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1. Introduction

In a recent paper [12], L. A. Zadeh introduced the concept of
linguistic probabilities. 1In this note, we examine this concept in
greater detail and explore its relations with fuzziness in measure
theory, and the application of the extension principle of Zadeh [12]
to operations on the space of probability distribution functions. As
a preliminary. we shall review some of the basic concepts in the theory

of fuzzy sets which are relevant to our analvsis.

2. Fuzzy Sets and the Extension Principle

2.1 Notation
Let U be a set. We denote by CFRU) the collection of all subsets

of U. If A€ <TP(U), then lA is the membership function of A, defined

by:

1A : U~ {0,1}

1 if uea
lA(U)={

0 if udg A

(2.11)

We denote by CEMU) the collection of all fuzzy subsets of U. Each A €

CFKU) is characterized by its membership function My ¢ U -+ [0,1], and
o~
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we write symbolically

A= qu(u)/u s (2.12)
u v

signifying that A is the union of fuzzy singletons uA(u)/u.

An order relation in Cp(U) is defined by:

ASB‘*};A_{ uB (2-13)
If A,BE CP(U), then we define:

AUB < uAUB=uAqu (2.14)

ANB <« q (2.15)

as =~ FaNVp
where V and A stand for maximum and minimum respectively. With these

operations, CP(U) is a (complete) distributive lattice with minimal

element ¢ (u¢50), and maximal element U (uU_=l).

2.2 Fuzzy Negation

Since the unit interval [0,1] is a distributive lattice, which is
not complemented, it follows that CP(U) is not comﬁlemented. If we
define the relative pseudo-complement of a fuzzy set A relative to a
fuzzy set B, we obtain a Brouwerian lattice, as shown in [2]. But, in
fuzzy logic, the complement or, equivalently, the fuzzy negation of a

fuzzy set A, denoted by Ac, is defined by:

- 2.21
A . .
Although obvious, it is important to note that AS is not a comple-
ment or a pseudo-complement of A in the algebraic sense. However, the

operation A Ac satisfies the following two properties of the complement
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operation in an arbitrary distributive lattice (with maximal and minimal

elements):
(Ac)c = A (involution) 2.22)
ACB =A° 2 B® (order reversing) (2.23)

Thus, the definition of fuzzy negation is motivated by the fact that the
unit interval [0,1] is a complete, distributive lattice with order

reversing involution: x +1 - x.

2.3 Reverse and Dual

If A and B are two subsets of the real line R (or more generally,

of B"), then
AOB = {a-bl|la €A, bEB} (2.31)

Now if A and B are fuzzy subsets of R, then it is natural to

define A © B as the fuzzy subset of R characterized by:

uA@B(x) = \V4 ) [uA(u)/\ uB(v)] (2.32)
(u,v) €E R
{u -v=x

In particular, if A = {t}, then
uteB(x) = uB(t-x) (2.33)

which implies that t @ B is the fuzzy symmetrical set of B with respect

to the point t/2.
Let U be a bounded invertal in R, say U = [a,b], and A GCP[a,b];

then by the reverse of A we mean the fuzzy set A* defined by:



UA*(u) = uA(a+b-u) » ¥u € [a,b] (2.34)
i.e.

A* = (atb) © A (2.35)

Note that in the case of IR, we define A* as:

uA*(u) = lJA(—u) s, WuER - (2.36)

In the case of U = [0.1] (and, more particularly, in application to

linguistic truth-values and linguistic probabilities [12]), we have:
pax (@) = u, (A=), we[0,1] (2.37)

In this case, A* is called the dual of A [1]. Note that A* # Ac, but
the operation A + A* is also an ordered reversing involution (with
Tespect to the extended order relation of‘q)[o,l], via the extension

principle [12], as will be described in greater detail in Sec. 2.5).

2.4 Fuzzy Relations

If U= le e X Un’ then an n-ary fuzzy relation in U is a fuzzy
subset of U.
If R (resp. S) is a (binary) fuzzy relation in X x Y (resp. Y x Z),

then the (max-min) composition of R and S is the fuzzy relation ReS in

X x Z characterized by:

Mpos (652) = ¥y [ GG K (y,0)] - (2.41)

Note that if R and S are nonfuzzy relations, then:

ReoS= {(x,2) €X x 2|3y €Y such that (x,y) €R and (y,z) € S} (2.42)
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Note also that ReS can be expressed in terms of fuzzy projections

as follows:

Let R and S be fuzzy subsets of X x Y x Z characterized by:
u&(an’z) = UR(X;Y) (2.43)
ug (x,y,2) = Hg(y,2) (2.44)
The projection T of RNSon X x Z, is defined by:
Hp(x,2) = /e = (x,y,2) (2.45)
y&Y
then we have:

ReS = T = Pr(RNS).
XxZ

2.5 Extension Principle

The theory of fuzzy sets provides a basis for the development of
computation techniques for the manipulation of magnitudes which are
expressed in linguistic rather than numerical terms. A device that is
particularly useful for this purpose is the extension principle [12],
which profrides a natural way of extending operations defined on U to
Pw).

More specifically, let f be a mapping from U to V, and let A € CP(U),

with A expressed symbolically as:

A= qu(u)/u (2.51)
g

where Wy is the membership function of A.

Then the image of A, f(A), is defined to be:



£@ = [, @/ew (2.52)
v

where f(u) € V.

More generally, if * is a binary operation in U x V, with values in

W, and A € CP(U), B € P), then

A*B= ﬁA(u)/\uB(v)/u*v (2.53)
W
For example, if A,B € Cp(]R); then

A+ B= ];JA(x))\uB(Y)/xﬂr (2.54)
R

The extension principle may be used to extend the usual order
relation on the real line R to CP(IR) [12]. This order relation on
CP (R) extends also the usual order relation in interval analysis [5].

A concept which plays a basic role in the applications of the
extension principle is that of a fuzzy restriction [12]. Informally, if
X is a variable taking values in U, then a fuzzy restriction, R(X),
associated with X is a fuzzy relation in U which acts as an elastic
constraint on the values that may be assigned to X. Thus, if small is
a fuzzy subset of IR characterized by the membership function M

mall *
R~ [0,1], then the fuzzy proposition "X is small" translated into

R(X) = small

which implies that the proposition in question induces a fuzzy restriction
on the values of X which is given by small. In this sense, a variable X
is fuzzy if it is associated with a fuzzy restriction.

In the case of fuzzy variables, a concept which is analogous to

that of dependence in the case of random variables, is the concept of



interaction [12]. More specifically, the fuzzy variables X ,...,Xn are

1
non-interactive under the restriction R(Xl,...,xn) iff

R(Xl,...,Xn) = R(Xl)x ...><R(Xn) (2.55)

where X denotes the cartesian product of fuzzy sets [12].
As an illustration, consider the propositions: "Xl is A" and "X2 is
B" where A € P(u), B € Pw).

These propositions translate into:

R[a(Xl)] =A |, R[b(XZ)] =B (2.56)

v

where a(Xl) and b(Xz) are implied attributes of Xl and X2 respectively.

Thus, Xl and X2 are non-interactive iff:

R(a(X)),b(X,)) = A x B (2.57)
i.e.
I LY L @A W) (2.58)
R@a(X)),b(x,)) = *a( A ¥y :

Remark: In general, for each (u,v) € U x V, the degree of compatibility
of (u,v) with R(a(xl),b(xz)) is a function of uA(u) and uB(v), say

f(pA(u),uB(v)). Thus the non-interaction of Xl and X2 implies that:

£Quy @)y () = 1, (@) A ug (). (2.59)

It is shown in [1] that the non-interaction of Xl and X2 corresponds
to the property of non-compensation of the function f. More precisely,
2
a function f : [0,1] -+ [0,1] is said to have the non-compensation

property if:

for all o € [0,1], there do not exist (x,y) € [0,1]2 such that:



(1) XAy <a<xVy

(ii) f(x,y) = f(a,).

Examples: f£(x,y) =xA Y, f(x,5) =xVYy

Note that the functions £(x,y) = xy, £(x,y) = ng do not have this
property. As shown in [1], under suitable conditions on £, if f has

the non-compensation property, then f is necessarily of the form
f(x,y) =xANYy.

2.6 Operations on the Space of Probability Distribution Functions

Recall that a probabilistic metric space is an ordered triple
(S,gylr)‘such that [8]:

i7: S xS -+ A+ (space of probability distribution functions F

such that F(0) 0)

1

(i) CJ’(p,q) =€ ®P =4 (where € )

C:)c’(q,p)

0 "o, + [

(ii) CJ’(p,q)

(iii) /‘(‘}’(p,r) > T(g(p,q) ,q(q,r)) where T is a triangle function (a
suitable binary operation on A+)
If T is the convolution operation, then (iii) is Wald's inequality.
If T is of the form:
TT((F,G) (x) = Sup F(F(),G(W)) (2.61)

utv=x
where T is a t-norm, then (iii) is Menger's inequality. It is shown
in [9] that the operation T

A

variables, namely, addition, using the technique of copulas. A similar

is derivable from an operation on random

result can be obtained from the fuzzy set point of view, using the

cardtItent gLty s ls 23 Tollows.



Given F, G € A+, formally F and G define two fuzzy subsets A and B

of the real line by putting

Using the extension principle, addition of fuzzy sets A and B is

defined as:

A+ B= ﬁA(xy\pB(y)/}Hy (2.62)
R

By the definition of the union of fuzzy sets, we have:

M, o(2) = Vv fu, DA (I (2.63)
A+B (x,y)E]R2 A B
xty=2
i.e
TACF,G) (z) = uA+B(Z) : (2.64)

Thus, the operation corresponds to the addition of fuzzy subsets

™A
of the real line.
Remark: If X and Y are real random variables, with distributions FX’

FY respectively, then their joint distribution HXY is of the form:

By (,3) = Cyy (F, (0, Fy (3)) (2.65)

where CXY is a connecting copula of X and Y [9]. If X and Y are inde-
pendent, then C__(X,y) = x - y.
XY
fes If X and Y are fuzzy variables, with fuzzy restrictions R(X), R(Y)

respectively, then X and Y are non-interactive iff:



Let X and Y be two real random variables such that X = £(Y) or
Y = £(X), with f strictly increasing. Consider X and Y as fuzzy

variables with fuzzy restrictions:

uR(X) = FX , uR(Y) = F'Y (2.67)

Then the fuzzy variables X and Y are non-interactive iff the fuzzy

restriction R(X,Y) is characterized by:
"Rex,v) - Hxy (2.68)
because here we have: CXY(x,y) =x Ay [9].

3. Fuzziness in Measure Theory

3.1 The concept of a measure may be extended to fuzzy sets in a variety
of ways. In particular, in [10] and [13], a fuzzy measure is defined as
a mapping from a collection of fuzzy subsets to the realvline which has
most of the basic properties of an ordinary measure. More specifically,
a measure m on a O0-algebra gj@ of fuzzy subsets of a set 2 is a mapping

—

from ¢ to ]fk such that:

(1) ABeAand A CB=n) < @)
) m@) =0
(111) ¥A,B € A, n(a) + n(8) = m(AUB) + m(A"B)
(iv) if An is an increasing sequence in(JA, then:
m(:l&n) = t1:: m(A ).
It can readily be shown that, for fuzzy measure, monotone continuity
is stronger than g-additivity.

3.2 An alternative definition of fuzzy measure is given in [11] as
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follows:
Let (ij4) be a measurable space. A fuzzy measure of (Q£J4) is a

mapping g : le + [0,1] such that:

1) g(¢) =0, g(R) =1
(11) ABeAand A CB=ga) < g(@B)

. +o .
(iii) (An)l in(J4:and monotone, then: lim g(Ah) = g(lim An)

n->o n-o

In this definition, the value g(A) may be interpreted as a subjective
measure expressing the grade of fuzziness of the set A.

A fuzzy measure g is said to be F-additive if ¥A,B GLJ4, g(AUB) =
g(A) vV g(B).

These fuzzy measures bear a resemblance to a special class of
capacities, namely strong capacities [6].
Examples: The Dirac measure at a point wy eEQ :6ub.
If £: @~ [0,1], the A +sup £(w) is such a measure. Formally, a

A
probability measure is also a fuzzy measure in the above sense.

3.3 Let (QﬁJA) be a measurable space. By a fuzzy event, we mean a
fuzzy subset A of Q such that its membership function My iS(JA-measurable.
Probability measure is extended to fuzzy events in [13] as follows:

Let P be a probability measure on (QAJA). Denote bycgg the

o-algebra of fuzzy events. Then P is extended tO({A by putting:

sedk, B =qu(m>cu><w>
Q

Thus: P :(4& -+ [0,1].
As a simple illustration of this extension, let 9 = {w

a finite set with the uniform probability measure P. Let A € CFRQ),
~

-11-



then the fuzzy proportion +%+ is defined by

Z HA(U)

Q n

Remark: The number |A| = E:pA(w ) is called the power of A[12]. More
generally, if Q is an arbitrary set, the power of A € CFRQ) may be viewed
as the result of an extension of the counting measure on Q2. More pre-
cisely, the power of A € CP(Q) » 1s given by 2 uA(w) is SA is countable
and +~ if not, where SA is the support of A, fe., SA ={w: uA(m) # 0}.
3.4 1In generalized information theory [4], the information associated
with an event A is interpreted as the information provided by a proposition
(in the spirit ofbstatistical mechanics) of the form "The state is in the
set A." A natural way of extending this concept of generalized informa-
tion to fuzzy sets is the following [7]:

Recall that an information mea.sure is a mapping J from a lattice

X (<,N,V, ninimal element 0, maximal element 1) to ]ff such that:

(1) x<y=J(x) > J(y).

(i) J(0) = 4= , JQ) =
(iii) There exists F : ]R x R 1R+ such that:

J(xvy) = FOIX),J(y)) if x Ay =

Examples:
a) Let (Q£J4,P) be a probability space. The Wiener-Shannon information

measure on X =(J4 is defined by:

A G(JA, J(A) = ¢ Log c > 0.

1
P(A) °

-12-



X X
c

F(x,y) = Sup{0, -c Log [e + e c]},
b) Let m be the counting measure on an infinite set Q. Define J : X =

Py R by:

1

c) Let D be the Hausdorff dimension on [0,1], and 6 : [0,1] - IR+, con-
tinuous, strictly decreasing with 6(0) = += and 6(1) = O.

Define J on X = CP([O,I]) by

J(a) = e[D(4)].

F(x,y) = x Ay (This is so because, for all A,B C [0,1], D(AUB) =
D(A) vV D(B).)
Given a measurable space (Q;J4), we denote '\A the lattice of fuzzy

subsets (of Q) A such that u, is u4'-measurab1e. Let J be an information

A

measure on u4, then an information measure for fuzzy events, i.e. u},

can be defined as an information measure J on the functional lattice

C«TQ}}) ={'ﬁ : A€ ufl}, such that:

§(1,) = J@) for a11 A € A,
Example:
Let = [0,1], and (ft)tE[O,l] a family of functions ft : [0,1] »

[0,1], such that:

ft(t) =1 , ¥%¥t€ [0,1].

For example: if0<x<t

= et
I

1
x

For t € ]0,1[ s ft(x) =

ift<x<1

=
[
t

-13-~



l-x

and: fo (x)

fl(x) X.

The mapping: A € CP[o,l] + £, € 10,1191 4efined by:
fA(x) = sup ft(x) (3.41)

tEA

1s such that:

i £ =0

1) 6

(ii) fA=1onA.
(iii) ACB=f, < £.

Thus this mapping induces a 6-closure operator [3] (left~continuous)

on [0,1]:
6(4,0) = {x : f,(x) > a} (3.42)

We denote by CB(S) the o-algebra generated by 6 (i.e. by 6(A,a),
A C[0,1], « € [0,1].). Let J be an information measure on ([0,1],@(6)),
with F(x,y) = x A y.

For A in B(6), define:

J(u) = Inf  [aVI@A)] | (3.43)

«€]0,1]

where A = {x : uA(x) > a} e (Bo).

Then J is an information measure on QT(CQ (6)) with ﬁ(x,y) =xAy

and 3(1A) = J(a), vA € Bo).

4. The Concept of Linguistic Probabilities

As in the case of the conventional concept of measure, the fuzzy

measures defined in the preceding section take real numbers as their
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values. The notion of linguistic probabilities, on the other hand,
represents a substantial departure from this convention. In what follows,
we shall examine this notion in great detail and discuss the problem of

the computation of the expectation of a linguistic random variable.

4.1 Let (QﬁJA,P) be a probability space. If A.€<VA;and P(A) is unknown,
we consider P(A) as a numerical variable taking values in [0,1]. The
linguistic variable associated with A, denoted by ?(A), has P(A) as its
base variable; that is, each value assigned to P(a) represents a fuzzy
restriction on P(A). Thus, with each event A we associate a parameter
taking values in a subclass of ﬂP[o,ll, which implies that P(A) takes
values in a (countable) set W C CP[O,l], where each element of W is a
fuzzy subset of [0,1] whose label belongs to a term-set T(P) [12]; ﬁ(A)
=1, I €EW, signifies that I is a fuzzy restriction on P(A), and I is
called a linguistic probability value. In effect, this means that P
may be viewed as a multi-valued mapping from<44:to W.

Let X be a random variable, taking values in a finite set U =
{ul,...,un} C R. With each event (X=ui), we associate a linguistic

A

variable Pi’ with pi = P(x=ui) as base variable. Each n-uple (Al""’

An), where Ai is a linguistic value assigned to P,, constitutes a

i
linguistic probability assignment list associated with X. A collection
of such lists will be referred to as a linguistic probability distribu-
tion of X. A random variable X which is associated with a linguistic
probability assignment list is called a linguistic random variable.
Note also that each list (Al""’Ah) may be subject to different

constraints [see 4.2]. As an example, the linguistic uniform assignment

list of X may be expressed as

-15-



"1"

Ai n °’

i=1,...,n

nqn ’
where > is a fuzzy subset of [0,1] labeled "close to %5"

4.2 Let X be a linguistic random variable taking values in U = {ul,...,un}
C R, with linguistic probability assignment list (Al,...sAn).» By
linguistic expectation of X (with respect to this list), we mean the

expression:

E(X) = ulA1 + ... + unAh . - (4.21)

The meaning of (4.21) may be deduced from the extension principle.
Specifically, note first that each fuzzy subset Ai of [0,1] is a fuzzy
restriction on a variable P;- For this reason, the interaction between
the Ai is related to the existence of constraints on the base variables

pi, which are expressed by

SCI0,1I" , 8= ((pyseesp)|pyteectp =1} (4.22)

If Ai are non-interactive (apart from the constraint (4.22)) then

the restriction imposed by (Al""’Ah) is characterized by:

n
UK, 5e0erX ) =[ ]
1 Ad, X)) N L (X,50009x ) & (4.23)
(Al,...,A:) =18 1 §71 n

Thus, by using the extension principle, we see that ﬁ(X) is a fuzzy

subset of the real line characterized by:

n
ANu, x )]
Hsa z) = Y [i=l Ai i
Eed (x)5++05x ) € [0,1] (4.24)
x1+...+'xn =1 -
ulxl+...+unxn =z
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Remark:

More precisely, the notion of linguistic expectation might be for-
mulated in the setting of measure theory as follows:

Recall that the Minkowski's addition of two subsets A and B of R

(or more generally of ]Rn) is defined by:

A®B={a+blac A, bEB}. (4.25)

If A and B are fuzzy subsets of IR, then we define the sum A & B by:

\Y [u, () A K], ¥ x € R. (4.26)
(u,v) € R?2
u+ve=Ex -

Hr0B (x) =

On the other hand, for tER and 2 # 0, we define the fuzzy set £.A

M, () =K@, ¥ER (4.27)

and we put 0.A = {0}.

Let ui(i=l,'...,n) be real numbers (#0), and Ai (i=1,...,n) be fuzzy
subsets of [0,1]. We extend each Ai to a fuzzy subset of IR, still denoted
by Ai’ by putting:

W, (x) =0 if x ¢ [0,1].
i

Using (4.26) and (4.27), we can then define the fuzzy subset (of R)

n
‘0 uiAi by:
i=1
n
¥€E€ER , L x) = v [i{:\luuiAj(.xi)] (4.28)
n
6 u A (x ’ L ,x )em
i=1 i1 1 n
>
X,=X
=t
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Xy

- e [0’1]’ i=l’ooo,n

u

ﬁ i
n

in =X

=

n
- Nu, (p )]
= v [i=1pAi 1

In the case of a linguistic probability distribution, we have to

add, at least, the constraint p, + ... + Pp. = 1(S). Thus:
1 n

_ n
/\u (r %
¥E R, B (x) = \% [i=1 Ai i ' : (4.29)
® u.A (Pla""Pn)es
i=1 * i n
=R

4.3 It is pointed out in [12] that the computation of linguistic expecta-

~

tion E(X), i.e. the determination of its membership function uE(X)’

reduces to the solution of a nonlinear programming problem with linear

constraints.
More specifically, let the objective function, defined on [O,l]n, be:

n
£(pys---op ) = /_\uA (ry) (4.31)
then, for each given x € IR, the determination of the value of uﬁ(x)(x)

leads tuv the problem:

-18-



Maximize f (pl, cee ,pn) (4.32)

subject to:

n
S e P =1
, s

n
" zu p, = X

iz i1
Apart from the constraint (S) on the base variables, in general

there exist (fuzzy) constraints induced by fuzzy relations between the

for example if Q is a fuzzy relation in [0,1]2, énd A, and A, are

A:l’ i ]
such that A:L. =Q o Aj' (Note that this composition reduces to the max-
min matrix product when A, and Q have finite supports.) In such a case,

3

we are faced with the problem of optimization under fuzzy constraints
(for this problem, see [14]), for example, consider a mathematical

. program:
Max{f(x), x € A} (4.33)

where f : D C R+ R, A C D and the constraint is interpreted as the

condition x € A. We may have
A=1{x€D: gx) > 0} (4.34)

where g : D »> i
If the relation > is replaced by a binary fuzzy relation F in lRm,
i.e. a fuzzy subset of ]Rzm, then the feasible region A becomes a fuzzy

subset of D, defined by:
uA(x) = DF(g(x),O) s ¥XED (4.35)

Thus, in the case where the base variables p i are constrained by a
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fuzzy relation, T, we have:

Max £(p,se-+5P )
1 n

(4.36)
subject to:

Fn
2p; =1
i=1

13
u.p, =
=1 iti

\.T

|
]

i.e.

Max uT(pl,.--,pn) . f(pl,---,pn) (4.37)
Subject to:

5.

p;, =1
i1

n
u.p. = X
i=1 7

-20-
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