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ABSTRACT

The problem studied is that of controlling a Markov chain so as to
minimize the long run expected cost per unit time. Three results are
obtained. First, a necessary and sufficient condition for optimality
is given. The second givesAfor any strategy u, an easily computable
bound B(u) > J(u) - J*, where J* is the minimum cost. The third result
consists of an algorithm which, starting with any strategy, successively

generates alternative strategies so that the bound B(u) decreases

monotonically to zero.
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'l. Introduction

We consider a finite state Markov chain X, t = 0,1,... whose
transition probability at time t depends upon the control u, chosen
at t. Thus p(xt+1|xt) = p(xt+llxt,ut). X, is observed
at each t and u, may depend upon it. Hence we are concerned with
feedback controls or strategies u, = u(t,xt). Such a strategy incurs

a cost k(xt,ut) at time t so that over the long run the expected cost

per unit time is

J(u) = lim TTl‘ E zk(xt,u(t x,)). (1.1)

To guarantee that this limit is meaningful we assume that whenever u

is stationary i.e. u(t,xt) is independent of t, then the Markov chain
has a single ergodic class in the sense of Doob [l,p.181]. Among all
(stationary) strategies we are interested in those which achieve the
minimum cost J as well as those which achieve a low cost even when they
are ﬁot optimal.

This mathematical problem has been extensively studied and the
available results are presented in several texts including those by
Howard [2], Ross [4], Kushner [3], and Bertsekas [5].‘

Three new results are presented here. The first states a necessary
and sufficient condition for the optimality of a strategy. The second
gives, for any strategy u, an easil& computable bound B(u) > J(u) - J*%,
ﬁhere J* is the minimum cost. It is our opinion that this result will
be of value in the practical situation when optimal strategies are too
complicated to disco§er or to implement and when "goeod" strategies can be
proposed on the basis of previous experience or simplified models. The
third result is an algorithm which, starting with any strategy, successively
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generates in an easily computable manner alternative strategies u such
that the bound B(u) decreasés strictly monotonically to zero.
Some of the proofs are involved. In order to maintain continuity

these are collected in the Appendix.

2. Problem Formulation

The state space of the Markov chain x, is {1,...,s8}. If x = i,
then any control u, € U(i) may be used. U(i) is a prespecified
compact set. A (stationary) strategy is any element u = (u(l),...,u(s))

€U =U@)X...xU(s). If x, = i and u(i) is used then
pij (u(l)) = PrOb{xt_l_l =] lxt = 1}
where the pij : U(1) + R are continuous functions such that
J

For u € U, P(u) denotes the s x s transition probability matrix
{pij(u(i))}. Note that the ith row of P(u) depends only on u(i). The

following assumption is in force throughout.

Ergodicity Assumption For each u the Markov chain X, has a single ergodic

class.
An equivalent assumption is that for each u there is a unique

probability (row) vector 7w(u) = (11l (u),... >y (u)) such that
m(u) = w(u)P(u). (2.1)

A proof of this assertion may be found in [1,p.181]. To prevent mis-
understanding we note that this assumption is strictly weaker than that

of the "single ergodic class assumption" in [3;p.150] and of the "bounded
mean recurrence time" condition of -[4; Theorem 6.19] and [5, Proposition 3,

P. 337]. 1In particular we permit the single ergodic class to depend
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on u. Also note that U is not re&uired,to be finite as in [4,5].

For each i k(i,;) ¢ U(i) + R is a continuous function giving
the cost. If X, is the Markov chain corresponding to u in U, then the
average cost per unit time is given by (1.1). Now under our assumption

it is known [1,pp.175-181] that

T
lim 1 t_
Treo THL EO [P]” = n(w1,

where 1 = (1,...,1)'. Substituting this into (1l.1) shows that J(u)

does not depend on the initial state and is given more simply as
J(u) = 7w (u)k(u) (2.2)

where k(u) = (k(1L,u(l)),...,k(s,u(s)))’.

u is optimal if J(u) = J* = inf{J(v)lv € U}. Since P(u) is éssumed‘
continuous, it follows from (2.1) that w(u) is continuous. Since k(u)
is also assumed continuous, so is J(u). Hence, by compactness of U, an
optimal strategy u* exists. It is shown in Corollary 3.1 below that u* is
then optimal with respect to all time-varying strategies also.

Our problem is to investigate strategies whose cost is close to J*.

3. Optimality Conditions

Recall the notation 1 = (1,...,1)'. It is convenient to introduce

Q(u) = P(u) - I
. where I is the identity matrix. Then Q(u) has rank s-1, Q(u)l = 0

and w(u) is the.ﬁnique solution of
T(u)Q(u) = 0, w(w)l =1 (3.1)

The next result is known.



Lemma 3.1 For u in U consider the s linear equations in the 1+s variables

Y€ER, ¢c €RS,
vl = Q(u)c + k(u)- (3.2)

(1) 1If (y,c) is a solution, then y = J(u). (ii) If (y,c) is a
solution, then so is (y,c+6}) for every 6. (iii) A solution always exist.
Proof (i)follows by multiplying (3.2) on the left by m(u), and (ii) by
substitution. Finally note that m(u) [J(w)l-k(u)] = 0 so that J(u)l - k(u)
is orthogonal to the null space of [Q(u)]', hence it is in the range of
Q(uw). | n

Note that one may evaluate J(u) by first solving (3.1) for w(u)
and then substituting into (2.2) or by solving (3.2) directly. In
either case one has to solve s linear equations.

Let Qi(u) be the ith row of Q(u). It depends only on u(i). For

any ¢ let
H(c,u) = Q(u)e + k(u).

Then B, (c,u) = H (c,u(d)) = Q;(u(i))ec+k(i,u(i)). Let h(c) be given by
h;(c) = min{H, (c,v)|v € UD)}. | (3.3)

The function H plays the role of the Hamiltonian and ¢ the role of the

dual variable. This is evident in the results below which give minimum

principles. 1In the proofs repeated use will be made of the fact that
m(u) H(c,u) = m(u) [Qu)e + k(u)] = w(u) k(u) = J(u); for all c,u.

We first give a sufficiency condition.



Theorem 3.1 Let u € U. Suppose there exist y, ¢ such that
Y1l = h(c) = min{H(c,v) = |v € u}, (3.4)
Y = Hi(c,u) whenever ﬂi(u) > 0, | (3.5)

Then u is optimal and J(u) = Y. In particular, if v € U satisfies
H(c,v) = h(c), then v is optimal.

Proof From (3.5)

w(u)y} = m(u)H(c,u) = m(u)k(u).
Let v € U. From (3.4)
T(V)yl < 7(v)H(c,v) = J(v).
Hence y = J(u) §_J(v); The last assertion is immediate. -

The converse of this result appears to need a much more difficult

proof.

Theorem 3.2 Let u be optimal. ' Then there exists Y, ¢ such that (3.4),
(3.5) hold.

Proof See the Appendix. n

- Any c for which there exists y satisfying (3.4) is called an

optimal dual variable. Evidently then y = J*. Let II.= {w[n >0, nl= 1}.

Then finding the optimal strategy is equivalent to solving the following

nonlinear programming problem:
Min{ﬂk(u)an(u) =0, T €1, u€ Uy}

Note that the problem is not convex, hence a duality theorem appears

unlikely. Nevertheless consider the dual problem
Max{Min{L(c,m,u) |7 € I, u € U}},
c .
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-where the Lagrangian L is given by
L(c,m,u) = 7k(u) + mQ(u)c = mw(u)H(c,u).

Theorem 3.3 There exist c#*,7*,u* such that for allc, T€ NI, u€ U
L(c,w*,u*) < L(c*,m%,u*) = J* < L(c*,m,u).

Moreover in this case c* is an optimal dual variable and u* an optimal
strategy.
Proof Follows readily from Theorems 3.1, 3.2 and the fact that an optimal

strategy exists. ‘ -

There is a very important special case for which (3.4), (3.5) can
be strengthed and which furthermore is easy to prove. We say that the

strong erodicity assumption holds if for every u w(u) is strictly positive.

Theorem 3.4 Under the strong ergodicity assumption u is optimal if and

only if there exist y, ¢ such that
vyl = h(c) = H(c,u). (3.6)

Moreover y = J(u).
Proof Sufficiency follows from Theorem 3.1 so that only the necessity need

be shown. Suppose u is optimal and let y, ¢ solve (3.2),

vl = Q(u)ec + k(u) = H(c,u).
Let v € U be such that H(c,v) = h(c) < vl. Multiplying this on the left
by m(v) gives

J(v) = w(v)H(c,v) = w(v)h(c) j_Yn(v)} = v.

Since Y = J(u) by Lemma 3.1, we must have equality above. Hence

m(v)[h(c) - Yl] = 0 and since m(v) is strictly positive by assumption,

this implies h(c) = v1. n



It is interesting to observe that under the stronger assumption the

optimal dual variable is essentially unique.

Lemma 3.2 Under the strong ergodicity assumption if ¢, § are optimal
dual variables then ¢ - £ = 6} for some §.

Proof Let u be optimal. From (3.6)
H(C,u) - H(E,u) = Q(u) (c-—E,') = 0.

Siﬁce 1 spans the null space of Q(u) the result follows. I

As a corollary of Theorem 3.2 we show following [3,p.159] that
an optimal stationary strategy is optimal with respect to arbitrary
feedback controls. Let y, ¢ satisfy (3.2). We know that y = J*.
Let Xt = (xo;...,xt) be the observations made up to t and let

u, = ut(Xt) be any fixed feedback control. Let
p(x, =_i|Xt_l) = Prob{x_-= 1]xt_l}, i=1,..0,8

and let P(xtlxt—l) be the row vector with these as components. Similarly

define p(xt+llxt-l)' Evidently

p(xt-l-l’Xt—l) = p.(xtlXt_l)P(ut(xt,Xt_l)). (3.7)
Now by (3.4)

[(Blu, (x,X, _))-Tle + k(u (x,X _;)) > vl.
Premultiplication by p(xt]Xt_l) and using (3.7) gives:

P(x X e = pGx X _pe + plx X _Ik(u, (X)) > v .

Adding the inequalities for t = 0,...,T gives

T
1
o X RO X @ (D) 2 v+ IpGeg) - Rl [Xple.

i ]



Taking expectations and the limit infimum proves the next result.

Corollary 3.1 Let ut(Xt) be any feedback control. Then

T
1
lim inf —— E E:k(x su (X)) > J*,
T T+1 0 tot t

4.. Bounds
Recall the definition of H(c,u) and h(c). Also remember that

w(u)H(c,u) = J(u). Define

h(c) = min hi(c) min min Hi(c,u),

i i U

h(c) = max h, (c) = max min Hi(c,u).
i i U

We begin with an elementary, but very useful, result.

Theorem 4.1 Let ¢ be arbitrary, and u a minimizer of H(c,*) i.e.,
H(c,u) = h(e). Then
h(c) < J(w) 2 h(e),
h(c) < J* < h(e).
Also, u is optimal if h(c) = ﬁ(c).
Proof Evidently, h(c) < w(u)h(c) = J(u) f_ﬁ(c). Next, let w be arbitrary.
Then again h(c) < w(w)H(w,c) = J(w). Hence h(c) < J*.

=1

Consider this naive algorithm: Step 1, select c arbitrarily;
Step 2, find'a minimizer u of H(c,*). Then without computing J(u) we

have the bound
0 < J() - J* < h(c) - h(c).

Of course if J(u) is computed one has the better bound
0 < J() - J*% < J(u) - h(c).
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. The only aspect of this algorithm which recommends itself is the fact
that Step 2 involves s pointwise or decoupled minimizations.
A more sophisticated use of the result above is the following.
Suppose a strategy u is proposed on the basis of experience or working

with a simplified model. Then we find y, ¢ so that
Y% = Q(u)c + k(u).

Next we calculate h(c) to get the following bound. The proof follows
from Theorems 3.1 and 4.1.
Lemma 4.1 (i) J(u) =y > J* > h(c). (ii) Let U(1) = {v(i)
€ U(i)lHi(c,v(i)) < y}. Then u is an optimal strategy with respect-to
U= 3(1)x...x0(s).

An application of this Lemma is given in Varaiya, Schwiezer and

Hartwick [10].

5. An algorithm

Several computational algorithms are available for finding an
optimal u € U. The well-known "Interation in policy space" algorithm of
Howard is known to generate, under some additional assumptions, a sequence
of Strategies u € U such that J(un) converges monotonically to J*
(see [3,p.154] or [5,p.349]). However, at each iteration this algorithm
requires a solution of the equation Yn} = Q(un)cn + k(un) for (Yn,cn),
and this may be prohibitive for large s unless Q has some special structure
as for example in the problem treated by Larson [6]. White [7] shows
that a modification of Bellman's method of "successive approximation"
converges under eomewhat restrictive assumptions. However, the computational
burden is.considerably less than for Howard's algorithm since at each

iteration only a pointwise minimization (similar to evaluation of h(c))
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e

need be carried out. Furthermore, at each iteration a bound is
available, and the bound converges monotonically (see [5,p.347].) Finally,
if U is finite then it is possible to find an optimum by solving a linear
programming problem [4,p.152]. The number of variables is approximately
sxN where N is the cardinality of the largest U(i), so that this approach
is impractical unless some special structure obtains as in Kushner and
Chen [8]. |

The algorithm proposed here bears a family resemblance to White's
algorithm in that successive dual variables are generated. However our
motivation comes from the duality result of Theorem 3.3. The algorithm
can be viewed essentially as a "dual method" and we search for an optimal
dual variable. We begin by determining those directions along which
changes in ¢ lead to a reduction in ﬁ(c) - h(c).

Note that 2:(2.(u) =0, Q,,(u) <0and Q,, > 0 for j # i.
3 ij ii ij —
Lemma 5.1 For c, 6, u
Hi(c+e,u) z_Hi(c,u) if ei ;_ej for all j,

Hi(c+e,u) g_Hi(c,u) if o z_ej for all j.

i

Proof H, (c+6,u) - H,(c,u) = zj:Qij(u)Gj = ‘J;_Qij (@[o,-0,1 > (90

e . -

For any c let S(c) = {i[hi(c) = h(c)}, S(c) = {i|hi(c) = h(e)}. Let

Qfc) = {elei = m;n 62 < ej < mzx e2 = ek, i €.§(c), k € S(c),

i € 8(e) Us(a)}.
Lemma 5.2 Suppose ¢ is not an optimal dual variable so that h(c) < h(c)
i.e., S(c) # S, 8(c) # S, where S is the state space. Let 8 € 0(c). Then
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hi(c+6) > h,(c), i € S(c), (5.1)

h;(c+0) < h,(c), 1 € §(c). : (5.2)

. Furthermore there exists i for which at least one of these inequalities
is strict.

" Proof By Lemma 5.1, Hi(c+e,u) Z_Hi(c,u).for i € S(ec). Since the
inequality is preserved when minimizing over U we get (5.1); (5.2) follows
in a similar way. To prove the final assertion suppose we have equality

in (5.1),

hi(c+e) = hi(c), i € s(c).
Let v,w be such that

H(ct+0,w) = h(ct6) and H(c,v) = h(c).
Then for i € S(c)

Hi(c,v) = Hi(c+e,w) §_Hi(c,w);
but by Lemma 5.1,

Hi(c+e,w) Z_Hi(c,w).
Hence

H,(c+8,w) - H,(c,w) = ZQ (w)e, = 0, i € §(c).

i i 3 ij j S

Since 6, < ej for i € §(c) this implies

QW) = Pyy(w) =0, 1 €5(c), j ES(e). (5.3)
Now suppose we have equality in (5.2). Then a similar argument shows that

Q) =B (v =0, k€ 5(c), j & S(c) (5.4)
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Finally consider any u € U for which u(i) = w(i), 1 € S(c) and
u(k) = v(k), k € §(c). Then (5.3), (5.4) hold for {Py (w3}, Hence

there are at least two ergodic classes for u so that the ergodicity

assumption is violated.
H

From the proof we see that in the strongly ergodic case the lemma can be
strengthened.

Corollary 5.1 Under the strong ergodicity assumption both inequalities

(5.1), (5.2) above are strict, for some i.

The lemma suggests that to search for an optimal dual variable
we may change the proposed vector c(t) to c(t) + 6At where 8 € 0(c(t)).
It is desirable to make the choice of 6 continuous in ¢ to avoid
"jamming". (see Zangwill [9] for a discussion of jamming). Consider the

function 6(c) where
ei(c) = hi(c) - h(e).
Notice that 6(c) € ©(c). The proof of the next result is in the Appendix.
Theorem 5.1 Consider the differential equation
de _ £ - -1 '
de - ge) =0(e) - s [6(e)'1IL. (5.5)

(i) For every initial condition c¢,. there is a unique solution c(t,co)

0
of (5.5) defined for all t > 0 with c(O,co) = cge

(ii) c(t,co) converges to the set of all optimal dual variables c*

for which (c*)'l = co'%. In particular, if the strong ergodicity assump-
tion holds then c* is unique.

(iii) ﬁ(c(t,co)) andlh(c(t,co)) converge monotonically to J*, and

ﬁ(c(t,co)) -‘Q(c(t,co)) decreases stricfly monotonically to zero. If

the strong ergodicity assumption holds then E,.g are strictly monotonic
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Now suppose uo is any initially proposed strategy. Then to

improve upon uO we should start the algorithm (5.5) at o where

7)1 = H(c,you?).

Appendix: Proofs of Theorem 3.2, 5.1.
We first prove Theorem 5.1 via a sequence of lemmas.

Lemma Al hi(c) = min{Hi(c,u)|u € U} is a uniformly Lipschitz function.

Proof Lethi = max{[Qi(u)l 1u € U} where Q; is the ith row of Q and

|+] is the Euclidean norm. Let ¢°, u’, r = 1,2 be such that
Hy(e'yu) = Qu(uh)e™ + k(1,u" (D)) = hy(ch).
Then

by (e < @ he + k(i,u’(0)

Qi(uz) (cl-cz) + Qi(uz)c2 + k(i,uz(i))
< qi|cl-c2| + hi(cZL

2 1 2
Similarly hi(cz) f_qilcl-czl + hi(cl) and so |hi(cl) - hi(c )| f_qilc -c7].

=1

Corollary Al The function f(c) in (5.1) is uniformly Lipschitz, and so

the solution c(t,co) is defined for all <o and t > 0.

Lemma A2 c(t)'}

' =
o 1 where c(t) c(t,co).

- d
Proof Ez'c(t)'} e(c)'} - 8(c)'L = 0. .
Lemma A3 Let co'be such that E(co) < ﬁ(co). Then

ﬁ(c(t,co)) is non—increasing,_h(c(t,co)) is non-decreasing in t;.
. (Al

h(e(t,cg)) - h(e(t,e)) < h(cy) - h(e,) for t > 0. (A2)

. _'_14..



Proof To prove (Al) let € > 0 and for each integer N define the function
N
c (t,co), 0 < t < e by linear interpolation between the values

cN(§ s,co), n=20,...,N where

N -
c (O,CO) o

N, nt+l _ Nn 1 Nn
c ( N e,co) = ¢ (N e,co) + N f(c (N s,co)), n > 0.
Since f is Lipschitz by Corollary Al

c(t,co) = lim cN(t,co),
N

and since h(c) is continuous by Lemma Al,

]

Lin h(c'(t,c)). (A3)
N

h(c(t,cq))
N.n N,n
Now for each n, f(c (ﬁ e,co)) € 0(c Cﬁ e,co)) and so by Lemma 5.2,
for € small, we must have

N, nt+l
c

h(c( e €5¢4)) _>__13(cN(§ e,co))

which together with (A3) implies that‘h(c(t,co)) is non-decreasing.
The other assertion in (Al) follows in a similar manner.
We now prove (A2). Let t > 0. Then because of (Al) it is enough

to show that there exists 0 < ¢ < t at which

h(e(escp)) - hlele,cy)) < hey) - hiey). (A4)
Let

S(e) = {i]h;(c(e,cq)) = hlcy)}, S(e) = {i]h (e(e,cp)) = (e}

Then to prove (A4) it is equivalent to show that either S(e) or S(e) is

empty.
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Now, by the continuity of hi there is 0 < § < t so that for

O0<e<§

h(ep) < hy(elesc)) < hiey), 1 € 8(0) U 5(0). (A5)
On the other hand for t > 0

c(T,co) = ¢, + rf(co) + o (7).
Since f(co) € O(co), therefore by Lemma 5.2,

hy (egtef(cy)) > h(cy), i € 5(0),

h (egtef(cy)) < E(co), i € §(0),

and there is an i for which one of these inequalities is strict.

Suppose this is i € S(0) so that

0
hio(c0+ef(co)) >.E(c0). (A6)

We claim that (A6) implies that there is e, so that

1

hio(c(e,co)) >-E(CO)’ 0<ce¢ <e (A7)

To see this note that hi (c0+ef(co)) is concave in el; hence (A6)
0
implies that

]
= h, (c *tef(c.)) =n>0
e io 0 0 e=0+

Hence
hio(C(e,co)) = h(cy) + ne +o(e)
from which (A7) follows. From (A5) and (A7) we obtain

S(e;)) ©5(0) - iy} (A8)

lSince, for fixed u, Hi(c,u) is affine in ¢, and hi(c) = min{Hi(c,u)[u € v},

therefore hi(c) is concave in c. Hence hi(c+ee) is concave in €.
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On the other hand, if the strict inequality held for i. € S(0) then

0

instead of (A8) we would have shown
§(el) C5(0) - {iy} (A9)

Now, if either §(el) or §(el) is empty we are done. Otherwise
both are non-empty and we repeat the argument starting with the initial

condition ¢, = c(el,co) and we find ¢, with e, < ¢, < t and

1 2 1 2

i E.g(sl) U§(el) such that either

S(ep) Cs(ep) - {4}

or §(82) C_§(el) - {4}

If either §(sz) or 5(32) is empty we are done. Otherwise we repeat the

argument with the initial condition c, = c(ez,co). Since at each step

2

k either.g(ek) or §(ek) is reduced by at least one element we must arrive

at a step at which one of these is empty.
n

Corollary A2 1If the strong ergodicty assumption holds then in (Al) we

have strict monotonicity.

Proof In the proof of Lemma A3 we can now use Corollary 5.1 in place of

Lemma 5.2 so that we would have both_§(sk) and §(ek) empty at some step k.
u

Lemma A4 Let c(t) = c(t,co) be the solution of (5.5). Then there is

M < = such that |e(t)| <M for t > O.

Proof If the assertion is false, then there exists tn + « guch that

|c(tn)| + o, Taking subsequences if necessary we can assume that there

is a sequence IR and & # 0 so that

-1 _
l;m P, clr) =6 (A10)
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Let W € U be such that

H(e(t),u") = h(e(t)).

%:1

if necessary, we may assume that <y

By Lemma A3 the sequence h(c(tn)) is bounded. Hence, taking subsequences

i

lim H(c(tn),un) = h
n

for some vector h, i.e.

lim[Q(un)c(tn) + k@u™] = h.
n

Since U is compact we may assume that there is u € U such that u®

converges to u and so

lim Q(un)c(tn) = h- k(u).
n

Multiplying both sides by nn-l and using (A10) this implies that

Q(w)e = 0,

and so 6 = 81 for some §. But by Lemma A2

-1 ty = ‘1v =
lim Pn c(tn)g. 1im L cO} 0
which implies § = 0 and contradicts 6 # 0. .
Proof of Theorem 5.1 (1) follows from Corollary Al. By Lemma A4 the N

trajectory t =+ c(t) = c(t,co) is bounded. Let c* be any limit point.

We claim that c* is an optimal dual variable. Let tnt+:w such that .~
lim c(t ) = c*. (A12)

Let B(c) = h(e) - h(c) > 0. Then by Lemma A3, B(c(t)) decreases‘strictly

- monotonically. By Theorem 3.1, c* is optimal if

B(c*) = lim B(c(tn)) = 0, . (A13)

-18~



Suppose in contradiction that B(c*) > 0. Then by Lemma A3, B must

decrease along the trajectory strating at c*, i.e.,
B(c(t,c*)) < B(c*), t > 0. (A14)

Because f is Lipschitz the solution of (5.5) varies continuously with

initial conditions. Hence from (Al2)

c(t,c*) = 1lim c(t,c(t )) = lim c(t+t ,co).
N n n>oe n

Since B is continuous, this implies

B(c(t,c*)) = lim B(c(t+tn,c0)) = B(c%)
n->o

which contradicts (Al4). Then (Al13) must hold proving the first half
of (ii) and (iii). If the strong ergodicity assumption holds then
c* is unique by Lemma 3.2, and the strict monotonicity follows from

Corollary A2.
n

The proof of Theorem 3.2 also requires some preliminary results.

0
Let u0 be optimal. By Lemma 3.1 there are c, and y = J(u) = J*

0
so that

Yl = Q(uo)c0 + k(uo) = H(co,uo). (AlS)

Lemma A5 Let v be such that H(co,v) <vyl. 1If ﬂi(v) > 0 then Hi(co,v) = ¥.

Proof Premultiplying H(co,v) < vl by w(v) gives
J(v) = n(v)H(co,v) <7m(v)yl = y = J*
so that we must have equaltiy. Hence
m(v) [H(ey,v) - v1] = 0
from which the result follows. -
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0 0
Lemma A6 If m (u) > O then H, (cpou’) = hi(co) = min{Hi(co,v)Iv € u}.

Proof Let J = {iIHi(co,uo) < hi(co)}, and let v € U be such that
0
Hi(co,v) < Hi(co,u ) =y, 1 € 7. B
Define u by

u(i) = {v(i) » 1€J . %

uo(i) , 1 & J.
Then

Hi(co,u) = Hi(co,u) <y, 1€
{Hi(co,uo) =y, i¢J.
By Lemma A5 wi(u) =0, i € J. Hence
Py =By’ =0, 1€, §E I, (A16)
But then ni(uo) =0, i €J. , o
Let c(t) = c(t,co) be the solution of (5.5) starting at o
From (Al5) it follows that

h(c(0)) = v, h(c(0)) < v.

Since, by Theorem 5.1, h(c(t)) > J* = y > h(c(t)), it follows that

h(e(t)) = v,

e}

Now let CI(t) be the subvector of c(t) with components in

I={i|i & J}.

Lemma A7 cI(t) - cI(O) = G(t)} for some function &8(t).
‘Proof Suppose the assertion holds for some t > 0. Then from (Al6)

we can see that

H, (e(t),u®) = B (c(0),u”) =y, 1€ 1.
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From (Al7) and (5.5) it then follows that
L =gm1
dt I >

for some number E(t). The result follows upon integrating this equation.
a

Proof the Theorem 3.2 From (Al6) and Lemma A7 it follows that

Hy(e(0),u’) = B(e(®) =y, 1€ L. (418)

Let c* be a limit point of the trajectory c(t). Then c* is an optimal
dual variable by Theorem 5.1, hence it satisfies (3.4). Also from

(A18) it follows that
H(*O- e
j(c*u7) =v, 1 .

Since ni(uo) > 0 implies i € I by Lemma A6, therefore (3.5) holds.

=

=21~
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