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1. INTRODUCTION
1t is well known that it is possible to solve the following

set of inequalities:
dw <o, 3=1,2 ..., m

in a finite number of iterations using standard feasible directions
algorithrms [1]. However such algorithms are rather slow. Newton's
method may also be employed, and has, of course, a quadratic rate of
convergence; nevertheless quadratic convergence does not imply
finite convergence and examples, for which Newton's method requires
an infinite number of iterations, abound. Since many engineering
problems, including computer aided design problems [2, 3], require the solution
or repeated solution of such inequalities, the reward for efficiency
is high. We show in this paper that it is possible to modify Newton's
method, preserving: its desirable properties, in such a way as to
obtain a solution in a finite number of iterations. An alternative
apgreach is presented in [4].
The principle underlying the new algorithm can easily be
understood by means of simple example: determine an x such that
gx).= x2 = 1 < 0. The Newton step pl, if the current point is X0

is that p of thLe minimum norm which solves g(xi) + Qx(xi)p = xi -1+ 2xip <0;
1 , .2 =
p; = -ikg l)/in, and X4 " (l/2)(xi+1/xi) if the sten length is

unity aré X, > 1. If X = 2, the successive points generated by the

Newton algorithm are 2, 1.25, 1.025, 1.0003, ... so that ®, > 1 but

X, > 1 for all i. On the other hand a first order algorithm would

) )
generate a search direction p by solving min (gx(xi)p |pl<e} yielding

= - ¢ sign‘(xi). If x, = 2 and € = 0.01, the algorithm yields a

*i41 0
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sequence of points 2, 1.99, 1.98, 1.97, ..., which converges slowly
but satisfies the inequality in a finite number (200) of iterationms.
Our algorithm combines the virtue of both the above algorithms by
choosing the search direction p to be the sum of a Newton step and
a first order step. For the simple example we are now considering
the algorithm generates a search direction p; = pi + pf. so that

x = (1/2)(xi+1/xi) - € sign (xi). with € = 0.01, the algorithm

i+1
generates the following sequence of points: 2, 1.24, 1.013, 0.920,
and so achieves a feasible point in three iterationms.

The algorithm presented calculates a modified Newton step P;
(a suitable generalization of the step p; described above) and
accepts this step if it satisfies certain tests. If the modifiecc
Newton step is not satisfactory, the algorithm utilizes a conventional
first order step. The algorithm is described in §2 and its finite

convergence is established in §3., Some numerical examples are

presented in §4.

2. THE ALGORITHM

The following notatdion will be employed. The feasible set 1is

denoted by F:
FAlxeR g ) <0, 3=1,...,m) (1)

The maximum value of the constraint functions is specified by’

() : R" +R:

[ 5]
~

¥(x) A max {qj(x)ljnl,...,m} (

Wwe shall employ ¥(x,p) to denote a first order estimate of Vi(x+p),



so that:

voe,p) g max (g7 +gd pl3=1,...,0) 3
similarly O(x,p) is a first order estimate of ¥(x+p) - ¥(x), i.e.
0(x,p) & Vix,p) - ¥(x) @

we note that F = {x < R"|¢(x) <O}. The "most active" constraint

set I(x) is defined by:
I A (3el,...,nlg? ) =p(x)} : (5)

For any x in Rn, a Newton step p" is any vector in the solution

set P'(x) of the program L (x) defined by:

min {l,p!!w g(x)wx(x)pio} (6)
P

where z(x) ¢ Zis the vector whose components are g

b

(x), 3=1, ..., m.
For ary x in I.’n, any Newton step p1 in P1 (x), we require an additional
step 92, which is any vector in the solution set Pz(x,pl) of the

progran L2 (x,pl) defined (for some €, > 0) by:

1

02,0y A min {0tx,p 4 |Ipll_<e.}

®—"1
P
. < 1
= min max {g° (x)+qi(x)pl+qi(x)p-w(x) s 3=1,... ,mi ||p”°vf_c1}
P
(7)
#enze, fcr any x in Bn, the modified Newton step generated by the
algoritha is:
1
P=P + p2 (8)

. 1 .
waere p‘ is any vector in the solution set P (x) and pz is any vector

in the soiution set Pz(x,pl)- "Note that (7) reduces to

nin (gx(x) (pl+p) Ipl ie!],yielding p2 = - ¢, sgn (gx(x)) vwhen m = 1.
The Newton step may not exist or, if it does, it may be

unsa;tisfactory; in such cases the algorithm employs a first order

step p3 which is any vector in the solution set P3(x) of the

program I.3 (x) defined by:

03(x) = min {0(x,p) ||p||wf_l} (9)
P

We employ a standard test on the magnitude of the Newton step (e.g.
I|p1 =) )} <L) to judge whether it is satisfactory or not. We will
use m to denote the set {1,2,...,m).

We are now able to state our algorithm.

Algorithm to Determine x € F

pParameters: vy ¢ (0,%), B € (0,1), € > 0, L > 1.
n
Data: X, € F.
Step 0: Set i = 0.
Step 1: I1f w(xi) < 0, stop.
!
Step 2 I P(x,) # ¢, solve L' (x,) to obtainp'. If [|p'll_< 1

solve L2(xi.pl) to obtain p2. Set p, = p1 + p2_
1
if Pltxi) = ¢ or if ||p |'m>L, solve L3(xi) to obtain p3

and set Pi = p3.

Step 3: Determine the smallest integer ki > G such that:
k, k,
Vix, +8 1'pi) - '."(xi) < Y8 1G(xi.pi)
. X,
Step 4: set x, ., = x; + £ lpi.
Set i = i+l and go to Step 1. 0

1
It is shown later that I..1 (x), L2 {(x,p ) and L3(x) can be



transcribed into linear programs. At each iteration of the above
algorithm two linear programs have to be solved, Ll followed by

ctither I.2 or L3.

3. CONVERGENCE ANALYSIS

The following assumptions are made:
Hl: The function g(+) : F+F® is continuously differentiable.
H2: The set {ng (x) lj € I(x)} is positive linearly independent

for all x such that $(x) > O. 0

c
We note that F (the closure of the complement of F) satisfies:

FC = {x ¢ R"|v(x) >0} (10)
This is easily proven. The boundary of F, §(F), is clearly a subset
of {x ¢ R"|¥(x) =0}. Moreover, by H2, if ¥(x) = O, then ng(x) #0

for all'j € I(x) so that x ¢ S{F)}). Hence:
f(F) = {x « B"|¢(x) =0} (11)

Since §(F) = 6(F%), it follows that F* = {x ¢ R"|¢(x) >0}. Let M denote

the set of points at which L1 has a solution, i.e.

MA(xe FS Pl(x) #9, ”P”wib for all p € Pl(x)] (12)

We note that if there exists a p € Pl(x) such that “P“.riL’ then

]ipﬂa,iL for all p € Pl(x). Let N denote the complement of M in F°
(i.e. F* = Mu N). For all x ¢ FC (i.e. all x such that (x) > 0)
iet P(x) denote the set of possible search directions generated in

Step 2 of the algorithm, i.e. P(x) & {p eifﬂp==p1+p2 where p‘ € Pl(x)

2
and p2 € P (x,pi) if x € M,and p € Ps(x) if x € N}. Also, for all

—

X € Pc, all p € P(x), let k(x,p) be the smallest integer k > 0 such

that ¥(x+85p) -y (x) < Y80 (x,p). Finally, for all x ¢ F let Alx)

be defined by:

k (x,p)

Alx) A {x+8 plper(x)} (13)

i.e., given an initial point x, A(x) is the set of possible points
generated by Steps 2 and 3 of our algorithm. It is ;hown in the
proof of Theorem 3 thAtVA(x) is well defined. Hence our algorithm,
if the stop condition in Step 1 is removed, has the structure of the

following model:

Algorithm Mogd.l

Data: - % ¢ .

Step 0: Set i = 0.

Step 1: Compute any x, ., € A(xi).

Step 2: Set i = i+l and go to Step 1. .

The purpose of our algorithm is to generate a point in F. IZ

our algorithm is such that ¥ is reduced at any point in Fc, and

i
possesses certain continuity properties, then any accusulation point

generated by our algorithm canrot be in ;E, and hence must lie in
FO, the interior of F. A direct consequence of this is that if the
algorithm (without a stopping condition) generates an infinite
sequence {xi} which has accumulation points, then there exists a
finite integer j such that xj € F. These comments are made precise
in the following result.

Theorem |

Suppose that for all x ¢ FC there exists an €, 6§ > 0 such that

Plx") - P(x') < =6 (14)



for all‘x' € B(x,e) n FC and all x* ¢ Alx') ;vhere
B(x,e) & {z||lz—=x||_<e}. Then, if an infinite sequence {x,}
generated by the algorithm model has an accumulation point x*, this
accumulation point must lie in the interior of F. 0
Corollary

(i) If the algorithm model generates a sequence (xi}, then either

there exists a finite integer j such that x, € F or {xil is an

3
infinite sequence possessing no accumulation points.
(ii) If the set {x|¢(x):y(x0)} is compact, or the sequence of
{xi) generated by the algorithm model is bounded, there exists a
finite integer j such that xj € F. g
The proof of Theorem | is essentially the same as that of
Theorem 1.3.3 in [13]. Hence, to show that our algorithm has finite
convergence (if it generates a bounded sequence) we have to show
that A, defined by (13) satisfies the hypothesis (see (14)) of
Theorem 1. Our first step is to show that the estimate O(x,p) of
¢(x+p) ~ ¢(x) satisfies O(x,p) < O for all x ¢ ;E, all p ¢ P(x) and

has certain continuity properties. For convenience we define

(), 8%(+) : F° > R as follows:
0(x) 4 sup {0(x,p)|peP(x)} (15)
-2 2 1
07 (x) A sup {0 (x,p)|peP (x)} (16)

The following properties of 0(¢) and P(-) are easily established.

Proposition i

(a) For all x ¢ M:

- ~
9x) = 87(x) < ~p(x)

(b) For all x e N

B(x) = 0 (x)

(c) ”p"°° < max (L+el,l} for all peP(x), all x ¢ F*

Proof
1 2 1 1.
(a) Let x ¢ M, p € P(x). Thenp=p + p wherep ¢ P (x),
1 2 2 1
[]p " <L, p €P (x,p) so, from (7), O(x,p) = Oz(x,pl) for all
p € P(x), all p1 € Pl(x). Also, from (7), Oz(x,pl) i@(x,pl) < =vix)
since, from (6), u’:(x,pl) = 0.
3 3 3 3
(b) Let x € N. Then p = p~ where p~ ¢ P (x). Hence 2(x,p) = 6 (x).
(c) Follows directly from the definition of P(-). G

Wle next establish certain properties of 92(°) and 03(').

Proposition 2

c .3 3 n - .
(a) For all x ¢ F, 67 (x) < 0. Also 07 (*) : X -+ X is continucus.
{b) For all x € M, there exists a o, n > 0 such that Oz(x') < =-n
for all x' ¢ B(x,p) n M.
Proof
(a) let x ¢ F°. It follows from (9) that {-)3()() < 0. Since the
vectors in {¥g? (x)[j € I(x)} are positive linearly independent, there

exists a p # 0 and a 6§ > 0 such that gi(x)p < -8 for all j € I(x) arnd

gj (x) A V(x) - 6 for all j £ I(x). Hence, for all a ¢ [0,1]:

qj (x) + agi(x)p 2 wix) - a8 for all j e I(x)
gj(x) + ug)j((x)p Svlx) -8 +ad for all j ¢ I(x) (17)

where @ A max {gi(x)p|j emj. Kence:

03 (x) < max {-a8,-6+aa) (18)

1
-



”
for all a € [0,1]. Hence 03lx) < 0. Proposition 3
< . .
Since oa(x) = pin (O(x,p)lpe's}, where 0(+,*) is continuous Let N be any compact subset of F . There exists a function
4+
ard S is the unit cube in R", it follows that 63(-) is continuous. (a,x) ~ ¢la,x), F xF' » R such that:
(b) let x ¢ M. Ve concider two cases: -
sup {|¥(x,ap)-¢(x+ap) | [p e P(x)} < adla,x)
1) wi{x) > 0.
It follows from Proposition 1(a) that Gz(x') < =y(x') for all for all x ¢ N, all a ¢ [0,1], and
x' € M where -¥(+) is continuous (and -¢(x) < 0).
$(a,x) + 0
(i) 2 (x) =0
The function 02(-,-) : R x R" » R is continuous. It is uniformly in x € N as « + 0.
shown in the Appendix that d(O,Pl(x‘)) + 0 as x' -+ x in M (For all Proof
n .
x e F e zﬁ , d(x,T) & sup (lix-yH, y € T}.) Since ¢(x) = O, Ic foliows from Propositipn 1(c) that
, : , ) n =
2 0x) = {0} so that 3°(x') = sup {0°(x",p") |p’ €P' (x")} ~ 0%(x,0) = 8% (x) P(x) c T & {pe R'|llpll < max {L+e ,1}} for all x in F'. Hence:
as x' - x in M. But 92(x,0) = 8103(x) < 0. Hence Oz(x) < 0 and - .
. ela,x) A sup {1¥(x,ap)-¢ (x+ap) | |p ¢ P(x}}
2%(+) is frelatiwvely) continuous at x on M. '
¢ follows from (i), (ii) that, for all x ¢ M, there exists’a < sup {jw(x,ap) - (x+ap) ip € T} (1)
2, n > 0 such that.@z(x') < -n for all x' € B(x,mp) nN. [} Now:
Combining Propositions 1 and 2 we obtain: max (A,B) - max (C,D) < max (A-C,B-D)
Treorea 2 :
—_ and:
Fer all x € Fc = M u N there exists a n, p > 0 such that
max (C,D) - max (A,B) < max (C-A,D-B)
. so that:
0(x*') < =n
- |max (A,B) - max (C,D)| < max {|a-c|, |B-Dj}
for all x' < B(x,0) nF . a] - 10 -

tie wish to show that A satisfies the hypothesis of Theorem 1. .
The first step is showing this is Theorem 2; the next consists in
showing that 9(x,p) is a sufficiently good estimate of Pix+p) - ¥(x),

i.e. ¢(x,p) is a sufficiently good estimate of $(x,p).



Hence:?

j(x+up)|, j em} (20)

|¢(x'ap)-¢($c+up)| < max Ugj (x,ap)-g
where:

Jdxp po’0 +glap, 3=1, v m (21)
Because g(*) is continuously differentiable:
| ¥ (x,ap) -y (x+ap) | < [max Ugi(x)-gi({j)l, jex_q}]u”p”z (22)

where, for all j € m, g lies in the line segment [x,x+apl. As
a -~ 0, [qi(x)-gi(ij)‘ + 0, uniformly inx e N, pe T
(since gx(-) is continuous). Since there exists a d < « such that
}|;>||2 < d for all p ¢ T, we see that ¢(+), defined by:
¢(a,x) 4 @ max max max {|gi(x)—gi(£)| jem, £ elx,x+apl, peT} (23)
p £ 3

satisfies Proposition 3, i.e.:
ela,x) < adfa,x) (24)

fur all x ¢ N, ail « € [0,1] and ¢(a,x) +~ O, uniformly in x € N, as
a -~ 0. 0
we can novw employ Theorem 2 and Proposition 3 to establish an
izrortant property of A, as defined in (13).
Theorem 3
Let {xi} be a sequence generated by the algorithm. Then either
there exists a finite integer j such that xj ¢ F, or the sequence {xi)
is infinite and has no accumulation points. If (xi} is bounded then
there exists a finite integer j such that xj € F.
Proof

It follows from Theorem 1 that all we have to be is to show

- -1 -

that for x € F° there exists an ¢, § > 0 such that $(x*) - $(x') < =€

for all x' € B(x,¢) nFc, all x" € A{x'). It is easily checked that

the map ¢ + ¥(x,ap) is convex (for all x, p) so that:

Y (x,ap) - ¢(x+ap) < ad(x,p) (25)

for all x € FC, all p € P(x), all ¢ ¢ [0,1). From (25) and

Proposition 3, for any compact neighbourhood N < FS of x:

Pxt4ap) - Bix') = Ylx'+ap) - Plx',ap) + Ux',ap) - Bx')

A

ad(x',p) + a¢la,x") (26)

for all x' ¢ N, all p € P(x'), all a ¢ [0,1]. From Theorem 2 there

exists p, n > O such that O(x',p) < B(x') < -n for all x' ¢ B(x,») ¢ F°,

all p € P(x'). Choose N so that N c B(x,p} n Fc and an integer k' < =

S
such that ¢(a,x’') < (1-y)n for all x' ¢ N, alla ¢ {O,E': 1. Then,

since n < -8(x',p):
¥(x'+ap) - ¥(x") ia[O(x',p)*‘(l—Y)n]
< ay0(x',p) (2N

) .
for all x' € N, all p € P(x') all a € lfO,Bk ]. This shown that the
algorithm is well defined (k(x,p) f_ K' < @ for all p € P(x)) and
that:
. K
Px") - v(x') < -8 yn ’ (28)

for all x' € N, all x" € A(x'). Choosing € > 0 so that B(x,e) A F° < N

and setting § = Bk yn yields the desired result. a

-12 -
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4 -
4. MNUMERICAL EXAMPLES . With xq = (1,2), a feasible point (-3,0416,1.4708) was located in
Firstly we note that the programs I.1 (x), I.2 (x,pl) and I.3 (x) . one step (a (modified) Newton step).

are all equivalent to linear programs. Thus I.1 (x) is equivalent to: Example 2

The feasible set consists of a pair of discs, each of radius

minimize ¢ subject to
5/2, centred at (-/2,0) and (31/2,0), and is defined by:

(a) pi_<_o, i=1, ..., n

(b) -pi:o,i=1, ceee D ’ sinxl_<_0
(@ ¢t +gp<0, 3=1, .oy m - cos x, <0
- X, - 3n<oO
L‘(x,q) is equivalent to:
x, = /2 <2
2
minimize ¢ subject to X, =7 <0
(a) pi:t,i=1,...,n -x2-1:/210

(b) -pl <eg,i=1, ...,-n
- . With Xg = (0,75), a feasible point (-3.0416,1.4708) was located in

(c) gJ(x) + gJ(x)q + g:’(x)pia, 3 =1, 0., e
x x four iterations. The sequence of points generated were (1,74}, (1.73),

L3 (x) is equivalent to: (1,72), (-3.0416,1.4708), the first three steps being first order,

and the final one a (modified) Newton step.

minimize 0 subject to
Example 3

(a) pl<1,i=1, eees N '
- The feasible set is defined by:

() -~ <1,i=1, ..., n

. 2 2 2
(c) qj(x) + g’)((x)p <6, jJ=1, .cop m. (0.999)% < (x +x5) <1

In the following examples the values of the parameters employed with X = (0,15) a feasible step was located in four iterations, all
were 8 = 0.1, y = 0.1, Ebn 0.1, L = 100.0. - steps being of the (modified) Nguton type.
Example 1 Example 4

The feasible set consists of infinitely many discs of radius The feasible set is narrow crescent defined by:

r/2 centred at ((2n-%)%,2nw) for all integer values of m, n. The set .
' ' : 0%+ ey < 028
is defined by:
2 2
—(xl-’:) - (xl-ltl) < 0.26

sin x, <0

-cos x, <O
2 - x, =120

-13 - - 14 -



Starting from an initial point (0.5,-6.0) a feasible point is
located a five iterations, all of the (modified) Newton type.
Example 6

This problem is based on one suggested by Powell. The vector
coordinates (xl,O), (XZ'XB) of two vertices of a triangle (the third
being (0,0)) and the centres (x4,x5), (xs,x7) of two discs of unit
tadius. A point x is feasible if the triangle has a specified area
a and the two discs lie inside the triangle and do not overlap each

other. These constraints can be specified as:

2 2
(x4=x)" + (xg=x;) " - 420

-1>0 - 7
x; >0, i-5,

KX, =X X,
_zié_ig_iil -1>0, 1=4,6
(x2+x3)
(xz-xl)xiﬂﬂx!-xi)x3
p) 55 -1>0, i=4,6
[x2+ (x,-x2) 217 =
3 27

a - Hxle >0

With Xy = {(3),(0,2),(-1.5,1-5) ,(5,0)) and a = 12, a feasible point
{(5.8381),(C.4448,4.1062),(1.250,2.3237),(2.8434,1.0505)) was
achieved in six iterations. The minimum value for a has been

obtained by Powell as 11.6569.

w =15 -
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APPENDIX

Proposition Al
let x ¢ M satisfy ¥(x) = 0. Then d(O,PI(x')) 4 sup {{ipll lpeP1 (x")}=+0
as x' > x in M. '

Proof

For all x' € M let I'{x') be defined by:
Ttx) A {p € B'|g(x")4g (x*)p<0)

1
CleatlyPl(x') < T(x'). Since ¥{x) = 0, it follows thatP (x) = {0} so

that 0 ¢ I'(x) # ¢. Hencedist (0,T(x)) 4 inf {||p||_|lpeTtx)} = 0.
Since {ng (x}), 3 €I{x)} are positive linearly indeperdent, there
exists a v € R® such that gj(x) + gi(x)p <0,3=1, ..., m; it
follows from the continuity of g(<) and gx(°) and [2, Theorem 4.2]
that dist (0,T(x'}} - 0 as x' > x in H; for all x € 6(F). But’

dist (0,T{x"')} = inf (l!gﬁmipel‘(x')} = "P”,, for any p in plx") by

~wirtue of the definition-of Pl('). Hence d(O,Pl(x'.)) + 0 as x' + x

in M. - ' u]
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