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Abstract—In an earlier paper, recursive formulas for the causal filtering

=% o two-dimensional random fields were developed. “Causality” in two
S dlmenslonsisnotapbysicalconsu-alntbutmlheranarﬂfact introduced to
- generate recursion, which in turn is motivated by computational efficiency.

Thewﬂerres:ﬂtsmextendedhereluotdertodeﬂvesomemnslve

; fnrmulaslor“smooth!ng"esﬁm%whichuseallthedaﬂntbathan]ust
. the data in the “past”.

I. INTRODUCTION

ET T=[a,, b,]1X[a,, b,] be a rectangle in the plane.
A random field on T is a collection of real-valued

. random variables indexed by points in 7. Suppose that

one observes the random field {£(¢), teTY} which has the

.'-' form

£()=x(t)+n(t), (1.1)
where x is a zero-mean random field to be estimated, and
7 is a two-dimensional white noise uncorrelated with x
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Recursive Linear Smoothing of
Two-Dimensional Random Fields

RICHARD G. OGIER, STUDENT MEMBER, IEEE, AND EUGENE WONG, FELLOW, IEEE

and having spectral density Ny. The object of this paper is
to find an effective means for computing the linear least-
squares estimate of x(f) given {&(s),s€T}, ie, the
smoothed estimate.

The two-dimensional filtering solution in [1] was devel-
oped primarily to serve as a foundation on which a
recursive solution to the smoothing problem could be
obtained. The recursion structure of the filtering solution
is shown in Fig. 1. For two points s=(s,, 5,) and t=(t,,13)
in T, s <t will denote 5, <, and 5, <1;. 4, will denote the
rectangle (s€T: s<t}, and 84, will denote the upper and
right borders of 4,. We shall call 4, the past at f, and
T—A, the future at t. We denote by £(r|t) the linear
least-squares estimate of x(7) given (£(s), s€A,}. Thus
£(r|b) is the smoothed estimate of x(7). By an increasing
path in T we shall mean a continuous function T': [0, 1]=T
such that T(0)=a, T(1)=b, and a < f=T(a) < T(B). In[1]
it was shown that if the process x is modeled by a class of
partial differential equations often so used in the image
processing literature [2], then the filtered estimates {X(7|t),
rE84,, t€T} could be computed recursively for any
increasing path T using the state

%, ={%(z]1), TESA,}.
Note that %, can be considered a random process on 04,

defined by %,(7)=2x(r|t). In this paper we shall show that
if %, is computed for every f on a forward pass on T, then
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Fig. 1. Recursion structure.

the smoothed estimate {£(7|b), tET} can be computed
recursively on a backward pass on I' using a new state
A, ={A,(r), TESA,)} for recursion on the backward pass.
The algorithm is a generalization of the corresponding
result in the one-dimensional case [3].

In the case where I' passes through the point (a,, b,),
the smoothing algorithm becomes one for a function-
valued random process with a one-dimensional time
parameter. The filtering formula for this case was derived
in [4]. An alternate derivation for the smoothing formula
in this case could make use of the smoothing formula ([7],
Theorem 6.20) for random processes taking values in a
separate Hilbert space.

We note that the desire for a recursive solution to the
smoothing problem is due, not to any requirement for
real-time computation, but to the need to reduce the
dimensionality of computation that a “straightforward”
solution of the problem would entail. For example, con-
sider a situation where the observation £(¢) is sampled on
an nXn grid to obtain n* samples. The smoothed estimate
can be obtained by inverting an n® by n® covariance
matrix that requires roughly n® multiplications. In con-
trast, for a diagonal path, the recursive solution requires
roughly 4n® multiplications. Thus there is a potential
reduction of dramatic proportion.

'II. INNOVATIONS REPRESENTATION

For any rectangle A=[s,, f,) X[s,, t,) and any random
field {¥(¢), t€T}, denote the corresponding increment of
V by ;

V(A)=V(t;, 1) = V(11,5) = V(s1, 1) + V(545 53)-

We say that V' is a standard orthogonal increments (SOI)
process if E [F(A)]=0, and

E[V(A)V(A)]=area (ANA),

for all rectangles A, A’. The observation equation (1.1)

may be rewritten in differential form as

Z(dt)=x(¢t) dt+ /N, W(dt) 2.1)

where W is an SOI process uncorrelated with x. The
precise interpretation of (2.1) is that it defines an integral

[£(5)Z(ds)= [ 5(s)x(s) ds+ Vs [ gl)W (),
(2.2)

for all g€L*(T), the space of all real-valued, square-
integrable functions on T. The second integral on the right
side of (2.2) is interpreted in the Wiener sense (see [1]).

Let I denote the Hilbert space, with inner product
{x, y> =Exy, of all real-valued zero-mean finite-variance
random variables on a fixed probability space (2, %, ?).
We shall assume that for each ¢, both Z(r) and x(¢)
belong to JC. Let JCZ denote the closed linear subspace
spanned by {Z(s): s€4,)}. Thus £(7|¢) is the orthogonal
projection of x(7) onto ICZ.

For an SOI process ¥, the subspace I/ spanned by
{(V(s): s€EA,} is equal to the space of Wiener integrals
Ja,8(s)V (ds). Similarly, for the observation process Z, we
have

W = {f g(s)Z(ds): gEL’(T)}- (2.3)
A,
This result is easily proved as a generalization to a similar

result in the one-dimensional case.
For a fixed increasing path I" and any s€T, denote

‘sT=max {teT:5€84,}, (2.4
and define
Z(dt)=Z(dt)—%(t|tT)dt. (2.5)
Defining the error
&(r|t)=x(r)—=x(r|1), (2.6)
we can use (2.1) to rewrite (2.5) as
Z.(dt)=6(t|tT)dt+ /N, W(dt). 2.7)

The process 7:r will be called the innovations process for
the path T.

In one-dimensional estimation, the usefulness of the
innovations process is due to the following properties. 1)
Any element in the linear space spanned by past observa-
tions can be expressed as an integral with respect to the
past innovations. 2) The innovations process has orthogo-
nal increments. We shall see that Z. possesses only re-
stricted versions of these properties which nevertheless
allow a useful innovations representation for (7 |¢).

Using (2.5), (2.7), and the fact that e(7|¢) L (7, we find
that

EZ(ds) Zy(ds')=8, ,Nyds+8 ,rp(s,s’|sT)dsds’,
(2.8)

where §, ,, =1, if s=s5" and zero otherwise, and p is the
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(34). Forresd,, - |
d,g(rle)= [ a(neCale)
S N
+ [ g 01, ua|0)e(ty, iy |0) duy | ity
az

+fﬁh,(t,, H ui)V(dt,, du,)
az

1

VN,

[Co(rs 0y, uale)W (aty, duy),
az

(3:6)
and d,¢(7|¢) is given by the dual equation. The error
equations will play a large role in the derivation of the
smoothing formula.

The filtering error covariances {p(t; u|t), T,uE84,, tE
T'] required by the filtering equations are given recursively
by the following Riccati equations. For 7,u€84, with
T =,

) ‘
20 P(rs Ul =a(rp(ri ulo)
72 ’ ’ 4
'*'f Si(rs uy)p(ty, uy; ult)duy
az; .
+8.,,,.{a‘(u)p(f;ult)
uz i
+ [ A wy)p(rs 1,5 ¢) duy
az N
+ [T s (s )
a

1 £ ’ ’ ’
- I_V}L, (p; tl,uz|t)p(t,, uy; u|t)duy.

3.7)
For 1,u€84, with r, =¢,, (9p(7;u|t)/dt,) is given by the
dual of (3.7). Once the filtering error covariances are
known, (3.4) can be used to recursively compute the
filtered estimates {%(r|t), T€84,, t€T}.

IV. SMOOTHING FORMULA

In this section it is assumed that we have applied the
filtering formula along some fixed increasing path ' and
have obtained the filtered estimates {£(r|t), 7€84,, tET).
The following smoothing formula uses these estimates and
the observations {Z(¢), tET} to recursively compute the
smoothed estimates {x(¢]b), t€T}.

Theorem: For t€T, fEBA,, the smoot.hed estimates are
given by

#(r]b)= x(rm+—-[ (e M)
- ‘ 4"'[' P(f";‘n“z)’\:(’lauz)d"z '

+ j;'lp(‘r; uy, 8|0, (uy, t,) du, . 4.1)

where the processes A,: 5A,—>R are given recursively by

A,,=0 and for €T, ue'o‘A,,

x(u) 8, (WA (w) =8, A, (1)
<) (5 41OMG)
+ [P0, u; wlON (1, 3) diy
+f‘|8|(‘“i"z; ult)X,(u}, t;) duj 'H'l’(“)]’
(4.22)
A(u)—— i (A, () =8, A (1)
—I(u, <tl)[g2(t; ult)A,(t)
+f “galui, tz; ul A (11}, 1) i}
+ [t i wle N (1, 5) +vr(u)],
(4.2b)
where

A(C)=lim A, (u,,1,), -
wtn

A(22)=lim A, (t;,u,),
uxtey

and vy is the white noise derivative of Z. defined by
 vp(u) du=2Z(du). 4.3)

Observe that the state A, = {A,(7), 7E€84,} is computed
recursively by (4.3) as ¢+ moves backward along T. If the
direction in which ¢ moves is parallel to one leg of 84,,
then A,(u) is unchanged for u along that leg. In order to
compute {£(7|b), rET} from (4.1) we do not require all
the computed filtered estimates: only {%(r|7T), r€T}.
Since vy (u) du=Z(du) — %(u|uT') du, we see that the filter-

ing formula requires only the data {X(r|rI'), Z(7), 7€ T}.\

We begin the derivation by using the innovations repre-
sentation of Section II to express each smoothed estimate
%(r]b) as a filtered estimate plus an innovations integral.

Lemma I: For t€T, 71€04,, '

#(rle)=s2(rl)+ 30 [ E[(rlo)e(s1sT)] 2o(as).

(4.4)

Proof: Using (2.13) and (2.14), the smoothed estimate
can be expressed as

#(rlb)= [ k(r;)Zr(ds).

=%(r|t)+ L _ Hm)Ze(ds),  @45)
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for any €T, tET, where
(s 8) s = Exi(x) 22 (d5);
ND

If teT, 7€84,, and s€EA4,

k(; s)ds=-1:70E[x('r){£(s|sI') ds+ VN, W(ds)}]

—A,, we have

1
=FDE[x(T)€(SlSI‘)] ds

=NLOE[e(r]t)£(s|sI‘)] ds, (4.6)

where the orthogonality of e(s|sT") and £(7|¢) was used in
the third equality. Substituting (4.6) in (4.5) yields (4.4).
Q.ED.

. We proceed to derive a recursive formula for the in-
tegral in (4.4). The integrand is the covariance between
two filtering errors: one on 84, and one in 4, —A4,. With
the immediate goal of expressing this integrand in terms
of the filtering error covariances p(t; u|t), 7, u€84,, we
introduce the evolution operator & associated with the
error equation (3.6) and its dual. For t€7T, let C, denote

the space of continuous functions mapping 64, to R. Let’

A be an increasing path, t€EA, and y €C,. Then for rEA,
5,. & C,—C, is defined recursively by

&, [r]=y

‘aﬁd for s€é4,,

- 3 6 L2 15)=0,()

(4.7)

&,.,[r1(s)

l‘%'_-; - + [Cailsinusiin G, [y)(r st ds;, (48)

0

“is given by the dual of (4.8). Hence {5 ‘[ y] gives the state
of the zero-noise error equations at r given that the state
mimy

Lemma 2: Lett,reT witht<r. Theng , has the form

&, [y1(s) =8, (s)y(sA1)+¥,,,(s)(1)
+ [0 s )y () i

E

1 % (5 u)y(ugty) duy,  (4.9)
g;lhere sAt= (min {5, t,}, min {s,, ¢,}), and
4;. y.» L, ®2, have the following properties:
L 8) s€84,29,,,(s)=1,
b) r=tiorrn=t,=y,. ,(s)=0,
c) rn=,=0. ,(s;u,)=0,
L d) r=1,=®2,(s;4,)=0. (4.10)

81

The backward evolution operator &,,, has the form
&y, Ly ](w) =, (1)y(utr)
+ f zq)!l; r(u; SZ)y(rl! SZ)dTZ
az

+ [(92 (u;5)y(s1, ) dsy, (411)

where
r,u=t,
urr=1(r,us), U <t,
(u,r), W<ty

Proof: We first find forms for &,., when r, =¢, and
when r, =1, ie., for the “horizontal” operator &' =
&, ., and for the “vertical” operator 52 it —5!“,,2 "
From (4.7) and (4.8), we have for r{ €[1, ;] and sEBA, e

2B 16 =8, ()61 1)

+ [ (s rfosilrt L)L ALY 1o, s3) sy, (412)
az

where 5 ! 1[ y]=y. Using the method of successive ap-
pronmauons [6], it can be shown that (4.12) has a solution
of the form

grll ::[y](5)=¢1,'_,:2,(5)y(51/\11: 53)

+f QL (53 uy) y(ty, uy) duy,  (4.13)
where
a) sE8A,=¢;2(s)=1,
b) r=1,=®)2(s;u,)=0. (4.14)

A dual argument yields the form for ('5r2 :', which is just
the dual of (4.13) and (4.14). We can now obtain the form
for 5,; , by composing the horizontal and vertical forms,

ie.,

&, [r]=6 [»]]- (4.15)
Substituting (4.13) and its dual in (4.15) gives the form
(4.9). Properties (4.10) follow from knowing that (4.10)
must reduce to (4.13) or its dual under each given condi-
tion. The backward form is obtained similarly. Q.E.D.

We now use & to rewrite the integral in (4.4) in terms of
the filtering error covariances p(r, u|t), T, uE84,.
Lemma 3: For t€T, €684,

2r| lr;
2, '1[6

iy

2(rl)= (710 + 7| o5 10N
+I’ZP(T; ty, uy)A (t; duy)

+f:|p("';"ptz))‘z(f;d“l)]» (4.16)
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‘ Wheré, for HEM,,': S " Defining A, A, A, as in (4.17), we can rewrite (4.20) as
byfby -, 2 : IR 4.16). o . " QED.

Ae.'(t):f lf z‘b.rl';l(s)zl‘(d’_l’dgz) . e . .
' n Jn , With the goal of finding recursive formulas for

w Ao A Ay, we first find the partial derivatives with respect
' '*‘f Yor; (8)Zp(ds), (4.172) to1, and 1, of ¢,,,, ¥;,,» B}, and B2 ,.
A=Ay Lemma 4: Let t,r€T with ¢t<r, and let s€54,. Then

At d“z)=£f'¢:r;:(s|: “z)ir(d'l: du,) %¢,;,(S)= —I(sy > 1))y (sA) &, (), (4.21a)

'*'L Aq’slr;c(-‘; uy)Zp(ds) duy, (4.17b) %xp,;,(s)=—a,(t)¢,;,(s)—¢,2;,(s;t,), (4.21b)
b A 1
Ay(t; duy)= [ 2 (du,, ds 3 N
)= [ Pt e (i, ) LY CIREE PYONTRADINE
2 il . .
B R PRY .
+f, Erdsiw)Zi( ). @17) +8,(63 1 43|, (5)
Proof: Let r>t. By linearity, the state ¢(-|r) of the i 1 /..
error equations at r, given that the state at ¢ is e(-|?), is +ay(ti ) By, (55 15)
e(-lr)=&,, [e(-|0) ]+, [ V(dv), W(dv),vEA, ~4,], +ft; X 0t o
where %,:,isalinear operator. Therefore, for r€484, and ay Bt M2 F 21805 A5 Ha) T2
seAb—A‘, ‘ ' n o, (pz ’ dzvp
Ee(r|t)e(s|sT) ' , +j;' g1(u3s 135 1), uy | )07 (5 uy) dui |,
=Ee(r]0) (&1, Le(-10](s) ' @29
+ ;.. [ V(dv), W(dv), vEA, —A4,](s)} ai ®2 (53 14,)=0
t, ©0 :
=&,r, [ Be(r|0)e(-10)](5) Th' tual ecuations xive the oarial d .
e dual equations give the partial derivatives with re-
=&, [o(r;-10)1(s), | (4.18) q gi P

spect to ¢,.

where the orthogonality of e(7|7) and V(dv), W(dv), vE

) Proof: Let €>0 and let {y, ,€C ,, 7€ —
A, — A, was used in the second equality. Hence

&, 1) +¢)N[a;, b,]} be a family of functions with d, y, , =
Ee(7|t)e(s|sT)=,r. . (s)o(s sAL]t) . 0. It is clear that for r > ¢ and uESA,,

'+¢,r;,(s)p(-r;_t|t) y‘(u)=6t;r[ 5";![}':]](“)‘ (4'22)

+f‘2‘l’:r;:(33 u)o(rs by, uy|t) dity U§ing (4.9) and (4:11) to write out 4.22), .taking 9/ae,,
: az using (4.8), and using (4.22) again, we obtain

' : ' '
+ [0k, (s wdo(r w1yl )duy. 0= [8u,..«.<u)y,(u)+ G u;)dua]
a, az
(4.19) 3 o
Substituting (4.19) in (4.4) and rearranging, we obtain +5’”[ a_‘lgm[y'] ](u). (“.23)

#(r1B)=2(r|) + 3

j:zp(ﬂ ‘1:Szl’)j;bl‘f’:r;r(-’)ﬁr(dsl’ ds,) "‘f’IP("’; Sy ‘z|’)sz¢sr::(5)2r(dfl: ds,)
‘ +P(f; ’I’)j;b'j;bzq’:r;t(s)z‘r(dvl’dgz)"'p(f; ’It)L -4 ¢:P;1(s)2r(dg)

' 193 A ! | A
el [ B fsiu)Ze(@)di + [Corimnl0 [ 0k (s u.)zr(ds)du.].

(4.20)
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: - Subtracting the last term from both sides, applying {'Br; ,to

{ each side as a function of u, using (4.22) for the left side,
®  and writing out both sides using (4.9), we obtain

— \:—;‘t_lq)r: _-(.S'))’;(S/\t) i Eat'—l"’"ru(s)y'(t)

2 0 -
+J;1 EQJ;:(S; uz)yl(ll’uz)dul

;)
: a—t@rz”(s; ul)yx(ul: tz)dul
ay 1
+(I)rz;:(5; t1))’:(‘)]
=¢,;,(s)[r(sl > 1) (SADEAD

t
+ f 2gl(.s'/\t; t, s )y (1, uj) du'zl

a2

+¢,;.(s)[a,(:)y,(r)

az

&

+f 2gl(.t; 1y, uy| )y (2, u3) du‘z]
2

+f cDrl;l(S; uz){al(tl’uz)y:(tl!uz)
a;
t

+f zgl(tl’"2;’1v“’21‘))’:(f1s“3)d“'2] du,
az
5] ») 2 I ’

+ [702 (s w)| [l a3 1 14210)
a; a; .

v, (8, uh) du’z] du,. (4.24)

Since y, is arbitrary, it is easy to show that (4.24) implies
(4.21). Q.E.D.

Lemma 5: The processes A, A;, A, are given recur-
sively by A (b)=A(b; duz)=A,(b; du,)=0, and for €T,
uEdA,, u#t,

d,‘hc(t)= —ay()A (1) dt, —Ay(t5d1y), (4.25a)

83

d, M(t; duy)=— \:al(tl! uy )\ (15 duy)
+g,(t 10, u | )N (1) duy
+ f’zgl(tl’ uy; b uy | A (5 dufy) du,

t
+f 'gy(ufs 123 ty, up |5 d”i)duz] dr,
ay

(4.25b)
d, (15 duy)=0. (4.25¢)

—2r(d’1s du,),

The dual equations give d,z?\c(t), d, M1 du,), and

d, Ay(1; duy).

Proof: The initial conditions are obvious from (4.17).
Equations (4.25) are obtained by differentiating equations
(4.17) using (4.21) and properties (4.10).

Proof of Theorem: Define the process (A, (u), uESA,}

A ()=X(1),
A (8, uy)du, =\(t; duy),
A, (uy, 1) duy =y(15 du,y). (4.26)

Then (4.1) is simply (4.16) rewritten in terms of A,. Equa-
tions (4.2) are simply (4.25) and their duals rewritten in
terms of A, and vy as defined in (4.3). Q.E.D.

by
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