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Introduction

In this work we want to study stochastic integral equations of the form

1 2
1) Et = Vt~FI]0’t]as£dSS + J]o,t]xga (s,&,x)q(ds,dx)

where V 1is a given process, S a semimartingale, q a quite genmeral

white random measure (i.e., such that the measure valued process q(]0,t],*)

is a martingale), alg and az(',g,-) are functionals of the process £,

which may at time s, depend on the whole past of £. Equations of this

type naturally include those which have been considered by various authors:

K. Ito, A.V. Skorokhod, Ph. Protter, C. Doleans~Dade, L. Galtchouk and others.
Our main idea is to show that, by the way, this general integral equa-

tion can be considered as an equation of the type

(2) E, =V, + f a_£dz

Jo,e]7° 8

where Z 1s a Banach valued process, & a Hilbert valued one, which can
be dealt with in a surprisingly simple way, to get existence, uniq;eness non
explosion theorems and stability theorems as well, in presence of Lipschitz-
type hypothesis.

The tools for doing that are mostly those which have been developed in

[10] and [11] by J. Pellaumail and the author. The main difference here is

fResearch supported by Army Research Office Grant DAAG29-78-G-0186 and
the National Science Foundation Grant INT78-09263.
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that in (2) Z cannot be assumed to be Hilbert valued as it is the case in
[10] and [11] because we have to consider measure valued processes to include
the case of a random-measure driving term in (1). Moreover the process 35
is an operator valued process, but its values may be unbounded operators.

But these new difficulties are easily circumvented by looking at things
properly.

The paper is organized in the following way.

As we consider random measures which are not necessarily 1nteger
valued, we devote the first section to a short review of definitionms and
mainly to introduce the notion of "control-couple" of a random measure (see
proposition 1) which plays a dominant role.

To help the reader in understanding our methods and motivations we
consider in section 2 an equation of the particular type:

(3) it(w) =V (W + [] : as(w,E,X)q(w,ds,dx)
0,t]xE”

with simplified hypotheses on a2, q being a general "white optional random
measure."

The results of this section 2 are thus only introductory results to
section 3. Nevertheless these are new in many respects (particularly
theorem 3), and the method of proofs exemplifies the simplicity of the
ideas and the power of the method. .

In section 3 we give a general formulation, introducing the notion of
A-spaces. This notion makes possible a one treatment of apparently different
situations . and in some sense provides us with a tool for fabricating a

variety of existence, uniqueness non explosion and stability theorems in

particular situations, by introducing the convenient A-space.
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I should thank very much Professors D. Angelakos and E. Wong for the
possibility théy gave me to work out this paper during a stay at the Electronics
Research Laboratory in Berkeley and the many fruitful discussioms I had

during this time with faculty and students.

Notations. Through all the paper (Q,F,P) is a fixed probability space and
(Ft)t>0 is an increasing family of sub G-algebras of F. All the notation
and n;tions used are now classical, and the reader who has doubts is
referred to the first chapter of [6] or [11].

If B is a Banach space, I|°!|]B denotes the norm in B, <»,>
expresses the duality between B and B', and if H is a Hilbert space,

<x,y>]H stands for the scalar product of x and vy.

A regular process is an adapted process, the paths of which are right

continuous and have left limits.

1. Random measures

1.1 Random measures and measure valued processes. Preliminaries

We refer to J. Jacod (see [6]) for details on random measures. We give
the main definitions a slightly different form here, but it will be readily
checked that they are equivalent to J. Jacod's one in all the cases.

E being an open subspace of some space le (or more generally a Lusin
space!) a random measure P is a family {p(w;ds,du): w€Q} of m'easures on
the measure-space (]R+><§, B(]R+)®B(§)), where B(T) denotes the Borel

o-algebra of the topological space T. It is said to be positive, if

One can equivalently say, that, for every w;”u(w;dsw) is a meaéure on
(]R+ ,B(]R+) taking its values in some locally convex space of measures.

In all the examples usually considered n(w,ds,*) restricted to ([0,t],
B[0,t]) takes actually its values, for all t, in a space MM of measures

which is naturally endowed with a structure of Banach space for a suitable
b



norm (this norm may be much smaller than the variation norm). Quite typically
the space of measures considered is the space of measures m on Dfi— {0}

T
such that leEl__

= |m| (dx) < w.ffor a given r. On this space we consider

x| +1 r
precisely the norm m ~» [——L’%—lmf (dx).
xl +1
More generally, let p be a strictly positive bounded function on E,
we denote by MP  the space of measures m on (E,B(E)) such that
Jp(x)|m](dx) < ® with the norm ﬂmﬂp 1= Jp(x)lm[(dx). This Banach space
is clearly the dual of the space CP of continuous functions ¢ on E
such that sup (|®(x)|/p(x)) < © with the norm [&l := sup (|9(x)|/p(x)).
*SE P xEE
We consider then random measures | such that for every w the
random measure u(w,ds;du) can be expressed as the difference of two

positive valued random measures such that p(x)|u|(m,ds,dx) < o,

I[O,t]xg
Therefore the MP valued random measure u(w,ds,*) restricted to [0,t]
has clearly bounded variation (for the norm in Mp).

We write Fu(t) for the MP-valued function on Q defined by

Fu(t,w) = u(w,]0,t],*) and call FH the primitive process of u.

The measure u will be called adapted (resp. optional, resp. predictable)
if the process FH is the difference of two Mz-valued processes FE and
FB such that for any ¢ € cP  the real valued processes I @(x)Fi(-,t,dx)
and [ @(x)FE(',t,dx) are adapted (resp. optional, resp. pgedictable).
Agrandom measure U will be called white if ¥ is a weak martingale;

i.e. for every ¢ € CP, (J ¢(x)Fu(',t,dx)) is a real martingale.
E

er’

The "predictable dual Erojection" vV of u is the unique (up to
P-equivalence) predictable Vv such that u-v is white. For the existence

of such a Vv either see [6], or use [8] 24.

.1.
|m| denotes the variation of m.
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It is to be remarked that, because of the separability of Cp, the
u . . .
real process (IF"(-,t, )“p)tEIR"' is optional (resp. predictable) if
is optiomnal (resp. predictable).

We will make use of the following lemma:

Lemma 1. TLet B be a separable Banach space, B' its dual, U a B'
valued function on R+><$'2 such that for every y € B, the real process
<y,U> 1is a process with finite variation. Let us assume that Q is an
increasing adapted process such that for every predictable (resp. optional)
subset A of R xQ and every y € B with [yl < 1, the following

inequality holds:
(1.1.1) E([IA(s,m)<y,dUS>) < E(JIA(s,w)dQ(s))

Then there exists a B' wvalued process u such that for every vy € B
<y,u> 1is predictable (resp. optional) and for every A predictable (resp.

optional)

E(JlA<s,w><y,dus>) - E<I1A<s,m)<y,u(s,m)>dQ<s>)
Moreover, llu[lB, < 1.

Proof. The inequality (1.1.1) expresses that E(IIA(s,m)dUs) as a
function of A is a B' valued measure, the variation of which is smaller
than the positive measure A ~» E(IlA(s,w)dQ (s)). One has then only to apply
a weak Radon-Nikodym theorem of the type of theorem 4 in [9], to get the

function u.

For our convenience we will agree to call weakly predictable (resp.

weakly optional) a B' -valued process U such that <y,U> 1is a real

predictable (resp. optional) process for every y € IB.
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1.2 1Isometric Lz—stochastic integral with respect to white random measures

Let q be an optional random measure with associated primitive process
Fq, with values in Mp, where p 1is a weight-function as in 1.1. We

assume that for every t,

E{|f P(x)q(',IO,t],dx)Iz} <
E

According to the definitions F¢ is the difference of two MP-valued
q q_
processes F + and F and for every (t,w)

q

q_
IFd (e, w) ﬂp = [|F (t,w)ﬂp + IF “(t,w) llp (increasing processes)

We see immediately that Z 1{T=S}q(w,ds,dx) ®q(w,ds,dy) defines for
<t

every t a random measure with values in the dual of the space of continuous
functions on EXE weighted by p®p, and we call B the dual predictable
projection of this measure. We demote by b(t,w) the variation on the
interval [0,t] of the measure B(w,ds,*) for the norm | I|p®p.

Applying lemma 1, we define an Mp®p(§x§)-valued process g with the
following properties: for every ¢ € Cp&’(gxg) the real process
[ ®(x,y)q(s,w,dx ®dy) is predictable and for every real bounded predictable
pgzgess Y and any ¢t
(1.2.1) f Y(s,w)®(x,y)B(w,s,dx®dy) .

10, £1xExE -

=f db(s)[f Y(s,w)®(x,y)q(s,w) dx®dy]
]0,t] EXE

We write this as an equality between measure valued processes

db(s) [[ Y(s,w)q(s,w,dx®dy)]

(1.2.2) [ Y(s,w)B(w,s,dx@dy) =
EXE

10, t]1xEXE J’]0,t]



Let H be a separable Hilbert space, and let us consider the Banach
space L, of H-valued Borel functions £ on E such that iég (£ @) /p(x))
< o, ILl is thus a subspace of L(Mp,‘]H), the space of all bounded linear
operators from MP into. H.

We call I.l-simple predictable process an L-valued process Y, which can

be written:

Y=Zl *a
§ 1sgetyIxF, T

P -
where a; EILIC L(M®, 1), Fi € Fi' The rectangles ]Si’ti] ><Fi may more:
over be assumed disjoint.
We define the R-valued process N by:
(1.2.3) N (@ :=) 1 a (F}  (w)-F 6 (0) = ) [ a, (x) q(w,ds,dx)
€ { By ioeghe s;At 1 )]s A e Ae]E

If we assume g white then it is easily derived from (1.2.3) that N

is an H-valued square integrable martingale. The martingale property of N

then implies

2 )
ElN 1€ = § E{l <J a oq(',ds,'),J a,oq(+,ds',*)>
t i Fi ]si/\t,ti/\t] 1 ]si/\t,ti/\t] 1 mf

But the martingale property for F? also shows, that the real measure on the

Borel subsets of ]si,w] X ]si,w] generated by the set function
]S, t] x ]u,v] ~~> E{lFi<ai°q(.’]s’t]’.)’ai',q("]u’v]’ ')>m}

gives measure zero to the rectangles J]s,t] x]u,v] as soon as I1s,t1N]u,v]

= @. This measure is therefore concentrated on the diagonal and

2
ein 12 = § E{ I <a,eq(-,{sh ), 0q(, s}, )> }
t i ]Ti si<s§t::L i 1 H
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Using the fact that the a, are functions on E, we can write

(1.2.4) EIthll2 = E{ ) T (s,w,%),Y(s,w,¥) >y a(w, {s}, dx) @q(w,{s},dy)}
s<t

If we then use the definitions of q and b as given at the beginning of

this section 1.1, we may write:
(1.2.5) EuNtII2 = E{J U <Y(s,m,x),Y(s,w,y)>ﬁ(s,w,dx8dy)]db(s)}
’ 10,£] VExE

Denoting by &(L) the spaces of IL-valued simple predictable processes,

we write A(Y) for the process defined by:

(1.2.6) XS(Y) t= [ <Y(s,°,x),Y(s,°,y)>m<‘i(s,',dx®dy), ¥ E 3(1[.1) .

EXE

From the definition of ?1 it is clear that for every Hilbert valued
function 9, J <¢(x),®(y)>m§(s,°,dx®dy) is a positive finite or
infinite numbergxgtJe may therefore define AS(Y) for any function Y on
(]R+><SZ><§) which is measurable for P®B(E), and consider the space A of

H-valued P@B(g) measurable functions Y such that

Ivl, := [E(I A (Ddb(e))1Y2 < @

[o, ]

It is not difficult to see that lYl 4is an Hilbertian seminorm on A and
that G(Ei) is dense in A. The equality (1.2.5) shows that the mapping
Y ~> N extends into an isometry from A into the space of right continuous
square integrable martingales for its usual norm. All the properties of a
usual stochastic integral are derived for this mapping Y ~~> N through the
same standard comsideratioms.

In the same way we have expressed E(!thllz). We may write, for any

predictable rectangle J]s,t] XE:



2
E(l.F° "Nt-Nsu )

= E{lF'[ db(s) [f <Y(s,*,x),¥(s,"* Yy q(s, *,dx®dy) ]}

Is, t] EXE

which gives immediately:

(1.2.7) <N = f A (Y)db(s)
10,t]

for the Meyer predictable process <N> of Nk (see [11]).

A process Y will be said to be locally in A if there exists an
increasing sequence (Tn) of stopping times, such that l'::{lm L 4o and the
stopped processes ?Tn(w,t,x) = Y(m,t/\'rn,x) belongs to A. For suich a Y
the stochastic process (deFq) is, from what precedes,uniquely defined up

to P-equivalence and is locally a square integrable martingale.

1.3 Examples

1. Let m(w,ds,dx) be a Poisson stationary random measure with Levy
measure o and order r (see [13]). The measures m(w,*,*) which are
denumerable sums of distinct unit discrete masses and the measure o are
elements of MP where p(x) = éﬁ% For every Borel set A in E and
t € 1R+ the random vari‘able I | m(w,ds,dx) 1is by assumption a Poisson

10,t]xA
random variable with average t<a(A). We consider the random measure

q(w,ds,dx) = m(w,ds,dx) - ds®a(dx)

In this special case it is easily calculated that ﬁ(w,s,dx@dy) is a measure,
independent of w and s, defined by: I@(x,y)&(w,s,dx@dy) := [é(x,x)a(dx)

and the function kt(Y) is nothing but

A (D) = f 1Y (w, s, 7)1 20(dy)

-10-



The A-stochastic integral is therefore nothing else but the one defined by
A.V. Skorokhod ([13]).

2. Let | be an integer valued random measure as described in [6].
Take its predictable dual projection up and consider the white random
measure q = p-puP.

Using the fact that in this particular situation, we have, for all s

such that up(w,{s},g) = 0:

! <Y(s,w,x),Y(s,w,y)>mq(w,{s},dX)®q(w,{s},dy)
EXE

o = j ﬂY(s,w,x)H%Hu(w,{s},dx)
E

A simple calculation shows that the increasing process J AS(Y)dbS is
exactly the process Cm(Y,q) in [6] Ch. III. The stochalgizlintegral for
processes in Gz(u) as defined in [6] is therefore the A-stochastic integral
and the class of processes which are locally in A is the class of integrable

processes in [6].

1.4 The control couple of a random measure

If the white random measure q is such that, for every predictable
stopping time T the variation |q|(w,{T(w)},E) is zero a.s,+ the process
N := (IYqu) has no predictable jump, and we know, as an immediate conse-

quence of the Doob-inequality and the continuity of <N>, that

(1.4.1)  E(sup IN_1?) < 4E<N>_ = 4E<N>
S<T s T T

From formula (1.2.7) we may write

(1.4.2)  E(sup Ingl?) < 4EU AS(Y)db(s)]
s<T [O’T[

fThis is the case in the above example 1.
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for all Y € &IL) and the same inequality holds by continuity for all Y

locally in A.

If, on the contrary, the process F! has jumps on a denumerable family
{Tn} of predictable stopping times, the process N = (JYqu) has predictable
jumps only at times T and, if we introduce as in [10] the pure jump part

NJ of N

J .2
N o ZAMT 1[1_ ol
n n n

We have the following expression for the quadratic variation of . Nj
J <Y(w, tn(w) »X) ,Y(w,tn(w) :y>m Q(w,{tn}dx) ®Q(w,{tn},d}')
j 2
(1.4.2) [NJ]t i= EllY(w,‘rn(m),x)q(w,{Tn},dx)ll H

Then introducing the measure valued process

q(w,{rn},dx®q(w, {rn},dy)

3 \
q?(t,w,dx®dy) = § 1, ,(t _
a 1) 'Hch,{rn},->®q(m,{rn},dyﬂMp®p

and the increasing process

a(t) := [ latw{t_},") ®q(w,{rn},~>llMp®p

T <t
o
we see that

(1.4.3) [Nj]t 1= f[ ]da(s)[ <Y(°,s,x),Y(',s,y)>mqj(s,',dX®dy)
0,t EXE

Now, it follows from Lemma 1 with B =. Cpep(gxg)

q(t,w, *)db(s) + AJ aJ(t,w, +)da(s)

U(t,w) = 4[
10, t]

10,t]

and
-12-



Q(s,w) = 4J da(s)

P3p

lq(t,w, ')IIM Bp

db(s) + 4] 1ad e, w, ) uM

10,t] 10,t]

that there exists a weakly optional process Y, whiech values in Mp&) and a posi-

tive increasing regular process A such that for any optional subset G

of R xQ:
. 3
(1.4.4) 4E flG(s, ) (<>, + [N 1)
=E JdASI <¥(s,*,%),¥(s,*,5)>Y(s, *,dx®dy)
Moreover lly(s,w,*)l X1l for all s and w.
PP

Proposition 1. If q 1is a white optional random measure, with values

in Mp, and Y and A are the above defined processes, for every H-valued

process, locally in A, and every stopping time T, we have

E(sup ﬂf Y(s,-,x)q(-,ds,dx)ﬂz)
t<t ‘]0,t]xE

.<_ E[J’ dAs f <Y(s’.’}{)’Y(s’.’y)>nlY(S’.’d}‘®dy)]
10,7l EXE
Proof. We have only to use the formula (1.4.4) and the "stopped
Doob's Inequality" proved in [10] (see also [11]) which says:

sup tmtﬂ2 < sEfaw_+ 9] .
t<T

Definition. A couple (Y,A) having the properties of the proposition 1

with respect to the random measure q will be called a "control couple"

for gq.
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2. A particular example of a stochastic equation driven by a white

random measure: Introductory results

2.1 MP is égain the dual of the space of continuous functions with bounded
weight p(x) on E. We consider an optional white random measure q(uw,ds,dx),
such that, for every t, q(w,]0,t],«) € P

H being a separable Hilbert space we consider the class of H-valued
processes, which are adapted, and the paths of which are right continuous and
have left limits in every point (we call them regular H-valued processes).

We consider a "functional §" which, by definition, to each regular
H-valued predictable process &£, ‘and to each x € E associates an

H~-valued predictable process (as(w,i,x)) with the following properties:

SER+
(1) For every s, w, & and h€ H with [hl < 1, the real function
X ~> <h,as(m,§,x)> is Borel and such that }sgg |<h,as(w,€,x)>|/p(x) < o,
(i1) For every stopping time T, a_r(m,éj,x; = aT(w,E',x), as soon as
Es(w) = Eé(w) for all s < T,
(1i1) The following "Lipschitz-condition" is fulfilled for every t € R

w 2P (U2, (860 -2, (810 ly/p() <1, sup IE 51y

where (Lt) €grt+ 18 ao increasing positive adapted process.
Vt being an H-valued regular process we consider the following stochastic

integral equation: '
(2.1) gt = Vt + J J as(w,é;,x)q(m,ds,dx) .
10,t1E

A process £ defined on a stochastic interval [0,T] (resp. [0,T[)

will be called a strong solution of (2.1) if processes on both sides of (2.1)

are equal up to P-equivalence on [0,T] (resp. [0,T[).

14—



2.2 Remark. Although, in many respects, this equation is more general than
the ones considered in [12], [6], [4], because of the generality on q, the
boundedness assumption (i), which will be removed later, is a restriction
compared to the hypothesis made in the just mentioned papers, when considering
their particular settings. We add it here in order to demonstrate in a simple

way, the method which will be applied in a more genmeral setting in Section 4.

2.3 Existence, uniqueness, non explosion and stability statements

Theorem 1. (1) Under the assumptions made in 2.1 above, there exists
a unique stopping time T and a unique (up to P-equivalence) process £ on
[0,T[ such that
(1) T is predictable and on the set {T<®} we have

1im sup & [, = +=
T t H

(i.e. 1t 1is, when finite, an explosion time).
(11) & 1is a strong solution of (2.1) on [O,7].
(2) 1f, to the previous hypothesis, we add the following one: there

exists a constant such that

:;g [la W,8,x) I 5/p()] < d(1+:§£ (13 )

then P{T=+4w} = 1 (no explosion).

Theorem 2 (Stability theorem). Let us consider the equatiom (2.1) and

the equation:

(2.2) Et': v, + [[0 t]JEas(w,E',X)q'(w,ds,dx)

where q' is another white random measure in the same space B', the

-15-



functional a being submitted to hypotheses (i), (ii), (iii).

We consider (Y,A) the control couple of q, as defined in 1.3 and
(Yl,Al) the control couple of q-q'.

Then, if £ 4is a solution of (2.1) on [0,T[, equation (2.2) admits
a solution &' on [0,T[ and moreover, for every € > 0, there exists a
stopping time, T_, such that P{‘rs<‘l‘} < e and

E{ sup ﬂEt-Et':ﬂ]ZH} 2 R.(p)
t<u

€
where P. 1s any number such that P{A,]r'_z_pe} 5% for some function R
such that 1lim Re(p) = 0. (This function Re depends only on €, A and L.)

>0

2.4 Proof of Theorem 1.1. This proof follows the same line as the proof of
the existence and uniqueness theorem in [11]. We will therefore omit a few
details.

Everything is based on the following "local existence and uniqueness

lemma" :

Lemma 2. Let us assume that equation (2.1) has a solution Eo on the.
stochastic interval [0,T] (T may be identically zero); then there
exists a stopping time G such that P{o>T} > 0 and Eo can be extended

into a solution & of (2.1) on [0,0]. '

Proof. Call §° the process equal to Eo on [0,Tt] and to E;T on
[t,°[, and n(s) = sup (Uas(w,go,x) IIm/p(x)). We can clearly choose a posi-

x€E
tive number &, such that the stopping time O:

1 o
o { inf{t: t>1, (1 VL) (A ~A) >3} on {:22 (IIESHH-H'](S)) < 1}

T on the set {sup € | +n(s) >4}
s<T s H
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has the property P{o>T} > 0.
Then we introduce the following complete metric space M of H-valued

regular processes on [0,0(:

= {g: & 1[0 1] = Ee 1[0 _e E{ sup IH;' ll } <=}

0<t<o [c>1'}

with the metric

S(E,8") = [E( sup 15,-€/1211%/2
T<t<0'

According to the choice of ¢ this space is not empty. With each

€ €M we may then associate the process ®f defined by

L =V + J ds I a_ (w,%,x)q(w,ds,dx)
t t 10,¢1E s

The properties of the control couple (Y,A) for q give:

E( sup lI® Eﬂ 1 )
0<t<g {o>1}

IA

2E( sup ﬂ§ H

°1 )
0<t<t H “{t<g}

+ 2E(J da (I <a_(0,8,x),a_(w,§,y)> ., Y(w,t,dx@dy)))
(t,0[ © EXE t t H

IA

202 + zz<j (L, (sup 1g £ 12 2y+ 22 ))da,
[1,0( s<t

5_222+E(supll£ﬂ2)+2,2<oo '
T<s<0 °

Therefore ¢ maps M into M and the same usage of (yY,A) and of the

definition of o 1leads to:

<17~



dAt(J <at(w,€,X)-at(w,£',X),
EXE
T a (w,E,y)-a (0,E",5) >,y (w, t,dx®y))

2
< E(J L_sup 1€ -g'- dA.)
- (1,01 t s<t s °s H 't

2
E( sup 19, E-0 E'12) S_EJ
o<t & T H [t,0l

1 2
< SE(sup lE_-E210) .
8<g
This inequality shows that the mapping ¢ is a contraction in ™ and
there is therefore a unique fixed point £ for the mapping &: £ = $(8).
But noticing, from property (ii) in 2.1 that the process a (w,€,x) 1is then

defined on [0,0], and setting
E_ :=V_ + j J a_ (w,&,x)q(w,ds,dx)
T T 10,71/E s

we get the unique extemsion £ of g° which is a solution of (2.1) on
[0,0].

We can now conclude the proof of theorem 1. We skip details which may
be found in [11] Ch. III.§6 or in [10]. The class of couples (£,0) where
€ is a solution of (2.1) on [0,0] is non empty according to the above
lemma (apply it with T = 0, EO = VO). We define T as the essential
supremum of the family of stopping times o, and choose among the above o's
an increasing denumerable family (Gn) such that [0,7[ = U[0,0n]. Because
of the uniqueness of the solution on every [0,0n] (take tzo solutions
£, £' omn [O,Un], consider the stopping time T = inf{t: [lEjt-Et':ﬂg_O} non:
it follows immediately from the above lemma that T = On) the process £ 1is
uniquely defined on [0,7[ by saying that its restriction to [O,Un] is

the unique solution on [0,0h]. Defining the stopping times o& by
| I, . N
o) = inf{t: g 1m0} Na_

we see that [0,7[ = U[O,G&].
n
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If for some n the inequality P{G;==T<<W} > 0 were to hold, we could
find, using the lemma, a stopping time o' such that P{g’ >T} >0 and a
solution on [0,0']. This would contradict the definition of T. Therefore
0& <T on {rt<w} with probability one which implies: either T = 4® or
lim HEo,ﬂ = +®, This proves too that T is predictable.

n

2.5 Proof of theorem 1.2°

The proof, as in [11], rests on a lemma which we have proved in [11],

and which we state again:

Lemma 3. Let A be an adapted increasing positive process defined on
the stochastic interval [0,7T[, and bounded by &. Then, for every adapted
increasing positive process ¢ such that

E(d_ ) <K + pE(f & daA ) (p and K constants)
o=-" - S- s
(0,01
for all stopping time o < T, the following inequality holds
[252]
j=0

E(_) < 2K ) (2p8)3

where [x] denotes the integer part of x.

The proof of the non explosion part of the theorem (compare with [11],

Ch. III §2) consists in setting @t = sup ﬂgsﬂ, where £ is the maximal
s<t

solution of (2.1) defined on [0,T[ as above, and to use again the control

couple (Y,A) to write for every o< T:

(2.5.1) E(tbc_) < 2E(sup llvsil}?'a) + ZE(J

d(l+sup 1€ 1_)dA)
s<a s H t

10,01 s<t
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If o_ := inf{t: (A_+sup |V [IZ )>n} N1, we have for every stopping
n t o<t s'H

time 0 < 0 :
- n

(2.5.2) E(®__) < 2n(l+d) + zd[ (%, )da_ .
g ]0,0[ t t

This last inequality together with the lemma 2 implies E(Qo,_) < o,
n
But, since 1lim P{Gn="t} =1, T cannot be an explosion time and
n-e
P{t=w} = 1.

3. A-spaces of processes and associated stochastic integrals

This concept of A-space is suggested by different approaches to stochastic
integration, in order to propose a unique model in situations apparently as
different as the isometric Hilbert valued integral (see [8]) and integra-

tion with respect to random measures as described above.

3.1 A-spaces

Let B be a Banach space, H a Hilbert space, L a closed subspace
of the Banach space of bounded linear operators from B into H (with the
uniform novrm) A and Z two positive increasing adapted processes. We
consider a vector space of processes, the values of which are (possibly
unbounded) operators from B into M. This vector space will be called a

A-space associated with L, 4, _z._, and the functional A, if there’ exists

an increasing sequence (’l'n) of stopping times such that 1lim Tn = 1+ a.s,.
n
and

(1) for each ¢ € A, (At(é))teIR is a positive adapted process such that

for each n, E(Z. )\t(@)dAt) < o,

Ta f]o,rn[

(ii) The mappings ¢ ~~ E(XT_-J ,\t(fb)dAt), n > 0 are seminorms
n ‘]0,T |
n
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on A giving to A a structure 6f complete vector space.
(1ii) The set of simple predictable H-valued processes is a dense sub-
space of A.
We denote by A(I”A,K,A) such a A-space associated with L, A and A.
A process X is. said to-be locally in A, if there exists an increasing
sequence (cn) of stopping times, such that 1lim on = 4o and the process

3.2 A-stochastic integral

Let Z be a B-valued regular process. We say that the A-space

A(IL,A,K,A) 1is associated with Z 1if, for every simple predictable IL-valued

\

process Y and every stopping time O the following inequality holds:

E(ll[de"ll;) < E(Z0_°J A (D)da )
10,0(
where, by definition, for Y := Z ai'l]s £, ]XF the H-valued random
i i*7it i

variable JYng is given by

o g o)
YdZ® := ] 1 ea (2. -2°)
J i lFi ity sy

where 2% is the process stopped strictly before o¢. (See [11], Ch. I.)

t

o Z, () 1if t <o '

Zt(w) 1=
Zc_(w) if t2> 0w

The definition of the A-stochastic integral for every process Y which

belongs locally to A is immediate from the inequality (3.2.1) (see [11]

Ch. I §2).
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We say that the A-space A(IL,A,K,}\) is *-associated with Z, or

that Z is controlled in A(]L,A,R,)\) if for every stopping time o0 and

every single L-valued predictable process Y (therefore, for every

Y € A(L,A,4,))) the following inequality holds:

2 -~
E(sup Hf YazllZ) < E(A _-I
10,s] H t

A (Y)da)
<< s s

[0,

4. Examples of A-spaces

4.1 Example 1. Let A be an increasing adapted, right continuous process.
The space A of all predictable processes ¢ with values in £(H:€)
such that At°j]0 1:]ll<1>(s)l12dA$ is a finite random variable for all t is
clearly a A-—space’ A(L(H;e),A,A,)) with Xt(tb) = ll@tllz.

Let us assume that Z 1is a regular H-valued semimartingale., Let A
be a *-dominating process for 2Z: this means (cf. [11]) that, for every

stopping time 0 and every simple L(H;G)-valued predictable process Y,

we have

2

2
E{ sup R[ vdzl.} < E{a iy i°da }
10, ¢t] ¢ — s ]

0<t<o

- r]O,o]

Therefore Z 1is controlled in A(L(MH,6),A,A,N).

It is clear, from the definition, that every locally bounded predictable
process Y belongs to A and its stochastic integral, as defined in

section 3.1 above, is nothing but the usual one.

4.2 Example 2. The isometric integral with respect to martingales.

Let M be an H-valued right continuous square integrable martingale,

H being an Hilbert space. It was proved (see [12]) that the set function
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]s,t] XF ~» E{lF'(Mt-MS)®2} can be extended into a measure W, on P,

with values in H él H and is absolutely continuous with respect to the
real measure o ]s,t] XF ~€>E(1F-(HMt—Msﬂ2)) which actually turns out to

be the variation of uM. It was shown in [12] that there exists a predictable
Iié§1 H valued process Q,, defined up to an equivalence as the density

of Mg with respect to aM’ taking its values in the set of positive
symmetric elements of Ilé§l H and such that trace QM(w,t) =

=1, aM a.e.

Denoting by aM(w,t) the nuclear operator from H into H defined

“QM(w’t)“mél -

by <h,5M(m,t:)g>]H = <h6§g,QM(m,t)>, what we proved in [12] can be rephrased
by saying that the following space is a A-space: a process X belongs to

\
A 1iff for every (w,t) the domain of the operator X(w,t) contains

an/ 2w, 0 (m),

1%0. 11/ 2

trace(XeQ, oX*)do. = do.. <
ln+x9 M4 <y M H. S %

[fog

(where u~ﬂH g denotes the Hilbert-Schmidt norm for operators) and X lies
in the closure of the simple predictable L(H;€)-valued processes for the

Hilbert norm [E(J A (X)d<MS>)]1/2, where
10,0f ©
= o0 0¥
AS(X) = t:race(xs QM(s) Xs) .
We have moreover in this case the isometry formula:
Eﬂ[ xaml? = E(f Ag(Rydae ) .
10,{ 10,=f

The space A(L(H;6),1,<M>,A) is therefore the A-space associated with M.
If we use the fact that N := (ijZ) is a square integrable martingale

for every simple Y, and
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N> = [ trace(XoQMoX*)d<M> ([11] §14)
10,t]

i, L 2
V], = ] Iy eaz |

T <t n n
r
where the Tn's are predictable stopping times, it is easily seen that one

can write

>+ [Nj]t = f trace(XoaMoX*)d(<M>+ nd )

10,t]

for some optional nuclear operator valued process 3M Using the basic
inequality in [10] (or [11] §10), and defining ut(Y) = trace(xoaMoX*), we

may write

Ellsup J Xami 2 < AEI (X d[ae_ + ] ]
10,s7 € 10,¢( ° s s

s<T

M 1is therefore controlled in A(£(m;c);4,<M>+[Mj],u).

4.3 Example 3. The §1 provides us immediately with a third example of two
A-spaces: in this example 1‘1 is the set of continuous mappings from B'
into H, which are defined by Borelian mappings ¢ from E into H such

that [&(x)/p(x) 1is bounded. If we define

)\S(Y) J <Y (w,s,x),Y(w,s,y)> q (w,s,dxQdy)

[} )

us(Y) <Y (w,s,x),¥(w,s,y)>y(w,s,dxQ@dy)

S——
1=

and b, A and F? as in §1.2, then we see that A(L,1,b,\) is a A-space
associated with Fq, while F! is controlled in A(L,1,A,u) (with A =1b

and A =y where F® has no predictable jump).
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4.4 Remark. With these three examples as building blocks, the reader can
produce a variety of A-spaces associated with processes and stochastic

integrals.

5. Theorems for general stochastic integral equatiouns

5.1 The general equation under consideration

We consider a Banach valued process Z (with values in B). We assume
Z controlled in the A-space A(IHK,A,A) where L 1is a closed subspace of
L(B;H) (H separable Hilbert space), and V is a regular H-valued
process.

The equation under study is the following:

\

(5.1.1) Et =V, + f]O t]ésg dZS

where the functiomal a2 has the following properties:

(1) For every regular H-~valued process §&, EE is a process locally
in A(L,A,A,)).

(11) For every stopping time T the random variable aT§ depends
only on the values of & on [0,T[.

(1ii) For every B > 0, there exists an increasing adapted positive
B

process L~ such that for every couple (&,£') of H-valued regular

processes for which sup ﬂgs"]i-i B, and sup Hg;ﬂ < B, and for every
s s

t € ]fF the following Lipschitz condition holds:

B

2
!
sup g -g'l

(L,) A (ag-af') < L
1 ts? < a<t s
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5.2 Typical example

A typical example of equation (5.1.1) is the following:

1 2 3
g, =V _+ I a_&ds_+ I a“tdM_ + [ J a”(*,s,£,x)q(+,ds,dx)
RS LS R S S SR T RS L s

where S 1is a €-valued semi-martingale, M a XK-valued square integrable
martingale (¢ and K Hilbert) and q is a white random measure of some
order . To S, M and F? we associate the A-spaces defined in examples
of 83, and assume for the functionals 31, 52 and 53 properties (i)
to (iii) above.

By considering the process Z, with components S, M and .Fq, taking

its values in ExKxM  where M is the Banach space of measures weighted

r
by —lxl

|x|r+l
described in 5.1. It is to be noted here that, in this situation,

s we see immediately that the situation reduces to the one

a3(w,s,5,°) is no longer necessarily continuous in x as in §1 above.
The reader will check for himself that the Lipschitz condition on a3
expresses in our gemeral context the one considered by A.V. Skorokhod [cf.

[13]) and others ([4], [6]).

5.3 Existence, uniqueness, non explosion theorems

Theorem 3. Under the assumptions made in 5.1, there exists a unique
stopping time T and a unique (up to P-equivalence) process £ on [o,tl

such that

(1) T dis predictable and on the set {T<»} we have lim sup ugt"ﬁ1= +00
t4t
(i.e. when finite T(w) 1is an explosion time).

(2) & 1is a strong solution of (5.1.1) on [O,T[.

26~



Proof. As in the proof of Theorem 1 the core of the proof consists in
proving a "local existence and uniqueness lemma" which reads exactly as
lemma 2. Because the Lipschitz coefficient process LB in (Ll) depends on
the bound B for the processes £ and &', a slight modification in the
proof has to be made.

We define £° -as in the proof of lemma 2 and n(s) = As(ago). We
choose a B8 > 0 such that

P{:Lxg(ﬂ&:llm+n(8))§ B} >0

and then define

o := inf{e: t>1(1 VLis)Z‘t(At'Ar) >%} on the set
{sup 1&20,,+n(s)) < B}
s<T s 'H -
and -
G :=T on {sup (ﬂg‘;nm+n(s))>s}

s<T

For every regular H-valued process £ we set 528 = (1 /\-"%ﬁ—)-i and
H

consider the functionmal
2 2
2@ = ag®

The same reasoning as in the proof of lemma 1 shows that & ~> (biBE 1=

Vt+j azB(g)dZ maps M into M and '
~S ]
10,t]
28, .28 ~ 28 2
EC sup 10285028211y < 2(k f 128 sup 1z -2'12 aa }
0<t<o t t H o~ ['r,c[t s<t 8 °’s H s

in view of the properties of A(]L,K,A,A) and of property (Ll).

Therefore

28, .2B,., 1 '
5(¢t £,8.78") 2 38(&,8")

-27-
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and @28 is a contraction.

If we define then
! = .
o' =: inf{t: t>7, 11 >28t A0

and notice that P{o'>t} > 0 and <I>28(€), vV + a £ dZ_ are two

€ o0t S
P-equivalent processes on [T,0'[, we see the lemma is proved. The end of
the proof of the theorem goes very much like the proof of theorem 1, and

details are left to the reader.

Theorem 4. If, to the assumptions given in §5.1, we add the following

one:

(28) < 4 +sup g 1%)

for some constant d, them P{T=w} =1 (no explosion).

Proof. Doing the same as in the proof of theorem 1.2° if we set

®_ = sup IIESII?H » We may write for every stopping time 0 < T

bos<t

2 2
E(®__) < 2E(sup V_I7) + 2E(sup llja £ dz 12)
o o<0 s H | s<o ~8 s H

2 ~
< 2E(sup IV_I5) + 2EQA _-f A E dA))
s<o s H o ]0,0[3 ]

Defining then for every n

~ 2
1= : >
9, inf{t AtVAt + :gz "vs“li nlAT

we have for every stopping time o < crn:

E(9,.) < 2n(1+d) + ZdJ o _ da

Jo,00 & F
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We use the lemma 3 to see that E(tbo_) < ® and therefore, since

lim P{Un=‘r} =1, T 1is a.s. not an explosion time.
n-ro

5.4 Stability theorems

We consider two equatioms:

(5.4.1) Et = Vt + J]O tlgis dZs

(5.4.2) E;:

v! +I a't! dz!
t lo,t]-« S S

of the type considered in 5.1.

We assume more precisely that Z and 2Z' are B-valued regular processes
controlled respectively in A(L,Z,A,J\) and A(]L,K’,A',A') where L 1is a
closed subspace of L(B;H) and V and V' are regular H-valued processes.
The functionals a and g' verify the conditions (i) and (ii) with respect
to the A-spaces considered for Z and 2' and the condition (111) with the
same Lipschitz coefficient-processes L (independent of B > 0).

€ being the solution of (5.4.1) on [0,0[ we define and assume:

(5.4.3) d1 := E{sup A (ag-a'€)} < »
s<g s

-

2
o= <\
(5.4.4) d° :=E sup IIVS Vs“]H < o
8<g

The proximity of Z and 2Z' will be expressed through the considera-
tion of Z-Z' and making the following assumptions:

(iv) Z-2Z' 4is controlled in A(L;Q,Q,u)

(v) for every regular processes £ and &'

M (a'E-a'€") <1, sup 1£_-E12
s<t
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(vi) For the solution £ of (5.4.1) on [0,0(

dy = E{sup u_(ag-a'g)} <
s<qg

(vii) c := E{sup Mg (a8)} < =
s<Co

Theorem 5. Under the above assumptions and the hypothesis that the

Al

positive random variables A g=?

g=? c_, G_, QU_, Q - are finite, the
equation (5.4.2) has a (unique) strong solution &' on [0,0{. Let € >0
be given and q be a positive number such that P{Lc_ao_ Vac_Qo_VQ _Zq} < %
Then there exists a function Re(dl’dZ’q)’ determined by the functional
a and the processes A, A and L only, such that lim R (dl,dz,q) =0,
h dl,dz,q+0
and a stopping time ce < 0 such that:
(a) P{c <cgl <e

(b) E(supl§ -E i ) <R (dl,d : Q)

<g
t €

Let £ > 0 such that

It ' ' 14
P{AU_AUVLO_AO,_VA >} < <3
A function Re is given by
[4p2] i
R _(d;,d,,q) := 2k )] [4p2]
e 1’2 320

where
K := 6(d'+d1£+d2q+cq) y P = 2+q

Proof. 1In the same way as in [11] §7, and assuming that (5.4.2) has a

solution &' om [0,0[, we define the stopping time O by setting
= A : A Al ! : 0 0
o} o A inf{t AA VLAIVAI >0} A inf{c Q.Q, VL.Q, VQ, >ql
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From the definition of q and £ it is clear that
<
P{o_<ol < e .

We write then ¢ := sup lI§ -E'HZ and use J. Pellaumail's decomposition:
] t<s t °t H
E. &l =V -v'+J (a_E-a'E)dz +I (alE-a'E')dz
t “t t 't 10,67 S 8 s J10,e] 8" s s
1EY ot Y] = 71
¥ f Jo,pq 36" 29GSR +f]0 o 255292

+J a g d(z -2") .
10,¢1°8 s s

Using the control A-spaces we may write for every T < 08

E(0_) < 6d' + 6E[KT_JAS(aE;-a'E)dAt +1 T_Z;_J " T[q:t_dA;:]
+ 6E[LT_5T_J

®__dq, + Qr_j Mg (a'E-ak) dQs]

[0,7{ [0,t[
+ 6E[ -.[ u_(aE)dq_]
Q (0.t(® s
From there on we derive
E(CDT_) L6(d' +d12, +d2q+cq) + (2+q)f[0 T[Qt“d(Af':-'-Qt)

Now we apply lemma 3 to get the inequality (b) of the theorem and the

expression for Re'

We are only left to prove that £' actually exists on [0,0[. For
this we consider any stopping time ' such that the two equations have
solution on [o,0'[. The above reasoning shows that (5.4.2) has no explosion

as long as the solution of (5.4.1) has none. This completes the proof.

-31-
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