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ABSTRACT
A special class of acyclic digraphs has been considered. It contains
those acyclic digraphs whose transitive reduction is a directed rooted
tree. Alternative characterizations have also been given, including one
by forbidden subgraph containment of its tramsitive closure. TFor digraphs
belonging to the mentioned class, linear time algorithms have been
described for the following problems: recognition, transitive
reduction and closure, isomorphism, minimal chain decomposition,
dimension of the induced poset. The ideas of the isomorphism algorithm
were further extended to include a larger class of digraphs, leading to
an algorithm whose time bound is the same as that for recognizing
reducible digraphs. Based on the characterizations of the considered
class, the problem of verifying isomorphism of DFS of undirected graphs

has also been solved in linear time.



1. Introduction

Looking for special classes of graphs possessing some particular
characteristics is generally common in graph theory. In what concerns
graph algorithms, we suppose that the interest in any such special class
would increase depending on the following factors: (i) the importance
and quantfty of different general algorithmic problems that can be solved
simpler and more efficiently, if the input instance is a graph of the
class in consideration; (ii) the capacity of the class to generate its
own "interesting" algorithmic problems; (iii) the capacity of the class
to be used as an intermediate step in solving problems for larger or
different classes and (iv) .the size of the class.

Among others, we can mention the following classes of graphs, which
have been introduced in recent years: chordal graphs (Gavril [6]),
comparability graphs (Even,Pnueli and Lempel [4]), interval graphs
(Booth and Lueker [2]), reducible digraphs (Hecht and Ullman [7]),
series parallel digraphs (Valdes, Tarjan and Lawler [13]).

in the present paper, we preseant a special class of acyclic digraphs,

named tree structured digraphs. This class is defined and characterized

in some different ways, in the next section. The recognition of whether
a graph belongs to that class is discussed in Section 3. Most of the
following sections contain different applications of tree structured
digraphs, i.e. a discussion of some general problems, when the input

is restricted to the class in consideration. In Section 4 is the
problem of transitive reduction and closure. An isomorphism algorithm
is described in the following section. The problem of verifying whether
or not two DFS of an undirected graph are isomorphic, is solved

subsequently based on characterizations and isomorphism of tree structured



digraphs. Finding a minimal chain decomposition and the dimension of
the induced poset are problems considered in Sections 7 and 8,
respectively. The isomorphism of tree structured digraphs is extended
in Section 9, to include also digraphs (possibly with cycles) that
constitute a defined subclass of reducible digraphs. A proposal of a
problem related to the clasé in consideration is presented in Section
10 and some additional remarks form the last section.

The algorithms described through the paper have all linear time
bounds, except that of Section 9 which is almost linear, but not linear.

A graph (V,E) is a finite non-empty set V together with a set E of
pairs of distinct elements of V. The elements of V and E are the
vertices and edges of the graph, respectively. We denote n = |V|and

m= IEI. A graph can be undirected or directed (digraph) according to

whether its edges are unordered or ordered pairs, respectively. A

vertex v is adjacent to vertex w if (v, w) € E. The adjacency list A(v)

of vertex v is the set of vertices w of the graph, such that v is
adjacent to w. A sequence of vertices Vis eees Vi such that for
l1<i<k (vi’vi+l) € E is called a path from v, to v, and vy is said to

reach Vi The length of such a path is defined as k - 1. A cycle is a

path vl, ceey vk with v1 = vk

edges. A graph with no cycles is acyclic. A graph Gl(vl’El) is a

and containing at least two different

1 , and E, CE,.

V1 = VZ then Gl is called a spanning subgraph of G2. An undirected

subgraph of graph G2(V2,E2) when V. CV If additionally

graph is connected if there is a path between every pair of its vertices.
A tree is an undirected graph which is connected and acyclic. In a digraph the

indegree and outdegree of a vertex v are the number of vertices w such

that (w,v) € E and (v,w) € E respectively. If indegree (v) = O then
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vertex v is called a source, if outdegree (v) = 0 then v is a sink. A
digraph is rooted if there is a vertex called root of the dig;gph, that
reaches all its vertices.

Let D be an acyclic digraph. Its minimum spanning subgraph and
maximum spanning supergraph which preserve the reachability of D are the

transitive reduction and transitive closure of D, respectively. The

transitive closure of D is also called the partially ordered set (poset)

induced by D. We also write v < w to denote that v reaches w in D, for v # w.
In this case we say that v, w are comparable. If neither v # w nor

w £ v then v, w are incomparable. Observe that since v is acyclic if

v<w=>w £ v. A topological ordering of D is a sequence vl, v

2’
cees Vo of all its vertices, such that if vy < vj = > i <j. Clearly,

if an acyclic digraph D is rooted then there is one vertex which is both -
the unique root and unique source of D.

A directed rooted tree T is a (acyclic) rooted digraph such that

all its vertices except the root, have indegree one. If v < w in T then
v is an ancestor of w and w a descendant of v. If additionally
(v,w) € E then v is a father of w and w a son of v. It can be shown
that there is a unique path from the root r of T to any of its vertices.
The level of a vertex v in T is equal to one plus the length of the path
from r to v (the level of r is therefore equal to 1). A forest is a set
of directed rooted trees.

The vertices of a graph can be traversed according to predefined

rules, sich as those of depth first search (DFS). A DFS of an undirected

graph divides its edges into two disjoint subsets, the tree edges and
fronds. A DFS of a digraph divides its edges into four disjoint subsets,
the tree edges, forward edges, back edges and cross edges. See [1] for

instance, for a description of DFS.
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2. Characterization

We say that a directed acyclic graph is tree structured (TS)

when its transitive reduction is a directed rooted tree. Figure 1 (a)
is an example of such a digraph. Its transitive reduction is the tree

of figure of 1 (b).

The following lemma presents some alternative ways of characterizing .

the class of tree structured digraphs.

Lemma 2.1
Let D (V,E) be an acyclic rooted digraph. The following statements
are then equivalent:
(1) The transitive reduction of D is a directed rooted tree.
(2) There exists a spanning directed roéted tree T of D, such
that for every edge (v,w) € E, v is an ancestor of w in T.
(3) There exists a DFS of D with no cross edges.
(4) For any pair of edges (v,w), (z,w) € E, v and z are comparable (Vv #2z).
(5) For any pair of vertices v, w € V, with v < w, the vertices of
any path from v to w are a subset of the vertices of the longest

from v to w.

Proof:
a) = > (2):
Let T' be the transitive reduction of D, which according to (1) is
a directed rooted tree. Let (v,w) be an edge of D. If v is not an

ancestor of w in T', this means that v § w in D, a contradiction with
(v,w) being an edge of D. Therefors, T = T',

@) =>0):

Consider the spanning tree T. Order the adjacency lists of D in

-



(a)

(b)

Fig. 1: A tree structured digraph and its transitive reduction
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such a way that for every vertex v of D, if w, z € A(v) but (v,w) is in
T and (v,2) is not in T, tﬁen w precedes z in A(v). Let r be the root
of T. Starting with r, perform a DFS of D. Because of the considered
ordering, it can be shown by an inductive argument that the DFS forest
so obtained is exactly tree T. Finally, we also conclude that no Ccross
edge (v,w) can exist in the DFS, otherwise v would not be an ancestor
of w in T, a contradiction.

3) =>(4:

Consider a DFS of D, with no cross edges. Let (v,w) and (z,w) be
edges of D, If w is reached beforé v in the mentioned DFS, since w £ z
edge (v,w) would be a cross edge, a contradiction. Therefore, v is reached
before w in the DFS. Similarly we conclude that z is reached before w.
Therefore these vertices are reached in the order v,z,w or z,v,w. In
the first case, there exists a path from-v to z. In the second, from
z to v. Hence v and z are comparable.

%) = > (5):

Luv=zrn.,%,ﬁﬂ,"qu=wthlmgapnhPﬁm
v to w, in D. Suppose that there exists another path from v to w that
<t<z_. Let z, be the right-

1 P h|

(such a vertex exists because t £ zl).

contains a vertex t, t € P. Clearly, z

most vertex of P such that t £ 2z

3

Because t < z 1’ there exists a path from t to z

4 This means that

j41°

we can locate a vertex s, s # P such that t < s and (s,zj+1)eE.

Applying (4) to the pair of edges (z 1) aﬁd (s,zj+l), we conclude

373+
that z, and s are comparable. If s < zj then by tramsitivity t < zj,

3

a contradiction. Therefore, z, < s, which means that there exists a

3

path.P' zj, yl, cens yk, s from zj to s. P' cannot contain vertices of

P except zj, otherwise D would contain a cycle. Hence, the path

'y
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2F ...zj, Yy ceny V> S zj+i’ ...,.zp from v to w, is longer than P,
a contradiction. Thus there can be no path from v to w containing
vertices not belonging to P.

(5) => (1):

Let us consider the subset S of edges of D which are part of some
longest path from v to w, for all pairs of vertices v, WVv < w, Because
of (5), we can delete all edges of E~S, without altering the transitive
reduction of D. Therefore, the digfaph D'(V,S) is the transitive
reduction of D. It follows that D' is a directed rooted tree.

It is also possible to formulate a characterization of the preseat
class of digraphs, by means of a specific forbidden subgraph of its

transitive closure. The following is a direct consequence of lemma 2.1.

Lemma 2.2
An acyclic digraph D is tree structured if and only if its transitive

closure does not contain the digraph of figure (2), as an induced subgraph.

We can also verify the existence of a relationship between the class of
tree structured digraphs and a class of acyclic digraphs known as

series parallel digraphs. The latter has been shown useful when solving

some problems of scheduling under comstraints. If the constraints
correspond to a digraph of this class, it can be shown that more
efficient algorithms can be devised (Lawler [11], for instance). Some
graph theoretic properties of series parallel digraphs have been
presented by Valdes [14] and Valdes, Tarjan and Lawler [15].

A minimal series parallel digraph (MSP) is defined recursively by

(1) a digraph with one vertex is MSP



(ii) 1if D1<V1’E1) and DZ(VZ’EZ) are MSP digraphs, so are the
digraphs (Vl VZ’El v E2) and (Vl v v2 . El U E2 0] (AI X Bz) ), where
Ai; Bi are the set of sinks of D1 and sources of D2’ respectively.

A general series parallel digraph (GSP) is then defined as being

a digraph whose transitive reduction is MSP. GSP digraphs can also be
characterized by the fact that a digraph is GSP if its transitive
closure does not contain figure (3) as an induced subgraph ([14], [15]).

The following lemma relates the classes TS and GSP.

Lemma 2.3

Let D be a TS digraph. Then D is GSP.

Proof:
It follows immediately from the forbidden subgraphs of figures
2 and 3.
An alternative simple argument for the above lemma is the fact that
if D is TS then its transitive reduction is é directed rooted tree, which
is a MSP digraph. Then D is also GSP. The next lemma states that no

such similar relation exists between the classes TS and MSP.

Lemma 2.4
The classes of tree structured and minimal series parallel digraphs
are not contained one in the other.

.

Proof:
The digraph of figure 2 is MSP, but not TS. The digraph of figure
4 is TS, but not MSP.
Finally, it is also possible to relate the class of tree structured

digraphs and the class of general undirected graphs. This can he done
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Fig. 2: The forbidden subgraph for
the transitive closure of
TS digraphs

The forbidden subgraph for
the transitive closure of
GSP digraphs

A digraph which is TS but
not MSP.




through the concept of depth first search, as follows. Let G be an
ugdirected graph, in which a DFS has been performed. The DFS-number
fof a vertex v of G 1s simply the number corresponding to the order in
which v has been first reached in the DFS. We can now formulate the

mentioned relationship.

Lemma 2.5

Let a DFS be performed in an undirected connected graph G(V,E).
Let D be the directed graph obtained’fr§m G by directing each edge of
G from lower to higher DFS-numbers of its vertices. Then D is a tree

structured digraph.

Proof::
Because all edges go from lower to higher numbers of its vertices,

D is necessarily acyclié. Because a DFS of an undirected graph has no

cross edges, all edges in D are from ancestors to descendants in the

DFS spanning tree.

3. Recognition

Clearly, when handling special classes of graphs, a basic problem
is to recognize whether or not a given graph is one that belongs to the
class in consideration. The recognition of tree structured digraphs is

a simple problem that can be solved efficiently using the following lemma.

Lemma 3.1
Let D(V,E) be a rooted digraph such that for every v € V, A(v) has
been topologically sorted. Then a DFS starting from the root of D has no

cross edges if and only if D is tree structured.
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Proof:
If the DFS has no cross edges then according to lemma 2.1, D is TS.
Conversely, suppose D is TS and assume that a cross edge (v,w) has been
detected. This means that during the DFS, vertex w has been reached
before v. Let z be the lowest common ancestor of v and w, in the DFS
(vertex z exists necessarily because the DFS is from the root of D).
Let z, 2z}, ..., ¥ and z, zi, «+«,V be the paths from z to w and v,
respectively explored during the DFS. Because w has been reached before
v, path z, zl, ...w has been explored before path z, z%,-..;vi .Also,
v<w, zi-f_wuand thegefore, we conclude that v and z are comparable,
otherwise the forbidden subgraph of lemma 2.2 would have been found.
Because z is the lowest common ancestor of v and w, we have z £ v. Hence,
v <z which implies zi < 2. Since A(z) is topologically sorted, z!

1
must preceed z, in A(z), which contradicts the fact that path z,

Zys o5 W has been explored before z, zi,-..., v. Hence no cross
edges can be found in the DFS.

| It should be noted that lemma 2.1 stated solely that if a digraph
is tree structured, then there exists a DFS in which no cross edges
exist, while lemma 3.1 specifies precisely which one is that DFS.

As a consequence of the above lemma, the recognition of tree
structured digraphs can be done straightforwardly. Given digraph
D(V,E) rooted at vertex r, we first topologically sort its adjacency
lists. Afterwards, starting from vertex r, we perform a DFS of D.
Digraph D is in class TS if the DFS has no cross edges. Deciding
whether or not a glven edge is a cross edge within a DFS can be done in
constant time. Therefore, it is immediate to verify that the whole

above process is completed in O(n+m) time.
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4. Transitive Reduction and Closure

Given a digraph D(V,E) supposedly belonging to class TS we wish to
obtain its transitive reduction and closure. It can easily be verified
that if D is indeed a tree structured digraph then the DFS tree obtained
from lemma 3.1 is precisely the transitive reduction of D. This means
that this problem can also be solved in O(n+m) time. For finding the
transitive closure digraph of D, we need just to observe that for each
v & V the adjacency list A(v) of the transitive closure of D is formed
exactly by the set of descendants of v, in the tramnsitive reduction
(directed rooted tree) of D. Consequently, the transitive closure can
be obtained in time proportional to its size.

It should be noted that the computation‘of the transitive reduction
and closure of GSP digraphs can be done also in linear time [15]. Inm
particular the method by Valdes, Lawler and Tarjan would find the
transitive reduction and closure of TS digraphs obéiously in linear
time. It might be mentioned however, that for tree structured digraphs

the above described method is perhaps conceptually simpler.

5. Isomorphism
Determining the complexity of the general graph isomorphism problem

is a well-known.classical open problem. Polynomially bounded algorithms
have been found for the isomorphism of some specific classes of graphs,
as planar graphs [10], interval graphs [2], MSP digraphs [14,15]. The
isomorphism of general series parallel digraphs however has been shown to
be polynomially equivalent to the general graph isomorphism problem
[14,15]. |

In the present section we present a solution to the isomorphism of
a tree structured digraphs. The proposed method is based on the

following lemma.
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Lemma 5.1

Let Dl(vl’El) and DZ(VZ’EZ) be TS digraphs, Tl(V ,ET ) and

1
T2(V2,ET ) their transitive reduction trees, respectively. For
~2
i=1, 2 let h(wi) represent the level of vertex LA in tree Ti' Suppose
that a set s(wi) of labels is assigned to each vertex LA of Ti’ such

ﬁhat:

if W is the root of Ti then s(wi) = ¢, otherwise

s(w,) = {h(v)) | (v;,w) € E;}

Then D1 and D2 are isomorphicifle and T2 are isomorphic labelled

rooted trees.

Proof:
Suppose D1 and D2 are isomorphic. Then Tl and T2 are necessarily

isomorphic directed trees. It remains to show that they are isomorphic

also as labelled trees. The isomorphism of Dl’ D2 means that there

. . ~ e 3 €
exists a bijection f: Vl V2 s.t. (v1,wi) Ellff (f(vl), f(wl)) EZ'
Consider now a fixed vertex Wy € Vl' Then h(wl) = h(f(wi)) and h(vl)

= e .
h(f(vl)) for all Vi ‘Vl s.t. (vl,wi) €EE Because D, is TS, v, is

1 1 1
an ancestor of vy in Tl‘ Hence A1 is uniquely determined by thl).

We conclude then that s(wl) = s(f(wi)) and the same is true for all
e .
nwey

From this last equality, we conclude that for each Wy € Vl, the
levels in T1 of the vertices vy s.t. (vl,wl) G'El are respectively the
same as the levels in T2 of the vertices v, S.t. (vz,f(wi)) € Eé. Since
D1 and D2 are TS digraphs, vy and v, are uniqﬁely determined by their

levels in Tl, T2 and by Wys W, respectively. We conclude that
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necessarily v, = f(vl). Hence (vl,wl) € E, iff (f(vl),f(wl)) € E, and
Dl’ D2 are isomorphic. .

From the above lemma, we then specify the actual algorithm. Given
two tree structured digraphs Dl(vi’El) and DZ(VZ’EZ) we first obtain
their transitive reduction trees Tl and TZ’ respectively. Next for each
vy € v, we find the set s(wi), as indicated in lemma 5.1. Similarly,
we find the label sets for all v, in T2; Observe that each label set
s(wi) is composed by elements h(vi) (levels), within the range
1 §_h(vi) < n. Next we apply for instance an algorithm by Hopcroft
and Tarjan [9] for labelled tree isomorphism and decide whether Tl, T2
are isomorphic labelled rooted trees. From lemma 5.1 we know that D1

2
An example of the labelled tree corresponding, to the digraph of

and D2 are isomorphic iff are Tl and T,.

figure 1(a) is shown in figure 5. Obtaining the running time of the
above method is also straightforward. From sections 3 and 4, we know
that T1 and T2 can be constructed in O(n+m) time. Computing all sets

of labels would fequire also O(nt+m) operations. The algorithm by
Hopcroft and Tarjan for labelled tree isomorphism is bounded by O(n+L),
where n is the number of vertices of each tree and L is the sum of the
lengths of all label sets. Clearly, L = m for each free. Therefore, the
entire process is bounded by O(atm).

As a consequence of the presented method for isomorphism, we can
verify that any TS digraph is uniquely determined by its transitive
reduction tree, together with the sets s(w) of labels, one set of labels
per vertex of the tree, as defiﬁed by lemma 5.1.

Also for each vertex w of the transitive reduction tree T, w # root

of T, we can eliminate from s(w) its largest element h(v). Note that

14—



5(v3) = {1}

\ S(VS) = {2}

s(vs) = {3}
g s(vg) = {1,3}

Fig. 5: A labelled tree representing the digraph of Fig. 1(a)
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max {h(v) | h(v) € s(w)} = h(w) - 1, for w # root of T.

6. Isomorphism of DFS

Suppose we perform a depth first search S1 of an undirected graph
G, starting from vertex - Next, after perhaps changing the order in
which the vertices of G appear in the adjacency lists and perhaps changing
the start vertex to T, we p;rform another depth first search S2 of G.
The question that we would like to consider is whether or not Sl and
S2 correspond to "similar" searches. More formally, we would say that
"similar" DFS are isamporphic DFS, which are defined as below.

Two depth firét searches S1 and 82 starting reépectively from
verticesvrl and T, of an undirected graph G(V,E) are isomorphic when
there exists a permutation £ such that

@ =, = £(ry) and

(11) for every edge (v,w) € E:

(v,w) is a tree edge in S, iff (£(v),f(w)) is a tree edge in S

1l 2°
(v,w) is a frond edge in' s, iff (£(v),£f(w)) is a frond edge in 82.

Clearly, tree edges of S1 are mapped into tree edges of S2 and fronds
of S1 are mapped into fronds of SZ' If two DFS are isomorphic their
corresponding DFS trees are also, but this condition is not sufficieant.

An example is shown in figure 6. Figure 6(a) is an undirected
graph G,v6(b), 6(c) and 6(d) are three distinct depth first searches
of G, with the tree edges corresponding to straight lines and fronds
to curved ones. Clearly, the DFS of 6(b) and 6(c) are not isomorphic,
while those of 6(b) and 6(d) are.

A solution to the problem of finding isomorphism of DFS can be .

based on the following lemma.

16~



(b)

(c) (d)

Fig. 6: An undirected graph and three possible DFS
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Lemma 6.1

Let G be an undirected graph, S, and 82 two depth first searches

1
performed in G. Let Dl and D2 be the TS digraphs- obtained by directing

each edge of G from lower to higher DFS-numbers of its vertices,

respectively. Then S, and S2 are isomorphic DFS of G iff D, and D2 are

1
isomorphic (TS) digraphs.

1

The proof of the above lemma is straightforward and the actual
algorithm is just an implementation of it. Given G and the two DFS
Sl and SZ’ obtain the tree structured digraphs Dl and D2 as above, by
directing each edge of G from low to high DFS-numbers, respectively.
It should be noted that in this way, tree edges of S1 are mapped into

edges that belong to the transitive reduction of D,, while fronds of

1
Sl are mapped into edges that are redundant under transitive reduction.
This means that the DFS tree of Sl corresponds precisely to the
transitive reduction of Dl’ The same of course, applies to S2 and DZ’
respectively. After obtaining Dl and D2 apply the method of section

5 to decide the isomorphism of these digraphs. Finally, S1 and 82 are
isomorphic iff D1 and D2 are so. The running time of the algorithm can
be clearly shown also to be bounded by 0(n+m).

As a consequence of the above'fact, we can establish a further
relation between undirected graphs and tree structured digraphs, as
follows. Let o be the set of all (pairwise non-isomorphoric) undirected
graphs. For each G € o perform all possible DFS. Consider now a
2 of DFS of G, SlR 82 iff Sl’ 52

are isomorphic. Clearly R is an equivalence relation and its

relation R such that for every pair Sl’ S

equivalence classes have the following property:
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Lemma 6.2

There exists a one-to-one correspondence between tree structured
digraphs and the equivalence classes of relation R.

Now we say that an undirected graph G generafes an equivalence class
C of relation R, when there exists a DFS of G which is a member of C.
We can then conclude thatrthe number of distinct equivalence classes
C of R generated by a fiﬁed graph G equals the number of distinct tree
structured digraphs whose underlying undirected graphs are all isomorphic

to G.’

7. Minimal Chain Decomposition

Let D(V,E) be an acyclic digraph. A chain of D is a sequence of
vertices which is a path in the transitive closure of D. The minimal

chain decomposition problem consists of finding a minimal set of chains

which covers the vertices of D. It is known that this problem can be
solved by reducing it to a network flow problem. The basis of a solution
for it is' the well~-known theorem by Dilworth [3], which states that the
minimum number of chains that éover D equals the maximum number of
incomparable vertices of D.

We now restrict our attention to cases in which D is a tree

structured digraph.

Lemma 7.1

Let D be a TS digraph. Then the maximum number of incomparable
vertices of D equals the number of sinks of D.
The proof is obvious. For actually finding a minimal chain

decomposition set {cl, ooy ck} of D we initially determine the transitive
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reduction tree T of D. The first chain cy in the set is a path from
the root of T to any of its sinks. .Next we delete from T the vertices
of Cye This may turn T—c1 into a forest. Choose any tree T' of T-cl

and chain <, is a path from the root of T' to any of its sinks. Delete
c, from T-c1 and apply the same operation to (T-cl)—cz. Proceed so
until the forest becomes empty. Since the deletion of those chains
cannot create new sinks, the total number of chains obtained by the
above process equals the number of sinks of D, which means that

{cl, cees ck} is indeed minimal.

It is also immediate to verify that the set of chains can be obtained
from T in O(n) time and therefore the enﬁire process is bounded by O0(nim).
It should be also Qbserved that the chains obtained by the above
method are in fact paths of D. This means that for TS digraphs D the

| problem of obtaining a minimal set of chains that covers the vertices
of D is equivalent to the problem of findiné a minimal set of disjoint
paths whose vertices cover D. These two problems are clearly the same
when D is its own tramsitive closure, but otherwise may have different
solutions.

As an example, we can see that a solution of the minimal chain
decomposition problem obtained by the described process for the digraph

of figure 1(a) is

{ (Vl’vzsv4) > (V3) ’ (Vs ’VG) ’ (V7) ’ (VB) 1.

8. The Dimension of the Induced Poset

Let D(V,E) be an acyclic digraph. We can characterize the poset
’
induced by D (i.e. the transitive closure of D) through a set of k

topological orderings of D, such that v < w iff v precedes w in all of
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the k orderings, for all v, w € V. In other words, v and w are not
comparable in D iff there are two orderings tl’ t2 such that v precedes
w in tl and w precedes v in tz. The minimum value of such k is the
dimension of the poset. It is an open problem determining the complexity
of finding the dimension of a poset [5]. In this section we consider
the problem of finding a minimum set of topological orderings which define
a poset induced by a TS digraph.

Let T be a rooted tree. In a preorder traversal of T we visit the

root of T and afterwards, recursively visit the sons of T. If those

sons are visited in order left to right, we call it a left preorder;

if the visits are from right to left, we have a right preorder.

Lemma 8.1
Let D(V,E) be a TS digraph and T its transitive reduction tree. If
P;» P, are the left and right preorder traversals of T respectively,
then {pl,pz} is a set of topological orderings tﬁat completely characterizes

the poset induced by D.

Proof
Clearly‘pl, p, are topological orderings of D, since any preorder
traversal of T has this property. Now let v, wE€ V. If v <w, then v
is an ancestorlof w in T and therefore v'precedes w in both pl, p2.
If v, w are incomparable, a simple inductive argument shows that Vv, W
appear in different relative positions in Py and Py
A consequence of the above lemma is the fact that a poset specified
by a TS digraph is necessarily two-dimensional (except of course, the

case p1 =P, which corresponds to the poset being a total ordering).
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And the actual topological orderings {pl,pz} can be obtained in linear.
time. However, similar results have been obtained also for the more
general class of GSP digraphs [15]. As for the previous case of
transitive feduction and closure (Section 4), we mention that the above
solution restricted to TS digraphs is perhaps simpler than that for the

GSP class.

9. An Extension

In the presént section, we show that it is possible to enlarge the
class of digraphs for which the isomorphism problém may be solved using
essentially the ideas of Section 5. Some introductory definitionms are
needed. |

Let D be a digraph (possibly with cycles) rooted at r. Let S be a
DFS of D, starting from r. Denote by BS the set of back edges obtained
from S. Digraph D is then called reducible when Bs is always the saﬁe,
indeéendent of S. Reducible digraphs have been characterized by Hecht
and Ullmagnt7, 8] and they can be recognized in time slightly more than
linear (Tarjan [12, 13]). Now denote by D(S) the acyclic digraph

obtained from D by deleting the edges of BS’ i.e. D(S) is the digraph

(V,E-Bs). A reducible digraph D will then be called - tree reducible
when D(S) is a tree structured digraph. An example of a tree reducible
digraph is shown in figure 7.

If D is an acyclic digraph then clearly B = ¢ and D(S) = D, for
any DFS S. Therefore, the class of reducible digraphs contains all
acyclic digraphs. This means that there is no hope in solving the
isomorphism problem for reducible digraphs, without solving also
isomorphism of general graphs. However, when D is tree reducible, there

is a simple way of verifying it.
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Fig. 7:

A tree reducible digraph
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We recall that the isomorphism of TS digraphs described in Section
5, was based essentially in two ideas:
(1) if D is a TS digraph, there is an efficient way of uniquely
finding a special spanning tree T ( the tramsitive reduction
of D).

(11) all edges (v,w) of D are such that w is a descendant of v in T.

Now, if D is tree reducible, we can also find unique and efficiently a
special spanning tree T (the tramsitive reduction of D(S), for some
DFS S). And all edges (v,w) of D are such that one between v, w 1s a
descendant of the other. In any case, for every edge (v,w) of D if we
fix vertex v, then w can be uniquely determined by its level in T and
by the position of v in T. These ideas lead td the following algorithm
for isomorphism of tree reducible digraphs.

Given digraphs Dl(Vl,El) and DZ(VZ’EZ) rooted at rl and r

2’
respectively:

1. Recognize if Dl’ D2 are in fact both reducible digraphs [13].

Stop in case of negative answer.

2. Perform a DFS Sl for Dl’ rooted at rl. Perform a DFS S2 for

DZ’ rooted at rz.
3. Recognize if D1 (Sl), DZ(SZ) are in fact both TS digraphs.
Stop in case of negative answer.

4. Find the transitive reduction tree Tl of Dl(Sl) and TZ of

DZ(Sz), respectively. For i = 1, 2 let h(wi) represent the
level of vertex v, of Ti' To each vertex v, of Ti assign a
set of labels s(wi) defined by

s(w,) = {h(v,) | (vyow;) €E}
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5. Verify whether Tl, T2 are isomorphic as labelled rooted tfees

1’ T2 So are.

[9]. Dl’ D2 are isomorphic iff T
Clearly if an application of the algorithm stops at 1 or 3, then
Dl’ D2 are not both tree reducible digraphs. Otherwise, it will produce
the correct answer. The time bound of step 1 is slightly more than
linear. The remaining steps can be performed in linear time.
Finally, we remark that all sets s(wi) of lemma 5.1 contained only

integers (levels) smaller than h(wi), the level of w, in T In the

i.
present case, the integers of s(wi) may be smaller or greater than h(wi).

Ther greater omes correspond to back edges entering Wy

10. A Problem

The following problem is related to the class of tree structured
digraphs:

"Given an acyclic digraph D(V,E) rooted at r and an integer k, is
there a DFS of D having at most k cross edges?"

For the two particular cases below, we can find efficient polynomial

time solutions:

1) if k = 0 then the problem is equivalent to the recognition of
TS digraphs (Section 3).

(ii) 41if D is a transitive reduction digraph (i.e. if v < w and
w<z=>(v,z) € E), then the minimum value of k such that
it is possible to perform a DFS of D with exactly k cross

edges is

k = I (indegree (v) - 1)

vir
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Observe that the problem in consideration can be also described as

"find a maximal spanning subgraph of D, which is tree structured".

11. Conclusions
The class of tree structured digraphs has been presented. It is

formed by all acyclic digraphs whose transitive reduction is a. directed

4

rooted tree. Alternative characterizations have also been discussed and -
relationships between the mentioned class and DFS (of both directed and
undirected graphs) have been emphasized, in some different aspects.

Although the isomorphism problem for trée structured digraphs has
been solved in a simple and efficient way, subgraph isomorphism has not
been considered. It would.be interesting to know whether remains
NP-complete, the problem of verifying if a digraph D, contains a

1

subgraph isomorphic to digraph D2, in case where D, is a TS digraph and

1
D2 a directed rooted tree.
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