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Abstract

There are a number of algorithms in the literature which both
theoretically and empirically are known to be only locally convergent.
These include such well known algorithms as secant, Newton, quasi-Newton
and primal;dual algorithms. Locally, these algorithms tend to be
highly efficient. Consequently, it is very desirable to find ways of
extending, or modifying, these algorithms, so that they become globally

- convergent while retaining their attractive local properties. This paper
describes a set of techniques which have recently emerged for stabilizing

such algorithms and illustrates their application by means of a number of

examples.
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1. Introduction.

As one examines the literature on optimizafion and solution of
equations, one comes across a number of locally convergent algorithms
with very attractive properties. 1In this category, we find such well
known algorithms as the classical ﬁewton method [ 7] the more recent
extensions of Newton's method to the solution of simultaneous, nonsquare,
systems of equations and inequalities [13], [14], various versions of
secant and quasi-Newton methods [2], [3], [4], and multiplier methods
.[6]1, [12], [5], [1]. The first set of these algorithms converge super-
linearly, provided a sufficiently good initial guess is available, while
the methods of multipliers reduce a constrained optimization éroblem to
an unconstrained one and converge, some superlinearly, provided a suitable
convexification parameter has been found.

Over the last few years, a number of papers have been written such
as [7a] [ 8] [ 9] [11], in which these locally convergent algorithms have '
been stabilized, i.e., made globally coﬂvergent, without loss of their
local properties. An examination of these papers reveals a certain pattern
in the manner in which the stabilization has been accomplished. In this
paper we shall formalize this pattern into a set of tyeorems which we

shall then illustrate by examples from the literature.

2. Abstract Stabilization Schemes.

We begin by stating an abstract problem.

Problem 1: Given a closed set F of feasible points in a Banach space

X, find a point z*¥ € A C F, where A, a closed set, is the set of desirable

Eoints.



As a reference point, we need the following algorithm model (1.3.9
in [10]) for solving Problem 1, with A: F - 2F an iteration map

1
and c: F > W? an abstract cost.

Algorithm Model 1.

Data: €F.

20 .
Step 1: Compute y € A(zi).
Step 3: If c(y) < c(zi), set 2,41 = Vs i = i+l and go to step 1; else,

stop. = H

We shall also need the following result (Theorem (1.3.10) in

Theorem 1: Suppose (i) c(°) is continuous and (ii) for every z € F,

z & A, there exist €(z) > 0 and 6(z) < 0 such that

2.1. ° e(z") - c(z') < 6(z) ¥ z' € B(z,e(2)), ¥ 2" € A(z"),
where

2.2. B(z;e(g)) 4 {z'lﬂz'-z“ < e(z)}

Under these assumptions, (i), if Algorithm Model 1 comstructs an infinite

sequence {zi}:=0’ then every accumulation point is in A; (ii) if {zi} is

finite, then its last element is in A. LS

Our first, and simplest, estension of Algorithm Model 1 is directed to

the stabilization of a locally convergent algorithm of the form z €

i+l
A(z), 1=0, 1, 2, ..., vhere Az F > o with'a C P, CF. Ve
assume that in addition to A1 we also have an iteration map A2: F + ZF

and an abstract cost function c¢: F » w%l’ both sgtisfying the assumptions

of Theorem 1 (with A = AZ)'



Algorithm Model 2

Data: z, €F.

Step 0: Set 1 = 0.

Step 1: 1If z; € F, compute ay € Al(zi)'and go to steﬁ 2; else compute
ay€ A2(zi) and go to step 2.

Step 2: If c(y) < c(zi), set z,,, =¥ and go to step 1l; else stop. H

Theorem 2: (1) Suppose that the map A: F > 2F defined by A(z) =

A1(z) if z € Fl’ A(z) = Az(z) otherwise, together with c(+) satisfy the
assumptions of Theorem 1, then the conclusions of Theorem 1 apply to
Algorithm Model 2. (ii) In addition, suppose there exists an open subset

FA’ whose closure FA C Fl, such that A C FA’ and Al(FA) CiFA, and tha

Algorithm Model 2 constructs a compact infinite sequence'{zi}zco. Then

there exists an integer N such that z

141 € Al(zi) for all 1 > N.

Proof: Part (i) is obvious. (ii) Since by (i) every accumulation point

\» With FA an open set, there exist an N such

that Zy € FA” But this implies that zy

Our next model is significantly different and is directed to the

of {zi} is in A, and ACF

GT?'A for all 1 > N. n

stabilization of superlinearly converging algorithms of the form X4

‘ F ‘
€ Al(xi)f i= 0o, 1, 2, ..., where Alz Fl + 2, with A C:Fl C'F, with

+ .
an associated abstract cost ¢t F1 - R™. Again we assume that we have

2

amap A,: F +A2F aﬁd.a c2:' F - Eil, satisfying the assumptions of
Theorem 1 (with ¢ = ¢ |

29 A= AZ)'

Algorithm Model 3
Data: vy € (0,1), X, € F.

Step 0: Set i =0, j =0.



3 go to step 2; else go to step 3.

Step 1: If x, € F, and cl(xi) <y
Step 2: Compute an X € Al(xi)’ set zj = X, set j =,j+l’ set 1 = i+l,
and go to step 1.

:Steg 3: Compute a y.€<A2(xi).

Step 4: 1If cz(y) < cz(xi), set x, ., =, i = i+l and go to step J;

else, stop. ¢

Theorem 3: Suppose (1) AZ(-), cz(o) satisfy the assumptions of Theorem 1;
(i) cl(-) is continuous; (iii) ¥ y €(0,1) there exist an open set FYA

C CF C C
such that A FYA FYA Fl’ Al(FYA) FYA and

?.3. cl(x') <y cl(x) ¥xEF

]

(iv) if cl(x%) = 0, then x* € A,

Under these assumptions, (i) if Algorithm Model 3 éonstructs a compact
infinite sequence {xi}, then every accumulation point of {xi} is in A; (i1)
if {xi}-18~finite, then its last element is in A; (iii) if {xi} is

infinite and compact, then there exists an integer N such that x €

i+l
Al(xi) for all i > N.

Proof: (ii) is obvious. Hence we only need to prove (i) and (iii).

(1) (a) Suppose that there is an N' such that x € AZ(xi) for all

i+l
i > N'. Then by Theorem 1, all accumulation points of {xi} are in A.
(b) Suppose that there exists an infinite subset K of {0,1,2,.....} such

that X401 € Al(xi) for 1 € K. Then we must have cl(z ) 0 as j » =,

i
Since {zj} is a subsequence of'{xi} and'{xi} is compact, there exist a
. K1
z* € F, and a subsequence {zj} such that zj > z* and hence we must
J&

have cl(z*) = 0, which implies tﬁgt z¥ €A, But F , is an open set and

vA



X1

%
. . . = e .
zj > 3z Henc; there exist an N and a jN such that sz- XN FYA
Now cl(zj ) <y N; by construction of zj 3 it now follows from the fact
N N
€
141 Al(xi) for all i > N, X,

i>N, and cl(xi) + 0 as i + », Consequently, any accumulation point

E ~ .
that Al(FYA) - FYA’ that x FYA for ‘all

x* of {xi} satisfies‘cl(x*) =0, i.e. x* € A,

(1ii) To show that (a) above camnot occur, suppose jN' is the last
value of j. Hence, since {xi} is compact, and by (i) it has accumulation

points x* € A, there must exist and N such that Xy € FYA and cl(xN) f'YiN'°

But this immedaitely implies that x 1+1

€F  for all i > N, i.e.,vthat X
i YA - v

€ Al(xi) for all i > N. "

We now turn to the stabilization of algorithms Qhoée convergence
depends upon the correct choice of a parameter and there is no practical
a Priori way for selecting this parameter. We model a scheme for
autqmatically seleqting the required parameter, as follows. We assume we
are given sequences of iteration maps A,: F -+ ZF, of abstract costs c,:

J J

F +,E§l’ of tests tj: F » W?l and subsets Aj CF, with j=0, 1, 2, ... .

Algorithm Model 4

Data: X, € F.

Step 0: Set i = 0, j=0.

Step 1: If tj(xi) < 0, go to step 2; else go to sfep 4.

Step 2: Compute a y € Aj(xi)'

Step 3: If cj(y) < cj(xi) set X, . =y, 1= i+1 and go to step 1; else

stop.

Step 4: Set_zj = x,, set j = j+1 and go to step 1. n

: Theorem 4: Suppose that (i) for each j, j =10, 1, 2 ..., cj, Aj’ Aj

satisfy the assumptions of Theorem 1, (with c, A, A replaced by cj, Aj’



h|
2, ..., {z € Ajltj(z) < 0} CA; (iv) for every z*¥ € F there exists a j*

Aj); (i1) t,(-) is continuous for j = 0, 1, 2, ..., (i1i) for j = 0, 1,

and an e* > 0 such that t,(z) < 0 for all § > §¥, for all z € B(z*,e*).
Under these assumptions, (i) if Algorithm Model 4 co_nstruc'ts a finite

sequence {z,}, and {xi} is infinite, then every accumulation point of

k|
{x,} is in A; (ii) if {z,} is finite and {z;} is finite, then the last

element of {xi} is in A; (1ii) if {z,} is infinite, then {z,} has no

3 b

accumulation points,

Proof: Again (i1) is obvious and we only need to prove (i) and (iii).
(1) Suppose that {zJ.} is finite, with last element 'zj,. Then, by Theorem.

1, all accumulation points of {xi} are in A Furthermore, since t j,(.)

A
is continuous and tj,(xi) < 0 for all i > 1', for some finite i', if x*

is an accumulation point of {xi} it must also satisfy t j.(x*) < 0. Hence

x* € A, (i11) Suppose {z,(} is infinite and that it has an accumulation

J

point z*. Then there exists an infinite subsequence {2 j} such that
K : ' j €K
z 3 + z%, Now, by assumption, there exist integers j* and N such that

tk(zj) < 0 for all k > j*,j >N, j € K. Hence, given any j €K, j >
max{N, j*},_ we find that the Algorithm Model 4 would not increment j to
j+1 at x, = z_., which is a contradiction. Hence {zi} has no accumulation

i 3

points. "

3. Applications
We present applications without proof. Those interested, will find
the proofs in the corresponding references. Our first application is to

the stabilization of Newton's method for the problem

3.1 win{f’(z) |z € R®}



wherei f°(~) is three times continuously differentiable, but not necessarily
convex. For this case, ﬁe introduce three parameters: o € (0,1), 8 € (0,1),
and y > 0 large, and the nof:ation H(z) = -a—zf—oé-z-l We now define F = Rn,
e(+) = £2¢), >

3.2 A= {z|Vf°(z) = 0}
3.6 F = {z € R*IE@ ™, < v, 2010 "VE() £ @
<= a v, m(2) el (2) 0}

@n
AandAl.,Fl-rIR by

3.3 Ai(z) = 2 - 1(z) " Wel(z)

and A,: R® » R® by’

3.4 Ayz) =z - 65(2)g£0¢2)
where (with Z = {0,1,2,3,... .})

3.5  k(z) = arg min{k € 2| £2(z-8%ve%(2))~£2(2) < - BXalvel ()07}

The stabilized algorithm is obtained by direct substitution into
Algorithm Model 2 (see [9] for a more complicated applic,éf:ion).

Next we consider an applj.cation of Algorithm Model 3 to the
stab'ilization of the Pshenichﬁyi—Robinson [13], [14] extension of Newton's
algor:ithm (see [il]);

This algorithm solves problems of the form: find z€ A C R™ with

3.6 A 4 {z|g(z) = 0, £(z2) s 0},



where g: W{n-+ W{m,‘f: ‘W%n -+ E{q‘are continuously differentiable
functions. We use superécripts to denote components of f, g, z, etc.

After selecting some b >> 1 we define, £: R" » FRq+1 by

] £ (2) ~3=1,..000q
3.7 B é{ |

1202 - j=q+1

3.8 G(z) 4382 F(z) & 22

9z z
3.9 BT 4 naxto,H @)1, 5 = 1,2,...,q41,

Next we define F = W%n, and the cost function c,t E?n -+ 531 by
3.10  c,(2) & 2 lg(z)l? + 2 IE5(2) 12

It is not difficult to see that cz(-) is continuously differentiable.

Using a given initial guess, Zgs we define

3.11 C(zb) ='{z|c2(z) < ey(z4)}

1 and the set Fl will be defined in the algorithm;

but first we state assumptions which ensure that our algorithm is globally

The functiéns Al’ A2 and ¢

convergent.

Assumption 3.1: The derivative matrices G(*) and F(.) are Lipschitz

continuaus.



Assumption 3.2: The pair (F(z), G(z)) satisfies the Robinson LI condition [L4]

for all z € C(zo), where z, is the initial guess to a solution for (1)
and b is sufficiently large to ensure that the set C(zo) contains at

least one such solution; i.e. for all z € C(zo)

uTF(z) + v G(z) = 0

>

andu=0,impliesthatu=0ahdv=0. "
Algorithm

Data: zy € R®, b > lz 1%, a € (0,1/2), 8 € (O,1), £ > 1, v € (0, 1).
Step 0: Seti=0, j=0, Xy = 2

Step 1: Compute 8,("1)’ 'f(xi), cz(xi), G(xi), and f(xi). Stop if cz(xi) = 0.

Step 2: Compute a vector vy which solves the problem
’ -0, Teay + Fex v §
3.12 cl(xi) = min{Uv||°°|g(xi) + G(xi)v 0, f(xi). + F(xi)v 0}

where llvlleo A max|vr|
r

Commeﬁt: D‘uel to Assumption. 3;2 , the lineariz;ed problem (3.12) always has
a solution, obtainable by linear programming techniques.

Step 3: If cl(xi) ._<_ Yj and x; + v, € C(zo), set X, ., = X, + vy set

zj = Xy set j = j+ 1, set i =1+ 1 and go to step 1; else go to

ste;; 4, |

Note: F, = {x; € C(zq) lxi + v, € C(zo)}, A, (x,) {x:t + vil‘vi-e Arg
min{"v“mlg(xi) + G(xi)v =0, f(xi) + F(xi)v < 0 }. Steps 2, 4, 5, 6, 7, 8

. . n .
define a map Aé: F2 »> 2 R , where F2 c R® and steps 97, 10, 11, _12 define

2

n
a map AlY: Rn+2R_

-10-



Step 4: Set W, = Vg, ¢(xi) = - éz(zi).
Step 5: Set & = 0.

, 2
Step 6: Compute cz(xi*-e wi).

Step 7: 1If
1 (x + M) - (X)<Bza¢(X)
3.1 cplxy 17 T elxy) < i
g d 13
= = ! = 1+ to ste 3
set zi %, set X =X + B W, € Az(xi), set 1 =1 _lvan go to step 13;

else go to step 8.

Step 8: If & < L set 2 =2+1 and go to step 6; else go to step 9.

H = e = - "2
Step 9: Compute ch(xi), set vy ch(xi) and set ¢(xi) "ch(xi) .
Step 10: Set 2 = 0.
Step 11: Compute cé(xi + Bzwi).‘

. % .
Step 12: If (3.13) is satisfied, set zi = 4, set xi+1 =%, + B'iwi €

A;(xif set 1 = i+ 1 and go to step 1; else set £ = £ + 1 and go to

step 11. H

Thus; in the aigorithm above,'Az(#) = Aé(x) if (3.13) is satisfied at x,
otherwise Az(x) = A;(k).

Finally, we presgnt an algorithm [ 8 ] which corresponds to Algorithm
Model 4. This algorithm is of the primal-dual type and it solves problems

of the form

3.14  win{f'(2)|g(z) = 0}

where £: R® » FRI and g: R™ » Wam, with m < n, are three times
continuous differentiable and, for any z € Fxn the matrix 2%531- has

maximum rank. This algorithm uses a family of convexified Laprangians

=11~



cj: R™ Wzl, defined (as by Fletcher [ 5]) by

3.15 cj(x) = fo(x) +{ y(x),g(x) ) + %'Yj ﬂg(x)ﬂz, j=0,1, 2.;.

where for j = 0, 1, 2... Yj+1 > Yj >0, and y j+ © ag j > is a pre-

selected sequence and

-1
T
316y = - (ag(x) 9g(x) ) gggvf(x,,

X 9x

The algorithm uses a Gauss-Newton type approximation H_ (x) to the matrices

A

52 T e T T
3.17  H (x) =2 2(x,>2'<x)) + 8y azaxgxz agaxgx) + v, agaxgx) agaxgxz

h| 9% ax x

where £(x,y(x)) = £2(x) + ¢ y(x),g(x) }. It is shown in [ 8 ] that
a%¢ . (x)

a . .

5 ,
define A = {x € R‘?Ig(x) = 0, sz(x,y(x)) = 0}, A, = {x € Rancj(x) = 0};

k|
the maps Aj’ tj’ will be defined in the algorithm, with F = E%n.

Algorithm: Parameters: o € (0, %), B € (0,1), 0 < gy << 1, 0 < g << 1,

y>1, {Yj};=0'. Initial guess: zy = Xye

Step 0: Set i=0, j=0.
Step 1: 1If ch(xi) # 0, go to step 3; else go to step g.
Step 2: If g(gi) = 0, stop (xi € {x € Ailtj(x) < 0} CIA); else go to

step 9 (since t

j(xi) 5_0_by inépection).

-12-



-1
A i3g(xi)T 0g(x,) ag(xi)T

Step 3: 1If tj(xi) = - = ( P e ) g(xi), ch(xi))

+ "g(xi)ll2 < 0, go to step 4; else go to step 9.

Comment: The test in step 3, roughly, is on the angle between ch(xi)

T T, -1
. A 98(xp) (Bg(xi) 9g(x,) )
and the Newton direction v(xi) = % - rry 8(Xi), for
solving g(x) = 0, defined by v(xi) = arg min{lvl |g(xi) t—v s 0}.

Step 4: If |det Hj(xi)l 3_50, go to step 5; else go-to step 6.

Step 5: If-

(ch (xi) , ch (xi)_ch:j (xi) ) >

318 minte;,0ve, (e )V Hve, Gl T (e ™ ve, (e,

set h(x) = - Hj(xi)-lv (x,) and go to step 7; else go to step 6.

3
Step 6: Set h(xi) = - ch(xi).

Note: The two alternatives for h(xi) (step 5 or step y) define two maps )

Ag, Ag which combine to form a single map Aj’ in accordance with the

rules governing Algorithm Model 2.

Step 7: Compute the smallest nonnegative integer £, > 0 such that

i

% 2
i < i
3.20 cj(xi +‘B h(x,)) - cj(xi) =B "o ¢ ch(xi),h(xi) )
2 i '
Step 8: Set Xip1] =%y + B h(xi) € Aj(xi)’ set 1 = i+l, and go to step 1.

Step 9: Set zj+1 = x;, set j=3+1 and go to step 1. H
Another example conforming to Algorithm Model 4 can be found

in [7a].

-13-



Conclusion _

We have presented in this paper two models for stabilizing algorithms
with good local convergence properties and are model for stabilizins an
algorithm which requires the automatic gselection of a parameter. An
examination of the original proofs given for the algorithms which we
selected as applications, shows that they satisfy the corresponding

assumptions stated in the theorems in this paper.
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