniquely in the form:
= @D 5 y@ 4 ®

where M(l) € ;oc’ M(Z) is a sum of martingales, each having
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just one jump at a predictable stopping time; each of these martingales
orthogonal to any martingales having no common discontinuities with

it; M(s) is a sum of martingales having only one jump; the jump is at
a totally unpredictable stopping time; each martingale is orthogonal

to any martingale having no common discontinuity with it.

Increasing processes associated with martingales

19. If ME -’MZ’ there is a unique, predictable, increasing process
called <M’M)t’ such that Mi - (M’M>t is anJMI-martingale [Meyer,1966,
VIII 23]

20. For M,N GJMZ we define

(M) =

o=

[ MEN,M+N )t - (M,M)t - (N,N)t]
21. IfME ~M1oc we define:

M) = (%, M%)+ E (AMs)Z
s<t

22. Similarly, if M, N € JUlloc:

[4,N], = 2 (DWN,MN] - [4,M], - [N,N])

23. Theorem: [Doléans-Dade,Meyer,1970]

1 M,N €M . then My - [M,N] belongs to M, -
24. Theorem: [Doléans-Dade,Meyer,1970]

In the case M G‘MZ’ then both [M,M] and {M,M) are well defined.
Therefore, [M,M] - {M,M) E_/Ml .
25. We can define (N,N) for any M,N eJMloc in the following way:

(M,N? is a predictable process, adapted, of bounded variation, and

such that [M,N] - (M,N) is ianoc‘

-8-



Semi-martingales

26. A process (xt,§32,:gp) is called a semi-martingale, if it can be

written in the following form:
Xt=X0+At+Mt

€ e_N
where A ©® IV and M “Alloc
This decomposition is not unique, but XO is unique and also the

continuous part M® of M. We define b{c,x9> = (MF,MC)

2.4. Counting processes

1. A real valued stochastic process (Nt,t € T) is a counting process, if:
a. Ng=0
b. N is constant, except for positive unit jumps at random time
c. N has right continuous sample functions almost surely.
2. A stochastic process (Mt,t € T) is a Poisson process with constant
rate A, iff:
a. N is a counting process.
b. N has independent increments.
c. N_ - N has a Poisson distribution with parameter Ale-s|, A > 0.
for all t,s €T,
If A=1, we call N a standard Poisson process.
3. The Poisson process has the following properties:
a. N is a strong Markov process.
b. N is quasi-left continuous.
xf c. N_-At is a martingale.

t

These properties of the Poisson process are a consequence of being

v W
‘

a process with stationary independent increments.



4. Another way of defining the Poisson process is by saying that the
Poisson process is a right-continuous jump Markov process with the
infinitesimal conditions:

1n £ Piw, - N = 1/ 1 %0

h->0 t

1 a.s
1im =Py .. -~ >1/F, 1 2%0
h-)Oh t+h t Nt

where‘E;N = o{NS,Qiqgt}
t

5. With the use of martingales, we can also define the Poisson process
as being the process (Nt,g;£,q10) which satisfies:
a. it is adapted.

b. it is a counting process.

c. - t,7F, 020 €M, .

Extensions of Poisson Processes

6. In engineering we often deal with processes N = (Nt,;gp) called
generalized Poisson processes or point processes with random rate
A= (At,gzp), where A is a measurable, non-negative process. Such a
process can be defined as follows:

a. N0 = 0, N is a counting process

1
b. 1lim ¢ E(I _ _YN_,0%8<t) = At a.s.
hao B Wy Nt_l}/ s
1
c. 1lim = E(I _ /N_,0<s<t) = 0 a.s.
hoo B Ny N1 s

In the section on trasformation of measures we will see that this

process really exists.

2.5. Stochastic Integration

t
We are interested in defining integrals of the form'f csdxs, where
0
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G{é;x;,qio) is a stochastic process and (Ct,tzp) is a process adapted
to (;;;,qu). In the case of a discrete martingale (Xn,;lg,n=1,2,3...)

n
= = = -x
we can define random variables Yn 2;&ukgk’ where d1 .Xl, d2 X2 1200

dk ==Xk-Xk_1, and (un, n=1,2,...) is a family of random variables such
that u is q;;_l-measurable; (Yn,;;;,n=1,2,...) is also a martingale.
We should be able to obtain a similar result for continuous time
martingales, under certain conditions. The first person to define such
integrals for such a process was Ito [1944], that constructed an integral
for the case where X was the Brownian motion and C belong to a class of
funétions. Later works extended the definition to other class of
martingales. Among them, we should mention [Kunita,Watanabe,1967],
where it is treated the case of square integrable martingales, [Millar,1968],
and [Doléans-Dade,Meyer 1970}, where the results are extended to local
martingales.

We are going to state briefly the results of this last work.
1. If A € IV, we define Ll(A), the set of all the adapted, predictable

processes C, such that:

Ej lc_llaa | <=
0

2, IfM ELAAZ, we define:

00
12(0) = {c/C is adapted, predictable, ES |Cs|2d(M,M)S < =}

0
3. Theorem: [Doléans-Dade,Meyer,1970]

Let us have MLG,AAZ and C € LZ(M), then C € L2( M,N ) for all
N GLAAZ, and there is a unique element C.M oﬁ,AAz, such that, for all

N GLAAZ, we have:

t
(C.M,N)t = So Csd( M,N)S

-11-



We say that this element is the stochastic integral of the

process C with respect to the martingale M, and will denote (C,M.)t
t

=S c_au
o 8 8

4. Theorem: [Doléans-Dade,Meyer,1970]

If M E,AAZ, then the space LZ(M) is such that

[+-]
LZ(M) = {C/C adapted, predictable, S Cz d[M,M]s < =}
0
Also, if C € LZ(M), the stochastic integral C.M is the unique

element ofLAAZ such that
t

[C.M,N]t = S Cs d[M,N]S a.s. for all N ELAAZ, all t
0

5. A process C is called locally bounded, if there is an increasing
sequence of stopping times {rn}, lin T, = ® a.s. such that for all n,

no>e
< L]
IctAT I(Tn<m)|__ Mn < =, where {Mn} are real, positive constants

6. LB = {C/C is adapted, predictable and locally bounded}
7. Theorem: [Doleans-Dade,Meyer,1970]
If MZGLAAIOC, C € LB, then there exists an unique element C.M

G“AAloc’ called the stochastic integral, such that, for all NVG“Alloc’

we have:
t
[C.M,N]t = S Cs d[M,N]s for all t
0

For a process M e“AAZIOc we can, by using stopping-time arguments,
define
8. L210c(M) = {C/C adapted, predictable and there exists an increasing

sequence of stopping times {rn}, 1lim T, T such that for all n,
n->e

‘l'n )
E[S [c_|“d (M,M) ] < =}
0 S s

-12-
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9. If M ?AAloc and C L210c(M)’ there exists a unique element

c.M 210c’ such that for all N G“AA21oc:

t
(Cc.M,N) =S c d{M,N) for all t > 0
t S S -
0

The Stochastic integral and the Lebesque-Stieltjes integral

In some cases, the stochastic integral coincides with the Stieltjes
integral
10. Theorem: [Doléans-Dade,Meyer,1970]

If M eJUll NBY, C €L (M), then the Stieltjes integral
t
€
s c aM_ Jl,ll.
0
11. Theorem: [Doléans-Dade,Meyer,1970]

If M GMAAZ €IV and C € LZ(M) N Ll(M), then the stochastic integral
t
(C.M)t is almost surely equal to the Stieltjes integral s CSdMS.
0

The differentiation rule

12. If X is a semi-martingale with values in R" and £ : R® * R is a
twice continuously differentiable function with first partial derivatives
2
of , 1=1,2,...,n and second partial derivatives 2t R
€D (D) o (1)

i=1,2,.c.,n, j =1,2,...,n, then £(x) is a semi-martingale of the

form
n t
£ = ) + 3 s 25 @ a?
i=1 0
n n t .2
EfX ) .
1 s— ()ec (I)c
+ E 2 ZS ——_ax(i)x(j) ax X )s

i=1l j=1 0 s s

=13~



n

of 1)
DI HEIIED Y —y 5]
B_<_t i=1 8

[Doléans-Dade,Meyer,1970]

13. We can extended this formula for the case f(t,Xt), where this
function satisfies the conditions of (2.5.12) and also is once

continuously differentiable in t. In this case:

t n t
- of af <(1)
f(t’xt) = f(()’ XO) + g 9s (ssxs_)ds + Z s ax(i) (B’XS")dXS
0 i=1 70 s
n n .t ., 2
3°f(s,X )
1 H)e y(G)e
+39.2, S — DD «x e x(3)ey
i=1 j=1°0 s s
0. 3 (s,X_ )
+) [£(s,xy) - £(s,X, ) - 9 ﬁ— axtV
s<t i=1 %

Two important cases of application of this formula are:

14. 1If X, Y are semi-martingales in R, then:

t t
XY = XY, + S X, dY_ + S Y dx, + [X,Y]
0 0

15. If X = Y, we have in the above formula
t

2
Xy =2 S X dX_ + [X,X]
0

2.6. Martingale representation theorems

We have seen that a stochastic integral is a martingale. Now our
problem is given a martingale M with respect to a family of o-fields
(?;;), generated by another martingale N, when does this martingale
M has a representation as a stochastic integral with respect to the

martingale N? Ito [1951b] was the first one to answer this question.
14—
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He considered square integrable functionals, on the O-field generated
by a Brownian motion process, and obtained a representation as a
stochastic integral with respect to the Brownian motion. Wong [1916b]
has given a extension of the results to local martingales. Kunita
and Watanabe [1961] gave us results for the case where M GJMZ and
CJt is generated by é Hunt process. Another work, dealing with
martingales generated by Brownian motion, was written by Clark [1970].
A recent work by Boel, Varaiya and Wong [1973] permits us represent
Jocal martingales with respect to o-fields, generated by a certain
kind of jump processes in stochastic integral form.
1. Let (Wt,tio) be a standard Brownian motion, and let (CJW »£>0) be
the family of o-fields generated by it. ’
2. Theorem: [Ito,1951b;Kunita,Watanabe,1967]

If (Mt’qﬁ ,t>0) € JMZ’ then M has the unique representation
Mt = S; Csdws, ;or all .t > 0, where C € LZ(W).
3. Theorem [Clark,1970;Wong,1971b]

1f (Mt,qwt,tiO) E‘Juloc then M has a unique representation

w.

t
M = S Cgdug for all t, where C € Loioc

0
4. Let Nt,tlo be a standard Poisson process and let @N »t>0) be
t

the family of o-fields generated by it.
5. Theorem: [Kunita,Watanabe,1967]
If (Mt’qN » £>0) EMZ, then M has the unique representation
t

t
Mt = So Cs(dNS—ds) a.s., for all t > 0, where C € L2 (Nt‘t)

Now we will state some results of the work by Boel, Varaiya and
Wong [1973,a]

6. A Blackwell Space (Z,g) is a measurable space, such that (Z is

-15=-



a separable o-field, and every measurable function f : Z»R maps 2
onto an analytic subset of R.

7. Let (xt,§};,tgp) be a process with values in (2,555. Suppose
that, with probability 1, all the sample paths of X are piecewise
constant, right-continuous, and have only a finite number of dis-
continuities in every finite interval. If (Z,%) is a Bldckwell

space and the jump times of the process are totally inaccesible,

then X is fundamental process.

8. Let us suppose that (X ,%7 ,t € T) is a counting process, and there

exists a process A = (A 7}( st €T), A_>0, for all t € T,
t— ,
(S A ds t € T) € LIV, such that (X - S Asds,qx ,t € T) belongs to

QAA 0 t

loc”® Thep.

9. Theorem: [Borel,Varaiya,Wong,1973]

If Me‘Mloc is a local martingale witéh respect to the family
?Txt, generated by (Xt,t € T), then Mt =§0 Cst(:dxs-—k sds), for all t
where C is a predictable process, such that j |c lr ds < = for all

0
t € R.

2.7. [Transformation of measure and translation of martingales

The purpose of this section is to examine absolutely continuous
transformation of measures and their relation with martingales. The
Radon-Nikodym derivative of an absolutely continuous transformation
has a natural interpretation as a martingale, and this connection gives
rise to some important representation results for Radon-Nikodym
derivatives. A second important connection arises in examining how
martingales are transformed under a charge in probability law. Results
of this type originated in the form of the theorem of Cameron and

Martin [1944] on translations of Wiener processes, and were generalized
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by Gursanov [1960]. Their expression in terms of local martingales
was obtained by Van Schuppen and Wong [1973].
1. The exponential formula: [Doléans-Dade,1970]

If (xt,?,f st € T) is a real valued semi-martingale, Xy = 0, then
there exists a unique semi-martingale (Xt,ﬂ;,t € T) satisfying
Zt =1+ S; Zs- dXs, and Z is given by
-AX

Z, = exp(X -1xe x)) T (148X )e 8
t t - 2 ot

(2)

We will denote (2.6.2) by Zt = e(Xt)
2. Theorem: [Van Schuppen,1973] If (Zt,ﬂ,t,t € T) is a semi-martingale,

and Zt’ Zt- > 0 a.s. for all t €T, and Z0 = 1, then there is a semi-

martingale (Xt’;};:’t e, Xo =0, X > -1 a.s. for all t € T, such

t
that Zt = e(Xt).

3. Theorem: [Van Schuppen, 1973}

If a. (xt,’T ,t € [0,1]) eJuloc 0= 0, 8X_> -1 a.s. for

all t € [0,1], ¢X%,x°¢ )1 < ® a.s.

b. ((_X,X)t,CJ;,tE [0,1]1) exists and is a process of locally
integrable variation, and satisfies d X,X)t = q;t dt where (‘pt,?};,t eT)
€L, 1,0 (t) satisfies I(Ptl < k(t) a.s. f;r all t € [0,1] for some positive
valued function k : T -+ R, such that s k(s)ds < =

0
then E(e(xl)) =

Two important corollaries of this theorem are:
4., If W is Brownian notion, ¢ € LB and if |<1>t2:| < k(t) a.s. for all
t €T-= [0, 1], where k is a positive function, such thats k(s)ds < =,
then E(e(s ds dWs)) = °
5. If N is a standard Poisson process, (@ ’I’ ,t€T=[0,1]) €ELB

t
and thl < k(t) a.s. for all t €T = [0,1], where k(t) is a positive
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1 1

function, such that s k(s)ds < =, then E(e (s \bs(st-ds)) =1
0

0

Absolute Continuity of Measures and Translation of Martingales

6. Let us have a measurable space (Q ,9}") and two probability measures
and CPO on this space. Cp is said to be absolutely continuous with

respect to CPO, if for all A € C(:}, such that Cpo(A) = 0 we have that

CP(A) = (0 (notation CP << CPO). Cp and CPO are said to be equivalent

iff CP << CPO and CPO << Cp (notation CP~ Cpo)

7. If @ << CPO by the Radon-Nikodym theorem, we have P(A) = IA(W)Cpo(dv)
. A
for all A € q

where A(.) is a non-negative, q—measurable function.

If {Q}I:,t € T} is an increasing family of sub o-fields of q,we
have that At = EO(A/C";;) is a martingale with respect to (?}ft)
8. Theorem [Van Schuppen,1973]

a. Given a probability space (Q,q,cpo). Let (St,qt,t € [0,11)

e M

lo
tE€ T, and Eo[e(xl)] = 1, then (e(xt),qt,t € [0,1]) Gﬂl. The formula

c be such that Xo 0, (xc,xc) < ® a,s8., Axt < -1 a.s. for all

I‘Z = e(xl) introduces a new probability measure CP on (9,‘3’) and CP

is equivalent to Cpo-
b. Let (n,%f) be a measurable space with two equivalent probability

measures [’ and CPO defined on it. Let (qt,t € T) be a family of

sub og-fields satisfying the conditions in (2.2.3), then there is a process

&, Foeen e

-

1o’ Xq = 0, AXt > -1 a.s. for all t € [0,1],
(x ,xc) < ®» a.s., such that At = e(Xt) for all t € [0,1].

Therefore, under certain conditions, a local martingdale introduces
a new probability measure. Conversely the estimate of the I_(adon%likodym

derivative of two equivalent measures given some family of o-fields is

characterized by a local martingale ;(

-18~



Translation of martingales

9. Theorem [Van Schuppen,Wong,1973]

a. Let (Q,K(T,CPO) be a probability space,

b. Define a transformation of measure by igg— = e(xl), where
(xt,qt, [0,1]) is a real-valued CP local martingale, such that
(x%,%°) | <= a.s., dx_< -1 for all t € [0,1], and E_ [e(X,)] =

c. Let (Yt,qt,t € [0,1]) be a local martingale under Cpo with
values in R®

d. Suppose there exists a predictable process, denoted by
«v,%) ,F,,t € [0,1]) € 1V, such that (I¥,X]_ - (L,X),J .t € [X,1])
e‘/uloc under Cpo.

Then Cp is a probability measure on (Q,q) and the process M,
defined by M, 4 Y - (y,Xx )t, satisfies (M_, },,t € [0,1]) G\.Mloc
under P. If, in addition, (Y,X) is sample continuous, then [M,M]
= [Y,Y].

Two important consequences of this theorem are as follows:
10. 1If a. (Q,?T,CPO) is a probability space,

b. (Wt,q ,t € T) is sample continuous Brownian motion in Rn,

n 1 2
c. (<P T,tET) 21 w) inR,s |<I>S| ds < = a.s. Cpo
0

A and satisfies E [e(s $ dw )] 1, and

O
d. We introduce a new measure -?:T = ¢g( <I> (s)

Then CP is a probability measure. Further, if
t
M 4 W - S ®_ds
0
g . c € c = =
Then (Mt,jt,t T) JMlOc with <M’M>t (W,w >t: t

Hence M is a sample continuous Brownian motion under q)
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11. Let (9,§;1CFL) be a probability space [Gursanov,1960]

Let (Nt,§3°,c € T) be a real valued standard Poisson process

(N, tc}r t €1 e M

Let A = (At,C;;,t €T) € L11 (t), A_ >0 a.s. for all t €T,

1oc

and satisfy E [e(s (A -1) (dN -ds)] =

Suppose we introduce a new measure

P _
deB = e{[o(ks-l) (st-ds))

Then‘qb is a probability measure, and if

Mt = Nt -S Asds,

€r) € -
) Then (Mt,g’t,t T) “leoc@) with [M,M]_ = N_ and (M,M)_
= s Asds. [Brémaud,1972]

-20-



CHAPTER 3

THE MARTINGALE APPROACH FOR WAITING TIME PROBLEMS

3.1. Introduction

In this chapter we begin the study of waiting time problems using
the martingale approach. As it was said before, we will mainly study
the one-server queue with service in order of arrival. In section 3.2
we will show how the queue size can be represented'as a stochastic
integral for a very simple kind of queue whose existance is already
known in the classical literature. In section 3.3 we will see that
this approach can be extended for a wide class of problems by the
use of transformation of measures. In section 3.4 we will show how to
use the martingale approach for the case when we have queues with
interarrival times independent, identically distributed and service times
independent, identically distributed. The martingale approach to other
kind of queues will be discussed very briefly in 3.5, and we will end
with a summary and discussion in section 3.6, where we will show the

advantages of our approach.

3.2. Representation of the queue length as a stochastic integral for

single-server, first-come-first-served queues

Let us suppose that customers are arriving at a counter where there
is only one server and the customers are served in the order of their
arrival. Assume that the times between successive arrivals are mutually
independent, identically distributed random variables with distribution

function F(x) = 1 ~ ex, x >0, i.e., exponential distribution with

parameter 1. The service times are also assumed to be mutually independent,

identically distributed random variables with distribution function

G(y) =1 -¢e’, y>0. Let us define the process 2D =(Z£1),qu) as
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-

Zgl) = number of customers in the system, that is, the number of

customers waiting plus the one that is being served. This process

Z(l) will be called the queue length. By our description it is easy

1)

to see that Z is a counting process.

Remark: We will always consider that, at time t = 0, no one is
in the system, that is, Zél) =0
(1)

The process Z , defined above, consists in a special case of the
processes called birth-and-death processes. They belong to the class
of jump Markov processes and, therefore; are strong Markov processes
[Breiman,1968]. The process Z(l) has state space {0,1,2,...} and the
state 0 is reflexive. By the theory of the jump Markov processes we

know that the transition probabilities pt(i,j) of Z must satisfy certain

infinitesimal conditions:

a. (1,i+1) = h + o(h)

Pein

b. (i,1-1)

Prtn h + o(h) for 1> 1 (1

c. pt+h(i,i) =1 - 2h + o(h)

d. 0 is reflexive

(1)

where p_(i,j) = probability that Z
t t+h

= j at time t+h, given

that at time t, we have Zél) =i,

From the infinitesimal conditions it is possible to obtain the

(1)

discrete density function of the process Zt

. Denoting by Pil)(t)

‘the probability that Zil) = m we find the following differential
equations:
L
dp (t)
—n_ 5 (1) (1)
it =-2P () + P _(t) +P () =n>1
(1)
dP "/ (t)
—o 7 __,M (1)
dt == By (8) + By(E) (2)
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for all t > 0, initial conditions PO(O) =1, Pn(O) =0, n>1.

(1)
® Z
Defining P(l)(a,t) = 2: Pt(ll)(t)an =E a t » a <1, we have using
n=0
the equations above:
1)
B L o (gm0 P e, - 2P (0] (3)

Knowing P(l)(u,t) is possible to calculate Pél)(t) for all n.

Above the value of Pél)(t) is not known. To get it we use the
fact that 55 Pil)(t) = 1. There are many ways of doing that (see e.g.,
[Takéés,lQZI?, [Saaty,1961]).

The same problem has an alternative approach as follows:

Suppose that (xt,gI;,qu), (Yt,g};,qu) are independent standard

Poisson processes with Q};_Q o((xs,Ys), 0<s<t)

Define a counting process Z such that:

AZt = AXt - 1(Zt-)AYt for all t > 0 (4)
where 1(z) = 0 if z <0
1(z) =1 ifz>1

We can write:

z, = ) (X -1z )AY) = X, - zl(zs_)mzs (5)

s<t s<t
The slast term can be written as an integral

t

D Wz ey, =S 1(z, )dY_ (6)
s<t 0

since Y is a process of integrable variation, l(zb-) is adapted
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- t
and predictable and E[S l(Zs_)dYt].5 t. Therefore:
0
t

z =X, -S 1(z__)dY_ 7
0

Equation (7) describes our queue length as a function of the arrival
and service processes. Comparing the two approaches we see that in the
first one we are interested mainly with the distribution of the process.
Now with equation (7) we should be able to work with the process itself
and apply the theory‘of martingales with its stochastic calculus to the
problems in queueing. We don't need to worry about distributions in a
very early stage which constitutes, in our point of view, a more
intuitive way.

To show how we can get the same results of the classical theory we
will calculate the discrete density function of the process Z. Rewriting

(7) we have
’ t t
z, = (X -t) -S 1(z,_)(dY -ds) +s (1-1(z__))ds (8)
0 0

and (Xt-t) E“AAIOC

t
1(z_ )(dY -ds) G,JA since 1(z,_ ) is adapted, predictable,
0 s- s loc t-

|1(z, )| 1 for all t > 0, and (¥,-t) eM,,.

t
S (1-1(z_ ))ds € IV
0 s

Then, by (2.3.26), Z is a semi-martingale. Applying the differentiation
Z
rule (2.5.12) to the function a U, a < 1, we get:
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t

Z Z Z Z Z
t _ s~ s__“8-y _ 8-
a 1 +S (log a)a dz8 + E(a a ) (log a)a Azs
0 s<t
t t
Z Y/ Z Z
_ 5= s__“8~y _ s-
=1 + s (log a) a dts + }E: (a a ) ‘y (log a)a dzs
0 s<t 0
'z Zg_
=1+ (aDa = &x_+ D (Wa-Da "1z, )Y,
s<t s<t
t 7 t .
=1 +s (a-1)a s-(dxs-ds) +S (1/a—1)zs‘1(zs_) (dY_-ds)
0 0
t Z t ZS
+ S (a=1)a Sds + s (1/a-1)a l(zs)ds
0 0
Taking the expected value, we have:
z, t z_ € Zg
Ea =1+ (a~1l) E a “ds +.§ (1/a-1)E a "1(z )ds (9
o o ‘7o -]
0 0
This is equivalent to:
o .
B0 - (1-a) [(1-a)P(a, t)-P (t)] (10)

Initial condition P(a,0) = 1

Comparing the expressions of P(l)(a,t) and P(a,t), we can see that

the two functions are the same.

Extension to a class of inter—arrival and service-time distributions

Equation (1) which relates the queue-length process Z to the arrival

and service processes clearly does not depend on the fact that X and Y
are Poisson processes with rate 1. Using the results on transformation
of martingales under a change of probability law, we can study the queue-

length process for a general class of processes X and Y. The overall
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plan 18 as follows: Let CDO denote a probability measure which respect
to which X and Y are independent, standard Poisson processes. Leth
be any probability.measure absolutely continuous with respect to CPO.
Clearly, expectation and conditiomnal expectétions with respect to

can be computed by integrating with respect to CPO using the density
P

Let us assume the following

a. (sz,CJ-’,CPO) is a probability space

b. (xt,Q};,t € [0,11), (Yt,ff};,c € [0,1]) are real valued,
independent standard Poisson processes, hence ‘?}‘t 2 o((Xs,Ys), 0<s<t),
-t F e € 10,1 e M, P, @-e.F .t € 10,1) €M P)

c. A= (J\t,gt,t € [0,1]) €L, (), A > 0 a.s. for all t € [0,1],

= (u ,th,t € [0,1]) €L, (£), u_ > 0 a.s. for all t € [0,1] and
satisfies E [e(fl

0
d. We introduce a new measure

(O, 1) (K ~ds) + S (n__-1) (d¥ ~ds))] =

1
de S ()\ 1) (dXS-ds) +S (us_—l) (dYs-ds)) (11)
0
Then Cp is a probability measure, and using theorem (2.7.9),

we have that

t t
Mél) =X -t- (s (Ag_~1) (dX _~ds) +s (u _-1)(dY_-ds),X ~t) )t
0 0
t
= Xt - S Asds
0
t t
(2) _ -
Mt = Yt -t - (S (As_-l) (dxs-ds) + s (us_-l) (dYs ds),Yt-t )t
0 0
t

]
<
rt
|
LN
o
=
(=N}
()
U
N
=3
I
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are such that ({7, F ¢t € (0,1, @, F e € (0,1 e M,

under Cp

Then, if we define in (Q,;;:CFL) the process Z as we have done

ocC

in (3.2), we will get in (9,;3?33) a process Z that corresponds to.a
queue length process. To this process we can relate to other processes,
A and p; A is related to X that corresponds to the arrival process in
the queue, therefore, A will be called the arrival rate; u is related
to Y that corresponds to the service process, therefore, u will be

called the service rate. Then the process Z under CP will be a queue

-length with arrival rate A and service rate u.

Remark: For now on Eo will denote expectation with respect to
the measure CFL and E will denote expectation with respect to<q).

So far, we have considered that the condition

1 1

E [e[s- (A -1)(dX -ds) +j (u_ -1)(dY -ds)] = 1 is satisfied for the
o] 0o S s 0o & s
given A and u. To our knowledge there are no necessary and sufficient
conditions for A and u to be satisfied in order to the expectation to

be 1. The best we can get are sufficient conditions. We are going to

discuss some of these.

We have:
t t t
(5 ()\s_-l) (dxs-ds) + (us_-l) (dYs-ds), 5 (As_-l) (dXs-ds)
0 0 0 (12)
t t
= 2 2
+ (us_-l) (dYs-ds) )t -j [(As-l) + (us-l) lds
“0 0

By (2.7.3), a sufficient condition for the expectation of the

exponential formula being 1 should be:
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2 2
(At‘l) + (u-1)" < k(t) a.s. for all t € [0,1]

where k(t) is a positive-valued function on [0,1] such that

Slk(s)ds < o,
0

For |At| < constant and Iutl < constant a.s. for all t € [0,1]
we have the desired condition. Also for the case At = f(t) and M, = g(t)
for all t, where £ and g are bounded, non-random functions defined on
the interval [0,1], the condition is satisfied.

One case that does not satisfy the condition above is the case
where At = X = constant for all t and ut = c(t)Zt_ + d(t), where c(t)

and d(t) are non-negative functions on [0,1], bounded respectively

by constants c and d. However, this case can be handled by a special

t t
argument as follows. Since R_ = e(\ (A_-1)(dX_-ds) + (pn_ -1)(dY -ds))
t 0o & s 0 & s
EiJ&A , there is a sequence of stopping times (t ), lim t_=1,
~"oc "’ e B
€ .
‘such that RtATn VAAI. But:
t
R = 1 A I n exp[-} (A +u -2)ds] (13)
tAT t - 8 g
n tigxn i sjgxn h| 0
where (ti) are the times that X jumps
(si) are the times that Y jumps
But
R, < A}&( X +d)Y1 exp(2) (14)
tAaT — i | P
n
and
Xi Y1 c
EOA (cX1+d) exp 2 = exp[ie +d] (15)

Therefore, (Rm\T ,n > 1) is uniformly integrable. This implies
n

that lim R = = 1 since E RtAT =1 for all n > 1.
e n n
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Then

1 1
E[e(so(ks_-l) (dXs-ds) + so(us_-l) (dYs-ds))] =1

We should mention that it is not always necessary to prove that
Eoe = 1 for the method to be useful. It is undoubtedly true for many

cases which cannot be proved.

3.4. Waiting time process and remewal process

In this section we are going to show how to apply the martingale
approach to a particular kind of queue. The usual model for queues
assumes that the interarrival times and the service times are independent
and identically distributed with distribution functions F(.) and G(.)
respectively. The corresponding densities will be denoted by £(.) and
g(.).

Theorem: [Brémaud,1972]

Assume the same conditions (a), (b), (d) of sectiomn (3.3). In

condition (i) we assume

f(t—et)
‘e = ToF(e-0 D) (16)
s(t-at) 1
Be 1-G(t-£,) 17

where et is the last jump of X before t and Et is the last jump

of Y before t. In addition, assume that
t
E [e( 0(AS_-l)(dXS—ds) +-§o(us_-1)(dYs—ds)] =1

Then, under CF{ X is a renewal process with renewal distribution

function F(.) and Y is a renewal process with renewal distribution G(.)
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Proof: Let T, = inf{t/Xt = n}. Then T is a stopping time and so is

T +s, for any s € R'.

P - = -
l{x(Tn+s) X(T) O/Q}%n} E(l{x(Td+s)-X(Tn)=0}/%};n)
AT +s

- E (1{X(T +s)-X(T_)=0} AT /CJ )

4 f(u-T )}
Eo[eXP(- r -iF_(u_‘i‘;)dS)/g' ] = 1-F(s)

T +s
n

where oy 4 = e(s; (-1 (dX ~ds) + so (u,_-1) (¥ ~ds)

The same is true for Y. The, if we construct our process Z as
in (3.3), we will have Z as the queue length with the desired properties.
1
Remark: For the condition E [S (A -1)(dX -ds) + (u_ -1)(dY _-ds)]
)y S s s- s
= 1 we need to impose some conditions on A and u as we said before. In
this case, if £ is bounded for all mn > O and

&)
1-F(x) 1-G(y)
ally > 0, we have the desired property.

is bounded for

3.5. The martingale approach for other kinds of queues

Queues with service disciplines other than "one-server first-come-
first-served" can also be modeled by stochastic integral equations. For
example:

a. Two queues in series:

dzt dXt - l(zt-)dYt = first queue length (18)

aw

¢ l(Zt_)dYt - 1(wt-)dPt = gsecond queue length

X,Y,P being standard Poisson processes
b. Two queues with the first one having priority over the second

(same server)
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dzt dXt - l(zt_)dYt = first queue length (19)

dwt dPt - (l-l(zt_)) l(Wt_)dYt = second queue length

X,Y,P being standard Poisson process

Analyses for these cases are similar. However, we will not treat

them in detail.

3.6. Summary and Discussion

We have seen above how, beginning with a very simple case of the
queue defined on the probability space CDL, we are able to find a
expression for the queue length relating the arrival and service
processes with it. Then, doing a transformation of measures, we could
define, under certain conditions, a new probability measure CT{ on
which our original queue length has associated with it two processes
A and u which we called the arrival and service rate respectively.
In obtaining the queue length Z on‘q) we did not have to define
infinitesimal conditions, that is, there was no need of any Markov
assumptions concerning the process, as in the classical approach.
Besides that, as it was said before in section (3.2), we have the
possibility of working with the process itself, and not with its
distributions. These two main advantages will become more apparent
in the next chapters where we will deal with problems in optimization,

estimation and filtering of queueing processes.
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CHAPTER 4

CALCULATION OF CHARACTERISTICS OF A WAITING LINE

4.1, Introduction

We have seen in Chapter 3 how a queueing process with arrival
rate )\ = (At, t€T) and service rate p = (ut, t€T) can be constructed;
A and p are non-negative stochastic processes. This was done
starting with a probability measure Ce. on our probability space
(Sz,q) under which the queueing process is a very simple onme. We
then define a transformation of measure. Under the new probability
measurecp, the queueing process corresponds to one with an arrival
rate A and a service rate u. Since CD is absolutely continuous
with respect to CPO, expectation with respect to CD can be computed
working with CPD, exploiting the fact that, under CE, the queue has
rather simple properties.

As we have seen in Chapter 3, we defined:

t t
P _ -
A, =E (dT}TO ) = e(S (Ag_-1) (dX_-ds) + S (vg_-1) (Y _-ds)) =
o o
(1)
t
= I A I u exp [- (O +u -2) ds]
t,<t i- s <t ®i- S s '8 '
— — o

where: (t i) are the times that X jumps
(s i) are the times that Y jumps

Q}t 2,0(XS,YS), 0<s<t)
If M is an gt-measurable random variable, it can be deduced
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Cp{thn} =EI, }=EA I{thn.} = E A (I

(see [Loave, 1963] or [Wong, 1971a]):

Eo(At Eo(Mlg;;)K;;)
A

EM|TT,) = (2)
t

A particular case of (2) happens when we want the mean:

ﬁM = EOAt M (3)

The formula (3) allows us to compute expectation with respect
to (P working with (Do.

Our major objective in this chapter will be to obtain the
characteristics for the case where the interarrival times and
service times are independent and identically distributed with
distributions F(x) = Sx f(u) du and ¢(x) = Sx g(u) du. In section
(4.2) we will get the gxpressions for the qugue length distribution.
In section (4.3) we will calculate the busy-period distribution.

In section (4.4) we will deal with the distribution of the nth
customer and in section (4.5) we will see how moments of the queue
size and an expression for the average waiting time can be computed

using stochastic calculus. We will end in section (4.7) with a

comparison with the classical method.

4.2 Queue length distribution.

We are interested in calculating the probability that at time
t our queue length Zt is equal to m, a nonnegative integer. Using
(3), we can write:

y oz Y

© t@m-1

- Z
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Let us suppose that (Ti, i>1) are defined in the following
way:

T, = {inf t: Xt=l

T, = {inf t: XT " 2}

. 1l

T, = {inf t: XT = n}
. n- 1

In the same way, (o,, j>1) are defined:

j’
o, = {inf t: Y, = 1}
o, = {inf- t: Y6 " 2}
. 1
o, = {inf t: Yo e c n}
. n-l
Then
Piz,_} = L X E QG Arphy) e A(Tph, e +T)

k=0 2=0 t

. u(cl) u(01+02) oo u(01+02 + ... + oz) exp[-s (Xs+us-2)ds] .
0

. [1 I
{rybrpte ot <t, T4ttt >t} o toyt.. 4o

K 1¥79 K+l <t,0.+0,+...

2 172

* o > the [I{Ztgp} - I{Ztﬁp-l}])

But
I 1 .
{ri+12+...+1k5;, Tl+12+...+1k+l>t} {01+02+...+0£5t,01+02+...+0i+1>t}
- I = I
{z <m} {rtrobe s b St T bbby ot 040, %, .40 8,

°l+°2+"'+02+1>t}° I{ol+0 +...0,>0

2 +0,+...1+0

172 k-m °
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Coa,

O1t0 b toy (STt o s e,0 0 bt 12T
= o™
ko (8 (4)

In the same way, we find:

I
{11+12+...+1 <t

(SE Ty HTgte e o #Ty 12E, OjF0 b Ho <t, 0id0,t L to) Ot ]

k+l

toot sty Tt b

1 41 =1
{zt=m-1} {11+12 17y )17 Es 0pF0,F. . Hop <t

: - I
0,10, ¥, . 4oy >t] o to,te .oy >T 4 4.

119, 2 1 Hnt1?

0 +U +. . ."'0 >T -Pt +C . Oﬂ

119, 2127175 togte. A0y 1y 2T} =

k-m’***291%%2

= oD () 5)

Since we must have Zt = m, our expression forCI){Zt=m} reduces

to

CT){Zt=m} = 2: 2: EO(A(TI)A(11+12)...A(tl+11+...+1k) .

k=m 2=k-m

* u(o)u(oy+0,) . u (o Fo, . L o) [QS)X(“) - Q&:-l)] )
t .

+ exp [- s (A jtu -2) ds]) (6)
0

The expression (6) is valid for any A and any p, satisfying the
hypotheses in (3.3). Under our assumptions on the interarrival and

service times, we have:
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oA,

(p{zﬁd} =Yy X E (£(t)) £(1p)...£(1)) »

k=m f=k-m

¢ [ (e=(rytr,41,0) ] 8700, 8(0,) -+ -8(0,) * [1-G(t=(0+0,+. . 40 )] -

. 1o(m _ o@m-1) . _
[Qy (6) = @ (6] « exp (-2¢)) &)
Under CF%, (Ti,izl) and (oj,jz;) use two independent families
of independent and identically random variables with an exponential
distribution having parameter 1. The density function of Tys tl+12,
tl+12+13,...,Tl+12+...+1k, T4l is given by:

: "Mk "tenl
p(ul,uz,...,uk,tk+1) =e e dtk+1dul du, ... duk (8)
T Ty
0 I T1+12 Tl+12+13

Thg density function of 01,01+02,01+02+03,...,61+02+63+...+02’0£+1,~

is given by:

-v, =t
TV TR _
p(vl,vz,...,vl,sz+1) =a e dsz+1 dv1 ces dvz dsg+1 )

Therefore:

t Yk %k-1 Yt Ve

Piz =n}- gm ﬁ-—zk:—m so so sﬁ s 5 j

0 Y -1 Yem-1
Voktmt2 Y S-ktmel 2 e e
j 5 s s Y V2 TRkl TS
see e e e
uy 0 0 t—uk t~vQ
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Ay

f(ul)f(uz-ul)f(u3-u2)...f(uk-uk_l) .

[1-F(t-u )] g(vy)e(vy=vy)e(vy)e(vy—vyIe(vy—vy) .. .elv ~v ;) -

[1-G (t-vz)] exp(2t) ds£+1dtk+1dv1"'dvk—k+mdv2-k¥m+1’"dvz-l .

dvg dul .o d“k-Z duk—l du.k] -

. t "k k-1 Y2 ¢t Vo Vokimbl Yokt
e Fem s JoJo o 0% vy 41 Ym "1 o
V2 o y -u, -v_ -t -8
s s 5 euke e K 2 £(u))E(uyu ) E(uy-u,) .. E(y -y ,) -
0 t—uk t-vg

(1-F(t-u,)] g(vl)g(vz-vl)g(vs-vz)...g(vk-vg_l)[1-G(t-vz)l"2tdsz+1 )

St AV Ay dvy e edyy 1dvoduy el duy odu du ] (10)

The expression (10) allows us to calculate the queue size
distribution for queues with interarrival times and service times
that are independent and identically distributed with distributioms
f(x) = Sn f(u) du and G(y) =Iy g(u) du respectively. We did not
use genegating functions, Laplgce transforms and complex number
theory to get the desired results, as it is done in the classical
literature; the probabilityci){Zt =m}, is obtained directly as a

function of t. Besides that, we obtained a general answer for the

problem, instead of a solution for particular cases (see, for
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instance, [Takdcs, 1962] and [Saaty, 1961]. Therefore the answer

obtained in (10) is more general and, in our point of view, more

~ straightforward.

For the case where the distribution of X is exponential with
parameter A = constant, and the distribution of Y is exponential

with parameter u = constant, we have:

-A(s-es)
A o =rAe o
s é-A(s-es)
- ~u(s=E))
. ) =
Mg = :-A(s-gs) L
and
/p{z =m} = kz: 221_:' Akuffe-(X'*‘u)t(E Q(m) (m-l)) =
=m f2=k-m
o - t Mk-1 b IR
Y X (;\kuze'(““)tj j s ,” I
k= =K~
e 0 0 0 —m k-1
Vo-ktmt2 N %-k+mtl o »
s j j 5 J' e ke L |
u1 . t-v2

Yt T4l 2t

c e e e  ds £+1d k+1dvl"'dv2 k&md l—kﬁm+l"’dv£-ldv du1 .
Yk Yk-1 t e
Lk 2 -(A=p)t
LRI duk Zduk ldu A e jj‘j s S s LI
Ykm+L ~ “k-m
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v . v .
g=k+ml " g-K+m o -y -t . -8
S S 5 s j 'e“ke Lo kil "f52t

ul 0 0 t—uk t-vz

dsg+1dﬁm+1dv1'"dvz-kﬁnhldvz-kﬁﬁ'"dvz-ldvzdul'"duk-Zduk-lduk) (11)

For the particular casem = (0 we get, with the expression (11):

© = 4k
CT){Zt = 0} = exp [-(At)t] - 2: lk L (12)

M
k=0 9=k (2+1) k!
Rearranging the terms in the summation, we can find the classical

answer':

Piz =0} = exp [-(h)t] + [I_(2/Au t) +

(B e ra-d k§=32 /E ) I (2/A4 t)] (13)
Comparing the method used for obtainingci>{Zt =0}, we see
that there is no need to apply Rouché's theorem, as it is done in
[Saaty, 1961]; or consider that we have a finite queue, then
calculate the answer for this case and, by limits, to obtain the

result for infinite queue, as in [Takfcs, 1962].

4.3, Busy period distribution

A busy period is an interval of time during which there are
customers in the system. A busy period begins wiﬁh the arrival of
a customer when the queue length is zero, and ends at the time the

queue length is zero again. Then, since we are primarily interested
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in the case of independent, identically distributed service times,
we can treat the problem as a queue which starts with Z0 = 1 and
the busy period is the time where, for the first time, there is

noone waiting in the system.

Remark: If a queue starts with customers waiting at time O,
the initial busy period will have different distribution than the
subsequent busy periods, which are the ones we will deal with
primarily. To get the distribution in that case will involve the
same reasoning, with some modifications, that we will apply.

We are interested in calculating

PAT, <x} = EI =EA_I =EA, I
b~ {T, <x} o'x "{T <x} 0" T, {Tb:x}

where Tb is the busy period.

Let us define:

A, 1fZ #0,0<ucxt

Ne I I
t
1 ‘otherwise
W M, ifZ #0,0<ucx<t
M=

1 if not
Then we can express the Radon-Nikodym derivative by:

t t
Alf_l) = ej (;\él_) - 1) (dX_-ds) +§ <u,§i’ - 1) (dY_-ds) (14)

0 0
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L _
and Ax = ATb

Therefore:

N |
Pir, <x} = ENg I{be."x} 15)

and

Pr1 <x} = E ( 1§0 MEPACT#y)  Alegt AT U(oy) -

X
. “(°1+°2)'""(°1+°2+"‘+°k+1) exp L-j. (As+vs-2) ds] -
0

(16)

L
{°1+02+"'+°kﬁﬁgﬂ.

Specializing to the case where the interarrival times and the

service times are both i.i.d., we have for (16)

©

Pl <x} = kZ=:0 (£(TE(T,) e (1 ) [1-F (0 H0, e 0 o0y =Ty =Tye e =T ) ]

2(cl+02+...+ok)

8(01)8(02) oo .g(ok)g(ok+1) e * I{Ul"'o

2+...+ok*1§x}

x ~ktl "k k-1

- 2 kbt Yk Y2 oo —~
= E: { - - e tlk«'-le k1, f(u,) -
k=0 1
0°0 “0 0 70 0 0“0

© £(uymug) el E Q) 1-F(v o -w )] 8(vy)e(v,) . g vy -V )

V41

e duk+l . dvl"'dvk—ldvzdul'"duk-zduk-ldvk+1 =
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irr Yk Yk-1 Y Verr Yk A

o1 A Y A Y A

0 0
coe f(u.k—uk_l) b [1"F (Vk+1—uk) ] g(vl)g(vz) [ 'g(vk+1-vk)

dvl"'dvk-ldul'"duk—Zduk-ldukdvk+1 (17)

Let us use the expression to calculate the busy period distribution

8(8—E )
l—G(s-E )°

Poyeo - 5 sof‘“fj O

k"M Ve
AT e g(vl) . g(v2)...g(vk+1-vk)dv1...dvk_ldul...duk_zduk_l

for the case As = )\ = constant and By

Vil Yk Yk-1 )

-AvV.
B k M
dudviyy = j j 5 y s AT e 4Gy 13 Viea?

AV, k
k+1 (Au
du...du_,du _jdwdv, . = Z e 3——-)—k! @ (v )  (18)

Remark: (;k+1(}0 denotes the kth iterated convolution of G(x)
with itself.
The expression (18) can be found in [Takécs, 1962, p. 58].

We can also specialize formula (17) for the case

f(s-es)

As = TZFTEZE;T and M, = W = constant. We obtain

“42-



el "k k-1 Y

. x 2 Ykl Tk 2
Pinxt = T s j j j j jj £(u)) -
k=0 Jg 0 o 7o 0

0 0

-uv,
© Euymuy) e £ QR )] 6 e v Ly

w X v (uv )k
_ . ktl k+1
dul...duk_zduk_ldukdvk+1 = EE% e (k-1)!
‘ 0

[1-Fpg Vpeyp) 1 vy (19)

This corresponds to the result given by Takics [1962] in
page 124. Since (18) and (19) correspond to known results, we
know that (17) is the correct distribution. Moreover, we have

obtained a more genmeral solution.

4.4 Calculation of the distribution of the nth customer waiting time

Let us define the waiting time @ by

a = inf {t > 0: Z_ = n}
n - t
oA is the arrival time of the nth customer. Then:

Q.

- o = inf {t >0: z =0} =nth customer waiting time.
’

ntt

We are interested in calculating {mn 0.5.“}’ the waiting

time distribution of the nth customer. Let us define:

Xt if the number of arrivals up to time t is less than n
1) _
At =

1 otherwise



ift<a, + %,0

(1) -
He

1 otherwise

If we define Aél) using A'(:]'), uél), we get:
= (1) =
Cp{“tn,of—x-} =Eh T Yo <n} T

n,0—

- -]
E‘,(’LZ:n AT AT H,) oo A (T 4k bt ) uloy)
Tyt
“(°1+°2)"‘"(°1+°2+"'+°2) * exp [- j AS ds -

0

01+02+. . .+02

- s Mg ds + ('rl+'rz+...+*r.n)+(01+02+...+02)] .
0

1 + 1
{oyto,te o <t bbb ) ot bt <o to

1 2 +-00"'02,

172

T,41 +...'Prn <0, +0,+...4+0

117, T,<0,4+0,+.. .10

~159;19, g-1? *=» 7329710, p-ni+1} (20)

For the case where the interrival times and the service times

are both i.i.d., we have:

g?’n Eo(f (Tl)f(’l'z) .o .f(‘rn)g(ol)g(oz) . .g(o.z)

Cp{an’ogn} =

exp[(tl+12+. . .+'r.n)+(o +0,+.. ’+°,?,)] I

172 o toy+. . 4o <t 41 4. L b i)

) I{'rl-l-'r <o.+4o

n-1

gteHT <o

1+02+. . .+02, ‘rl+'tz+. oo tT
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‘ u u
e B (T
7129 p-ntl’ g J o o hu, u, "

V2

cee s. f(“l)f(uz-ul)"'f(uk-l) . g(vl)g(vz-vl)...g(vz-vz_l)
0

dv....dv d

1 g-ni-1 vg_ﬂ...dvz_ldv dul...dun.__,_1 du (21)

n

We have tried to compare (21) with the results in the classical
literature, but we have found it very difficult to do that because

the results are in Laplace transform form.

4.5 Calculation of the virtual waiting time

The virtual waiting time at time t is the time that a customer
would wait if he joined the queue at the instant t. Then, the
virtual waiting time is the difference between the time that all
customers, waiting at time t, are served and the time t.

Let us define:

A if s<t
s ——
N R .
s

@ ifs>t¢t
rus ifs<tons>tandz #0fort<u<s
1 _
Mol =S
1 otherwise

With A;l) and u;l) define Aél) as usual. Then, if we called

the virtual waiting time at time t, nt, we have:
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1
Piv<xd = £ "(ti {n <xt T

=E (2: ): AT H,) e A (T bt ) w(ou(ogto,) ...

k=0 2=k
: 01+02+. . .+02
ue o +...+q2)eXP[-j. (A,-1) ds - j. (ug-1) ds] -
0 0
I
{11412+. . .-l-'rkf_ol+02+. . .+02, Tl‘l"t2+. . .+'|:k 1< ol+02+. . .4—02_1, cee
o e T<0'+O'+...O }'I
> 1172 2-k+1 {a progte . tey 1<Ty it ..y,
Op¥0y e et ST Hr b L b ) (22)

For the case where the interarrival times and the service times

are both i.i.d., we obtain:
v

Yk ) v Vo-k 2
Plns<nr = I j J j I j j £(u,) -
k" =k Jo 7o 0 u 0 0

. f(uz—ul)...f(uk-uk_l)[l-F(t—uk)] g(vl)g(vz-vl)...g(vz-vz_l)

2-k+1

dvl...dvz_k_ldvz_k...dvz dul"'duk-l duk

For the case AS = A = constant, g = W= constant, we have:

0 £ ook y
we g 2 [

2-nt+l Va-k V2

k—O 2=k
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-V
2 L (23)
H dvy eee vy g g AV g eee dVpduy eee duyy duy

Rearranging the expression (22) we have:

, k
Pingat =Piz,0) + P S LD (24)
= 0

This is the result obtained by Takdcs [1962, p. 38]. For
other types of queues, the expression for the virtual waiting time
becomes to much coﬁplicated and it is difficult to compare with

expressions already obtained.

4.6 Calculation of the queue length moments and the average waiting

time

Knowing the distribution of the queue length, we can calculate
the moments, but, in some cases, it is possible to get expressions
for them simpler to calculate.

The moment of order n, n = 1,2,3,..., will be given by

[}
t=1
-
N

EZ o M (25)

Applying the differentiation rule to A il we get:

t t’
t t
AZn=s oA Zn-le+Ian T
tt s- s s s—= 8 8§ s 8- 8-
s<t
0 0 =
-na_ 2™ - a__ 2™ )=
S= S s 8= 8- S
t
= g Z_dn, +§<:t [CA__+8A ) (7,_+2)"-A_ 2} -n_ 2> an 1
0 —
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t

n-1 n, ,n-2 2
j 22 dh +§;t (A _#80) (D) 2.7(AZ) + () Z_"(8Z)"+...+
0 -—

ny -
+ 8z )™
t
- n n n-1 n, . n-2 2
- s z8_an_ + g:(ks_l\st_&xsﬂs__AS_AYs) [ 227wz + 7 “@z) +
0 —

+ .0 + (Azs)“] =

. t
n n n-1, ,n n-2 +
s z_ dA +j Ag A L) 2.7+ () 2 _"+...41] dX
0 0

t
+S u A =D 22+ Ozl P D™ 12 ) ay,
0

Taking the expected value, we obtain:

t

'n = n ~1.,n n-2
E [A,20) 5 [(1)Eonsxszt; +(3) EoAsAsz‘; +..HE AN ] ds +
0

t )

y -1 n n-2
+S [-(‘;) EoAsuSz’; + () EAp 2 4t
0
t
f n-1 n
+ (ﬁ-l) (-1) EoAsusZS] ds +:S (-1) EoAsuSn(ns) ds (26)
0
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Using the formula we can calculate the mean:

t t
EZt =S EOASJ\S ds -j EoAsus l(ZS) ds =
0 0
t t )
0 70 s

For the case At = A = constant and B = U= constant, we have

t )
no_ n n-1 n -2
EoAtZt—s[(l))\EZs +(2)sz'; + ... +1] ds +
0

t
+s [-(‘1) u E z‘;'l + (‘;) uE z‘;"z + ...+ q_l)(—l)n"luz z) ds +
0
t
4.5 1 v E l(ZS) ds (28)
0
t
EZ, = (-t + us Plz, = 0} ds (29)
0

In this case, for calculating the mean, we only have to know
the value of(p{zt = 0}.
Another interesting case arises when At = A = constant and
Bo=c Zt—’ where ¢ is a constant. Then we find, after differentiating

n
the expression corresponding to E Zt:
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W

n
d(EZt)
dt

n
1

1

= A a4 + A
- ()Ezt (2) t L]

2

n n n n-1 n n-1
- c(l) EZt + c(z) EZt + ... + c(n-l)('l) EZt

+ e(-1)" Bz (30)

The mean is:

d(EZt)
dt

=) - c(EZt) (31)

The solution of equation (31) is EZ_ = % (1-e~°%)

The average waiting time is given by the expected value of
the virtual waiting time. In the case of i.i.d. service times, the

virtual waiting time is given by:

dnt =a, dXt - l(Zt_) dt (32)

where (at, t>0) is the waiting time of a customer arriving at

ﬁime t. The average waiting time will be given by:

Ent = EoAtnt (33)

Using stochastic calculus in Atnt’ we get:

t t
Atnt = Aono +j As_dns + y ns_dAs_ + E Ans AAS =
s<t
0 0 -
t t
= Aono +5 As_dns +j ns_Ad s + Z(asAxs) [O‘s--l)AsAxs +
0 0 ext
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+ (us_-l). As- AYS] =

t t t
= - 34
Ao"o +s As_dns +J N dAs +j. (As_ 1) aSAS_de (34)
0 0 0
Therefore:
t t
EOAtnt = EvonO +I EOASaS ds "‘I EOAS l(ﬂs) ds +
0 0
t
+§ E (A -1) aA ds =
o''s s's
0
t t

= Evono -S EoAs l(Zs) ds +j EOABaSAS ds
0 0

Sincecp{nt = 0} ="P{Zt = 0}, we get

t

t
EAn, =ENn - ¢ +j (D{zs = 0} ds +j EA o) ds
0 0

If, under (D, (at,tzo) and (As, 0 < s < t) are independent, we
have,

t

t
EAn, =EAm, -t +j fp{zs = 0} ds +j (Eas) (EAS) ds
0 0

" e

= Calling E at = a, we have:
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e

t t
Average waiting time = Ent = Eno -t +-[ (TD{ZS = 0} ds +:[ aE(As) ds
0 0

(35)
If we take As = A = constant, we will find the expression,
given by Takdcs [1962]:
: t
Ent = Eno +.y CI){ZS =0} ds - t (1-a)) (36)
0

4.7 Comparison with the classical method

The methods presented in the section (4.2), (4.3) and (4.4)
were intended to solve the case where the interarrival and service
times are both i.i.d.. The main reason for doing that was that it
is the case treated in the classical literature and we would like

to compare the two approaches. The use of the transformation of

measures g%%%-can be used in problems other than this; the complexity
of the calculations, however, increases.

Comparing the two methods, we see that in the case of the
martingale approach, given the transformation of measure, we only
need to do some combinatorics and then, taking advantage of the
behavior of the processes X and Y in CFL, calculate the probabilities.
Instead in the classical approach we have to solve differential
equations using Laplace transforms and complex number theory to
obtain the desired results. Besides that the methods vary with the
case being treated. 1In the calculations of the moments and the
average ﬁaiting time, the expressions are obtained directly by use

of stochastic calculus and without the necessity of calculating
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generating functions.

New results are obtained for the queue length,busy period, nth
customer waiting time and virtual waiting time distributiomns in
the case where the interarrival times are i.i.d. with distribution
F(x) and the.service times are also i.i.d. with distribution G(y)
(formulas (10), (17), (21), (22)). These results were checked with

particﬁlar cases given in the classical literature.
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CHAPTER 5

OPTIMAL CONTROL FOR WAITING-TIME PROCESSES

5.1. Introduction

Suppose that we have a waiting time process where it is possible
to vary, in some way, our service mechanism. Therefore we can consider
trying to adjust the service in order to improve the performance of
the system. This performance is usually measured by the number of
customers in the system and the cost of service. Our decision in
changing the service arrangement is usually based in our observations_
of the behaviouttxfthe queue length up to the time we do the adjustment.

The main objective of this chapter will be to derive a Hamilton-
Jacobi equation for the control of the waiting time processes. Our
work will be based mainly on the paper by Davis and Varaiya [1973] in
which the Hamilton-Jacobi equation is obtained for the Brownian notion
case.

In section (5.3) we will derive the Hamilton-Jacobi equatiomns.

In sections (5.4) and (5.5) we will apply these equations to obtain the
‘optimal control for linear and for quadratic objective functions. It
is worth mentioning that the results obtained for the Hamilton-Jacobi
equations can be extended to any queueing process where the arrival

process X is a jump Markov process and the transformation of measure

aP

exists.
aPp,

5.2. Preliminaries

1. Let us start with a probability space (Q,;I;CFL). Under CIL,
(Xt,g;;,t € [0,1], (Yt,qqi,t € [0,1]) are real valued, independent

standard Poisson processes.
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Let us define the process Z as in equation (7) in section (3.2).

Define:

t
t
t
o) = e(f (A-1) (X ~ds) +S (n__-1) (@Y ~ds)) w
s s
‘ U=t ¢
2. The class of Markov controls, denoted by W =_ 0’ wherQJAAs is the
class of functions satisfying the following conditions:
a. u: [0,1] x [0,1,2,..] = £ C R is non-negative, jointly
measurable.
b. For each t, u(t,.) is adapted to O(Zt_)

c. Eloo(/F,] =1 as. P for all t,s € [0,1]

Remark: If condition (c) is satisfied we know that (see (3.3))
the processes:

L _ _
Mt = Xt At

t
w(® _

e T Te " S ugds
0

are such that (Mil),gq;,t € [0,1]), (Mél),qg;,t € [0,1]) GLAAloc under
(q), the measure defined by pé. Therefore the process Z will have arrival
rate A = constant and service rate p = (ut,t € [0,1]) under(q).
3. Let c: [0,1] x [0,1,2,...] X I = Rf be a non-negative real value
function satisfying:

a. e¢: [0,1] x [0,1,2,...] X E » R+ is jointly measurable

b. For fixed (t,u), c(t,.,u) is adapted to(;;;.

Then the cost ascribed to a Markov control p will be
T

1
J(n) = Eu S c(s,ts,u(s,ZS))ds = Eolpé(u)socs(u)dSI
0
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Our objective will be to finé an admissible control u* such that
J(u) is minimized.

This way of formulating the problem is different from the approach
usually taken for optimization of Markov processes. (See for instance,
[Fleming,1969}). There, a probability space (9,;1313) is given a
priori, and different processes have different sample paths defined by
having control-dependent coefficients in some differential equation.
This kind of formulation causes a number of theoretical problems, one
of them being the necessity of smooth controls, what usually does not
happen for the optimal control. The approach used in our work has the
following features: (i) the control is closed loop; (ii) admissible
controls need not to be smooth, (iii) the transformation of measures
pé(u) gives a measure corresponding to the queue with arrival rate
A = constant and service rate u = (ut,t € [0,t]). More details about

this approach can be found in [Benes,1970].

5.3. [The Hamilton-Jacobi equation for waiting-time systems

1. Suppose a control u €¢AA§ is used on [0,t] and v lelt is used on
[t,1]. Then the expected remaining cost at time t, given the value of

Z at time t-, is: 1
1 Eo[oz(u)pi(V)Stc:v)dslzt_]
v = Euv[s csds/Zt_] = (2)

uv t
t E lp/2,]

Since, under CI%, Z is a Markov process and ut is Zt—measurable,

we have:

1 1
B log0p| egdsrze 1 - B loj@ /2,1 oy egdorz 1 )
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1Y

Then:

1
Py (t) = Eo[ptCV)stcsds/zt_] (4)

Therefore, we can write
b @© = & [l c®as/z, 1 (5)
u 0Pt ¢ 8 t-

Let us define

Ut = U(t,Zt) = infimum wu(t) (6)

uﬁﬂAi

In [Davis,Varaiya,1971] it is proved that this minimum exists
in L1 for each t.
2. Markov principle of optimality [Davis,Varaiya,1971].

Let u ELAA. Then, for each t,h:

]

th ooy
v, < E"[St cg 'ds/z ] +E U /2, _

3. Lemma: There exist measurable functions AU: [O0,1] x [0,1,2,...]
R, Ux : [0,1] x [0,1,2,...] = R and UY : [0,1] x [0,1,2,...] > R,

such that:
1

EOS [AUCE,Z)|dt < =
0

1
s ]Ux(t,Zt)Izdt <
0

1
s IUY(t,zt)lzdt <o
0
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nt t

70 0

.t

+| Ug(s,2, )1(2 _)dY, €
<0

where J'M = inf J (u), the minimum Markov cost.
i\ :
*
4., Theorem: u Gijkﬂis optimal if and only if there exist a constant
*
J and processes (ot € [0,1J),(£él),t € [o0,1]), (Eél),t € [o0,1]),
taking values in R, adapted to G(Zt_), and satisfying the following

conditions

1
a. S |€(l)|2dt < ® a.s.
0 t

1
s IEél)lzdt < » a.s.
0

t

* ¢Y
b. X(1) = 0 a.s. where X(t) =3 4-S n.ds +-S gV7dax
0 8 08 s

t
+Sg(2) 1(z_ )dy
o S S—- s

c. n_+ ggl)x + gt(:Z)u(t,zt_)l(zt_) + cé“) >

=0, + 50+ e e,z 01,0 + I

Then X(t) = Ut a.s. and JM = J(u*), the cost of the optimal
Markov policy.

Remark: (5.3.3) and (5.3.4) are proved almost exactly as similar
results in [Davis,Varaiyd,1971]. The difference is that, here we are
dealing with Z, a counting process, and, in the mentioned work, the

process Z is a diffusion process. Therefore, in the proofs of

(5.3.3) and (5.3.4) we have to use the results given in (2.6.9),
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corresponding to the representation of processes that are martingales
with respect to a family generated by a jump process.
5. Suppose that the function U(t,z) has continuous first partial

derivative in t and continuous first and second derivatives in

then
Ux(t,z) = U(t,z+l) - U(t,z)
Ug(t,z) = U(t,z-1) - U(t,z) (8)
AU(t,2) = %ﬁ’z-)—

Proof: Under the measurecpu we have:

t

- = X-it €
X, S Ads = X-At Mloc@u)
0
t
- e
Y, s u(s,2.)ds VAAlocGIZJ
0
Therefore:
t t
Zt = Xt —‘s l(ZS_)dYS =t - y u(s,Zs)l(Zs)ds + Xt - At
0 0
t
- S 1(z_ ) (dY_~u(s,2,)ds)
0

is a semi-martingale under‘ﬂ)u

Then we can apply the differentiation rule to U(t,Zt):
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-

t

) t
U(e,2.) = J_ + BU(s,ZS) 3U(s,zs_) dz
t n T ds + —'—"a—z'—— s
0 . 8
0.
au(s,Z )
. s
+3 [U(s,2)-U( 5,2 ) - —57 8z ]
%
s<t
t au(s,z) .t
= JM +s s ds +s [U(s,ZS_-!-l)—U(s,ZS_)]dXs
0 0
t

+S [U(s,2_-1)-U(s,Z_ )]1(Z__)dY_
0

Comparing with (5.3.3), we find:
Ux(t,z) = U(t,z+l) - U(t,z)
UY(t,z) = U(t,z-1) - U(t,z)

aU(t,z)

AU(t,2) ot

7. Hamilton-Jacobi equation for waiting time processes control

If the function U(t,z) satisfies the conditions given in

(5.3.6), then the condition (¢) in (5.3.4) reduces to:
-"’l’%;-zl + A[UCE, z+1) - U(t,z)] + 1:ein' {[uCt,z-1) - U(t,2)11(z) v
¥

+ c(t,z,v)} =0
' *
for all (t,z) € [0,1] x [0,1,2,...] and the optimal policy u is

characterized by the property that

[U(t,z-1)-U(t,z)] 1(2)v + c(t,z,V)

*
is minimized by v = n (t,2z)

-60-~-



Proof: The conditions of (5.3.4) are satisfied taking:

n, = A(t,2)
(1) _

£, = Uy(t,2,)
) _ ‘

gt = UY(t,Zt)

Since by (5.3.6), we have

UY(t,zt) = U(t,zt-l) - U(t’zt)
BU(t,Zt)
ot

]

A(t,Zt)

The condition (¢) in (5.3.4) reduces to:

BU(t,Zt)

s+ AU(E,Z,_+1) - U(r,2, )] + [U(e,2,_-1) - U(t,2, )11z, )

* * .
s (t,Zt_) + c(t,Zt_,u (t,Zt_» =0 a.s.

Since n(t,Zt_) can take any value in I, we have:

EU_(%%‘_")_ + A[U(t,2z+1)-U(t,z)]

+ min {[U(t,z-1)-U(t,z)]i(z)v +c(t,z,v)} = O
vEL

for all (t,z) € [0,1] x [0,1,2,...]

8. If the conditions of (5.3.4) are satisfied, we have:

inf J(u) = inf J(n)
u el

whereJA]is the class of non-antecipative controls, that is, the
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admissible controls are functionals of the past of Z (measurable

with respect to %t =0(2,,0 <8 < t))

Proof: Byv(5.3.7) we have:

AU(t,z) + AUx(t,z) + UY(t,z)l(z)v + c(t,z,v) >0

for all (t,x,v) € [0,1] x [0,1,2,...] X

Let 1 €Al, then the processes:
t

@ _ _
Mt = Xt Ads
0

0
<
[ag
!
LN
=
[«9
[}

(2)
Mt

belong to ‘/Mloc@u) .

But, by (5.3.3)

t t t
Ut = JM +S AU(S,Zs)ds +s UX(S’Zs-)dxs +S UY(Z’Zs—)l(Zs-)dYs
0 0 0

and U(1) = 0. Then
t

1 t
(6D
. JM = -F (IOAU(S,Zs)ds +S0UX (s,Zs_)dXS +§0UY(S’ZS‘-)1(ZS-)dYs)

= -EH(S:[AU(S’ZS) + AUX(s,Zs) + UY(s,Zs)u (s,ZS)l(Zs)]ds)

1

< E s c(u)ds = J(u)
0

u

Since was arbitrary:

- Jy < Anf J()
W€

Now J, > inf J(n) sinceuu CAl. Therefore:

HEN|
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= inf J(u)

J
"N

S5.4. Optimal Control for Linear Cost

In this and in the next section we will apply the Hamilton-
Jacobi equation for special kinds of cost functions. First we
sha11 suppose that we can only vary our service rate from O to
c = constant, that is, I = {v : 0 <v < c}. Our cost will be
given by:

T T

J(u) = 5 c(s,2_,u(s,2))ds =s (ez_tu(s,2)))ds )
0 0

where T = fixed time.
Therefore, our optimal control u*(t,Zt) must be such to

minimize (by 5.3.7):

v1i(z)[U(t,z-1)-U(t,2z)] + ez + v (10)

for all (t,z) € [o0,1,] x [0,1,2,...]

Then:

0 if z=0

\"4

p*(t,z) =( 0 1f 2 > 0 and U(t,z) - U(t,z-1) -1 <0 (11)

¢ if =z

v

0 and U(t,z) - U(t,z-1) -1 > 0

Remark: p*(t,z), in this case, belongs tq¢dﬂt since
u*(t,z) < c, for all (t,z).

We have to calculate (U(t,z) - U(t,z-1)-1) in order to know,
for z > 1, what is the value of the optimal control. U(t,z) must

satisfy:
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2E0) 4 a[u(e,1) - U(E,0)] = 0

U
LE22) 4 ALUCE,2H1) - U(t,2)] + €l (UCt,2) - U(E,z-1)-1) [U(t,2-1)
- U(t,Z)]
+ ez + ¢ 1(U(t,z) -U(t,z-1)-1) =0 for z>1 (12)
U(T,2z) =0 for all z >0
Since U(T,z) = 0 ¥z > 0, we must have, near the terminal
time T, that U(t,z) - U(t,z-1) -1 < 0. Therefore, our optimal

service rate will be pu*(t,z) = 0, ¥z > 0, for t very near to T.

Then calling:

U(t,z) - U(t,z-1) -1 = P(t,2z) (13)

we have

%{z—z—) +AP(t,z+l) AP(t,z) +e =0 forallz> 0  (14)

P(T,z) = -1 for all z >0
The solution to this equation is given by

P(t,z) = e(T-t)-1

Therefore, for t € [T-1/e,T], we have:

p*(t,z) = 0 ¥z > 0

since P(t,z) is positive

For t < T -1/e we have
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ELd) §tl) + AP(t,2) - (Me)P(t,1) +e =0

IP(t
3B(Ea2) 4 AP(t,241) - (Me)P(t,2) + ¢ B(t,z-1) + e =0 ¥z > 2

P(T,z) = 0 ¥z > 1 (15)

For solving the above equations we need to use the method

of generating functions (see [Pinney,1958]), we define:

@

Qt) = ) a(t,z)  a<l (16)
z=1

Then we get by using (15)

0 39(t) LA ey - % P(t,1) - (e)Q(t) + caQ(t) + e == =0

it a l-a
(17)
Q(T) =0
Making the transformation u = T-t, we have
3) _ 2 qew) +1 p(u,1) + (+e)Q@) - caQ@) - T =
ou 1-a
Q(0) = 0 (18)
Taking the Laplace transform of Q(u), we obtain:
1
p gQ[P<u,1)1+1a 5
Applying Rouché 's theorem to the Laplace transform (see
[Saaty,1961]), we get:
e Az A -1
LIP (s, =5 - EAE /'; I (2/3T w)
+4—(/;) u 1(2/_ W+ ...] (20)
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Since In (2¥ac u) > 0 for all u > 0, any n, we have:
P(T-t,1) > 0 ¥t € [0,T-1/e]

Substituting in the equation (19) the value of gQ[P(u,l)],

we obtain

2,2

=& 1 Me . 2 AMe  A/e
%Q[Q(U)]—cs[ella+el +a +91+ 2

IS (21)
n=0 1

Therefore P(T-t,z) >0 ¥t € [0,T-1/e], ¥z > 1

We can now summarize:

0 for z =0, ¥t € [0, T]
n*(t,z) =( 0 for z>1, t € [T-1/e,T] (22)

¢ for z>1, t € [0,T-1/e]

We have obtained a bang-bang control. It was obvious from
the beginning that the value of the service rate would be zero
when no one is in the system, but, now, we have found out that
for some period of time near the terminal time, we should also
have no service at all. The reason for this is the fact that,
for a small period of time, the probability of one person being

served is very small, and we will increase our cost by trying

to serve.
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'5.5. Optimal control for ‘quadratic Cost

Let us suppose that we have I = R and our cost functiomn is
given by:
” T

2

2 ll (S,ZS)

J(u) = C(s,Zs,u(s,ZS))ds = [eZS A lds (23)
A
0 0

Our control must be such that to minimize the following

expression:

2
v1l(z) [U(t,2-1) -U(t,Z)]4'ezz +.X§ @
A

for all (t,z) € [0,1] x [0.1,2,...]

Then

2
wk(t,z) = 2 [0(t,2)-U(t,2-1)]1(2) (25)

and U(t,z) must satisfy the following equations:

22%%;21 + A[U(t,1)-U(t,0)] =0

2
"Uai 22 + A[u(t,z+1)-U(t,2)] - 2\2.‘ (v(e,2)-UCe,2-1)1% + ez’

for z > 1

U(T,z) = 0 ¥z > 0 (26)

We couldn't find a closed form solution for these equationms.

0

Trying to solve using Picard's method, we realize that the optimal

controsl is almost linear with the queue length, that is, u*(t,z)

= a(t)z + b(t), for z > 0. Now, if we change our cost function
by adding a cost f(t)/Az, whenever there is a queue length

different from @, we should be able to obtain a linear control
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by finding a convenient f. Supposing that this cost is small

2
h ' ,  W(r,Z)
. in relation to eZ +-——__3___
u
that the optimal control for our original problem is indeed

, we are in position to state

approximately linear.
Therefore, our objective function is:

T 2 uz(s,zs) £(s)
Jl(u) = S [eZS + 7 + > l(ZS)]ds 27)
0

A A

The expression to be minimized is:

2
A

=+ 1(2) g_;)_ (28)
A

vli(z) + [Ul(t,z-l)-Ul(t,z)] + e22 +
A

for all (t,z) € [0,1] x [0,1,2,...]
Then:
k2
u*(tsz) = 7{ [Ul(t,z)-Ul(t,z-l)]l(z) (29)

and Ul(t,z) must satisfy the following equationms:

aUl(t,z)
———EE——— + A[Ul(t,l)—Ul(t,O)] =0
30, (t5) % 2
—5 + A[Ul(t,z+1)-U1(t,z)] e [Ul(t,z)-Ul(t,z-l)]
+ ezl + 1(z) HE = ¢
2
A
Ul(T,z) =0 ¥z >0 (30)
¢ calling R(t,z) = AZ[Ul(t,z)-Ul(t,z-l)],z_Z 1, we have:
R
WED 4 ar(e,2) - AR(E,D) - 7 RA(E,1) + A% + £() = 0
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25%%;&1 + AR(t,z+1) - AR(t,z) "'% R (t,z2) +-% R%(t,z-1)
] a 2
+Ae(z-1) =0 (1)
x N R(T,z) = 0 for all z > 1

Let us try a solution of the form R(t,z) = a(t)z + b(t),

z > 1 for these equations. Then a(t), b(t), £(t) must satisfy:

a(t) + = a%t) + 2ex?

2 =0  a(T) =0 (32)
A(t) + B(e) + Aa(e) - T a¥(r) - 2ERAD) bzét) + er?
+£(t) = 0 (33)
f(t) = EE%EL (34)
Solving the equations (32), (33) and (34) we get:
a(t) = 2A/e tanh[A/e (T-t)] (35)
b(t) = 21 - 2X sech[A/e (T-t)] + Ye A sech[A/e (T-t)].
- tan I[sinh(A/e (T-t))] (36)
£(t) = 3 (2A-2) sech[M/e (T-t)] + /& X sech[Me (T-t)]

- tan Y[sinh(A/e (T-t))]1)2 (37)

Our optimal control is given by:
Ae z tan[ae (T-t)] + VE(t) if z> 0
u*(t,2) =

. 0 if z=0 (38)

» The optimal control obtained belongs to the classbAA of
Markov controls since satisfies the conditions (a), (b) obviously

and conditions (c) is a consequence of a result proved in section
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(3.3)
ALet us study the function f(t) and make comparisons with
2 ,
ezi + [p*(t,z)]”. Since u*(t,zl) Z_u*(t,zz) when z, Z_zz, we
only need to compare f(t) with e + [u*(t,l)]z. Therefore, taking

A =1, we find the following results for different e's:

e = 0.25 e=1
2 2
T-t £(v) (u*) "te T-t | £(t) (u*) “+e
0.2 0.0009 0.27 - 0.2 | 0.024 1.10
0.4 0.0049 0.32 0.4 0.063 1.40
0.6 0.0144 0.42 0.6 0.16 1.98
0.8 0.0324 0.56 0.8 0.28 2.42
1.0 0.0625 0.81 1.0 0.40 2.93
1.2 0.090 0.94 1.2 0.52 3.40
1.4 0.140 1.19 1.4 0.62 3.82
1.6 0.190 1.25 1.6 0.71 4.10
e=4
2

T-t f(t) (u*)“+e

0.1 | 0.04 4.18

0.2 0.21 4.71

0.3 0.53 5.61

0.4 0.98 5.01

0.5 1.32 7.65

0.6 2.04 9.11

0.7 2.69 10.35

0.8 3.17 11.29

0.9 3.57 12.01

1.0 4.16 13.00

By the data provided above, we can conclude that:
(a) for A =1, e = 0.25 and T < 1.0, the function f(t) is very
2
*
uk(t,2.)

small with comparison to eZt + [————x———] . Then, 1f we use

2
u(e,z,) , e,z
as objective function eZt + P—-—x—é—] instead of eZt + [__—K_-—]
+ f(t)l(Zt), our optimal control will be almost the same, that is
Ve z tanh[/e (T-t)] + YE(t) z >0
u*(t’z) =

0 ifz=20
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(b) The same is true, if A =1, e=1, T< 0.6 and A = 1,
e=4,T<0.3.

This implies that the optimal control for the quadratic case
will be almost linear depending on the values éf T, A and e being

used.
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CHAPTER 6

IDENTIFICATION AND ESTIMATION IN WAITING LINE PROBLEMS

6.1. Introduction

In the chapter we shall deal with some problems in identification
and estimation related to queueing processes.

Concerning identification, we will find the maximum 1ike11hobd
estimators for unknown parameters related to the arrival and servicee
rates, based on the observation of the pasf of the queueing process.
The likelihood ratio for queueing processes will be derived as it
was done in [Van Schuppen,Wong.1973]

In estimation, we will be mainly interested in estimating the
random processes A and u, the arrival and service rates, at time t,
based in the past of the queue length and knowing the dynamical
equations that govern both A and u. In this case, we will apply
the unnormalized conditional density method, used by Wong [1971a]
for Brownian motion cases, and by Boel, Varaiya and Wong [1973b]
for jump processes. Another problem to be consider is the estimation
of the queue length given the input flow or given the output flow.
For this last problem, martingale methods apply directly. A case

in which approximated filtering is possible will be shown.

6.2. Maximum likelihood estimators:

In section (3;3) we introduced a transformation of measures

aP

<< defined by:
dCﬁ%

&]2 ~ 1 1
dCﬁ% = e(S;(AS_-l)(dXs-ds) + So(us_—l)(dYs-ds)) (1)
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Also:

t
E {55 /%f} -e<S o_~1) (4% _—ds) +S0(us—-l)(dYs-dS)) @)

We are interested in finding:

E { /%} (3)

where ‘Zt = o{2_,0<s5t}

By the martingale representation theorem, presented in (2.6.9), we

have: .
t t

L, =1 +S e (ax_-as) +§ e 12 )@y ~ae)
0 0

where a( ) (-) are predictable processes, satisfying:

t

s |d§+)|ds <o  forall t€T
0
t

s Iag-)|ds < for all t €T
0

Then:
”t
Atxt = As_dxs +s XS_dAS +j ()\S_-l)lts_dxs
: “0 0 0
t
- +)
L.X, L dX_ +j X_dL_ +j a, dX_
‘0 0 0 ’

Since Eé{AtXt/%t} = L A/, we must have:

E,(d(A,X)/F,) = B, X)/B)
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implying:

o
E, (A dX X A +( _-DA__dX / D)

- ' ) C
= E (L _dX X _dL_+a ’dX /B)

and

c‘1(:+) - Eo[o‘t'l)At/%t] )

In the same way, we have:

-) _ _ >4
ol =E [ -DASH] (5)
Therefore:
t t
L =1+ S Eo[(xs-l)fxs/%s] (dx _-ds) +g zo[(us-l)As/%sn(zs_)
0 0
-(dYs-dS) (6)
But
- ELO-DAIG) E LG -DAIP]
_ _ C ) S 8 s __0o s s S
As—l = E[O‘S 1)/581 EO[ASI%S] LS
A E[(-DA/F1 E[@-DA/F]
x-1=E[(u-1)/C51= OE?A/S]aS = -0 SL sZS
8 s s o s %s s
Then
t t
Lt =1 +5 (ks-l)Ls_(dXS-ds) +s (us-l)Ls_l(Zs_)(dYs—ds) (7
0 0

Therefore Lt: is given by the exponential formula:

A A

t . -
L= 1 A T oy _exp[-so(os-ln(us—l)lczs»ds] ®)

t i s.<t °j

3

Where (ti) are the times of thepositive jumps of Z, and (sj),

n
<
t,<t

the times of the negative jumps of Z.
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Let us suppose that At = )} = unknown constant and My T
unknown constant, and we want to find the maximum likelihood
estimators e()\) and e(y) respectively. In this case:

Nt M
L= 2 u © expl-O-1)t-(-1)S,] ®

9

H

(]

2
t

]

number of positive jumps up to time t

=
1

number of negative jumps up to time t

2]
i

busy period up to time t

The maximum likelihood estimates for A and p will maximize

L . Differentiating with respect to A and u, we get:

Nt
e(d) = T (10)
Mt
e(w) =3 (11)
t .
Suppose now that A is known and My = "1+"21{zt=1P that is,
we have two servers in parallel with service rates ¥y and Hyo
constant and unknown. Then
Nt Mt Pt

where: M

" number of jumps from 1 to 0 up to time t.

2]
1]

all other negative jumps up to time t.
sp = busy period up to time t.
32 = period of time up to time t, when there are more than
one costumer waiting.
The differentiation of the likelihood ratio gives us:
M (e(y;) + e(uy))) + P e(n) - sje(u))(e(n)) +e(ny)) =0

P - sz(e(ul) +e(u,)) =0
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Therefore:

e(n ) = MtPt - Mt
1 P (sl—sz) 8y 32
P M
t t
e(w,) =— - 5=
2 8,y 8178,

Another case happens when A is constant and ut = th_,

where ¢ is an unknown constant. Then:

N t t
L =2 t o czs_ exp[—S (A-1)ds - S (cZS-l)l(Zs)ds]

sjit k| 0 0

and the maximum likelihood estimator for c is given by:

e(e) = (Mt n z_ _).

s t
s8.<t
St S

" 6.3. Estimation of the arrival rate and service rate of a queue

using the unnormalized conditional density method

A
We are interested in estimating the pair (ut) given %;t
t

= G(ZS,Q§§§;). For this purpose, we begin as in section (3.3),

defining a transformation of measures gCI> , using as %Ji
A o
= ((us),oisit)v o((xS,Ys),Oisst). To the hypothesis already
s
imposed in (3.13) we have to add the following:

We

are right continuous and have left-limits, and the jump times of

A
(a) (K t),gji,cﬁi) is a Markov process whose sample paths

(3) are totally in acessible.

(b) The processes (X,Y) and (ﬁ) are independent under<q)o
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-t

Lgt us define:

A, = o((x,1,),0582t) an

If a function g(kt,ut) belongs to G = {space of all bounded,

measurable functions, defined on (AxB), where A x B is the range

)‘t
of ( ) }, we define:
ut i

_ 9.
I,(8) = E g, su)A /D] (18)

where

t t
At = e(‘SO(XS_—l)(dXS—ds) +-50(us_-1)(dYs-ds))

and therefore, satisfies:

t t
A, =1 +S A, (A _-1)(dX_~ds) +s A_(u,_-1)(d¥_-ds)
0 0

Then:

t’ 8-

t
2 [60 i (A = B (80 ou) A + Eo[sog(kt,u YA __(h,_-1) (dX -ds)

t

+s g su A _(ug_~1) (d¥ -ds) kA, ] (19)
0

A
Since (xt’Yt) and (ut) are independent under‘ﬂjg, we obtain:
t

E e u ) AT = EgQhiomy) (20)
Also
E (50 u A Og -DIAL = B [E O u)h, Oy DAV (1A
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A

where 'gs=c((up),0§p_<_s) . Since At and QS are independent,

p .
= E_[E_(8(\»u,)/ G, Oy -DIA]

A
t) , we have:

Using the Markov property of (
t

i

A
= E°[E°<g(xt,ut)/ (us))As_(xs_-l)Ult]

A

s
= Eo[Eo(g(?\t,ut)/(u ))"s-“s-‘l)MsV o (XY s85u<t) ]
But (X,Y) has independent increments

A
- E°[E°<g<xt,ut)/(us)) A -DIA]

s

In the same way, we can get

A
S
EOIg(lt,ut)AS_(us_—I)lﬂt] = Eo[E°<g(>~t,ut)/(u ))As_(us_-l)/ud(sl

Therefore:

t
A
Eo[g(kt,ut)At/At] = E g(An) +s Eo[E°<8(>~t,ut)/(u:)>As(As-1)/_;43]
, 0 :
t

A
* (dX_-ds) +s Eo[Eo<g“t’“t)’(u:»“s‘"s’”/f‘s](dYs“‘s)
0

Now:
Bl o)A /B, ] = E[E (O u) A AAD /D] = B8O umy)

t A
- goEo[Eo(gut,utw(u:))As(,\s-wsms-ds)
t

A
+ s EolEo(g(kt,ut)/(u:))l\s(us-l) /\;4{81 (dYS-dS)/%t]
0
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T’\\

Let us define
t

A
8
. S E°[E°<%<At,ut)/(u j)As(xs-1)4;451(dxs-ds)
0

o
0

)
]

t E, R,/ %t)

t

A
S EolEo(g(?\t,ut)/(us))ls(us—l)lj’ts](dYs-dS)
0

s
t Eo(Qt/%;t)

Q

Q
By the martingale representation theorem, we should have:

t t

~ + -

P = s ws_(dxs-dS) +s ws_l(zs_) (dYB-ds)
0 0

~ _ + * -
Q, = S g,_(dX_-ds) +s £._1(z, ) (4Y_~ds)
0

0
+ _ t
Defining Z_ = X -t and Z_ = S 1(Z )(dY -ds), we obtain:
t t t 0 s- 8
t t t A
+ + + s _
zP, = S z _dP_ +s P_dz_ +s EO[Eo(g(At,ut)/(u ))As(ls 1)/u48]dxs
s
0 0 0
t t t
+2 + .2 - + +
ZtPt = S ZS_dPS +-s Ps-dzs +'§ ¢B_dxs
0 0 0

+5 1 o ot
Since Eo[ZtPt/25£] ZtPt,we must have

£ (a(z'2)/B,) = £ (a(ZR )P (21)

Therefore:

tap +p azM 4 (As LA
E [z dP_ + P_ dz_ EgIE (A poud /{7 )2 (gD A, s]dxslulls]

s

~

_ +.2 (v), + C
= E [2,dP_ +P_dZ_ +¢S_de/ZS]
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Using equality (21), we find:

A
v = E (Eo[E°<g(xt,ut>/(ns))zxs(18-1)/ A 1B
8

A
8 Z
Eo[Eo<g("t’“t)’(u ))As("s’l)/ Csl

-]

In the same way, we obtain:

E =0
A

; Eo[Eo(g(At,ut) /(us ))AS(AS—I)/gsl

8

¥y
]

We can write:

t
ntg = T8 +-S ns[(Ht,sg)(AS-l)](dxs-ds)
0

t
0

where the operator T is defined in (18), and

A
H, (&) = Eotg(xt,utw(u:)]

Hence:

E_[g(A,u)A /B, ]
o £ttt vt
E[S(Xt,ﬂt)/%t] = Eo[At/%t]

+ S w [, 8 (D11, ) (@Y -ds)

(22)

(23)

(24)

(25)

(26)

(27)

t t
T8 + joﬂS[(Ht’sg) (-1 (dxs—ds)+§0ﬂs [(H, 8 (u~1)11(2_ ) (dY ~ds)

t t
1+ S ﬂs[(ks-l)](dXs-ds)+S;ns[(us—l)]l(Zs_)(dYs-ds)

0
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.'\4

Let us take a set C, belonging to A X B, and let us choose
= A €
g()‘t’ut) IC(J\t,ut). If we suppose CDO{( t’ut) c}

=Prarup €

0, we have:

|
o

Eo[ICAt/%t] B

Therefore, there exists a measurable function Ut : AxXxB->R

such that, for any C € A x B, we have:

E [A1./PB,] = s U, (a,b)P (da,db) (29)
c

A
where Pt is the marginal distribution of (

t) under CP and Cp .
L o 1
Then, for any h € Q}, we have:

E ARG /PB,] s U (a,b)h(a,b)P (da,db) .
AxB

and:

E (8O0 )N /B ntg=s g(a,b)P, (da,db)
AxB

+ S S (a-1) [ g(a',b')P(da‘,db',t/a,b,s)]Us(a,b)Ps(da,db)(dxs-ds)
0 “AxB AxB

t
+ S (b-1) [ g(a',b')P(da',db',t/a,b,s)]Us(a,s)Ps(da,db)l(Zs_)(dYs-ds)
AXxB
0

(30)

where P(da',db',t/a,b,s) = transition probability of the Markov

process (;‘t ) .

t

Rearranging the order of integration and using:

~84-



P(da',db',t/a,b,s)Ps(da,db) = Pt(da',db')

= P(da,db,s/a',b',t)Pt(da,db),

we have

= 5 g(a,b)Pt(da,db)
AxB

t
j. (a-l)Us(a,b)P(da, db,s/a',b',t)(dxs-ds)Pt(da',db')

o s

A%B 0 AxB
t
+ j. g(a',b').g (b-l)UB(a,b)P(da,db,s/a',b',t)l(Zs_)(dYs—ds)Pt(da',db')
AxB 0

(31)

Since g is arbitrary:
t
Ut(a,b) =1 +'$ s (a—l)Us(a',bi)P(da',db',s/a,b,t)(dxs-ds)
0 “AxB

t .
+‘s J. (b—l)US(a',b')P(da',db',s/a,b,t)l(Zs_)(dYs-ds)
0 “AxB

(32)

The equation (32) is similar to the results obtained in
[Wong,1971a] for the case of Brownian motion processes. (32) represents
the "equation of motion" for a system with infinitely dimensional
state space. In some special cases, (32) can be implemented. We
will show one of them in example (2) below.

With some additional assumptions is possible to obtain a more
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convenient form for the "equation of evolution" (32). Let us
suppose that the operators Ht s have the following properties:
b

(a) 1lim Ht s = I, I = identity matrix (33)
stt ’

(b) there exist operators %Qt’ t >0 on Q) such that

1im * (&

0 € t+e s-Ht s)(g) =H sigt(g) (34)
€+ 9’ ’

t

]

The operators Sft are often referred to as infinitesimal

generators.

Using the above assumptions, we obtain:

E,8(\,m,) = s' (H, (&) (a,b)B (da,db) = By (B, (8)) (ag;b)
AxB

(35)
and
E (8(A b)) ~ 8(Asn)) =5 (B e 07He o) (8) (a,b)P(da,db)
AxB
s SS (Ht,ogt(g))(a’b)Po(dasdb) = G[((;Qt(g))(lt,ut)] (36)
AxB
(7T (®) = B (L (@) + en [0 -Deh )]
t
+ es ﬂs[(ks-l)Ht,ségt(g)](dxs-ds) +em [(u~1)g(A ,u)]
0 :
t
¥ es n Lu-DE, L (@11, ) (@Y -ds) (37
0
Hence:
t
7. (8) = my(8) +$ T L ~1e(A 0 )1(dX ~ds)
0
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t t
+ s 7 [ ~1g(su )12 ) (dY ~ds) +s n (L g)ds (38)
0 0

The equation (38) 1s similar to the result obtained for jump
processes in [Boel,Varaiya,Wong,1975b]. If we repeat the same
procedure using the expression for Ut(a,b) given in (38) and defining
Vt(a,b,ggt) = Pt(a,b)Ut(a,b), we should be able to get a similar

result to the one given by Wong [1971a]. Doing this, we find
t

V,(2,6,3,) = Py(a,b) +S (a-1)V,(a,b,F,) (dX _-ds)
0
t t
+S (b-1)V, (a,b,5,)1(2_ ) (4 -ds) +§ LV (a,b,F,)ds
0 0
(39)
Hence:
o~ vV (a,b,3,)
P (a,b/D,) = ek (40)
S v,(a,b,3,)dadb
AXB

The advantage of the equations (39) over (32) are the following:
(a) the term involving the observation depends only on vt(-,-,§5;)
at (a,b) (b) the change due to dt is local in the sense that iﬁt
is a local operator. These two factors cause considerable savings
in computation.
Let us apply the formulas arrived to some problems:
a. Let us suppose our queue has the folloﬁing characteristics:
a stream of Poisson-type customers arrives at a single service stationm.

The arrival rate is not homogeneous; there exist two arrival
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intensities corresponding to two kinds of customers that alternate.
The time interval that the system receives customers of type i1,

i = 1,2, is exponentially distributed possessing the expected value
1. It is assumed that any realization of a time interval associated
with uniform arrival rate Ai is independent of previous history.
Service time is exponentially distributed; if the system is at
level i, that is, it is servicing customers'type i, the service
intensity possesses the value Hys and, as before, statistical
independence between two realizations is assumed. This model can
be applied in computers (i.e., one computer that services two

kinds of sources, each one feeding the computer with programs)

and other areas; for more details see [Yechialy, Naor, 1971].

By the description, we see that X behaves as a random telegraph
signal with levels Al and 12; ¢ behaves in the same way and the
only difference is that we have levels LY and Uy whenever A is at
level Al and 12, respectively. The random telegraph process
satisfies all hypothesis needed in our analysis, and we have the

following properties:

{09 - () 09 - (2)-3

(41)

Then, uaing (32), we get:

t

S [1+e-(t_s)](Al—l)US(Al,ul) (dX_-ds)
0

= 1
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+

=

S [1_e—(t-s)](A2~1)Us(kz.u2)(dxs-ds)
0

t
+ ']2-" S [1+e'(t"s) ] (ul-l)Us(}\l,ul) 1(28_) (dYs-ds.)
0

t

+3 s [1-e~ 721 u,-1)U (00 1(Z, ) (@Y -ds) (42)
0
and
t
U (Apouy) =1+ %s [1-e'(t'8)](Al-l)Ys(xl,ul) (dX _-ds)
0

t .
+ % S [1+e’("'8)1(x2-1)us(xz,u2) (dX_-ds)
0

t
1

o+ ES (1-e 1 -U, 0w )10z, ) (@Y -ds) 43)
0
t
+ %s (e 1 (u,- U () 01) 1(2, ) (Y -ds)
0

By (28), we obtain
A A

2 2
= 4=
A =EQSD) = — R W L M e (44)
t t t 1/2Ut(>\1.u1)+1/2Ut(7\2,uz)
Y2 )
a = Ew/B) = 20, Aprp) 5 U (guy) 5)
t t' Yt 1/20t(Al,ul)ﬂlzut(xz,nz)
Denoting:
A = (46)
t 2
B, = 2 (47)
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UL QU Ok

We obtain, using (42) and (43),
t ) t
c, =1 +-S (a,_=C__) (dX_-ds) +-S (B,_-C_)1(z_)(d¥ ~ds)  (49)
0 0 |
A +A t :
-1 21 -
A =2+ S [ A~ +A,)C
0
+ e (69 (- )A +(A +A,~2A 1 )C_ )](dX _~ds)
1 2 s=- 12 12 s~ s
t
+-l-s [OL4+A)B. ~(+r)C +e (F78) ((2u =2)A +(A.-1,)B
2 1 2 "s~ l 2" s~ 1 g— 2 1" 8~
0
£ (AFA,=20,1)C, )11€Z, ) (dY ~ds) (50)
t
u,+u e
B, = —52+ S [uphu A ~Curru)e, +e 5 (Cuyupda

0

+ (2A1—2)Bs_+(u1+ —Zuzkl)Cs_)](dXs-ds)

My
t
+1 [(u,+u,)B_ —=(u,+u,)C +e—(t-s)((u +u,-2)B_ +(u.+u -2u.u,)C_ 1]
2 1 72/%g-"‘F1" "2 g 1772 g ‘r1 2 “F1" 27—
0

1(z,_) (¥ _~ds) R . (51)
N t

Since, by (44) and (45), A_=  and ﬁt =5
t

— , Wwe can use the
t Ct

differentiation rule to get:

t "1%2
(-2 D[R ,=DA =22

.~ ' -~ _ “2 _ N _ _ - _ -~ R
dlt = [(X1+i2 2)X =A A +At]dt [Azut (ul 2))\t A2u1+Atut]1(Zt_)dt

dx
t

—t
-
e Dtdt +

QAP ,~DR _=AA,
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(A DA _+Gu=DA Ao, ]

+ = 1(z, )Y, (52)
TH(u=DA_=A,my
and
A oD ~ e 2 oo
du, = =[uA +(A-2)u, DT LU e ) 2)~uu,11(2 _)dt
) -1 ) [(upbi,-1u_—uju,]
e tEtdt + t 172 ¢ 172 ax,
1+(u1+u2-1)ut-u1u2
(10 ) [, A+ =Du_=A1,]
gt 1t= 1 e 12 g0z av, (53)
X+ -Du_-uyhy
where

t
=L s - - -
Dt = zct [soe ((A1+A2 2)AS_+(A1+A2 ZAIAZ)CS_)(dXS ds)

t

s
+-s e ((Az-ll)Bs_+(2u1—2)As_+(A1+A2-2A1A2)Cs_)1(Zs_)(dYs-ds)] (54)
0

and

t
S 8 (y - - - -
Et = zct [Soe ((u2 ul)As_+(27\1 2)BS_+(gl+u2 Zuz)xl)CB_)(dX8 ds)

t
+ s € ((uy+u,~2)B__+(u +iy=2u1p)C, I1(Z, ) (47 ~ds)] (55)
0

Again using the differentiation rule in Dt and Et’ we get:

t ~
=z -2) - - -
dp_ = == [\ HA,m2)A +(hH,=204,) Jdt = DA, D ldt

t ’ ~
& O - )u - - - [Dh -
- & [OLmA D, HU DA AR ,=20 2112 )de - [Dyu D 11(2,)de
(56)
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and

t A
=€ - - -2)1 - -
dE_ = 2 [(u2 utl)J\t (224 2)ut+(ul+u2 2u1u2)]dt [Etkt Et]dt

t R . .
5 [(u1+u2-2)ut+(ul+u2-2u1u2)]l(Zt)dt - [Etut-Etll(Zt) dt

(57)
With equations (52), (53), (56) and (57) we have a set of
A :
recursive equations for the pair(ut) . By recursive we mean

t ~
that we have equations for the dynamics that depend on At’ Moo

Dt and Et'

(b) Let us suppose that a queue is servicing different kinds
of customers; first, it serves customers of type 0 that arrive with
arrival rate AO and are served with service rate Mg’ then, customers
of type 1 with arrival rate Al and service rate ul; and so on.
Therefore the queue will serve a infinite number of kinds of
customers. We will consider that the time that customers of type

i can arrive is exponentially distributed with mean 1. In this case:

Ht,s(g)(xe’ue) = E(g(}‘t:’ut)n\s - le’ Mg = "e)
_ i A (t-szk -(t-s) 58
= 2 8( e+k’"e+k) T (58)
k=0
Then: ©
k
9 (t-8) -(t-8)
k=0
~ 8o Venc )] 59

and we can say:
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—’) _ ) _
(@) 0u) = EDOu) =80 om,0) - sn) (60)

Let us define:

6, (A ,u) =1 = =

) (61)
Using formula (38), we obtain:
t
T (8,) =my(s,) +s (Ae-l)ns(se)(dxs—ds)

’ 0
t t
+s (pe-l)n-s(:se)l(zs_) (dYs—ds) +s [TrS(Ge_l)-'ns(Ge)]ds (62)
0 0
Therefore:
t t
nt(SO) =1 +s (Ao-l)ns(éo)(dxs-ds) +s (uo-l)ﬂs(Go)l(Ze_) (dYs-ds)
0 0
t
0
t t
‘nt(Ge) = S (Ae-l)ns(se) (dXS—ds) +s (ue-l)ns(Ge)l(Zs_) (dYS-ds)
0 0
t
+s [ng(8_)-7 (5.)] ds for £ > 1 (64)
0

Solving (63) and (64), we have:
t
t _ s _
e 'rrt(éo) = 1 +§ (Ao-l)e ns(so) (d}(S ds)
0
t

+ 5 (ny-1)e’n (5,)1(2__) (¥ ~ds)
0
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t t
-t
7 (8.) = e n A 0T u exp[- S (A,-1)ds - S (u,-1(Z )ds]
t' 0 tiit 0 8, <t 0 o 0 0 0 s
] (65)
t t
-(t-s)
T () =\e m (& DI n A T p exp[- 5'(A -1)du
t e So s el Sﬁtiié e §§§jit e s ©
t
- s (ue—l)l(Zu)du]ds, e>1 (66)

s
where (ti) are the positive jumps of Z

(sj) are the negative jumps of Z.

In this case we are unable to find a workable expression for
A, and ﬁt but, at least, we can find (65) and (66) that can completely

determinate At and ﬁt at time t.

6.4. Estimation of the queue length given the input flow or the

output flow

Sometimes we can not observe the queue length, itself, but;
instead, the arrival process (input flow) or the output folw
(customers that are leaving the queue). We will be interested in
estimating given one of these flows.

Let us first obtain E(Ztégt), wherecgt = o(Xs,Qiqgt), X
being the input flow. We consider that the arrival and service

rate are constant. Then:

~ t
z_ = E[ztégt] = E[X, —.[ol(zs_)dYségt]
t t ~
= X, -E[ Sol(zs_)dységt] = X, -.yol(zs)uds + E(Mtégt) (67)
t
where Mt = sol(zs-)(dYs-ds) '
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N
1(z) = EQUZ/))
By the representation theorem, we have:
t
{ —3 -
E(Mté)t) = S ¥, (dX_-1ds) (68)
0

To obtain wl, we caléulate:

t t
z.X =Sz dx +sx az +de
tt Ss- 8 S~ 8 8
0 0 0
t t
zX = S z, dX_ +S X, dz_ + s (9 +1)dx_
0 0 0

Since E(d(ZtXt)égt) = E(d(ztxt)é9t)’ we have:

|
(=]

Then
. N

¢ Xt - s l(Zs)udS (70)
0

>

N
fl

] /\
In the expression (70) we don't know l(ZS). In order to obtain

it, we have to calculate a t.

t t

z z z
ats=1 +~S (a~1)a 57 )\ds +-s (1/a-1)a s-l(ZS_)uds + Nt
e 0 z O A
where N_ = S (a-1)a ®7 (dX_-Ads) +s (1/a-Da °"1(z_ ) (d¥ ~ds)  (71)
0 0

Using the martingale representation theorem, we get

t
N, = S ¥,(dX_~2ds)
0
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and

N N t 4\ )

a t- +s (a-1)a S)ds +S (1/a-1)a S],(Zs)uds + Nt
0 0

To get wz, we use the same procedure used before, calculating:

z, t z_ t z__ t z__
a X =} X da " + S a  dx +s (a-1)a = d&X
t f= Sd s s

0 : 0 0

AN (5 AN (AN t
a Xt =S Xs_da +s a dXs +5 "pldxs
0 0 0
Z, £
By equating E(d(a xt)/Jt) = E(d(a xt)/Jt)’ we obtain:
2\
¥, = (a-1) a (72)

and
A oA & AN N |
1 +s (a-1)a Sads +s (1/a-1)a Sl(Zs)uds +s (a-1)a S(dxs-kds)
0 0 0

73)
yA

t _ 2
Since a ~ = I{Zt=0} + a I{Zt=1} + a I{Zt=2} + ..., and can use
(73) to obtain:

-~ ~

di_=1_dt—1_dx 74)
{Zt—O} {z =1} {zt-o} t

iz =e} ~ Wy cern) = Tz =epl9t + iy confTiz =e}19¥e @5)
t t t t

~ ~ -~

T _
Taking Jt = (I{Zt=0},I{Zt=l},1{zt=2},...) we can put (74) and (75)

in the form:

dJ, = yBJ dt + AT, dX : (76)
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2¢

where:

Solving equation (73), we

J,_=e

t

where e = initial condition for Jt’ I = identity matrix

uBt

Remark:

euBt

Let us obtain now E(ZtAJ<t) where Kt = f

flow, andJ{t

Then:

Bz K = B IK) +s

=X
where Pt

By the martingale representation theorem, we have:

t

t

Since B is an infinite matrix, we define:

I (I+e
tiit

—

J -1 0 O0..

. 1 -1 0..
A=

. 0o 1 -1..

; Lo-'o.oc

get:

—uBtAeuBt)C

2

=I+puy+B+ut

2 3
2 B 3.3 B
T T

1

0

a2

1(Zs_)dYS, the output

U(Ks’Qiﬁit)° We consider that A and u are constant.

At

t t

Ads - s l(Zs_) dYS
0 0

A VN
P, = s by (1z, )aY, ~ 1(2_)ds)
0

where izE;3 = E(l(ZS)Kj<S)

Calculating
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t t t

r~
zK, =‘S K, _dKs +-S K, dz_ - 1(z_)dYs
0 0 “0
t t t
XK, = S z dR_ +.§ K, dz_+ (¢3-1)1(zs_)dYS
0 0 70

and equating E(d(Zth)(J<t) = E(d(%th)(](t), we have

o Ztl(zt)-ztl(gt)
1(Z.)
t
Therefore:
t t

X €z _a-i(z) ~
Z, =.S Ads -s 1(z,_)dY_ +-S (1(z__)ay_-1(z )ds)
0

(80)
N
We need to know the value of iz;;). Calculating a t, we
have:
z, €A tAN 4N
a =1+ S (a-1)a sAds-FS [a sl(Zs)-a sl(Zs)]uds
0 0
. S~ 72N N
a %71(z_)-a *T1(z_)1(2_))
+ S 1/a 8 2 gy, (81)
0 1(Zs-)
and finally
Al i ==, _o\+ull, oy (1-I,, _op)ldt
| {Zt_O} {zt 0} {zt-o} {zt 0}
- z = 1
+ [I 41— I _ay (-1 a0 = 1(z, )dyt
{z, =1} ~ Mz, _=0} "z =0V "7 t-
(z,_=0}
(82)

~

a1, _ . = [i _ - i _ 4]at
{zt-e} {Zt—e—l} {Zt—e}
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+ pu[I (1-1 ]Jdt

. oI, -
{Zt e} {Zt-O} {Zt e}

3 1
z,_=er1) Tz =e}I"lz _—op1- T 1IN,

+ [i{
-1, _
{Zt7—0}

(83)
In this case we are not able to get a closed form solution,
as in the preceding case, and, therefore, the equations (82) and

(83) are not too useful.

6.5. Approximate filtering

Let us suppose that our provess is such that both our service
rate and arrival rate are functions of a parameter a. It is
supposed that a takes values in a specified set A and the distribution

of parameter values in A is known. Therefore, we can calculate:

R
Zy - _t
P (a/B) = 2, (84)
where:
t t
Rt = Po(a) + s Rs_(xs_(a)-l)(dxs-ds) +.s Rs_(us_(a)-l).
0 0
. l(ZS_)(dYs—ds) (85)
t t
Qt =1 +—s QS_(AS—l)(dXS_ds) +'s Qs_(us-l)l(zs_)(dYs-ds)
0 0 (86)
Rt
Applying the differentiation rule to'a— , we obtain:
t

. S | >
@, (/B = [\ (@-2 1P (a/F,) (dX - de)
+ P (a/B) (@)=, _Ji  1(z,_) (@Y ,-ii dt) 87)

Using the martingale representation theorem, we obtain:
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t t

a = Ea +s ¥, (dX_-2_ds) +S ¥,1(z_ ) (dY ~u _ds) (88)
0 0
. Calculating:
t
B axt =S adXS
0

atXt =s astS +s Xs__das +5 tpldXs
0 0

0
Equating E(d(aX,)/3,) = EWGEX)/B,), ve find:
a/xt(\a)-;txt
}‘t
In the same way, we obtain:
@-‘étut
b, = —— (90)
ut
and the expression (88) becomes:
A~ — -“ A "_1 _
da, = [ar (a)-d, A IR “(dx, Xtdt)
~ ~ A-l A’
+ [ap (a)-a u Ju “(dY, W dt) (91)
a_ = E(a)

o

Using the same approximations done in [Snyder,1973a], that is:

(a) Take:
) n G \T )
e A(a) =xr(a)+H— (a~a ) + higher order error (a-a,)
t t  t 35 t t
- t
- termg.
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(b) Replace At by At(at)

With the approximations, we find:
@ - 31 - (a1
ax’ - ak, ] = [a-a ]A (a)

. X, (a,)
E[(a-at)(xt(at)-+<——£——E—) (a-a ) + ...)/25 )

aat

HY

3r_(a)
< L “)E[(a—a)(a—a) /%1 (92)

aat

In the same way we will get:

R

/\ R 311 (a ) R R
au (a) - &8, = <—-;?£-) El(a-3,) (a-3) /B, ] (93)
t

*
The equation for the approximated estimator a is:

* *
day = - D M at - ) ff-éi—tl 1(z)dt
t aat t Aaat
+ Za(w (a0 ax, + Z e (a 1(z, )ay, (94)
t t
. |
where %; = E[(a—ﬁt)(a-at)T/%gkl (95)

Repeating the same procedures, we find:

* T *
* Bh(a )\ /or(a))
t -2 , %
d Z Z ( )( da ) ZAt (@)%
N t

* *
du(a ) 3u(a )
-E< 5 )( ) Zu (an1(z, dav,

¢ aat 8at
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* *
+ Z (LM)E (a )ax, +Z(a hey )> E u (a )1(z )dY,

t 8(at) t B(a ) t

. Z (a M, )>Z at - Z(a—l‘f—’)z 1(z, )dt (96)

t a(a ) t t a(a ) t

The euqation (94) and (96) are recursive equations for the
*

*
approximated estimator a and the covariance matrix 2:.
t
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CHAPTER 7

DISSCUSSIONS AND CONCLUSIONS

The goal of this dissertation was to apply the theory of
martingales and stochastic integrals and, at the same time, compare
this approach with the classical one. We think that we made our
point in showing that the martingale approach is really both more
general and intuitive. The advantages are apparent in optimal
control, estimation and identification. Besides that, in relation
with the calculation of the characteristics of the queueing process,
we gave a procedure to obtain them for the case were both the
interarrival and service times are i.i.d.. This same procedure
can be modified in order to solve other particular problems.

The main results in chapter 3 are the representation of the
queue length in a semi-martingale form and the subsequent extension
for a more general class of processes. The new points presented
are thét we don't need to assume Markov properties for the queueing
processes and we can deal with the processes more directly.

In chapter 4 we calculated some characteristics of the queueing
systems using the transformation of measures and compared it with
the classical results. In doing that we were able to find more
general results, besides checking some already known expressions.
Contrasting with usual methods, we had not to use Laplace transforms
and complex variable results and we were able to use the same kind
of approach for different kinds of service and arrivals.

Chapter 5 and 6 are the ones in which the theory of martingales

and stochastic integration proves indeed its usefulness. We could
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formulate the optimal control problem, obtaining a Hamilton-Jacobi
equation for the Markov case and applying it to cases where the
cost function were linear and quadratic. In estimation, some
results in recursive filtering were obtained.

We think that the major areas of future research could be:

a. Application of the martingale approach to other types
of queues.

b. Calculation of the conditions for the existence of.a
steady state behaviour for the single-server single queue and the
solution of optimal control problems, estimation and identification

in this case.
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