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ABSTRACT
A quasi—revergible queue can be associated with certain types of
transition of a Markov chain. It is shown that if Markov chains are
coupled in a certain way, then to the resulting chain can be associated
a queuing network which is itself quasi-reversible and the stationary
distribution of the chain takes the product form. The product form

for mixed networks is derived from the result for open networks.
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1. Introduction

Kelly [1,2] has recently shown that for a large class of queuing
networks in equilibrium, the state of the queue at any single node is
independent of the state at other nodes, and hence the distribution of
the state has the product form. Furthermore, the number of customers
of a given type who leave the network form a given node form independent
Poisson processes whose history is independent of the present state of
the network. Motivated by this result, Kelly proposed to call a single
queue quasi-reversible if, in equilibrium, the customers departing from
it have the above-mentioned properties. The particular networks which
Kelly studied are obtained by interconnecting quasi- reversible queues.

In this paper we show that a network obtained by interconnecting
queues, each of which is quasi-reversible when considered in isolation,
is itself quasi-reversible; moreover, in equilibrium, the distribution
of the state has the product form. We show this in the context of a
fairly general model for Markov chains to which queues can be naturally
associated. Such a model, together with a characterization of quasi-
reversibility, was introduced ecarlier [3,4] and is summarized in Section
2. In Section 3 we propose a way of connecting two such chains such
that the interconnection is quasi-reversible when its components are.
In Section 4 we apply the result to queuing networks. In Section 5 we
show how the product form obtained for the open networks of Section 4

also gives the same result for mixed networks.

2. A Markov Chain Model for Nectworks

The model presented below was introduced in [3,4] where a detailed



analysis of its properties may be found. Let X, I be countable sets. X
is the state space, I indexes possible state transitions. For each i

in I is given a subset Ei of X, a mapping (or transition) Ti tE, *+ X,

i
and a Poisson process Ni = (Nt), t _ 0, with intensity Ai > 0. The

processes N1 and the initial state X, are all independent.

0
Assume that zkil(x € Ei) is bounded. (1(-) is the indicator of

i
(+).) Then a Markov chain (Xt)’ t > 0, can be defined in the following

manner.

1

Let €t(t) = l(Xt = X), Et(A) l(Xt €4), x€X, ACK,

() = X [£, (T 0)-€,_(0)1E,_(E)AN,, t > 0, 2.1)

go(x) = l(XO = x). (2.2)

Thus (Xt) has right-continuous piecewise constant sample paths. It
. v i_ i i _ '
starts at XO and if Xt~ X Ei and dNt Nt Nt- 1, then Xt Ti(x)
We denote this Markov chain by (Xt) or M = {X,I,Ei,Nl,Ai}. Later
it will be convenient to vary the intensities XA = {Al} and then we will

discriminate among different chains by writing M(A).

Lemma 2.1 [3]. For J C I define the counting process Y = (Yt)’ t > 0 by

av, = 2 £, _(E)aN).
i€ ]
Suppose (xt) is in equilibrium, and let P(A) = Prob(xt € A) be the sta-
tionary distribution. Then Xt and F{ = c(Ys,sip) are independent if and

only if



3 MrEyre) = L Araln, x€x (2.3)
& &

Moreover, when this holds, Y is Poisson with intensity 2: AjP(Ej).
G
We call Y an output of the chain M, and if J contains only one

element we call Y an elementary output.

Remark. When (2.3) holds we will say that M is quasi-reversible (QR) (with

respect to the output Y). For future reference observe that P satisfies

P(A) = E (A), and since E(dNt) = AMdt, (2.1) gives
i -1 “ .
E AT[P(T. x NE,) - P(x NE,)] =0, x €X,
T i i i

when we remember that gt(A)gt(B) = gt(A N B). Further since T;lx - Ei

by definition of Ti’ we get the "balance equations" that characterize P,

Z:Ai[P(Tzlx) - P(x NED] = 0. (2.4)
1

It may be worth signalling at this point that we will associate a
queue to a chain M by identifying certain outpuﬁs of M with processes

which count arrivihg and departing customers.

3. Interconnection of two Markov Chains

ul

Let M'(\Y) = {x“,IU,E:,T;,NUI,A
. 1 2 1i 21
Markov chains i.e., X, X N7, N are all independent. Denote the

0’ "0’
elementary outputs of MY by SUi, where Sgi = 0 and

}, u=1,2 be two independent

ui u u ui
= € .
ds 1(X, E,)dN



Assume given for each u a set of outputs Ytk , k €KY, of the form

uk ui
Yt Zst’

u
iEUk
such that
J; N Jz =¢ if k¢ 2. : (3.1)

We now construct a chain M = {X,I,Ei,Ti,Nl,li} by coupling Ml and

Mz in such a way that changes in the outputs of one of the M randomly

trigger transitions in the other. This is made precise as follows.

Let 0 be a point not in I1 U 12. Let

I= 11 X 12 v le{o} U {O}XIZ,

and for each (i,j) in I define

- | 2 u _ Ju
By = B x Ej, with Ej = X7,

u

0 as identity map,

Tij(xl,xz) = (Ti(xl),Ti(xz)), with T

Nij = (Nij), t > 0, an independent Poisson process with rate
ij _ 111 2j 2 uld _
A= ATy AT ey, A = 0, 3.2)

1

where the cij’ c?i are prespecified nonnegative numbers satisfying the

following conditions

2: cijl(x2 € Ei) = 2:

1 € E;) =1, (3.3)
12U(0} jertugo)

c2
ij



¢t =¢cY if i,h are in Jﬁ for some k and c:j =0 if 1 §U JE

1] hj k
(3.4)
uk u e U
ify is not an elementary output and cij >0 for 1 Jk
then c., = 0, for v # u. (3.5)

3i

. "y
For the chain M define for each (i,j) in I the elementary output S J by

S;j = 0 and

1j _ c 1j
ds® = 1(x,_ € E;)dn .

For k € Kl, [ K2 let
KO _ i0 0% _ 0j
Y 21 S 22 S (3.6)
iEJk Jer

Assume that there exists probability measures P" on X! such that

P is a stationary distribution for Mu(pu), u=1,2, 3.7)
i i i j
et = e L L T I EDY L ie Y, w =, 2.
v SRR (3.8)
je '

The proof of the next result is given in the Appendix.

Theorem 3.1. Suppose that Mu(pu) is QR with respect to Yuk, k € Ku,
Then
1 1 1 .
P(x ,x2) = P (x )Pz(xz), (xl,xz)ex (3.9)

is a stationary distribution for M. Furthermore M in QR with respect to

YO, vO% el 5 ekl



Remark. For i.E J:, C:j is the probability that a change in YUR induces

a transition in Svj. The constraints (3.1), (3.3) and (3.4) mean that

all changes in the YUR are accounted for. In queuing applications this
corresponds to the conservation of flow of customers between nodes. Con-
dition (3.5) 1is essential although technical and is needed because a chain
can be QR with respect to an output, without being QR with respect to the
elementary outpus whose sum it is. It is easy to give éxamples for which
(3.9) does not hold when (3.5) is violated.

It is not necessary that the chains Mu(lu) have a stationary dis-
tribution. The existence of a solution to (3.7), (3.8) can often be
readily established. We can see that for A = ZAIi + ZAzj, [pul = ZpUi <A,
so that if A is finite then pl, pz belong to bounded, hence weakly compact

spheres in £ Suppose now that for each p" with [pul < X the chain

1.
u, u . i1 e u, u . . .
M (p ) has a unique stationary distribution P (p ) which varies continu-
ously with pu. Then the existence of a solution follows from the usual
fixed point argument. Note further that since the transition rates of
u, u . u . u, u
M (p ) vary continuously with p , therefore the continuity of P (p ) holds

if it is unique.

4. Network of QR queues

i i
Consider independent Markov chains Mu(ku) = {Xu,Iu,E;,T:,NUI,Au 1,

u=1,...,n. As before let SUl, i € 1 denote the elementary outputs of

MY, Let K be an index set. For each k in K we distinguish certain out-

puts AUk and Duk of M" such that

uk ui
, D = Eust.

iGUk

ui (k)
Atk =5 U

t t



Thus A:k is elementary. To anticipate the application AUR and DUk are
called respectively the arrival and departure process of type k at u.

We assume that the condition corresponding to (3.1) is satisfied i.e.,

for each u, the sets {iu(k)} and {J:} are all disjoint.

uv u0

Assume given nonnegative numbers (routing probabilities) Tyg? T, o

1 <u, v<n, k,2 in K such that r;; = 0, and for all u,k

0 n
+ r V1(x" ) =1, x' €xY (4.1)
vz=:1 ik (’”

We now define the interconnected chain M = (X,I,Ei,Ti,Ni,Ai) as

follows. Let
X=x" x...x X%,

U %@’ v oh,.
ufv

-
n

and for each u # v, i € 1%, j € 1V define

uwv _ 1 n, u u v v uQ _ u u
Eij = {x=(x",...,x )|x € Ej»x' € Ej}, E;” = {x|x" € Ei},

uv, 1 n
Tij(x yeeassX )

1
(x ,...,T:(xu)...T§(xv)...,xn),

T;O(xl,...,xn)

(xl,...,T:(xu),...,xn),

and let Nij UO be independent Poisson processes with respective rates
uv _ ui UV vj vu u0 _ .ui u0
Aij A ij + A ji’ Ai cy ) (4.2)

where



uv _ _uv i u _

€43 = Trg? if for some k,%2 1€ \'Ik and j = iv(f.), (4.3)
= (0, otherwise,

cuo = 90 if for some k i € Ji (4.4)

i Tk

(Thus changes in the departure processes trigger changes in the arrival

ul
i

the outputs DuO’ for 1 <u <n, k €K, by

processes.) Let Szg, S denote the elementary outpus of M and define

ul _ u0 _ u0
Dpe = Eu Sie T Eu Sit (4.5)
i€y J

k k

Suppose now that there exist probability measures P" on X" such that

3 is a stationary distribution for Mu(pu),’u = 1,...,0, (4.6)
ul ui & vj v, vu u
p =X+ E Z A JPV(E,)c.i, i€I1I,u=1,...,n. 4.7)
v=1 eV 33
j€1

The result below is proved in the Appendix.
Theorem 4.1. Suppose that each Mu(pu) is QR with respect to its
departure processes DUk, k € K. Then
1 n 1,1 n, n
P(X 5eeesXx ) = P (x),e0.,P (x) (4.8)
is a stationary distribution for M. Furthermore M is QR with respect to
the departure processes Duo, 1 <u<n, k €K.

Remark. M can be interpreted as the chain describing the network



n u
built from the component queuing systems Ml,...,M . Each M~ serves

customers of class k € K, and A:k is the number of customers who
arrive at Mu, or leave from it, during [0,t]. Depending on the specifi-
cation of M" customers may or may not change class when in service at u.

u
Class k customers can arrive at Mu whenever its state x € E: (k) either
u

ui (k)
form outside the network in a Poisson stream with rate A u or from

inside the network. The movement of the latter is determined as follows.
If a customer who has just completed service at u is of class k (indi-

cated by a change in Dtk), he either leaves the network with probability

rzo or he changes into a class % customer and moves to MY with probability
rzz provided M’ is in state x' € EZ )" The number of customers of
v

u0
kt

theorem asserts that M is QR with respect to these departure processes.

class k who leave the network from u during [0,t] is D. , and the

In many cases the rates DUi given in (4.7) can be obtained without
solving for the pY simultaneously. Observe first that if i does not
correspond to an arrival i.e., i # iu(k) for all k, then cgg = 0 by (4.3),

and so (4.7) simplifies to

M=, 1 Wk ERE, u= 1, 4.9)
But if 1 = iu(k) then, by (4.3),

ul (k) n
SN D D ME D MR MR (4.10)
v=

Now the last sum is just the average rate of departures of class £ from

node v. Suppose that at each node and for each class the average rate of



arrivals equals the average rate of departures. (This always holds for

queuing networks but need not hold for -the more general chains considered
vi (L)
here.) Then the last sum in (4.10) simply equals p v , the average

arrival rate of class % at node v and so (4.10) simplifies to

uiu(k) _

) Xuiu(k)

n
P + z: z: rzi p v s, kKEK, u=1,...,n. (4.11)
v=1 2&K :

Q: %

Thus, under the above-mentioned assumption (4.7) is replaced by the

simpler (4.9), (4.11), which do not involve the P’

5. Mixed Networks

Consider now an interconnection of chains as in the preceding
section and suppose in addition that (4.7) is replaced by (4.9), (4.11).
Recall that these equations are used to solve for the {p }, the (2"}
being given exogenuously and corresponding, in the network interpretation,
to prespecified external arrival rates and service rates. If (4.11) gives
a unique solution to the {pu}, the network is said to be open, otherwise

uiu(k) w0
it is called mixed. In particular, if A = 0 and r_ = 0, for all

k
u,k the network is closed, and in this case (4.11) is homogeneous and the
{pu} are at best determined uniquely only up to a multiplicative constant.

Suppose now that the network is mixed. It is then possible, neglect-

ing some trivial cases (see [5]), to partition the set of node-class pairs

{1,...,n} x K into two disjoint sets 0 and C such that rtz = 0, rXi =0
ui (k)
if (u,k) €0, (v,2) €C, and A % =0, r;zo =0, (u,k) €C. Then
(4.11) splits as follows.
ui (k) ui (k) vi ()
S WD DM AN R SR (5.1)
(v,2)E0

-10-



ui (k) ui (2)
P VN AR (u,k) € C (5.2)
(v,L)EC

ul (k)

Assume that (5.1) gives a unique solution denoted {p " } (which

depends upon the {Au}), énd that (5.2) gives a positive solution denoted
SUiu(k) which is unique up to a multiplicative constant. Suppose that
for u=1,...,n, BY is a stationary distribution for the component chain
Mu(Eu), and suppose it is QR with respect to its departure processes
DUR, k € K. Then, by Theorem 4.1, ?(xl,...,xn) = fl(xl,...,ﬁn(xn) is a
statlonary distribution for the interconnected chain, or the mixed
network, M.

However, the mixed network has many stationary distributions and P
is usually the least interesting one of them. To see this interpret the
sets C,0 as follows: if a customer of class k enters node u then he is
"trapped" in the network if (u,k) € C, whereas if (u,k) € 0 then he will
eventually leave the network. Thus the stationary distribution of the
mixed network depends in particular on the number and type of trapped
customers.

Let X be a subset of X and suppose that there is a unique stationary

probability measure on i'i.e., if Prob{X0 = x} = ﬁ(x), x € i, then
Prob{Xt=x} = ?(x), x € i, t > 0.

We will show that P is just the restriction of P to X. To see this we
first "open" the mixed network. Fix O < € < 1, and consider the compo-
nent chains M"(A%) where A% = A% if i ¢ {1, (k) [k € K}, and

~uiu(k)

ui (k)
3 u

= A , (u,k) €0 (5.3)

-11-



Lul (k) _ui (k)
A Y = U, (u,k) € C (5.4)

Now intercomnect these chains using the routing probabilities ;X: where

51;; = r‘,:;, (v,2) €0, (u,k) €0 (5.5)
~V
rzi = (1—e)rX§ , (v,2) €c¢, (u,k) €cC (5.6)

We now apply Theorem 4.1 to obtain a stationary distribution for the

interconnected chain M(e). We first solve for the rates {5“},

ui (k)  _ui (k) o VL (R) :

Py =Y rzz o v, (u,k) €0
(v,2)€0

ui (k) Jui (k) o VL (R,

5% =Y = T P (u,k) € C.
(v,R)EC

ui -ui
) .

Substituting from (5.3)(5.6) into (5.1), (5.2) shows that p

Hence f(xl,...,xn) = fl(xl,...,ﬁn(xn) is again a stationary distribution

for the chain M(¢) i.e. P satisfies the balance equations (2.4) for the

chain M(e) which we méy write as

z:ii[§(T;lX) - P(x N E)J] =0, x € X. (5.7)
i

observe that in (5.7) the term in [ ] does not depend on €.

Theorem 5.1. Suppose P(X) > 0. Then P is just the restriction of E to

X il.e.,

Px) = [ 24 B B0, x € %

~12-



Proof. From (5.3), (5.4) it is easy to see that the rates {Ai} in (5.7)
are continuous in € and, so P satisfies the balance equations for the

mixed network which is obtained by setting € = 0,

i = -1 = _
Zi;xo[P(Ti x) - P(x NE)] =0, x €X (5.8)

By assumption P is the unique solution to the balance equations

~

Ao~ -1 -
21: Xo[B(T,"x)~P(x NE)] = 0, x € X
Z P(x) =1
x€X

From (5.8) it follows that the restriction of P to X is an invariant
measure for the mixed network and so the result follows from the unique-

ness of P. H

Remark. From Theorem 4.1 it follows also that the mixed network is QR

with respect to the departure processes Dzo, (u,k) € 0.

-13-



Appendix

Proof of Theorem 3.1. Using (2.3) and (3.8) the hypothesis may be

expressed as

Z A athetah Y = 3 attathrtEhrt e« e xt, ket
J

A~ e

(A1)

Consider k in Ku. If YO is elementary, then J°

K Kk is a singleton, and so

(Al) implies

E c“ A“‘p“((r y Ly = e JA‘”P“(E P (x"), all j, (A2)
u
Ik
u . u ui .
where, if Yk is not elementary, then ciju = 0 by (3.5), and once again
(A2) holds.
From (2.4) PY satisfies
ul, ui u, u u
}_'_‘ [CRa T ¥ b e ((T ) x)=P (x ﬁEi)] = 0. (A3)

Iu

Also from (2.4), P is an equilibrium distribution for M if

)] = 0.

1j._,. -1
ZI:A [P (T )-P(x NE,

In particular, the P given by (3.9) is an equilibrium distribution if

T 5 ot Hrtaap b ptat 0 epptad 0 ED)
€1t jer?

14~



AIPYEDY Whed ) et 0 ED IR ()

ufv ™

]

0. (A4)

Now, by (3.3),

u Cu v \
= - (S
ciO 1 z,cijl( Ej)’
v
I
and so
ua . v, V v
= - N
iOP (x ) pY ( z cijP (x Ej)'

IV

Substituting this into (A4) gives the equivalent condition

2 L yuippe (Pt 0 ED IR )

u#v v

; Z T e T YD -2 e nED = o
¥ jer’ (A5)

Because of (3.1) and (3.4), (A2) allows us to replace in the second sum
above the expression Pu((Tz)-lxu) by Pu(E:)Pu(xu). After we do this and
rearrange terms, we can rewrite (A5) as
DY D Ex‘” 1 EDIER D TRt 0 EDIYEY) = 0

u#v e

: 1,1,.2,.2
and since this condition is implied by (A3) it follows that P (x )P"(x")
is an equilibrium distribution as asserted.

kO

Next, using (2.3) and (3.6), M is QR with respect to Y = if

-15-



10 _ 10 . -1
}:lx P(E; )P(x) = ):lx P(T ;%)

ﬂEJk ﬂEJk

By (3.9) and (3.2) this can be rewritten as

Z Z1i 1P (E yel oyl E RES ioPl((T 3Ly b2 ()

i€ k ieJk

which is immediate from (A2). 1In a similar way it can be shown that M

is QR with respect to YOR. The theorem is proved.

Proof of Theorem 4.1. The proof is obtained by induction on n. Consider

the chain M obtained by interconnecting the chains Mu(Xu), u=1,...,n-1

with routing probabilities r;Z, ;:0 where
Suv _ uv -u0 _ _u0 un _
Tee © T Tp rk-i-z:rk,liu,vinl
L

and

1

Fui oyl 3 AnJPn(En) ““, 1<uc<n-l, 1 € 1",
jer”

Using the restrictions implied by (4.3) and the assumption that the sets

{iu(k)} and {Jz} are disjoint it is easy to check that the A" satisfy

ot ='°l+}: Z AVipY (E) 161“,u=1,...,n-1

jEI
By the induction hypothesis

P, x® = ey, L e L

-16-



is a stationary distribution for the chain M and M is QR with respect

to its departure processes i)y

K 1 <u < n-1, k € K which we defined in

the natural way.

Now the chain M is obtained in a straightforward way by intercon-
necting the two chains M and Mn(An). The chains M and Mn(pn) are QR
with respect to the relevant outputs and so it follows by Theorem 3.1

that

Pixt,. .6 = Pext, ... 5 DR GD)

u0

is a stationary distribution for M and M in QR with respect to the Dk .

-17-
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