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0. Introduction

Let W(s,t), 0 < s, T <, be a two-parameter Wiener process. Stoch-
astic integrals of four types:
szdwz , sz,z,dwz sz,
sz,z,dwz dz', Iwz’z,dz dwz'
have been defined [L4,56] and form the basis for a theory of continuous-
parameter martingales in the plane and for their associated stochastic cal-
culus. Our earlier efforts in deriving a differentiation formqla for this
stochastic calculus were only partially successful in that the resulting
generalization of the Ito lemma is too éomplicated to be truly useful.
[9]
In part, the complexity of the differentiation formula reflects an
inherently complex situation, but an important additiomal factor is
that in [9] the differentiation formula is treated as a transfor-
mation rule for stochastic integrals (as is in the case bf the Ito lemma)
rather than a transformation rule for martingales. In this paper we shall
derive an intrinsic form for the transformation of weak semi-martingales
in the plane‘which is free of their stochastic-integral representation.
The result provides not only a simpler formula, but also a greater eluci-

dation of the underlying calculus.
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1. Preliminaries and Notation

The definitions and notation of this paper will follow those of [ ]
and can be summarized as follows: Let R2 = [0,°) x [0,°) denote the pos-
+
itive quadrant of the plane. For two points z = (s,t) and z' = (s',t') in
2
R+
(a) z > z' will denote the condition s > s' and t > t', and z ¥ z'
the condition s > s' and t > t',
(b) z A z' will denote the condition s < s' and t > t' and z A 2z' the
condition s < s' and t > t',
(¢) the function h(z,z') will denote the indicator function on
Rz x R2 of the condition z A z',
+ O+
(d) z x 2' will denote the point (s,t') and z V z' the point (max(s,s'),
max(t,t')).
(e) 1if z 42 z', (z,2z'] will denote the rectangle (s,s'] x (t,t'].
(f) O will denote the origin and RZ the rectangle {0 < ¢ < z}.
2
Let (9,?}31)) be a probability space and 1et‘FE£,z € R+} be a family
of o-subfields satisfying the following conditions: .
(Fl) z < z' implies Q;; C 9};.,
(FZ) {3% contains all the null sets of

(F3) for every z % = N %v

: z'*»>z
) for every z ngl and‘Erﬁ are conditionally independent given

2
gé, Wheregi = (:'I;,oo and gz = C‘I*’,t'

For a stochastic process {X , z ¢ RZ}, X(z,z'] will denote X
z +

(F,

+X -
s',t' s,t

X -X A process X is said to be Q};-adapted if for each z Xz is

s,t' s',t’

Q;;—measurable. In the definitions that follow the process X is assumed

to be q;;—adapted and for each z Xz is integrable.



Definitions

L) = X, aus.
(Ml) Xz is a martingale if z' > z implies E(Xz,,Q;;) Xz a.s

- i — i
(MZ) Xz is an adapted l-martingale (2-martingale) if {Xs,t’sg;,t} s a
martingale in s for each fixed t (in t for each fixed s).

(MB) Xz is a weak martingale if z' »> z implies E{X(z,z']qui} =0

(Ma) Xz is a strong martingale if X vanishes at the axes and E{X(z,z']l

1 2, _ '
gzvgz} = 0 whenever z'¥%> z.

(MS) Xz is a Wiener process if X is a Gausian process satisfying EXz =0
for all z and EX(z,z'] X(z,z'] = Area ((z,z'1 M (z,z']).
A strong martingale is also a martingale which in turn is both an
adapted l-martingale and an adapted 2-martingale, either of which is also
a weka martingale. A Wiener process is a strong martingale. If we assume
that {EE} is generated by a Wiener process W, i.e., Q}; =g ({WC’ t<2z}),
thengqg-martingales are representable as stochastic integrals in terms of
W. A more general representation result will be stated below. Henceforth,
we shall assume that Q}; is generated by a Wiener process W.
Definition Xz is said to be square-integrable semimartingale if Xz = Mz +
Mlz + M2z + Bz where M is a square-integrable martingale, M1z (M2z) is a
sample—continuqus square-integrable process which is an adapted l-martingale
(2—martingale)}and mean-square differentiable in the 2-direction (1-direction),
and Bz = lz bC dC where b is an Qg;-predictable process with l% Ebi dg < =,
It follows from the results of [4,5] that every square-integrable

semimartingale has a unique representation of the form

o dg aw_, +
IXR C,g' g'

(1.1) x'=le aw +J Y. o, dw, dwW_, +
r M szch,z; ¢ Mt R xR

4
RZ

L B , dw_ dt' + jb dc
L,C 4 z
R, R, >’ R,
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where 6 and b are q;;-predictable and square-integrable (dcr)dz measure)
processes, ¥ ,& and B are q;;vz.-predictable and square~integrable
(dq) dz dz' measure) processes.

Now, suppose that a process X is of the form (1.1) where the integrands
satisfy the same predictability conditions as before, but instead of being
<§1) dz or qu dz dz' square-integrable are now merely almost surely dz or

dz dz' square-integrable. We shall call such a process a locally square-—.

integrable semimartingle or a local semimartingale for short.

Remark In the one parameter case, local martingales and semimartingales
are defined by a stopping argument. In the two parameter case-the situa~-
tion is different since stopped versions of processes can be defined only
via integration ([5], see also [3]). It is still true in the two parameter
case that if M(f) is a local semimartingale then there exists a sequence

of square integrable semimartingales Mn(c) such that Mn(;) 24§4*M(c) para-
meter stopping (this will follow directly from the results of the next

section and the stopping line constructed in [7]).

2. A Calculus of Semimartingales

Let X be a local semimartingale and let y be a predictable process

such that
(2.1) Prob (sgp lv,| < oo) =1
Then the stochastic integral
2.2 X) = dx
(2.2) (v o X), ijc c
z
is defined by
(2.3) (v oX) = Iwedw+ J ¥ Y, dW_ dW_,
2 gttt gy EVE R T
z z
+ J v, ,dch,+I Yoo B _, dw_ar'
R, B, V&G o' T plxg, VBB L
+ J Y. b_dr
REE



Hence, for each ¢, § o X defines a mapping of local semimartingales into
local semimartingales.

A local semimartingale is a one-parameter local semimartingale in
each direction and a rerepresentation of (1.1) makes this clear. Let
Xw1 and Xul be defined as follows:

dW_+ «

z,z' 4 T,g' dz]

(2.4) le(Z,C') = aC' + J h(C,C')[¢

Rz

] - 1]
(2'5) Xul(z,C ) b;y + RI h(c,c )BCQC‘ dwc
z
Then, (1.1) can be written as

= ! 1 ]
(2.6) Xz J XWI(Z,C ) dWC, + I Xul(z,c ) dt
Rz Rz
] 1]
Because le(z,; ) and Xul(z’c ) are both?},@z measurable (2.6) is a local

c
l1-semimartingale representation for X. It is convenient to denote the
Lebesgue measure by 1 and write (2.6) in a compact form as

2.7) X = le oW+ Xul ol

Similarly, we can define sz and Xu2 by
2.4' sC) = 6_ + h ! aw . + dz'
(24 Xpp(20) = 6, Rl (B9, L, +8, ., 4]
2.5'") X ‘, =b_ + h(z,z' d
( ) uz(z z) . Ri (z,z") L. 4

and rewrite (1.1) to yield a local 2-semimartingale representation

(2.6") Xz = I XWZ(Z,E) dWC +

J X .(z,5) dz
R R u2

(4 4

which will be expressed in a more compact form as

(2.7') X=Wo sz + uuo Xu2

Equations (2.7) and (2.7') can be thought of as partial differential

i

thought of as partial derivatives.[2] Intuitively, we can construct a local

formulas: aix = XWi aiW + Xui aiu so that the function XWi and Xu can be

semimartingale Z from two existing ones X and Y by identifying 81822 =



BZY BlX. We shall call the operation composition and denote it by Y * X.
The precise definition for Y * X is given by

(2.8) (Y * x)z = 2(tzVe:',c) xm(n:Vc',c') dwc dwc'

[ v
Rz xR, v

* I ¥y, (EVE',8) X (2Ve',z') dt 4w
R hen 2 X1

+ J Y . (zvg',z) X . (zve',c') dw_ dz'
R sz W2 Ml

;l

4

+ Y (gve',z) X _(gve',z') dc dg'
szRz u2 ul

In an abbreviated but more suggestive form, (2.8) can be expressed as

X X =
(2.9) Y *X WoYW2 Xw]_oW+quLl2 XWIOW

+W°Yw2xu1°“+”°Yu2xu1°“‘

The representation (2.8) shows that Y * X is again a local semimar-
tingale provided that the integrands are locally square-integrable. If
X and Y are such that the integrands in the representation (1.1) are locally
fourth-power integrable, thenkthe integrands in (2.8) are indeed locally
square-integrable. However, this seems to be an artificial and undesirable
condition. Local semimartingales should be defined so that closure under
composifion comes naturally and without additional restrictions.

For one-parameter processes, if M is a sample-continuous local mar-
tingale, then there exists a sample-continuous increasing process <M,M>
such that M2-<M,M> is a local martingale. If M is generated by a Wienmer
process W then M is necessarily of fhe form

t

= + .

Mt M0 f "bs dws
(o]

and <M,M> is given by

t
<M,M> = I 1] ds
t )y s



The increasing process <M,M> has the interpretation of being the quadratic
variation of M. Hence, if X = M + B where B is both sample continuous and
of‘bounded variation then the quadratic variation of X is just that of M,
and it is consistent to define
<X,X> = <M,M>
Let M be a two-parameter square-integrable martingale generated by a

Wiener process W. Then, M is necessarily of the form

(2.10) M_=M_ + J o dw_ + J vy dW_dW ,
z 0 ol% RyxR, &% & C

If we define the increasing process [M,M] by

(2.11) [M,M]z = Jec?‘ dc + J
R R

h(z,z") dg dz'
<R TsC lpl;,l;'
Z 2

z
then M2-[M,M]‘is weak martingale. The process [M,M] has the quadratic

variation interpretation associated with <M,M> in one dimension.
For a two-parameter square-integrable semimartingale X as given by
(1.1), the quadratic variation is equal to that of the martingale term.

Hence, it is consistent to define

(2.12) [X,X]_ = I 0.2 ar +
R

r J dc dz'
Rz"Rz

h(z,z") Yoo

Z

and to extend the same definition to local semimartingales.

Since a two—parageter local semimartingale X is a one-parameter local
semimartingale in each direction, the quadratic variation process <X,X>i is
well defined for each direction i and is given by

2
(2.13) <x,x>iz = RJ xWi (z,z) d&
z
From their definition (2.4 or 2.4') it can be seen that for each i direction

XWi is a one-parameter local semimartingale in the other direction. Hence,

the one-dimensional formula yields



2

1&,21 (2,8') = 0, + 2 J h(g,8") X (VE', 8" [¥, W, +a, ., dT]
R

z,t' ¢ z,z'
z

+ Jh(c,c') v? . ac
R c,C
Z

which together with (2.13) yield

= ' v '
(2.14) <KX = [XX], +2 IXR X (BVE' L )wc’;, dw, dt

+ d !
QC,C' g dg']

Similarly, <X,X> can be written as

2z

1 = '
(2.14") <x,x>Zz [x,x]z + 2 IXR xwz(«:vc o) [V dg dw

z,z' '

2
+8 dc dt')

z,z'

Each of the processes [X,X] and <X,X>, is a local semimartingale,

i
albeit rather special ones, so that stochastic integration with respect
to each is well defined. Further, being a quadratic variation process in
one form or another, each is also intrinsic to X and its existence is inde-
pendent of the semimartingale representation (1.1).

For two local semimartingales X and Y, X + Y is again a local semi-
martingale. Hence,

[X,Y] =5 {[X+7, %+Y] - [X,X] - [¥,Y]}

1
<X,Y>1 =3 {<x+Y, X--I-'Y>i - <X,X>i - <Y’Y>i}

are well-defined bilinear operators on (X,Y). Together with Y * X, these
comprise a set of binary operators on local semimartingales. The algebra

of these operators may be interesting and has not yet been explored.

3. Differentiation Formula

In [9] a differentiation formula was derived which makes explicit use
of the weak semimartingale representation (1.1). In the notation of this

paper, that differentiation formula can be expressed as follows:
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Let F: R—R be a function with bounded continuous derivation through

the fourth order, and let X be a process of the form (1.1). Then,

B} 1 2
(3.1) mAxNv = ixov + L m.HSn %a + cn dz) + > L. 9 mm dz

VA Z
+ a Qpe+wmxﬁuﬁv%n%ﬁ.
wan

K4
+ . hhw ~mH a + mmﬁxtw NSH +_exzmv + l.mw xzm xzwu dg as

2z 2z
+ . bw me + mNQzNNE .I;Ev +| Fy Xop xﬁu v, dc'

+w.,qan [F,(x , E+exﬁ+mxzn+lev
©e T Fy cnzmxﬁe+ xzw 5+|x=~x§
K 4P, Xy Xy dE ac
where mwmxv = WWM F(x), mw have argument xm<ﬁ. or xn. ¥, a and B have arguments
(z,z"), NSH and N:H have arguments (zvg',z') and NSN and xuw have arguments

(zvg',z). All integrals on R, X NN are restricted to the set 7 A C'
The same differentiation formula can be expressed in an intrinsic and
representation-free form as follows:

(3.2) FX) = MAxOV + mwaxv oX+ MNANV o (X * X)

+ .NH. Fy(X) o (<X,X> + Ax.wi - [X,X])

+w X) o X * Axxvp+ Ax.xvmwx..n [X,X * X])
*

+ = N_ N.oc o X wi Ax.xvp

A verification of (3.2) is easily obtained by m<MH=mnwnm the terms
X * X, AN,MVH. [X,X], <X,X * xvn.‘ax.x * X] and [X * X, X * X] according
to the formulas given in section 2. The details are too straightforward
to be reproduced in full, but a term by term identification between
(3.1) and (3.2) is cmmmrw and appears as follows:

F.(X) o X = F_(6 &2 + d
HA ) w‘ ( . cn z)

A
+ ﬁ F. (pdW_dwW
Rxr 1 ¢

k4 k4

c + Qan&SN. +.mmzn dzg')



F. (X) o X*X) = I F.( aw +x dC)( dw 4 X o dgh)
o hr 22 T i1 ul

2
2 z
1
'5 FZ(X) ° (<X,X>1 + <X,X>2 - [X,X])
= 1] ! d '
[ ry[ryy antuaw, s B asn) + qa, +ade) X, o
R xR
2 z
+ 1% a ar']
1
-2' F3(X) o (X * <X,X>1 + <X,X>2 *X + 2[X,X * X])
_ F[-l-( ai +x . dg) X2 az'
g Fal2%e Fot R & X
£’ +1x2 gr(x.daw, +X_dg") + ¥ dcd:']
7 Xug 48 (K Fpe T Xa2¥n
%F4(X) o <X,X>, * K,X>. =7 F, (0 © [X#X, X *X]

1
2 x> =%
1
A IRFA":szwld‘dc'
YA

Z

4. A Characterization of Positive Martingales

A problem related to the characterization of likelihood ratios [8]
is the following. Let X be a local weak semimartingale such that XO = 0.
What conditions must X satisfy in order for ex to be a local martingale?
A simple application of (3.2) gives us the answer.

Let X be written as
(4.1) X=m+ my + m, + b
where m is a local martingale, m, a proper local i-martingale and b a process
of bounded variation. Let Mi =m+ m, . Since eX ié ag i-martingale for

1 = 1,2, characterization of one-parameter continuous positive local mar-

tingales yields

' 1

(4.2) X =M -5 KX
1

=M, -3 XX,
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Hence,

(4.3) X*X=M *M - % M, * <X,X>; - %_--<X,X>2 * My
+—i‘- <X,X>, * <X,X>1
= M2 * Ml - %X * <X,x>1 - -% <x,x>2 * X
--% <X,X>2 * <X,X>1

Letting F(X) = eX in (3.2) and making use of (4.3), we get

(4.4) For1+fo @+ xp, + X, - XX
F2ALX * XD + e oM, * M
Since M2 * Ml is a local maftingale, ex is a local martingale if and only
if
(4.5) X +é— {<X,X>l +<X,X>, - [X,X] + 2[X,X * X]} =m

is a local martingale. This is essentially the likelihood ratio formula
of [8] in intrinsic form.

We recall that in one dimension the condition equivalent to (4.5)
is: X +-§ <X,X> = m. Since in that case <m,m> = <X,X> , we can write
a one parameter positive local martingale as

eX - em - %‘<m,m>
Although each of the terms <X’X>i’ [X,X] and [X,X * X] appears to be

uniquely determined by m, we have yet to find a way of expressing them

explicitly in terms of m. N
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