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ABSTRACT

Power systems in steady-state are described by a'set of nonlinear
equations known as the power flow equations. The system has to be op-
erated within the operating limits of the equipments. This is described
by a set of inequality constraints, known as the security constraints.
Explicit limits on the amount of power generation and load demand within
which the system can be operated with all the security constraints
satisfied are obtained. The problem is approached as one of determining
the existence of solutions to the power flow equations in the region
defined by the security constraints. Leray-Schauder fixed-point theorem

and concepts from the degree of mapping are used in the derivation.
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I. Introduction

The steady-state operation of an electric power supply'system
requires that the power supply and the load demand must be balanced.
This is described by a set of nonlinear equations known as the power
flow or load flow equations [1-3]. Furthermore, the system has to be
operated within the designed limits of the equipments. This is
described by a set of inequality constraints, sometimes referred to as

the security constraints. The basic problem in steady-state analysis

of a power system is to determine for a given system and a set of load
demand and available generation whether the system can be operated

within the security constraints. The conventional approach to this
problem is to solve the power flow equations numerically and then check
whether security constraints are satisfied [4]. Galiana [5] is the

first one to investigate analytically the properties of the image of

the power flow map. fﬁe analytic approach is of great current interest
[14,15]. We propose to approach this problem as one of determining the
existence of a solution to the power flow equations in the region defined

by the security constraints.

The formulation of the problem is presented in Section II and the
results are presented in Section III. We have obtained. explicit limits
on power generation and load &emand to guarantee that the system can be
operated with all the security constraints satisfied. The approach that
we have taken to tackle the problem is to divide it into two steps. We
first consider two simpler problems using the approximate formulation
of decoupled power flow equations. The results that we have obtained
for them are then used for solving the original problem. The analytic

tools that we have utilized for the study are the Leray-Schauder fixed--

point theorem and concepts from the degree of mapping [6]. For ease of




reference a summary of the definition of the degree and some of its
properties that we have used are included in the Appendix. The degree
theory has previously been applied successfully to the investigation
of the existence-of-solution problems in nonlinear circuit theory
[7-9].

Because the limits on power injection that we have obtained for
the power flow equations to have secure solutions are explicitly
dependent on network parameters, our results can be applied to various
steady-state power system analysis problems that deal with 1ine and

generator removals, such as security assessment and VAR allocation.

The security assessment problem is to determine for a list of possible
disturbances, each of which will result in the removal of a line of

a gehErator, whether the system can be operated within security con-
straints under each of the disturbances. The VAR allocation problem

is to determine how to allocate the reactive power sources (synchronous
condensers, shunt capacitors, and static VAR generators) so that for

a list of possible disturbances the voltage magnitudes at all buses

can always be maintained within desired range.

The proofs are included in the text because we believe that they
enhance the understanding of the results and they also suggest where
possible improvements can be made. Standard notations are used in the
paper: Qk denotes the k-th component of the vector Q, Yki denotes the

ki-th element of the matrix Y, !_S,VM

means Vi 5,ViM for all i, A:=B
means that A is defined by the expression B, and ! * I denotes the

Euclidean norm.



II. Formulation

1. Power Flow Equations

The branches of a power network represent transmission lines,
transformers, etc., which are modeled as linear time-invariant RLC
elements. The nodes of the network other than the ground node are
called buses. They correspond to generation stations and load-center
substations. For steady-state analysis the network is considered as
in sinusoidal steady-state.

Consider a power network with N+1 buses. Let [Y] denote the node
(bus) admittance matrix of the network and Y, . = G ; + JB,,; be its
ki-th element. Using the standard models of transmission lines and

transformers [3, p.189 and p.122], we have’

Fact | Gy > 05 By < 03 G < 0and By, >0 for i # k.
Byl g %‘ |G
B >) B . and G, > Gy ;|-

itk ik

Let Ek denote the bus voltage phasor of bus k and Sk = Pk + ij
denote the injected complex power at bus k. Let E and P be the vectors
of complex voltages and power injections, respectively. For convenience,

we introduce a diagonal matrix [E] = diag{E], E2,...,EN}. Then we have
s* = [E*]LYIE (1)

where superscript * denotes complex conjugate. There are three types

TIn our model, no lcad is represented as a shunt impedance.



of buses:
(i) Slack bus: a bus whose voltage magnitude
and phase angle are specified.
(i1) PQ bus: a bus where the injected real and
reactive power are specified.

(iii) PV bus: a bus where the injected real power

and the voltage magnitude are specified.

Normally PQ buses are load buses and PV buses and the slack bus
are generator buses. We let subscript 0 correspond to the slack bus,
subscripts {1,2,...NQ} correspond to PQ buses, and subscripts {NQ+1,...,N}
correspond to PV buses. Let Ek = Vkejek and i = %% ~ 8- We may

i
express (1) as

N

N
L

L ViV (Gkicos B t Bkisin aki) =Py K=1,2,...N (3)

where V = (V],Vz,...vN )T and [ (e], 62,...9N)T are the unknown

n
variables. Equations (2) and (3) are known as the power flow equations

[1-3].

2. Decoupled Power Flow

Suppose that we make the following simplifying assumptions:
(SA1). The line resistances are negligible, i.e., Gki = 0.
(SA2). The phase angles across the branches 8j = 8 - 8; are small



so that the second and higher order terms in the sin 8 and cos 01

series are negligible, i.e., cos i = 1, sin O i = Oki-

Then the power flow equations (2)(3) become

. N
Q = QV): = -V"'Zo Bis V; k=1,2,...Ny (4)
. i
, N
Pe =PV, 8): =V, izo By Vi (8 - 85)  ks1,2,...N  (5)

Equations (4) and (5) may be written in a compact matrix form

- vl {8l Yy +[B]vlr=0 (6)
[AV)]e=pP (7)
where ¥° = (Vg, vy #1,...v)T, 0 = Q... )7, P = (Py.Py...P)T,

the ki-th element of [B] is Bii» ks 1 € {1,2,...NQ} and the elements
of [B°] are Bki’ k € {1,...NQ}, i€ {O,NQ+1,...N}.
[A(Y)] is an NxN matrix whose elements are functions of V. Its

diagonal and off-diagonal elements are

N

[A(!)]kk = vk(ZOBk'lVi) k=1,2,...N (8)
%

[A(l)]k‘l = -VkVini k#i (9)

k,i=1,2,...N

Equations (6) and (7) are known as the decoupled power flow

equations [10,11].




3. Security Constraints
Operating limits are imposed on the voltage magnitudes of PQ

buses, i.e.,

_\Lm <V < VM (10)

Let us denote the region inside the limits by Ry i.e.,

Ryt = V] Vv evth (1)
Thermal considerations 1imit the amount of current flowing
through transmission lines and transformers. The current Ij through

branch j connecting bus k and bus i may be approximated as follows:

I; = =Yy (E - E.)

1

= 3 Jey. - Je;

. jos .. Vi
= -jBy;V, e’ (cos B i * 3 sin 8y, - VE%
= By Ve (doyy)

Vi o+
Where we used the approximations coseki=1 and — = 1.

Vi

1'This is true when per-unit system is used.



Hence

|IJ~| = |BkiHVkllek‘ei| (12)

Therefore the line flow constraints may be expressed in terms of

Gk" 61, i.e.,

Whenever j is a branch
=65 S0 =83 24 connecting buses k and i (13)
where sj < %-. Or we may use the incidence matrix A of the network
and write (13) as
S<Ag<s (14)

Let us denote the corresponding region in g by Ry:

Ry: = 18] -8 < ATo < &) (15)

We are going to use the approximate expression (14) for line flow
constraints even when the full-fledged power flow equations are used.
The justification for this is that unlike the "hard" constraints on
power generation due to equipment limitation that will be introduced
shortly, the line flow constraints are "soft" constraints for which
approximation is usually adequate.

Physical Timitation imposes constraints on the amount of real
and reactive power that can be generated at PV buses, as well as the

slack bus. The real power constraints on PV buses are



P <Py <P NG ... (16)

The real power generation from the slack bus is a function of (v, 8)

so the constraints are of the form

pe" < PolV,8) < pg" (17)
Let us denote the region in which (17) is satisfied to be
b (18)

N
Under the assumption (SA1), Pg = - ¥ P;, independent of (V,8), (17)
i=1

merely imposes a constraint on Pk’ k=1,2,...Nq. The reactive power

generation at the slack bus or a PV bus k is

N
Q(V,8) = 120 Vi Vs (G 4sin 0y ; = Byscos o, .) (19)

k=0,N +1,...N

Q

The reactive power constraints may be expressed as

dg < Q (V.0) < of K=0,Ng* ... N (20)

Let us denote the region in which (20) is satisfied as Rq'

Ryt = (0L2)] ay < Q(V,8) < ay, k=0, No+T,...N} (21)

Under the assumptions (SAT)(SA2} we can approximate the reactive power



(19) by

- N
q (V) = -v iZO Bi;Vs k=0,Ng+1,...N (22)

The corresponding constraints (20) become
k=0,NQ+1,...N (23)

- Note that eq. (23) is a set of linear constraints on V = (V],...VN )T,
Q
because Vk’ k=0, NQ+1,...N of the PV buses are known. Let us denote

the region in V-space for which (23) is satisfied to be R;.
Ra; = {V| qg < 9 (v) ﬁ_qt, k=0, NQ+1,...N} (24)

We call the constraints (10) (14) (17) and (20) the security con-

straints, and the set in (V,8)-space

R: = (RV X Re) F)Rp N Rq

the security region. If the approximate expression for the reactive

power constraints (23) is used, and the slack bus generation con=

straints are satisfied, then the security region becomes

R:= (Rv N Rq) X Re

-10-



4. Problem Formulation

The steady-state analysis problem is to determine for a given set
of load demand and generation pattern, can the system be operated so
that all the equipments are loaded within their operating limits.

In terms of the power flow model this problem may be stated as follows:

(P) Given a set of power injections (P, Q), determine whether
there exists a solution to the power flow equations (2) - (3)

that 1ies in the security region R.

We shall first consider the simpler model of the decoupled power
flow equations. Using this model, because of the decoupling of Q-V

and P-¢ in equations (6) - (7), we may split the problem into two,

namely:

(P1) Given a set of reactive power injection Q, determine whether
there exists a solution V to eq. (6) that lies in R N Ré.‘

(P2) Suppose that the answer to (P1) is affirmative and given a set
of real power injection P, determine whether there exists a

solution 8 to eq. 7 that lies in R

We are going to present sufficient conditions on Q and P to
guarantee the existenceaf solution to (6)and (7) in R, N R’ and Ry

q
respectively. We then use the result to solve (P).

-11-



III. Existence Theorems

1. Secure Solution of Decoupled QV Equations
Consider Problem (P1), i.e., to determine the existence of a

solution ¥ to

- (vl {B]y +[B°JVv°}=0¢ (25)

in Ry N R&,'i.e., ey v, and q" < glv) 5_qM. We make two

assumptions on the power system and its security constraints.
Assumption (A1):  [B] V™ > [B] v M
Assumption (A2): For any k such that
(I8, = (1w,
there exists a j such that Bkj # 0 and
([81™M; > (81v™), (26)

Remark 1. Consider the special case where the range of voltage
magnitude is the same at all buses, i.e., VkM -V "= a >0, for all k.
The components of [B] (!” - !T) in this case are o times the negative
of the row sums of [B], which are nonpositive by Fact 1, hence assump-
tion (A1) is satisfied. Moreover ([B]!ﬁ)k = ([B]!T)k if and only if
the PQ bus k is not connected to any PV bus. Thus assumption (A2)

implies, in this case, that for any PQ bus k that is not connected to

-12-



a PV bus there is a neighboring bus j that does. If, however,
assumption (A2) is not satisfied, we may use other alternative
assumption (A2)" or (A2)", which will be presented after the proof

of Theorem 1. (Remark 2).

Theorem 1 (Existence of Secure Solution to Decoupled QV Equation).
Suppose that the assumptions (A1) and (A2) are satisfied. If
the reactive power injection Qk at any PQ bus k satisfies the follow-

ing condition

€ g™ <o <M =1,2, ..My,
and the reactive power limits at any PV bus j satisfies the following

condition

(CZ) aj(!_m) iqu and q.m iaj(!M)’ j=0, N

+1,...N.
5 1,...N

Q
then the decoupled reactive power flow equation (6) has a solution

V in the secure region R, N Ré.

Proof: We first claim that for any VERy, (C2) implies V € RC:.'
Note that Bki > 0 (Fact 1) and Vk,|<G{0,NQ+1,...N}, are fixed, so

for any ¥ = (V,Vp...Vy )T such that V" < v, < V.M, i€ q1,...

Q Q}’

we have

%) < q W) < G M, k0NN (27)

-13-



(C2) and (27) imply that ¥ € RY." Hence, in this case, R N Ry = R,

The problem is then tackled by the application of

Leray-Schauder fixed-point theorem [6, p. 162]. Let C be an open and

bounded set in R" containing the origin and f : C - R" be a con-
tinuous function. If f (x) # ax for A > 1 and x on the boundary of
C (x €3C), then f has a fixed point x*, f(x*) = x*, in the closure

of C (x* € C).
First we rewrite eq. (6) as
v = [8]7" {-[v]7q - [B°]v°} (28)

Note that [B] is irreducibly diagonally dominant, hence nonsingular

[6, pp.48-43]. 1In order to have the set of interest Rv containing

ym +yM

the origin, let us shift the origin to V* = 2_ and set
X :=V-V* In terms of x, eq. (28) becomes

x=f (x) = [B]7 (-[x#v*]7' @ - [B°1V°}- v* (29)
and the constraint set Rv becomes

ym- M
C={x| <X < } (30)
2 2

-14-



The condition f (x) # A x can be expressed as
re(x)+y(x)#0 (31)
where g (x) = ([B]x), | (32)
ve () = (81, + ([8°1¥°), - (x + VN7 g (33)

Clearly
ABp * v #0 for A > 1

iff ("‘])Bk + (sk + yk) #£0 for asl
iff By (sk + yk) > 0 but excluding By = v = 0
since (A-1) > 0.

We now claim that condition (C1), together with assumptions (A1)
and (A2), implies that for any point x on the boundary of C there
exists a k such that

B (x){8, (x) + v, (x)} > 0 and 8, (x) # 0.

The boundary of C is the union of the boundary defined by each

M m
X, Let ach+ and 5C,~ be the boundary of C defined by x, = 'k - 'k
M -

and x, = Vi - Yk respectively. 2

<15~



M m
V., -V,
Consider any point x € aCk+. We have X4 5-—1———-—i- for all j.
2

Also recall that Bkk < 0 and Bkj >0 for j # k. Thus

B, (x) = ([B]x),

<0 (34)

The last inequality is due to assumption (A1). Moreover,

U

B (x) + v, (x)

A

umﬂwmruw%%

k
v—‘ﬁ -0, M + g <0 (35)
k

The last inequality is due to condition (C1).

Similarly for any point x € ack‘, we have

v oM

B, (x) > ([B] g 2 0 (36)

and

-16-



ym oM
([6] ==y + v, ()

"WV

B (X) + v (x)

= ;lﬁ'{'ak (V") + Q>0 (37)
k
Now if for this k
([8] ¥™), > ([8] V"), (38)

then on aCk we have By (Bk + yk) >0 and By # 0. Our claim is thus

established. However, if for this k

(18] ¥™, = (181 ¥, (39)
3 v Moy m
Then ¥x € ack+ consider a j for which Bkj # 0, either X5 <.—i————dl—

y Moy ‘

then 8, (x) < 0 or X3 = —L—J | in this case we have
2
X R !ﬁ _ !y
B, (x) = ([8] %), = ([B] ) = 0 (40)

But in this case g_e acj+ for all j such that Bkj # 0. Assumption (A2)
guarantees that for one of these j's, Bj (ig < 0. Since 2_ € acj+,
Bj (Bj + Yj) > 0. Therefore, our claim, though is not true for that k
at 23 still holds for this j at 2, Similarly for the case 2,6 3C, .

The proof is thus completed. =

Remark 2. It is clear from the proof that assumption (A2) can be

replaced by either one of the following:

~17-



(A2)': For any k such that
(81 ¥™) = ([81 ¥
the condition (c) is replaced by
g, (¥ < q < g (V™
(A2)": For any k such that
m M
([81 ¥™, = (81 ¥ ™),
there exists a j such that Bkj # 0 and
pe m pt M
Q; (¥ < Q< Q; (v
At this juncture we would like to present sufficient conditions
under which the Jacobian of the decouplied reactive power flow map will
have a positive determinant. This will be used later in Sec. III-3.

Assumption (A3): The power network is connected.

Assumption (A4): 2Vk > Vi ik =1,2,...,n.

-18-



Assumption (A5):

-~ _ m. - m . . e -
Q (V,=v, ™ v.=v," for i 1,...0Ng and i#3) > =(

t
and the strict inequality holds for at least one k.'

Fact 2 If assumptions (A3)-(A5) hold, then the Jacobian D@ (V) of
the decoupled reactive power flow map‘Q () is nonsingular for all V

in Ry. Furthermore, det Dé_(!) >0 .V ER,.

Proof: From the definition of Qk (V) in eq (4), we have

N

[0Q (W], = -28,, v, - izo BriVis  k=Th2.. Ny (41)
i#k

[0Q (D1 = -ByVys  151.2,..00g, ik (42)

Assumption (A3) implies that DQ is irreducible [6, pp 46-47].

Consider
N N
IZBkak + iZO Bkivil - ’Z 'Bkivkl (43)
ik i#
N kNQ
> 2B vy | - iZO 1B Vsl - izl lBkivkl (44)
i#k i#k
; N

denotes Bko +

N
B, . B, ..
1'=0§NQ+1 ki 1'=oz:Q+1 ki

~19-

m
i=0§NQ+lBki YV



N

Using Fact 1, [By,| > } B;, we have
i=0
1#k
N Ng N
2 BVl + L BV = D BV - L By
1"’0 i"'] 1_0 (45)
i#k i#k i#k
@ (b age § ? B,V
> (=B, )V, + B, . )V B, .V, - .
i#k
(46)
SRy aumy oM o i
= VE {Qk(vk'vk’vi—vi for i = 1,...,NQ and i #k)
N m2
(I BV} (47)
i=0,NQ+1
>0 (48)

The last inequality is true because of assumption (A5). Note that we
have used the fact that V € Ry in the inequality from (45) to (46).
Hence DQ(V) is diagonally dominant for all V in. RV’ and strict inequality
on (45) holds for at least one k. Therefore, DQ(V) is nonsingular
[6, pp. 48-49].
Furthermore [DQ(V)]k1 < 0 and assumption (A4) implies [DQ(V)] Kk >
so DQ(V) is in fact an M-matrix [6,p.55] and det ngv) >0 [12].
2. Secure Solutions of Decoupled P8 Equations
Consider Problem (P2), i.e., to determine the existence of a

solution § to the equation
[A(V)] 8 =

such that g is in Ry = {8]-8 _<_ATQ_<_Q} given that V is in
= {!J!T <V g_VM}. Equation (7) is linear in 8. We first establish
the nonsingularity of the matrix [A(V)]. In fact [A(V)] is more than

-20-



nonsingular if we make the following assumption.

Assumption (A6). There is no phase-shifting transformers in the system,

so that Bki = Bik’ ki = 1,.7.,N.

Fact 3. If assumption (A3) holds, then [A(V)] is nonsingular and
det[A(V)] > 0. If assumptions (A3) and (A6) hold, then [A(V)] is

positive definite.

Proof: Consider the elements of [A(V)] (egs. (8)(9). The network is

connected implies that [A(V)] is irreducible. Clearly

AW 1| 2 1% AW (49)
i#k

and strict inequality holds for those buses k that are connected to the
slack bus. Therefore [A(V)] is nonsingular ¥V € R, [6,pp.48-49].
Furthermore, [A(!ﬂkk>- 0 and [A(y_)]ki < 0 for i # k, hence [A(V)] is in
fact an M-matrix [6,p.55] and det[A(V)] >0 ¥V E RV [12]. Furthermore,
under.assumption (A6), [A(V)] is symmetric, hence a Stieltjes matrix
[6,p.54] and is positive definite [6,p.55]. m

The region defined by Re is a polyhedron. For analysis, it is more
convenient to consider the largest ball Bb that is contained in Re’ We

therefore actually consider in what follows the modified problem to

(P2), i.e., determining the existence of a solution of eq. (7) in Be‘

Fact 4. Let us define the ball

Be := {g]lell < r} (50)
where
1 .
r := — min (§.) (51)
vz i 3

-21-



then B, C Ry

Proof. The boundary of Re is defined by the pairs of hyperplanes of the

form

1 . |
Clearly the ball {gjﬂ§ﬂ1<;gg §;} lies inside the region {8} -85 < 8y-n By

< GJ.}. By the definition of r, we have By CR,. "

Theorem 2. (Existence of Secure Solutions to Decoupled Pe Equations)
Suppose that the assumptions (A3) and (A6) are satisfied. If the

real power injection P satisfies the following condition

(€3) el < vp

where
smallest eigenvalue

p := Eéav ( of [A(V)] ) (52)

then the decoupled real power flow equation (7) has a solution g in the

region Re'

Proof. We are going to apply the translation invariance property of the

degree [Appendix (D2)] to the linear map
B(v,-) 18 + [A(V)]e (53)

First note that 8 = 0 is a solution in By of (7) for P = 0. By
Fact 3, namely, det[A(V)] > 0, we have deg(EK!,-),Be,O) = 1 [Appendix].
For any P such that (C3) is satisfied, we claim that for any V in Ry.

P(V,0) #tP ¢t €[0,1] and p € 3B, (54)

Since [A(V)] is positive definite (Fact 3) p defined in eq. (52) is

-22-



positiQe and we have [13,p.312] ¥ € Ry
I[A(V)]e > ollel (55)

So I[A(V)Jel > rp on 38,. Combining this with condition (C3) on P we
establish the claim (54).

By the translation invariance property of the degree we have
deg(EK!,°),Be,g) = 1 for any P satisfying (C3). Theorem 2 then follows
from Kronecker theorem [Appendix (D1)]. n

3. Secure Solutions of Power Flow Equations

We are now ready to tackle Problem (P) utilizing the results we
have obtained for the decoupled power flow equations. Let us define a
vector ¢ which is an error bound on the approximation by the decoupled

power flow equations.

eJ = ? VWMeB, . (1-cos §) - G,.sin 63 k =1,2,...,N (56)
ST kg KK ki T

i#k
P § s (Msin 8) - 63+ 6 (1) K= 1,200 (57)
Kkt kg Kk ki’ = Pkk''k e

i#k |
ed .= ? VWM, . (1-cos §) - 6,.sin 63 Kk = O,Ng+1,...,N  (58)
k *7 5hg Kk ki Qe

itk

where

§ = qu{sj} and we set
J

M ) ) .
Vk - Vk fOY‘ k = O’NQ+]’...,N.

Theorem 3. (Existence of Secure Solutions to Power Flow Equations)
Suppose that the assumptions (A1)-(A6) are satisfied. Suppose,

furthermore, that the reactive power 1imits at the stack bus or any PV

-23-



bus j satisfying the following condition.

M

5 (ym q m_= M _ q -
(ca) qj(l ) + EJ' < Qj and qj < qJ(l ) € J OaNq'H,-..:N

J

If the power injection (Q.P) satisfies the following conditions
(c5) For reactive power injection Q at any PQ bus k,

Q) + 53 <Q < Qk(!r) - 52 k=1,2,....N

(c6) For real power injection P = (PysPose.tsPy)s

Pl < rp - uipll
and
c7) " < (- § P.) < pM . M
Po = 17,474 2 Pg
where
" ] v ! ] } (59)
L :=max { VoG, + ) V V.G .cos &,
VR, k50 KRk i%0 RIS
i#k

then the power flow equations (2) (3) have a solution (V,6) in the secure

region R.
Proof. First note that for V € Ry and 8 € R
a. M -9 b m q i = +
qJ(l ) Ej L QJ(!’Q) in(y_ ) + Ej J O’NQ 1,...,5N (60)

Condition (C4) implies that (RVXRe) c Rq.

From the power flow equations

N N
P.= J ] V,V.G .cos o,. (61)
1 1 k50 q20 K 1TKki ki

PO+

It~z

1

~24—
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M is an upper bound of the right hand expression (line losses)

Clearly L
and 0 is a Tower bound of it. Hence (C7) guarantees constraint (13).

Consider the decoupled power flow map
Fi(v,8) + (3(0).P(v.e)T (62)

We are going to construct a trivial homotopy from F to the power flow
map and apply the homotopy invariance property 01; the degree [Appendix
(p3)].

First we claim that deg(F,RyxB..y) # O for any

y € K := {(Q,P)|Q satisfies (C5) and P satisfies (C6)} (63)
The Jacobian of F is given by

pa(v) o :
DF(V.8) = (64)
* [A(V)]

det DF(V,8) = det DQ(V)-det[A(V)] > 0 by Facts 2 and 3. This, together
with Theorems 1 and 2, establishes the claim.

Let us introduce the following homotopy H: (V,6) + (HQ(l,g),'HP(y_,g))T
from the decoupled power flow map F to the power flow map defined by

egs. (2) (3).

H((Y,8),t) := F(V.8) + tG(V,s) 0<t<l (65)

{

where G:(V,8) + (GQ(l,g_), Gp(y_,g))T is defined by

N N
Q _ .
k= 1.2,....0
p N . N
Glla8) = Vi L BiqVi(0gmsin 05) + 1 ViViByqoos oy (67)

k =1,2,...,N,
-25-



We claim that for any y € K,

H((Y,8),t) # ¥ (68)
for t € [0,1] and (V,8) € 3(RyxBy). We consider two cases

Case (i). V€ BRV.

Suppose the boundary is defined by Vk = Vﬂ. We have on this

boundary
Qk(!) M Qk(lM) (69)
ViV
and
6d(v,0) > -] (70)
Consequently,
H((L9),t) > Q™) - ¢ ()

Condition (C5) and equation (71) establish our claim (68). Similarly
_ M
fOY‘ Vk = Vk-

Case (i1). 8 €3B,.

Since on aBe
I1B(v,8)l > rp (72)

and by definition

167 (v,0)1 < 1P (73)
Therefore
IHP((V,8),t)1 > rp - 1EPI (74)

Condition (C6) and equation (74) establish our claim (68).

-26-
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By homotopy invariance property of the degree we have deg(F+G,vaBe,y)

# 0 for any y € K. Theorem 3 then follows from the Kronecker theorem. n

4, Example

The following simple example illustrates the fact that the numbers
one obtains by applying our results are reasonable.

Consider a generator connected to a load through a transmission line
(Fig. 1) with impedance z = jO.1.

Let R, = {V1l0.95 < Vy =1.051,

)
1]

{6)1-0.1745 < oy < 0.1745}, R, = {(V1,8;)[=0.7 < Qp(Vq,8) < 0.73,
Rp = {(V1,81)]0 < Py(Vy,09) < 1.5}, and Vg = 1.

For this example we have Q1(V¥) = 0.525,
8, (V™) = -0.475, y(W)) = -0.5, (V) = 0.5, r = 0.1745, o = 9.5,
ed = 0.1595, ¢" = 0.0093, €9 = 0.1595 and LM = 0.

The inequality in assumption (A5) is satisfied because 61(V1=VT)
= -0.475 > -(B]O)(VT)2 = -9.02. The condition (C4) is satisfied since
~ m q = M = m = - P M - q 2 -
qO(Vl) + ¢ 0.6595 < qj 0.7 and qj 0.7 < qO(V]) e 0.6595.
The 1imits on power injection imposed by condition (C5) are

-0.3155 < Q] < 0.3655

and that by conditions (C6)(C7) are
IP][ < 1.6485, -1.5 <P, <0
Together they require
-1.5 <Pz
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APPENDIX: DEGREE OF MAPPING

Definition [6, pp. 147-160] Let F:D C R" + R" be continuously
differentiable on the open set D, and C an open, bounded set such that
its closure C €D. If y € F(aC) U F(S(T)), where 3C denotes the boundary
of C and S(C) := {x € C|F'(x) singular}. LetT = {x € C|Fx = y}. The

degree of F on C with respect to y is defined as

m .
.Z sgn det F'(xJ) ifr = {x],...,xm}
deg(F,C,y) = 3=
0 if T is empty.

Properties [6, pp. 156-164]
(D1) Kronecker Theorem: Let F:C -~ R" be continuous, and y & F(aC).

If deg(F,C,y) # 0, then Fx = y has a solution in C.

(D2) Translation Invariance: Let F:C - R" be continuous. Suppose

yo,y] € R" are any two points which can be connected by a continuous

path p, i.e., p(0) = yo, p(1) = y', and p(t) & F(aC) for t € [0,1].
Then deg(F,C,yo) = deQ(F,C,}'l)-
(D3) Homotopy Invariance: Let H:C x [0,1] + R" be continuous. If

H(x,t) # y for all (x,t) € oC x [0,1], then deg(H(-,t),C,y) is a constant
for all t € [0,1].
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Fig. 1 Example of a two-bus system.
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