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ABSTRACT
The conventional approach to modal reduction is based on the diag-
onization of the coefficient matrix A. It requires the costly computa-
tions of the eigenvalues and eigenvectors of the large A matrix. We
present a new approach to modal reduction, along with a computationally
quite efficient and numerically rather stable algorithm. Our algorithm

utilizes elementary transformations and avoids the direct computation

of the eigenvalues and eigenvectors of A.
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I. INTRODUCTION

In many practical applications, the number of state variables of the
system may be very large, for example, in electric circuits [1] and
power systems [2]. Simplified models of reduced order may have to be
used. Lal and Van Valkenburg [3] have reviewed various e«isting reduced-
order modeling techniques in a recent paper. Interested readers are
referred to that paper for additional references. Davidson [4] suggested
a reduced-order model which retains only the contributions to the response
by the modes associated with small eigenvalues. This is known as the
modal reduction approach. The modal reduction method has been applied
to the construction of power system dynamic equivalents [5, 6, 7] for
use in'stability_calculations and dynamic simulations. It is found, how-
ever, that the computational savings are not very satisfactory [8]. The
reason is that the computational schemes for modal reduction based on the
conventional approach require the very costly computations of the eigen-
values and eigenvectors of the original large matrix. Recently Kokotovic
[9] proposed a method for obtaining reduced-order model from the solu-
tion of a Ricatti equation. His procedure does not guarantee that the
reduced-order system has the desired modes. We present a new approach
to modal reduction in this paper, along with a computationally quite
efficient and numerically rather stable algorithm. Our algorithm is
based on elementary matrix transformations and it avoids the costly com-
putations of the eigenvalues and eigeavectbrs of the large matrix of the

original system.

In Section II we use the conventional approach to describe the modal
reduction technique. In Section III we present a theorem, which is the

" foundation of our new approach to modal reduction, and provide some
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motivations which lead to our modal reduction algorithm. Our modal
reduction algorithm is described in Section IV. Schemes to further

reduce the total computations are discusséd in Section V. In Section VI
we consider the special case such that the original system matrix is
symmetrical and modify the modal reduction algorithm to take advantage

of the symmetry. In the last section we consider an alternative criterion

for mode-retention and present a reduction algorithm.

I1. MODAL REDUCTION

1. Conventional approach.

Consider a linear time-invariant system representation

Ax+Bu | (1)

»
1i

y = Cx (2)

-

where xGIRn, €R®, yEIRP, and the dimensions of the matrices A, B, C
are nxn, nxm, nXp, respectively.

Assume that the eigenvalues of the matrix A are distinct. Let Al,
12,...,An be the eigenvalues of A and €15 €yreeese be the corresponding

eigenvectors. Let us partition the eigenvalues into two sets

{Al,lz,...knl} and {Anl+l""’xnl+n2} where nl+n2=n. The fundamental

matrix Q, consisting of the eigenvectors {el,ez,...,en}, and its

inverse P, can be partitioned accordingly.

. . Q,. Q
Q4 [el :eyieene | o= {Qll 12] (3)
21 Qy,
pd ol [Pll P12
Pa1 P22




Where Qll and Pll are nIan, Q22 and P22 are nZan, Q12 and P12 are
n1Xn2, Q21 and P21 are n2Xn1. Let us partition x into xl and Xys
n, n,
where x; €R ~ and X, €R  and then partition A, B, and C accordingly.
A A
A= (5)
ETY
B
B = 1 (6)
%2
o= e o )

Now if we make a coordinate transformation

11 [fa F1o X
¢ f (8)
2 P Paa X,
Then (1) and (2) becomes
[ ]
g1 _ g0 [51' + |P11B1 * PpoBy (9)
. U
£ 0 A 13
2 . 2 2 Pp1B1 T P,
Q9 151
'y = [c. C,] (10)
12 la,, @ £
21 U2 2
where A = diag (Al, Az,...lnl) and A = diag (An1+1,---,lnl+n2) are -

diagonal matrices.

The transformation (8) changes the basis into one formed by the
elgenvectors {el,e2 ...en} of A. The components of £ are the coordinates
9
of the vector relative to the new basisg {el,ez,...en}. Fach coordinate

of £ is called a mode of the system (1). From eq. (9) it is seen that

4=

wy



the free system (zero input, u = o) in the new coordinate system, is de-
coupled i.e., each mode can be excited independent of the other modes.
Suppose that we neglect the modes corresponding to El’ then we need

only to solve the following reduced-order system (11) to obtain the mode-

~

reduced output vy.

52 = AZEZ + (P21Bl + P22B2)U (11)
A Q, 1 & (12)
y = [€; C,] [QZ'Z]

The foregoing procedure is known as the modal reduction.

2. Criterion for mode retention.

In practical applications [4 - 7], the modal reduction is applied to
such cases that all the eigenvalues of A have nonpositive real parts.
Consider the eigenvalues which are far from the origin, e.g., A = - 0 + jw.
They either have large (in magnitude) real part o or imaginary part
w or both. If o is large, it can be seen from the solution of (9)-(10)
that the contribution of the mode corresponding to such an eigenvalue dies
out fast because of the e_ot factor. If w is large, since practical sys-
tems normally are low-pass filtersl’ the contribution of such a mode in
the étéady state will likely to be very small. Indeed the modes corre-
sponding to eigenvalues close to the origin‘roughly determines the type
of the response which the system will have. Based on these considera-
tions the decision in practice is to neglect the modes corresponding to
eigenvalues with large magnitude and to retain the modes corresponding

to eigenvalues of small magnitude.

1

The elements of the transfer function matrix G(s) = C(SI-A)-IB normally
are strictly proper rational functions, hence each element has the pro-
perty of a low-pass filter, i.e., sz (Jw) > O as w-+ =,
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Comment: Conputational schemes for modal reduction based on the conven-
tional approach require the calculations of the eigenvalues and eigen-
vectors of the large mafrix A, which is a computationally costly task.
Let us now contemplate on the possibility of computational improvements.
It is clear fhat the essential part of the modal reductica is to de-
couple the modes to be retained from the rest of the modes. However,
the conventional approach using the coordinate transformation (8) does
far more than that. It actually decouples each and every mode, as evi-
denced by the diagonal matrix in eq. (9). Therefore it is reasonable

to say that the computations involved in the conventional approach is
more than necessary and improvements are possible. Indeed, we are going
to present a new approach to the problem, along with an algorithm which

avoids the costly computations of the eigenvalues and eigenvectors of A.

III., A NEW APPROACH

1. Foundation

A necessary consequence of decoupling certain modes from the rest
of the modes through a coordinate transformation is that the coefficient
matrix A will be transformed into a block triangular form. Therefore,

let us consider a transformation n = Tx such that R = ‘I'A‘I‘-'1 is block

-~ ~

upper triangular, A1 A12 , i.e., 0, is decoupled from n,, where

° Ay

n

1
n= [“2] (See Fig. 1). Theorem 1 relates the coordinates n and the co-
ordinates of the individual modes {. The theorem provides the foundation

for our new approach to modal reduction.
Theorem 1 Consider a linear time-invariant system representation.

% = Ax + Bu (13)
y = Cx (14)

non
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A, o
o A,

Fig. 1 Relationships among the coordinate systems x, £ and n



where xR ", uEBRm, yEBRP. Assume that the eigenvalues
{Xl,kz,...,ln} of A are distinct.

Suppose that a similarity transformation T, i.e.,
n=Tx (15)

transforms (13) into the form

n A n 3 -
Al -1 (12 1 + 21 u (16)
Y I ESPY i RCY I R

-~

n
~ 11
where A is nlxnl, A is n an, with nl+n2—n, and n -[HZ] .

¢

11 22 2

Let the eigenvalues of Al be {Al,...,ln }, the eigenvalues of A

1 1 22
2
be {Anl+l"'”’knl+n2} , and the eigenvectors of A corresponding to the
eigenvalues {A ceesA }  be {e seeesl }.
n1+l nl+n2 nl+1 n1+n2

Then nz is related to 52, the coordinates of the vector x relative

to the set of eigenvectors {e e } corresponding to the eigen-

90
n1+l nl+n2 i

values of 122, by a nonsingular trasnformation Q22’ i.e.,
=58, (17)

Q22 is the fundamental matrix of A22’

Furthermore, the mode-reduced output y, i.e., the output with

In fact,

contributions only from the modes EZ’ as defined in eq. (12), is given by:

Pt ~ -1
~ Q:, Q
~ p 12 <22
y = [C] G, [ I ] n, (18)
where C = [&1 62] = CTCl, 612 is the solution of the matrix equation
2 " All 312
The eigenvalues of A are identical to the eigenvalues of A = 0 i .
22

The eigenvalues of A are the union of the eigenvalues of A,, and the’

~ 11
and the eigenvalues of A22.



A O -0 = A 0 19
A11Q197Q 00 = 41,0y, (19)

A
where A, £ diag() seessA ).
2 n l+l n l+n 2

Corollary. If a similarity transformation T transforms Eqs. (13), (14)

into the form

ﬁ1 _ Kll 9 ﬁ1 §1
. [0 Al T [5,) ® | 20

2
n
= [T, C,] -1]
172 [nz .

then the mode-reduced output § is given by

<
1

y = C,n, (21)
Remarks
1) Note that in Eq. (16), n, is decoupled from s i.e.,

Ny = AypNy*Byu (22)

Theorem 1 asserts that n, and 62 are related through a coordinate

transformation Q,,, where 52 corresponds to the modes of A associated

with the eigenvalues of AZ Representations (22) and (11) are thus

2.
algbraically equivalent [10, pp. 155-158]. 1In other words, any

transformation T which transforms A into an upper triangular matrix

- All AlZ
A= 0 A decouples the modes associated with the eigenvalues of
22

~

A22 from the remaining modes. This remarkable implication frees us from
the dependence on the coordinate transformation (8) using the eigen-

vectors for model reduction. Theorem 1 indeed opens up a new direction.

-8-



There will be further discussions of the class of transformations T
in secs. 2 and 3.
2) In Theorem 1, the mode-reduced output ; is obtained from the solution

of (22), the eigenvectors 622 of A Z,Oand the solution of the n

2 2
linear equations in (19), using the expression (18). The eigenvalues

and the eigenvectors of A.. are needed for the computation, however

22
it should be pointed out that the dimension of the reduced-order system
n, is usually much smaller than n. Substantial savings in computation
can be expected. The development of our algorithm is based on Theorem 1.
However in section V we will discuss a scheme which further transforms

A into a block diagonal form so that the Corollary can be applied. For

symmetrical A matrix, discussed in Sec. VI, the Corollary can be directly

applied.

2. The search for T
In view of Theorem 1, the problem of modal reduction now reduces
to the search for a similarity transformation T such that:
(i) A= TAT_l is block upper triangular, viz.
} [All 12]
0 Ay

(ii) The eigenvalues of AZZ correspond to those modes that we want

H

02
2

to retain.

Clearly for different criteria for mode retention, different
similarity transformations will be usc] The criterion for mode retention
used in this paper, except in Sec. VII, is tc retain those modes associated
‘with small eigenvalues.

We do not expect any process in finite steps to give us the desired



transformation T. The reason is simple: For if it were the case, it
would imply that one could find eigenvalues in finite steps and it would
also imply one could solve roots of a general polynomial in finite
steps. This is known to be not possible Therefore we believe that
we should look for an iterative scheme such that at each iteration a
similarity transformation transforms the matrix A into a form which will
eventually become block upper triangular. One candidate for such a
form is the Hessenberg form3 (Fig. 2). Note that when a subdiagonal
element of a Hessenberg matrix becomes zero, we have a block upper
triangular matrix.

Next we have to determine the exact scheme to be used at each
iteration so that the iterative process will converge and when it
converges, the matrix in the lower right block will have the eigenvalues

that we want to retain.

3. Geometric motivations

In this section we explain the geometric motivations which lead
to the development of our algorithm. We shall use a three—&imensional
case to illustrate the basic ideas involved.

Let {Al, Z’A } be the (distinct) eigenvalues of the 3x3 matrix A
and {el,eé,eS} be the correspondiﬁg eigenvectors. Suppose the magnitudes
of Al and Az are much larger than that of A3. Suppose furthermore that b

is a vector such that

3

A matrix A A (aij) is said to be in Hessenberg form, or a Hessenberg
matrix, if ai .=0 for i>j+2. The elements ai+1  are called subdiagonal
elements.

-10-



X X X X X X|X X X X

X X X X X XIX X X X

X X X X XIX X X X

X X X X|X X X X

X X X|X X X X
_________ XXX X X X,

®IX X X X

X X X X

X X X

X X

Fig. 2 An upper Hessenberg matrix becomes block upper triangular

when a subdiagonal element becomes zero.



b= 3, 6; ; » 65 # 0 for i=1,2,3 : (23)

Let us consider the following sequence of vectors:

{ b, Ab, A%, A%b,...} (24)
3

Since A b = 2: ¢1Aikei, i.e., the components along the eigenvectors
i=1

associated with large eigenvalues get enhanced everytime on premultiplying

by A, the normalized vector will converge to the subspace spanned

A
I 4%l
by the vectors ey and eys i.e.,

A
| 45|

+ sp{el,ez} (25)

On the other hand, 1etqbe the transformation which transforms

the pair (A,b) into a Hessenberg matrix H and t=(l,0,0)T, i.e.,

By Byp By 1
H = h,217 h22 h23 t = 8 (26)

0 h32 h33

and
g =Jad ™ (27)
t = (28)

Geometrically this is simply a change of coordinate system. The

sequence (24) in the new coordinate system is

¢ Fr, . T, Ta%,  Tad,...} (29)
or
{ t, Ht, Hzt:., Ht,...} (30)

-11-



Note that

1 X 2 - x
t =]0] Ht =|h H't = X (31)
0 21 h. h
’ 0 ’ _ 32721

Therefore the subdiagonal elements of H have the followi ‘g geometric
interpretatiqn: for example, h32 is proportional to the component of
A2b along a base vector in the new coordinate system which does not lie
in the span of b and Ab.

New let us shift our attention to the next three vectors in the

sequence (24). More specifically, let us change the coordinate system

‘1 . .
o] ] ] w
0 0 X

This can be achieved if we transform the pair (H,Ht) into a Hessenberg
] ' '
, Hjp B2 his .
: : = Irt ' ' =
matr1x.Hl h21 h22 h23 and tl (1,0,0)". Let E]l denote sgch a
1 1
0 hy, by,

transformation. Then the sequence (24) can be written as

o, Tw, T Tae, TTs,...1 (33)

so that

or
{qlt b4 tl b H t ’ H t Y } (34)

where

_ 1 X 2 X
1= fof myry - [hh]’ﬁltf[ p ] (35)



Let us move to the next three vectors in the next round and the

process is repeated. At the k-th iteration as k becomes large we know

Akb Ak+lb (36)

, > sp{el,ez}
(RS Y PSY]
and
k+2
A_D > sp{el,ez} (37)
| &%l
Ak+2 -
Therefore the component of along a base vector which does not
| 4]
Ak Ak+lb
lie in the span of ————— and —— will approach zero. In other
k.
| 4] I 4%

words, the (3,2)-th element of the Hessenberg matrix will converge to
zero.
From the above intuitive geometric considerations it is seen that

if we transform the pair (Hk,Hktk) at each iteration to (Hk+l’t )

k+1

where Hk+1 is Hessenberg and tk+1=(1,0,0)T, the process will converge

to an upper triangular matrix. Moreover the first two coordinates will

correspond to the eigenvectors associated with large eigenvalues Al and XZ

and the last coordinate will correspond to the eigenvector associated with

small eigenvalue A3, which is consistent with our mode-retention criterion.
The foregoing geometric motivations lead to the development of our

‘modal reduction algorithm to be presented. The initialization and the

convergence of the algorithm will be proved rigorously as theorems.

-13-



VI THE REDUCTION ALGORITHM

" We will present an algorithm in section 1 which simultaneously
transforms a matrix into a Hessenberg form and a vector to the form
(T,O,...,O)T. The condition under which the algorithm works is stated
in Theorem 2. The algorithm for obtaining a reduced-order system is
outlined in section 2, with detailed discussions on various procedures in
sections 3, 4, and 5. Theorem 3 guarantees that the algorithm can always
be initialized. Theorem 4 guarantees the convergence of the algorithm.
An acceleration scheme for the algorithm is discussed in section 6.

The complete version of our modal reduction algorithm is summarized

in sec. 7.
1. Transformation of (A,b) to (H,t).

Theorem 2. Given an nxn matrix A = (aij) and an n-vector b = (Bl,...,Bn)T.
Suppose4 that {b,Ab,...,An-lb} spans n{n. Then there exists a non-

singular matrix qsuch that .

(1) H Q(ETAET Lisa Hessenberg matrix

(ii) t Q(Erb is of the form (T,O,...,O)T.

We give a constructive proof of Theorem 2 in the Appendix,
which is based on the algorithm Ht(A,b) to be presented shortly.

The transformations and their .inverses, which transform the pajr
(A,b) into (H,t), are performed on the matrices B and C, respectively,
in the later applicatiun of the algorithm. For ease of later reference

we include them in the following description ¢f the algorithm.

4It is necessary that A has distinct eigenvalues [10, pp. 169-170].

~14-



Algorithm Ht(A,b)

Step 1

Step 2

Step 3

Step 4

Step 5

Step 6

Step 7

Step 8

Step 9

Find 8, i€{1,2,...,n}, such that |Bi|3JBi| for all

i€{1,2,...,n}. If B4=0 go to step 9, else continue.

Interchange rows 1 and i of b, A and B and interchange

columns 1 and g of A and C.

For i=2,...,n, do the following:

B .

Subtract cgi)X(row 1) from row i of A and B
1 .

Add (EE)X(column i) to column 1 of A and C.

1
For j=1,2,...,n-2, do steps 5-7.

Find a i'€{j+l,...,n}, such thqt |a >|aij| for all

i'j’ iljl
i€{j+1,...,n}. 1If a_,.=0, go to step 9, else continue.
1]

Interchange rows (j+1) and i' of A and B, and interchange

columns (j+1) and i' of A and C.
For i=j+2,...,n, do the following:

a,.
Subtract (;——11——OX(row j+1l) from row i of A and B
j+1,3

a
Add (a—ii—-)x(column 1) to column (§+1) of A and C.
j+1,]

Return H=A and t = (81,0,...,0)T

Stop.

-15-



Remarks 1) Steps 2 and 6 are performed in order to have the largest element

as the pivot at steps 3 and 7, respectively, for numerical stability.

B a,.
All the multipliers, i.e., (—i), (—~—il——), in the algorithm
By 3441,

have magnitude less than or equal to 1.

2) The transformation in step 3 transforms the vector b = (61,82,...,Bn)T
into the form, (T,O,...,O)T. The transformation in step 7 for each

j of step 4 eliminates the elements in the j~th column Below the
subdiagonal.

3) Steps 5-7 constitute the method of transforming a matrix to Hessenberg
form by the elementary stabilized transformations [11l, pp. 353-369].

There are other methods to perform the same task, e.g., Givens' method
and Housgholder's method [11, pp. 345-353], which use orthogonal trans-
formations. For assymmetric matrices, the total number of multiplications
to reduce an nXn matrix to Hessenberg form is essentially %-nB,-%g n3,

and %g n3, respectively, by the elementary stabilized transformations,
Givens' method, and Householder's method. Therefore we incorporate

the method which has the least number of computations, i.e., by the

elementary stabilized transformations. For symmetric A matrices,

on the other hand, we will use Householder's method (Sec. VI).
2. Outline of the Reduction Algorithm

(1) Initialization

Select a vector b and apply the algorithm Ht(A,b) to produce a

Hessenberg matrix HO and a vector of .~ form tO = (r,O,...,O)T, i.e.,
HO %]bAQJB
ty = ‘Job

-16-



At the same time obtain

By = 9‘03

_ -1
¢, = ¢,
1
Let b, = — t_ = [0 where o, = I €, ]l
0 ay O . 0 0
0

(2) Iteration

Apply the algorithm EE(Hk,Hkbk) and denote the output as
-1

B = gk+lﬂqu+l

fer1 = Jirafidy

At the same time obtain

Bt = gk+lBk
Cer1 = i '
L 1
BeE Doy T o7 Ten T [ Of where oy = Il g ll
0

(3) Termination
Terminate the iterations at k if h(k) = 0 for some n.,
nl+l 1

where hi(k), i=2,...,n, are the subdiagonal elements of Hk'

3. Initiaiization

The initialization procedure is actually carried out by the following
algorithm IN1(A,B,C). Theorem 3 guarantees that the initialization

procedure can indeed by carried out.

-17~



Algorithm

IN1(A,B,C)

Step 1

Step 2

Step 3

Step 4

Step 5

Pick an arbitrary b # (0,...,0)T

Call Ht(A,b)
If it exits from step 9 of Ht, go to step 3, else go

to step 4.

Let the current A,B,C be denoted by

A . A B
~11 <12 ~1 .
A= » B= c=1[c, ¢l

[o 522] [132] 12

where éll is j'xj' and Hessenberg.
Call SIG(A,B,C)
Return (A,B,C)

Return H.=A, B

0 =B, C.=C

0 0

. Duplicate A=A, B=B, C=C
Set o=1

Set b = (1,0,..;,0,...,0),where 0 is in the (j'+1)-th
position

Call Ht(A,b)

If it exits from step 9 of Ht go to step 5; else go to

step 8

Let the current A be denoted by
] 1

o o |f11 A2
0 A!

22

where Ail is kxk and Hessenberg.

-18-



If k>j', go to step 7; else go to step 6.

Step 6 Set o=c+l,'A=é, B=B, C=C, and go to step 3.

Step 7 If k=n, go to step 8; else sét §=A', §=B', g=C', and go to
step 1. |

Step 8 Return A,B,C.

Theorem 3. If the eigenvalues of A are distinct, then the algorithm

IN1(A,B,C) will result in a pair (Ho,to) such that H, is Hessenberg

0
T

and tg = (t,0,...,0)".

Remark For a single input system we may pick the initial b to be the
coefficient vector of the input. In such a case, when we come to step

3 of IN1l it means that in terms of the current coordinates all the
components in i>j' are in the uncontrollable subspace. They may be
discarded if only the controllable and observable subspace is of interest.

In general we may just as well pick the initial b to be (1,0,...,0)T.

4. Iteration

From the outline of the reduction algorithm, we see that the
algorithm Ht is applied to the pair (Hk’Hkbk) at each iteration.
Note that Hk is a Hessenberg matrix and Hkbk = (81,82,0,...,0)T has
only two nonzero components. We immediately notice that only one
comparison is needed in Step 1 of the algorithm Ht and only one

operation is needed to transform Hkbk into the form (T,O,...,O)T.

B
The corresponding operations on Hk’ namely, subtracting (EL)Xrow 1
B 2
from row 2 of Hk and adding C—l)X(column 2) to column 1 of Hk,
By

a matrix which differs from a Hessenberg matrix only in that

a nonzero element in (3,1) The elimination of the (3,1

-19-



using step 7 will introduce'a nonzero element in (4,2). Hence,

the operations required to transform this matrix to a Hessenberg form

is an elimination process which "chases" down the sub-subdiagonal

elements, hi+2,i'
Taking the advantage of the special structures of Hk and Hkbk’

the algorithm Ht(hk,Hkbk) to be performed at each iteration can be

simplified. We denote the simplified algorithm by ITE.

Algorithm ITE(Hk’Bk’Ck)

Let the ij-th element of Hk be denoted by hij
Step 1 Let Bl=hll and 82=h21
If |82|>|Bl|, g0 to step 2, else go to step 3.

Step 2 Interchange Bl and 82

Interchange rows 1 and 2 of Hk and Bk

Interchange columns 1 and 2 of Hk and C

B
Step 3 Subtract 652JXrow 1 from row 2 from Hk and B
1
B
Add (—g)xcolumn 2 to column 1 of Hk and C
By
Step 4 For i=1,2,...,n-2, do steps 5-7.

k.
k

ko

Step 5  If |h

l+2,i,>'hi+1,il 80 to step 6; else to step 7.

Step 6 Interchange rows (i+1) and (i+2) of Hk and Bk.
Interchange columns (i+l).and (i+2) of Hk and Ck.

. h, .
Step 7 Subtract (EiiglEOXrow(i+l) rrem row (i+2) of Hk and B

i+1,1i k
hi+2 i
Add C————L—DXColumn(i+2) to column (i+l) of Hk and C, .
i+1,1 k

Step 8 Return Hk+l=Hk’ Bk+1=Bk’ Ck+l=ck'

-20-



Remarks 1) The total number of multiplications performed on the elements
of A in the algorithm ITE is essentially nz. Compared with Ht, this

is an order of magnitude less.

2) It is shown in the proof of Theorem 3 that the algorithm IN1 produces
a vector t, which has nonzero component along every eigenvector of A.
Consequently at least one of 82 and Bl, and one of hi+2,i

and hi+1 12 for i=1,2,...,n~2, will be nonzero. (This can easily
?

be proved using arguments similar to that in the proof of Theorem 2).

5. Termination

Theorem 4 guarantees the convergence of the reduction algorithm.
Furthermore, it assures that when the algorithm converges the eigenvalues
of the matrix on the lower right block correspond to the modes that we

want to retain, namely, small eigenvalues.

Theorem 4 Given an nxn matrix A whose eigenvalues {Al,lz,...,xn}

are distinct. Suppose that
Ay 1>>1a +j| for all i€{1,2,...,n,}, j€{1,2,...,n,} (38)
1

where nl+n2=n. Then the application of the reduction algorithm will

result in

lim , (k) _

ko P 1 7 O . (39)
where {hz(k),...,hn(k)} denote the subdiagonal elements of Hk'

= 2&.11 A12 -
Furthermore, let A = ~ » Where A _is n.xn_, denote the matrix
0 A22 11 11

to which Hk converges, then the eigenvalues of A._. are {An +l”°"An +n 1

22 1 12
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Remark From the proof of Theorem 4 in the Appendix we see that the

convergence of our modal reduction algorithm is of the order of

A

-n1+j .

l x I - Hence the algorithm will converge fast if A has two
i

clusters of eigenvalues which are far apart.

6. Acceleration

Suppose that the eigenvalues of A are clustered into two groups,
one centered around § and the other o, with §<<g, the convergence of
our modal reduction algorithm will be of the order of |31. if we can

decrease this ratio faster convergence will result. Now note that

(1) A similarity transformation T which transforms (A-aI) into
an upper block triangular form also transforms A into an upper block
triangular form.

(ii) The eigenvalues of (A-aI) are (Ai-a), i=1,2,...,n, where
Ai, i=1,2,...,n are the eigenvalues of A.

In view of these two facts we know that we should in principle
work on (A-al) with o close to 8, in order to accerlerate convergence.
In practice we do not know &8 a priori, we have to estimate its value.
We suggest the following practical way of estimating 6. If at the k-th

iteration, an element in the subdiagonal, say h s becomes small

r+l,r

enough, then we expect that clusters of eigenvalues are emerging, and
the last (n-r)x(n-r) block are associated with the -small eigenvalues.

The trace of the matrix gives the sum of the eigenvalues. Based on

~

these considerations e choose our estii.ite 8§ of § as

1 n

§ = (n-r)

h (40)
i=r+l i1
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Now let us consider the implementation of this acceleration
scheme. Suppose at the k-th iteration we have a pair (Hk’bk) and an
‘estimate § of §. In principle we would consider the pair

(Hk-GI,Bk) instead, in order to accelerate convergence. We would
s 2 _a ' ' C
transform the pair (Hk 61,(Hk GI)bk) to (Hk+l’ bk+1) by €]L+l’ i.e.,

= s 1 = C N
By = Tig B0 g0 a0 by = Ty B-8DD . Bue

-

_l ~

' = - . 1

Hk+l %;k+lHk K1 I, and we.have to add 8I to get back our original
'y —_ ] N ~ —1

matrix, i.e., Hk+l = Hk+1+61 = E’k+lHk:I K1’ Therefore for actual

implementation of the acceleration scheme at the k-th step it suffices

to simply transform the pair (Hk,(Hk-GI)bk) to (Hk+l’tk+1)'
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7. Summary

The complete version of our modal reduction algorithm MR(A,B,C)

is summarized below.

. Algorithm MR(A,B,C)

Step 1

Step 2

. Step 3

Step 4

Step 5

Step 6

Step 7

Call IN1 (A,B,C)
Return HO’ BO’ C0

Set k=0

If hn1+l,n1 = 0 for some n;, go to

Sept 4; else go to Step 3
Call ITE (Hk’Bk’Ck)
Return B 15 Beyre Gen

Set k:=k+l, go to Step 2.

Ap | Bl .

SetA=Hk= ’B=Bk= ’C=Ck=[CIC2]
where All is nlxnl.
Find the eignevalues {ln +1,...,kn +n } and eigenvectors

3 ) 1™
qQv, j = 130'-,n2’ of A22°

For j = 1,...,n2, solve

re i I G
(417 Anl+jI)P A1pd
for pJ.

n n

~ 1 2 2
2 op Xl addy =la a° ... q ]

~ 1
Let Q;, = [p" p
Solve the reduced-order sys:om
Ny = Aggnp T Byu

and obtain the mode-reduced output

A— ~ .~ ~—1 -~
y = [C4Q450y; * Cpln,
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Remarks 1) Note that after the termination of the iterations, the

resultant A.. in Step 4 is Hessenberg, which can be proceeded immediately,

22
for example, by the QR-method [11,Chapter8], for the eigenvalue and

eigenvector calculations in Step 5.

2) The resultant 511 in Step 4 is Hessenberg, thus the coefficient
matrices (&ll_xni+j1)’ j= 1,2,...,n2, are all Hessenberg. This is one

of the desirable forms for linear equations. Indeed the solution of the
linear equations in Step 6 using Gaussian elimination or LU-decomposition
method [11,Chapter4] will not introduce any fill-in to the elements below
the subdiagonal, even if partial pivoting5 [11,p.205] is employed. For
Hessenberg matrices it has'been shown that complete pivoting has no special
merit [11,p.219]. It is possible to further reduce the total computations
by transforming Rll to a even more sparse form prior to Step 5, we will

discuss these procedures in Sec. V.

3) 1I1f there are two clusters of eigenvalues having n, large ones and n,

small ones (see Eq. (38)), the iterations in Step 2 will terminate as a
result of the convergence to zero of the (nl+l)-th subdiagonal element and

we may thus discard the modes corresponding to the n, large eigenvalues.

1

If, however, there are more than two clusters, say three clusters of

eignevalues, with n, very large ones, n, large ones and n, small ones.

3

Depending on the distances between these clusters, the iterations in Step 2
may first exhibit convergence at the (n1+1)*th subdiagonal element.

5If at the r-th stage of elimination or decomposition, the pivot is selected
from the elements in the first column of the square matrix of order (n-r+l)
in the bottom right-hand corner, then it is called partial pivoting. On the
other hand if pivot is chosen to be the element of maximum magnitude in the
whole of this square matrix of order (n-r+l), then it is called complete

pivoting.
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Suppose we want to discard modes corresponding to the two clusters of
n, very large and n, large eigenvalues, then we may proceed as follows.

Let the return from the algorithm ITE(Hk’Bk’Ck) at this point be denoted

by
By Hyy B1
B = By = Ce = G Gea!
0 Hy B2
where Hll is nyxn,. We now take the triple (HZZ’BkaCkZ) and apply-

Steps 1 and 2 of the algorithm MR. This time the iterations in Step 2
will terminate due to the convergence at the (n2+1)-th subdiagonal element

of H22' Let the current return be denoted by

Haa HaB Ba
[c, cC.l
0 H,||B @ B
BB 8

where Hua is n,xn,. The combining effect is that we have a similarity

transformation which transforms the original (A,B,C) into

— Ar
H BT

H, H 18 K1

11 712

0

oo HuB o [C c c.]

L 0 0 HBB LBB

where [Hla HlB] = le. Now we have an upper block triangular matrix with

e T R Y

the lower right block corresponding to the n, modes to be retained.

4) -Suppose we are int. rested in responses other than just zero-state
response, the initial condition n2(0) is thelw. needed in Step 7. This can

be easily obtained by augmenting B with a column x(0). The return from

n.(0)
Step 3 of the augmenting column in B will be 1 .
n,(0)
2
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V__FURTHER COMPUTATIONAL REDUCTIONS

The linear equations in Step 6 of the modal reduction algorithm MR

are solved n, times for different coefficient matrices (All- % +jI) having

1
the same sparsity structure. The number of operations involved in solving
each of the linear equations is related to the number of nonzero elements
in All' Therefore, if prior to the entrance to Step 5 in MR we perform

additional similarity transformations to bring A.. to a more sparse and

11
computationally more desirable form while maintaining A as block upper
triangular, then further reduction in computations will be possible. We

will discuss transformations which bring A, to a tridiagonal matrix and

11
a Frobenius matrix in Sections 1 and 2, respectively6 [11,pp.395-409].

In view of the Corollary of Theorem 1, if a similarity transformation
can be found which further transforms A to a block diagonal form then the
computatibns in Steps 5 and 6 of the algorithm MR can be avoided altogether
We will discuss this approach in Sec. 3.

It should be pointed out that for the meghods discussed in this
section, large multipliers may have to be used. Therefore the reduction
in total computation by the application of these methods will be attained

at the risk of numerical instability. Among the three methods, from

numerical point of view we recommend the third method (Sec. 3).

-~ ~

Ay A
The methods discussed below start with a matrix A = o i where
22

~

All is Hessenberg. The algorithm TRID transforms A,, into a tridiagonal

11

form and the algorithm FROB transforms All into a Frobenius form. The

6An nxn matrix A = (aij) is said to be a tridiagonal matrix if all the
elements, except aj4; 45 aj4, and aj,i+l, are zero. A is said to be a
Frobenius matrix if all the elements, excep 2341, and ajn, are zero.
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ij-th element of A is denoted by a

i’

1. Transform Kll to tridiagonal form

Algorithm TRID(A,B,C)

Step 1 For i = 1,2,...;nl—l, do steps 2-4.

Step 2 If 3 41 # 0, go directly to step 4;
else go to step 3 '

Step 3 If i = nl—l, go to step 5; else do the following:
Add row (i+2) to row i of A aﬁd ﬁ,

Subtract column i from column (i+2) of A and C.

Step 4 For j = i+2,...,n, do the following

a

Add C——ii-—) x row j to row (i+l) of A and B
a
i,i+1

~

a,. -
Subtract 6——31——) x column (i+l) from column j of A and C.

84,141
Step 5 . Return K, i, c.
/
Remarks 1) Steps 2-3 guarantee a nonzero pivot a for i = 1,2,...,n-2,

i,i+1

since the subdiagonal elements of the original &11 are nonzero.

2) The elimination process in step 4 is similar to step 7 in the algorithm

Ht. Here we reduce the matrix to lower Hessenberg form instead.

3) The selection of the largest element as pivot (step 6 in Ht) is
 inconsistent with the preservation of 1= original upper Hessenberg form.

a
As a consequence the multipliers Q;!J——O ir “he algorithm TRID may have
i,i+l ‘
magnitude larger than one. This gives rise to the possibility of numerical

instability. This is the risk one takes in order to utilize the tri-

diagonization of A, for reducing total computations. However the effect

11
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of a small pivotal element does not propagate for more than three columns

[11,pp.398-399].

4) Suppose we call the algorithm TRID before Step 5 of the modal

reduction algorithm MR, i.e., replacing step 4 of MR by:

Step 4':  Call TRID (Hk’Bk’Ck)

A. A B
Return A = 11 ~12 , B = ~1 , 0= [Cl, 62]
0 4y B,

Then All will be tridiagonal, and A12

possibly the last two rows, zero. The computations in forming AquJ in

will have all elements, except

Step 6 of MR will thus be reduced. The computations involved in solution
of the n, linear equations in Step 6 with a more sparse tridiagonal for
(All—kﬁl+j1) will be reduced substantially. Note that when the solution
is carried out by Gaussian elimination or LU-decomposition, it will not
introduce any fill-in if the elimination is performed in its natural

order. If partial pivoting is employed fill-in will be introduced only

along the super-superdiagonals ai,i+2.

5) If numerical instability is not a problem, one could greatly reduce

the total computation by modifying the algorithm as follows: (i) Tridiagonize
HO right after initialization. (ii) Maintain Hk tridiagonal at each
iteration. It turns out that the additional computation required to maintain
Hk tridiagonal at each iteration is not very much. éince the computation

at each iteration is related to the number of nonzero elements in H, , this

k
modification could reduce total computation considerably. Indeed the number

of multiplications performed on the elements of A at each iteration to

-29-



transform (Hk’Hkbk) to (H ,t) such that Hk+1 remains to be tridiagonal

k+1
would be approximately in the order of 14 n. However this scheme may

result in poor numerical stability.

2. Transform All to Frobenius form

Algorithm FROB (A,2,C).

Step 1 For j 1,2,...,n1—1, do step 2

Step 2 For 1 = 1,2,...,j, do the following

. a,. ~ ~
Substract C;—il-—ﬁ x row (j+1) from row i of A and B
jtl,j

a
Add (;—ii——) X column i to column (j+1) of A and C.
j+l,3

Step 3 Return A, ﬁ, c.

Remarks 1) We could similarly eliminate elements of A, . except the last

12
column as follows:
Step 3' For j = n1+1,...,n-l, do step 4'
Step 4' For 1 = l,2,.,.,nl, do the following:
a,. A . .
Substract (;—il——i x row (j+1) from row i of A and B

J+1,3

. |
Add (_a_éj__) x column i to column (j+1) of A and &.
j+l,3

Step 5' Return A, B, C.

- 2) Since pivoting for size is inconsistent with the preservation of the
a
original upper Hessenberg form, the multipliers (;—11——) in the algorithm
j+1,3
may have magnitude larger than one. Consequently numerical instability is

a risk one takes in applying this method. Although the effect of small
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pivot will not appear in the final Frobenius form [11,p.407], it is
quite common for a serious deterioration in the condition number to take

place [11,pp.408-409] in passing ﬁo the Frobenius form.

3) The computations involved in solving the n, linear equations in
step 6 of the algorithm MR will be greatly reduced once All is in

Frobenius form. Note that the diagonal elements of (All-kn +jI)’ when

1
11 is in Frobenius form, are the eigenvalues of 522, which are small,

~

A
hence the use of partial pivoting is advised. 1In this case the Gaussian
elimination or LU-decomposition will introduce fill-in only in the

superdiagonal ai,i+1°
3. Transform A to block diagonal form.

The following algorithm BDF, will transform a block upper triangular

matrix A into a block diagonal matrix, as asserted in Theorem 5.

Algorithm BDF (A,B,C)

Step 0 Select a row vector c = (cl,...,c. »0...0) so that c(A-2

n n +11)

1 1
has at least a nonzero element in the first ny components.

Step 1 k=1

Step 2 c:=c(Arln1+kI)

Step 3 Let ¢ = (Yl,yz,...,yn)

Find v 4, j' € {1,2,...,n;} such that |yj,| > ijl for all
3

j € {1,2,...,nl}
Step 4 Interchange rows 1 and j' of A and B and interchange columns 1

and j' of B and C.
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Step 5 For j = 2,3,...,n, do the following:

Y - -
Add (;J) X row j to row 1 of A and B
1l

Y - -
Subtract't?l) x column 1 from column j of A and C.
1

Step 6 For i = 1,2,...,n1—1, do steps 7-9.

Step 7 Find aij" j' € {i+1,...,n1}, such that

Iaij'l z.laijl for all j € {i+l,...,n,}

1

1f a =0 go to step 14;

ij!
else continue
Step 8 Interchange rows (i+l) and j' of A and ﬁ, and interchange

columns (i+l) and j' of A and C.

Step 9 For j ='i+2,...,n, do the following
a,,. - -
add (—21—) x row j to row (i+l) of A and B
a
i, i+l

a, ~ ~
Subtract (;_li__) x column (i+l) from column j of A and C.
i,i+1

Step 10 Find a_ jre j‘ € {n1+1,...,n}, such that

1
|an j.| g_|an jl for all j € '{nl+l,...,n}
1 1
I1f anlj' = 0 go to step 15;

else go to step 1l.

Step 11 Interchange rows (n1+1) and j' of A and ﬁ, and interchange
columns (n1+1) and j' of A and C.

Step 12 For § = n,+2,...,n; do the following .

1
a

. n.j _ - .
Add C;——;L-—O X row j to row (nl+1) of A and B
nl,n1+1
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a
n.j
Substract C————L~——) X column (n1+1) from column j of

nl,n1+1

A and C.
Step 13 If k = n,, go to Step 15;
else c:=(1,0,...,0), k:=k+l,
and go to Step 2.
Step 14  Call SIG (Ail,éT,ﬁi)
~T T

C;, B

~T
Return A 1’ By

11°
Go to step 1.

Step 15 Return R, ﬁ, C.

Remarks 1) In step O usually we can choose ¢ = (1,0,...,0). Since Al1

is upper Hessenberg, the existence of a row vector ¢ in step 0 is obvious.

2) Clearly yj-¢ 0 in step 3 both in the initialization (k=1) and subsequent

iteration (k>1).

3) The elimination process is considered separately in step 6 and step 10
because we want to preserve the upper block triangular structure of the
matrix A.

Y. a
4) The multipliers, i.e., Q;l), and 6———21—0, may have magnitude larger

1 84,1+
than one, hence there exists potential numerical instability.

5) For k > 2, step 2 means simply to take the first row of (A_An +kI) as
1

c. Since A now is in lower Hessenberg form,c has only the first two

components zero. The following steps 4-12 can be simplified, similar to

what we did in the algorithm ITE.
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Theorem 5 Given an block upper triangular matrix

A1 A2

B
il

0 A22

where eigenvalues of A are distinct, Kll is nlxn1 and upper Hessenberg,

and {xn1+1’°"’knl+n2} are the eigenvalues of A227

(A,B,C) transforms A into a block diagonal matrix.

The algorithm BDF

Remark If we call the algorithm BDF prior to step 5 of the modal reduction
algorithm MR, we may then apply the Corollary of Theorem 1 and readily
obtain the mode-reduced output y. Thus the algorithm MR may be modified

from step 4 on as follows.

L}
Step 4 Call BDF (Hk’Bk’Ck)
A11 0 _ B1
Return A = s B = [C = él c.]
o X B 2
22 2
Step 5' Solve the reduced-order system

Ny = Agony + Byu

and obtain the mode-reduced output

-~

y = Gy,

VI. SYMMETRICAL A MATRTX

For the special case that the A matrix in Eq. (1) is symmetric,

orthogonal transformations should be used to preserve symmetry. Therefore,
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we apply Householder transformation [11,pp.290-299] instead of the

elementary stabilized transformations in the algorithm Ht to transform

a matrix into Hessenberg form. The algorithm is described below.

Alporithm SHt (A,b)

Step 1

Step 2

Step 3

Step 4

Step 5

Step 6

Step 7

Find Bi’ ie€{1,2,...,n}, such that

lBil-Z IBil for all i € {1,2,...,n}
if Bi =0 go to step 9; |
elsé_go to step 2.
Interchange rows 1 and 1 of b, A, and B, and interchange
columns 1 and i of A and C.
For i = 2,...,n, do the following

B

Subtract Cgi) x row 1 from row i of A and B.
1

B

Add Cgl)x colum i to column 1 of A and C.
1

For k = 1,2,...,n~2, do steps 5-7

j=k+l

2 2
K= = 8" + (sgn ay 1.1)8 g8

U1 T %, ke To(sER 3 4008,

If s=0 go to step 9; else continue

For i = 1,...,k, set u, = 03

i
for i = k+2,...,n, set u, =a ;.
P=1I-~- -li uuT
2K
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A:=PAP

B:=PB

C:=CP
Step 8 Output H:=A and t = (81,0,...,0)T‘
Step 9 Stop.

Remark Perhaps it is worthwhile to elaborate on Step 7 of the above
algorithm SHt. Note that it is important to take full advantage of
symmetry. The derivation of the following procedure is straightforward

and can be found in [11,p.292].

Step 7-1 For 1 = k+l,...,n

Step 7-2 «a =-—l§ u.p.
4k° j=k+1 I3

Step 7-3 For i = kt+l,...,n
QG TPy T MYy

Step 7-4 ak,k+1:= -(sgn ak,k+1)s

For 1 = k+2,...,n, 0

't A

Step 7-5 For i = k+l,...,n; u =1i,...,n

1377 Mg T MYy T WYy

Step 7-6 .For i = k+l,...,n; j = 1,2,...,m

a



Step 7-7 For i = 1,2,...,p; j = ktl,...,n

n
c,.:=c,, - —

ij i. u, (o4
3 x4 I sn

i

1

2
Remark The total number of multiplications in reducing a symmetric A to
a tridiagonal form by Householder's Method is essentially-% n3 compared

with-% n3 in Givens' reduction, and n square roots compared with-l n2

2
in the Givens' Method [11,p.293]. Hence Householder's Method is employed
here.

At each iteration, again by taking advantage of the special structures

of HkAand Hkbk’ the algorithm can be simplified as below.

Algorithm SITE (Hk’Bk’Ck)

Step 1 Let Bl = h11 and 82 = th

if |62| > IBll go to step 2; else go to step 3.
Step 2 Interchange Bl and 82
Interchange rows 1 and 2 of H and Bk

and interchange columns 1 and 2 of Hk and Ck'

]
Step 3 Subtract G—g) x row 1 from row 2 of Hk and B
Bl k
BZ .
Add (<) x column 2 to column 1 of H, and C
81 k k
Step 4 Forr = 1,2,...,n~2, do steps 5-11.
2 2 1/2
Step 5 s = (ar,r+l+ar,r+2)
2 _ L2
(K" =57 + (sgn ar,r+1)ar,r+1S

ur+1 = ar,r+1 + (sgn ar,r+1)S

ur+2 - ar,r+2
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Step

Step

Step

Step

Step

Step

Step

in our modal reduction algorithm, the iterations will converge to a
block diagonal matrix.
and readily obtain the mode-reduced output'&.

reduction algorithm for symmetrical A matrix is summarized below.

11

12

For a symmetrical A métrix, if we replace Ht by SHt and ITE by SITE

T a :
r,r+l

For i = r+l, r+2, r+3, set

Py =3 r1% T 34, re2%re2’
1
o = -

4K Pryg¥ir * p_r-l-Zuri-Z)

For i = r+l, r+2, r+3, set
ai = py - ouy
= -(sgn a

r,r+1)s.

ar,r+2:=0

For 1 = r+l, r+2, r+3; j = r+l, r+2, r+3

a,.:<a - u

137213 T MY T U4Yy
For 1 = 41, r+2; j = 1,2,...,m

b o='b - .—1_

137 P15 T 2 uy(u b

e41,§ + YraoPraged)
For_i =1,2,...,p3 j =Tr+l, r+2

C,.:= -

13775 7 3.7 % Ca,rn e, reare2)

Return H ., = H» By = Bys Gy = G-

Algorithm SMR (A,B,C)

Step 1

Call NI (A,B,C), replacing Ht by SHt
Return HO, Bo, CO’
Set k=0

~38-
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Step 2 If hn1+1’n1 = 0 for some n;, go to step 4;
else continue
Step 3 Call SITE (Hk, B sCp )
Return H 115 Byrs Cenn
Set k:=k+1, go to step 2
A11 0 Bl
Step 4 Set A = o i B =8 = < » C= Ck = [C1 CZ]
22 2
where A11 is n xn,, 22 is n /X1, and tridiagonal.
Step 5 Solve the reduced-order system’

Ny = Ajony + Byu

and obtain the mode-reduced output

y = Cz“z

VII.

ANOTHER MODE-RETENTION CRITERION

Consider a linear time-invariant system

X = Ax + Bu (41)
y = Cx (42)
Suppose that the eigenvalues of A are distinct. Let {al,az,...,ar} be

a given sub-set of the eigenvalues of A.

Suppose we want a reduced order

model which retains only the contributions of the modes associated with

{al,az,...,ar}.

The following algorithm will accomplish this in finite

steps, the proof of which can be easily constructed by applying Theorem

3, Lemma 1, and similar arguments in the proof of Theorem 5.

= (1,0,. . .,O)T
~39-
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Algorithm AMR (A,B,C)

Step 1 Call INI (A,B,C)
Return HO, BO, C0
Set Hl = Ho, k=1.
Step 2 1f hn-r+1,n-r = 0, go step 4;

else go to step 3.
Step 3 ¢ = (kaakl)t
Call Ht (Hk,ck)

Return Hk+1’ tk+1

Set k:=k+l, go to step 2

~ -~

A.. A B

11 12 1
Step 4 Set A = B = o i , B= Nk C= [él 62]
' 22 2
Step 5 Find the eigenvectors qj, j=1,2,...,xr, of R22'
Step 6 For j = 1,2,...,r, solve for pj
(Ell-ajl)pj = A,

2 2

~ 1 ~ 1
Let Q;, = [p P ,...,p"] and Q,, = [a7q yeeesd']

Step 7 Solve the reduced-roder system

Ny = Ayon, + Bou

and obtain the mode-reduced output

J\;_."" ~_l ~
¥ = [€104505; + C,lny
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APPENDIX
A. Proof of Theorem 1.
Let the k~-th column of the n X n matrix 6 (resp. Q) be an eigenvec-

tor of A (resp. A) corresponding to the eigenvalue Ak. From the defi-

nition of Q we have AQ = QA where A = diag (AI’AZ"f'Anl+n2)' Hence
1 1q = TqA or A(TQ) = (TQ)A. . We conclude that

Q = TQ (A1)

We may partition both 6 and Q as follows
1 Y Q1
QG Q| 5 %1 %

where Q11 and Q11 are n; X ny.

Combining the transformations (8) and (15), we have

n=TQ = Q¢ (A2)

in view of (Al).

By definition we have

[All 12] [Qll le]
0 Aplle,; 0,

[611 Q12] [ ] a3
Wy

where Al = diag (Al,...xnl) and A2 = diag (Anl+1’...lnl+n2), or
Aip @ F A Q=0 A : (a4)
22 1 = Q1 N | (45)
A1 Qo Ay Qy =0, A, (46)

A9 Uy = Qy A (A7)



Since none of {A_ ,...,A } 1is an eigenvalue of A » eq. (AS)
1 nl 22
implies that 621 = 0. Eq. (A7) implies that the columns of 622 are

eigenvectors of AZZ' Since the eigenvalues of Kzz are distinct,<Q22

is nonsingular.

We may rewrite (A2) as

n q,, &.,][¢ '
1] _ [ 11 12][ 1} (48)
) 0 GyllLE,
hence n, = Q22£2, where 622 is nonsingular.

The mode-reduced output as defined in (12) can now be expressed as

-1 1Q
6 = cr-lp| 12 e,
Q,
6 )
1|2
22

where we have used eq. (Al) and 52 = 6;;”2' Eq. (A9) is the same as

eq. (18). Note also (19) is in fact (A6). ' Q.E.D.

B. Proof of Theorem 2.

Given a pair (A,b) the algorithm Ht(A,b) will generate a pair (H,t)
such that H is Hessenberg and t = (T,O,...,O)T pro&ided it does not
exit from step 9.

We are going to show that if {b,Ab,...,Ap-lb} spans R", the algorithm
Ht(A,b) will never exit from step 9. First notice that it can never
come to step 9 via step 1 because b can not be the zero vector. Now

suppose the algorithm comes to step 9 via step 5, then let the current A
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matrix and b vector be denoted by A and b, respectively, we have

An A

0 4y

where éll is j'xj' and Hessenberg. Let the transformations so far be

represented byEI: which is of course nonsingular. Hence
b=Yb = (1,0,...,00T

a=gagt

n-1

l'-
Note that éiy € span {g,éy,...,éq 12} for i > j', i.e., {E,éy,...,é E}
does not span R", which contradicts the assumption that
{b,ab,...,A" b} spans R". Q.E.D.

H11 H12

Hyp Hy

matrix with nonzero subdiagonal elements (hz’hB""’hk); the ij-th

c. Lemma 1. Let H = s where H 1 is a kxk upper Hessenberg

1

element of H21, (H21)ij’ is given below:

Py for 1=1,3=%

ij = (A10)

(H,.)
21 0 otherwise

Suppose that the eigenvalues (AI,XZ,...,An) of H are distinct. Let us
denote the corresponding eigenvectors by (vl’VZ""’vh)' Let

b= (1,0,...,0)T. Then = 0 if and only if
+1

k
b = iZleoivGi with eci #0 for i=1,2,..,,k . (All)



o i iated
Moroever (Vol’Yoz’ ’V0k) are the eigenvectors of H associated with

the eigenvalues of Hll'

k-1

Proof: (). The set of k vectors {b,Hb,...,H  ~bl} are linearly

independent because h, # 0 for i = 2,...,k. Hence the span of

k-1

i

{b,Hb,...,H b} is the same as the span of the k linearly independent

vectors {v Vg }. Clearly any vector in the span of

o,l,Vo,z,. .o

{b,Hb, ..., k 1b} has the p-th component, p > k+l zero. Now the vector

B = E eoi g1V 18 in the span of {v o1V 2,...,v0k}, hence in the span of
{b,Hb,... b} and its (k+l)-th component is h

bty = 0-

(). Let the eigenvectors of H correspond to the eigenvalues

k+lhk...k2' Therefore

; v
: _ | oi
(Xol,...,kok) of Hll be denoted by (v 1""’v0k)' Let Vo = vz s
by definition ot
1 1
B oY1 Voi
2| = Aoi] 2 (A12)
0 Hypllvgy Voi
. 2
Since Aci is not an eigenvalue of sz, Vo1 = 0. Thus the k linearly

independent set of vectors {v_.,...,v_ } span the subspace {x= (x,,...,x )TI
ol ok 1 n

xp=0, for p>k}. But b = (1,0,...,0)T, we may write

k
= izleoivoi (a13)

On the other hand, since H . is Hessenberg with nonzero subdiagonal

k 1

11

elements, the set of k vectors {b,Hb,... b} is linearly independent.

This implies that eoi # 0 for all i = 1,2,...,k.
Q'E.D.
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D. Proof of Theorem 3.

- Clearly if the algorithm SIG works, then the theorem is proved. We

are gqing to show that the algorithm SIG works. Specifically, we claim

that
(i) SIG may result in an Ail in step 5 such that k > j'.
(ii) SIG will result in an Ail in step 5 such that k > j' in no more

than j' iterations of the loop consisting of the steps 3-4-5-6-3.

Let the input to SIG be denoted by A, B, C, where

41 899
0

é:
A9

and éll is j' xj' and Hessenberg with nonzero subdiagonal. Let

{\ } be the eigenvalues of A . and A

1> 8 (n-1") 11 20d 499
respectively, and {ea1’°"’eaj'} and {eBl""’eB(n-j')} be the corres-

al’ . '.’Aaj'} and {AB

ponding eigenvectors of A. Let b = (l,O,...,O)T. We may write
jX' n_'l
b= ¢ .e . + i $,.e : (A14)
= yospoioi Lo, TBLTRL .

The "only if" part of Lemma 1 implies that

¢Bi =0 forall i€ {1,...,n-3'}

¢ai #0 forall 1€ {1,...,3'}

Now let us define

sbo,...,0,0,...,00F

with 0 in the (j'+l)-th position.



We may write

. i
s = Geoieoi +

i=1 i=1

GchieBi

It can be shown, using similar arguments following eqs. (A4-A7), that

the set of eigenvectors {eal""’eaj'} spans the first j' coordinates,

hence
s € span{eul,...,eaj,}
or
¢Bi # 0 for some i€ {1,...,n-j"} (A15)
Consider b = b+s, or
j' n_zj ]
b = izl(q’oi*“eci)eoi + L LN (A16)

Comparing b with b we notice that because of (Al5) new nonzero component
G¢Bi along some eigenvectors eBi will be introduced. On the other hand,

some components along eai may vanish as a consequence of the possibility
= 3!
_ ¢Ui-+0601 0 for some i€ {1,...,j'} (A17)

If the number of new components introduced is greater than the number
of components vanished, then b has more nonzero components. The "if"
part of Lemma 1 implies that the application of Ht to A and b will then
result in a new upper left Hessenberg block with dimension strictly

greater than j'.



On the other hand, consider (¢Oi-+0601), i€ {1,...,5'} as a function

¢
of 0. Clearly, if ¢ # - égi, i=1,...,i', then (¢Oi-+0601) # 0 for all

i €{1,...,5'}. since eacgiiteration in the loop (steps 3-4-5;6-3) we
change the value of 0, in no more than j' iterations we will come across
a vector b which has more nonzero components of the eigenvectors than b
has.

Consequently the outer loop consisting of the steps 1 through 7 will

terminate eventually when k reaches n. Q.E.D.

E. Proof of Theorem 4.

We are going to apply the "if" part of Lemma 1 to the pair (Hk,bk).
First let us relate the eigenvectors of Hk to that of A, and relate the
coordinates of bk relative to the eigenvectors of Hk to the coordinates
of b relative to the eigenvectors of A.

Referring to the notations we used in the outline of the modal

reduction algorithm, we have

e = T T
%];EI;_l'--%Jgézfgl--ﬂzrgl (A18)

1
b, = akgjibk—l

- 1 g - k
Let us define

T & DTy Y, (420)

o) 2 0 1T (A21)



Hence

_ -1
Hk = TkATk (A22)
k
_ Ab
bk = Tk ) (A23)
o
The component of b, = T Ab along the eigenvector T,e, of = T AT -1
P k= Tk ok 2ions g k%1 °F B k
] Ay
NG

Now we claim that

0.\
a4 0 as k> for all j > n +1 .
Ol.'(k) , i
Note that
1 k
b2 0] % ¢ixi
N AN ) T8y
0
hence
k
2 | I <M for some MER
i=1 a(k)
() 1§ 1k 5L,k i
o™ ] >% .Z |¢iki| > ¥ ¢1Ai for any i € {1,..

Thus, for any j 2.“1'*1,

k
L
(k)

(A24)

(A25)

(A26)

. ,nl}

(A27)

(A28)



But
A, k '
(X%) — 0 as k > for any j 2_n1+1 . (A29)
i ‘ . '

o Ak

so _%i% + 0 as k + . (Consequently,
o

o E
b, — ‘E o Tkl (A30)
i=1 o
From Lemma 1, we conclude that h(k) + 0 as k + =,
n1+1
Furthermore, when Hk converges to an upper triangular matrix
KZ&"
A 11712 , those components for which the
o &) :

o AE

coordinates (—%E§) do not vanish, i.e., i = 1,2,...,n, will correspond to
o
the modes associated with the eigenvalues of All’ as implied by Lemma 1.

Therefore the edgenvalues of A are {An +l"°"A }. Q.E.D.

22 1 n,¥n,

F. Proof of Theorem 5.
Essentially the algorithm BDF does the following.7 It starts with

a vector o and the matrix KT. At each k, the algorithm transforms the

and H, = KT, into a pair

K n1+kI)ck—1 1

(Hk+l’tk+l) such that Hk+l is upper Hessenberg and t

_ T
pair (Hk’ck)’ where ¢, = (X" =)\

_ T
k+1 = (T,O,...,O) ¢

The transformation at each k is basically the same as in the algorithm

Ht except the first n, rows (columns) and the last n, rows (columns) are

1 2

7In order to apply directly our previous results, we will consider the
transpose of A and the column vector c,, etc., in the proof. However,
in the algorithm we work directly with X and the row vector c, etc.
The transformation there is to bring A to a lower Hessenberg form.
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not allowed to interchange in order to preserve the upper triangular
structure of X. Remarks 1) and 2) following the presentation of the-
algorithm BDF indicate that BDF will not break down. We are going to
complete the proof of Theorem 5 in two steps.
. T
(1) Let {fl,...,fn } and {fn +l"°"fn} be the eigenvectors of X

1 1

corresponding to the eigenvalues of K{ and ng respectively. We claim

1
n
that if c = ) ¢,f; such that ¢ # 0 for all i = 1,2,...,n, then the
i=1
(n1+1,n1) element of Hn2+l is zero.n .
T
Consider c, = (A —An +1)c0 = .E Ai¢ifi-kn +1 2 ¢ifi. So cy does
1 i=1 1 7 i=1
not have a component along f . Because the way we define c_,
n n1+1 k
1 n,
c = E A.“¢.f.. By applying the "if" part of Lemma 1, we prove the
n, qop 171 i
claim.
. n
(2) We claim that the algorithm will generate a vector ¢y = z ¢ifi
i=1

such that ¢i # 0 for all i = 1,2,...,n.
This becomes obvious once one notices that step 14 in BDF does

exactly the same as step 3 in INI, Therefore the claim can be easily

proved following the proof of Theorem 3. Q.E.D.
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