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Multiple stochastic integrals are defined relative to a class of
sets. The c]aséic cases of multiple Wiener integral and Ito integral
(as well as its generalization by Wong-Zakai-Yor) are recovered by
specializing the class of sets appropriately. Any square-integrable
functional of the Wiener process has a canonical representation in terms
of the integrals.
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1. Introduction

Let R denote the collection of all Borel sets inIR" with finite

Lebesque measure (denoted by p). Define a Wiener process {W(A), A € R}

as a family of Gaussian random variables with zero mean and

éw(A)w(B) = u(ANB) - (1.1)
As a set-parameter process, W(A) is additive, i.e.,

W(A*B) = W(R) + W(B) , a.s. (1.2)

where A + B denotes the union of disjoint sets, and intuitively, we can
view W(A) as the integral over A of a Gaussian white noise.

The connection with white noise renders the Wiener process important
in applications as well as theory. Consider for example, the following
signal detection problem. |

A process & is observed on t € T where T is a fixed rectangle in
R", and we have to decide between the possibi]ities: (a) Et contains
a random signal Zt plus an additive Gaussian white noise and (b) &t
contains only noise.

Formulated so as to avoid the pathologies of "white noise," the
problem can be stated as follows: Let {W(A), A € R(T)} be a set-
parameter process, with parameter space R(T) = {Borel subsets of T},
and defined on a fixed measurable space (Q,F). Let P' and P be two
probability measures such that (a) under P' W(A) - J tht is a Wiener
process independent of {Zt’ t €T}, (b) under P W(A) ?s a Wiener process.

Now, let Fw denote the c-algebra generated by the process W, and
let Fh aﬁd Pﬁ denote the respective probability measures restricted to

Fw. If [ szt < ®3 a.s., then P!, << P,, and the detection problem in
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most cases reduces to one of computing the likelihood ratio
'
he ok (1.3)
W
in terms of the observed process W.

Nith respect to the probability space (Q,F,P) (W(A), A € R(T)} is
a Wiener process. Henée, A is a positive integrable functional of a
Wiener process. Computing A in terms of W is a problem that can be
embedded in a more general one of finding representations of a Wiener
functional, which in turn can be embedded (and illuminated in the
process) in a still more general problem of representing martingales
generated by a Wiener process. ;

For a random variable Y that is a square-integrable functional of
a Wiener process {W(A), A € R(T)}, several representations already exist.
The first is the Hermite-Wiener series of Cameron and Martin [1]. The
second is in terms of the multiple Wiener integrals as defined by Ito
[6]. The third is in terms of the Ito integral [5], and it generalization
as defined by Wong and Zakéi [9] and Yor [11]. In the last representation
the concept of martingales plays a crucial role.

For processes with a multidimensional parameter, it is both more
natural and more génera] to define martingales for processes parameterized
by sets rather thanbypoints in R". Let ¢ C R(T) be a collection of closed
sets, let {F(A), A € C} be a family of o-algebras such that
AD>B=F(A) D F(B),Aand' Tet {M(A), AEC} be a set-parameter process. Ue

say that {M(A), F(A), Aec}is a martingale if
E(M(A)|F(B)) = M(B) a.s.

whenever A D B. Let {W(A), A € R(T)} be a Wiener process and denote



Fy(A) = o({W(B), B CA and B € R(T)}) (1.4)

One of the main objects of this paper is to show that under very
general conditions on C, there is a canonical representation of all
square-integrable martingales with respect to {Fw(A), A € C}, and hence
representation for square integrable Wiener functionals. For
¢ = {all closéd sets} the representation reduces to that of multiple
Wiener integrals. For C = {all closed rectangles in]R2 with the origin
as one corner} the representations of Ito, Wong-Zakai, and Yor are re-
covered. These tﬁo are in a sense limiting cases, and between them
lies a vast spectrum of choices for C, giving rise to an equally large
array of representations for C-martingales and Wiener functionals.

The key to these representations is to define multiple stochastic

integrals of the. form

[ oty stpnnennty) Hdty)... Mt
7
where ¢ is (in general) a random integrand C - adapted in a suitable
sense to be defined later. The integrand in such a stochastic integral
is then identified as a certain density of conditional moments.

Next, formulae are found for transformation of multiple stochastic
integrals under two operations. The first is a projection formula for
the projection of a multiple stochastic integral onto LZ(Q,FW,P)
(equivalently, this is é formu]a for the conditional expectation of a
multiple stochastic integral given FN’) The second is an jterated
integral formula for expressing multiple stochastic integrals defined
relative to C in terms of stochastic integrals defined relative to

another class of sets C'.



Finally, the transformation formulae are applied to the signal
detection problem noted above. The projection formula is relevant
since the 1iklihood ratio is the projection of the Radon- Nikodym
derivative %%i, and the iterated integral formula is relevant as a
first step towards a stochastic calculus in a general framework.

Portions of this paper appear in [4]. This work is an outgrowth
of ideas first introduced in the dissertation [3]. The present paper
is self-contained except for the ommission of two technical proofs for

which the reader is referred to [4].

2. Multiple Stochastic Integrals

Let C be a collection of closed subsets of a fixed rectangle T in
R". Given sets Aj,A,...,A € R(T), we shall define their support

relative to C to be the following subset of C:

Sa Az_.Am'=ﬂ{B:BEC and BNA, # # for 1 < i < m} (2.1)

1
with the convention that if no such sets B exist then the support is
taken to be all of T. Also, the support of the empty collection of
sets (i.e. m=0) is simply the intersection of all sets in C and is
denoted by S. (Note that S=ST). It will be assumed that the support
of any collection of sets.A1,..,Am € R(T) 1is contained in C. This
assumption can be met’by enlarging a given collection of sets C.

If t]’tZ"”tm are points in T, their support will be written as

St]tz"tm . We say t]’t2""tm are C-independent if no point is con-
tained in the support of the remaining ones.

For C = {all closed sets in T}, Stltz"tm is just {t],...,tm} so
that C-independent means distinct. For C = {all convex sets in T},

the support of m points is their convex hull and the points are
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C-independent if and only if they are extreme points of their convex

hull. When T CIR:'_ and C = {Rt : t € T} where R, denotes the closed

rectangle bounded by the origin and t, then St ty..t is the smallest
1°2° " "m

set in C which contains t]’tZ""tm'

Another example is when T CIRQ and C is generated by {Qt : t €T}

where Q, = {s €T : s; < t, for some i}. Then for tstys. st €T,

S = U R, . Moreover
m : .
C = §21Rti P m < 4w and-t],tz,..,tm €T}

For this example, m points are unordered if and only if they are pair-
wise unordered.

Let T™ denote the subset of C-independent points in ™. For a
given collection C, m may be vacuous for sufficiently large m. For
example, if C = {Rt} is the collection of rectangles bounded by the
originand t €T CIR_':, then T is empty for m > n. That is, no more
than n points can be C-independent. In the extreme case C = {T},
™ is empty for all m > 1.

For a subset A of T define B(g,A) to be the set of points in T of

Euclidean distance at most ¢ from A. For ¢ > 0 define the e-support

relative to ¢ of Aj,Ay,...A € RY(T) by

SAA. A = SB(e,A )B(e,A,)..B(eA )

172 'm €% 2R e BPAES Ryt
(-)

and let SATAZ“Am

A]’AZ""Am' Note that the e-support of A1,A2,..,Am increases to

S(') as ¢ decreases to zero and S(') is contained in the

A1A2"Am A1A2"Am

support of A]’AZ""Am‘

denote the union over all € > 0 of the e-support of



Let (Q,F,P) be a fixed probability space,- let {F(A) : A € R(T)}
be a family of sub-o-algebras of F which is increasing in the sense
that A CB implies that F(A) C F(B), and Tet {W(A) : A € R(T)} be a
Wiener process such that Fw(a) C F(A) and Fw(Ac) is independent of
F(A) for all A in R(T), where Fw(A) is defined by equation (1.4). These
conditions are true, for example, if F(A) = Fw(A) for all A.

We shall assume the following conditions on C and {F(A) : A€ RY(T)}:

(c1) For every collection of rectangles A]’.Z""Am such that

m o
I A, c ™,
i=1

u(A. NS Yy=0
i A1A2..Am

(cz) For each m > 1, the mapping
t = (t] ’tZ""tm) '\)St

is a continuous map from T™ to the collection of compact sets under
the Hausdorff metric:
p(A,B) = (max min [x-y| + max min |x-y|) ; (2.2)
x€A yB XSB yEA

(c3) For every collection of rectangles A],Az,..,Am in T,

V' OF(SE
e A .a ) T FSp i a)

Since Fw(A) C F(A) for all A in R(T), condition (c3) implies the
following condition:

(cé) For every collection of rectangles A],Az,..,Am in T,

u(s s y-0 .
AjAy. A TOALR, LA (2.3)

and if Fw(A) = F(A) for all A then conditions (c3) and (cé) are equivalent.
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Condition (c3), as well as condition (cz), is a continuity condition.
Note that since the sets in C are closed, condition (cz) insures that
T is an open subset of T in the relative topology on ™,

For a C satisfying conditions Cq - C3s We shall define multiple

stochastic integrals of order m

6 o W= f 6, W(dt,)..H(dt )
Tm

for integrands ¢(w,t),(w,t) € Q x M. satisfying

(h]) ¢ is F x uM-measurable
(hz) For each t € T" 4 is F(St)-measurable.

(hg) I E¢% dt <
.’[‘.m

The space of functions satisfying h] - h3 will be denoted by Li(Qx?m).
Call ¢ atomic if ¢(w,t) = a(w) IA(t) where I, is the indicator

ne=as

function of a producf of rectangles A = Ai such that A C T". Two

i=1
atomic functions

d(wst) = alw) I(t) ,AcT"

(2.4)

e(wst) B((ﬂ) IB(t) » BC ?p

are said to be comparable if each pair (Ai,Bj)lis either equal or dis-
joint module sets of zero Lebesgue measure, and similar if m = p and

(31’32""’Bm) is a permutation of (A]’AZ""’Am)' Call ¢ simple if
g

¢ = ¢, and each ¢, is atomic.
S k

For an atomic function ¢ define



m
¢ow=aH]MM) (2.5)
i=

So defined, ¢ o W" has the following property:

Lemma 2.1. Let ¢ and 6 be comparable atomic functions in Lg(ﬂx?m) and

Lg(nx? ) of the form (2.4). Then
E(¢od™) (8oWP) = 0 (2.6)

unless ¢ and & are similar. In the latter case,

def

E(ooW™) (6oW™) = J B8, dt = ($,0) (2.7)
?m
where ¢ denotes the symmetrization of ¢, i.e.,
$t = %T ) ¢H(t) » I(t) = permutation of t . (2.8)
I

Proof: First, assume ¢ and 6 to be similar. Then

. _ m
(0oU™ (8ol™) = ag T W2(A,)
i=

and of is measurable with respect to F(SA A A ). Therefore, condition

]2"'"‘]
= implies that

EL(goW™) (6oW™) |F(S
L(oW™) (oo™ | F( A],\2”,,‘“])1

m
af I
i=

E wz(Ai)
1

m
o I ]J(A.i )
i=]

and (2.7) follows.

Next, suppose that ¢ and 6 are comparable but not similar. With no

loss of generality assume m > p. Consider two possibilities:
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(a) There exists a Bj (say B]) such that

m
B, "[U A, US 1=9
10NN T AR

(b) For every j <p

m
By LY A VSan,..a 1?0
For case (a), let
m p
R IR [ Y S T LS

Then, with probability 1

EL¢oW™) (0eWP) |F(D)] = o8B E W(A,) ?x W(B.)[EW(B{)] = 0
=tV j=2

and (2.6) is verified.

For case (b) we shall prove that SAlAZ"Am :)SB Since

B QOB '
1°2°°"p
¢ and © are comparable but not similar and m > p, there must exist an
Ai(say A]) such that u(A]fWBj) = 0 for every j. Hence, w(A1) is in-

m p
dependent of aB HZ w(Ai) il w(Bj) and (2.6) is again proved.
i= j=1

To prove SA A ..A :>SB B...B for case (b), let D € C be any set

172" m 172°"7p
such that

D f‘Ai # ¢ for every i

then, D 2 S : by definition. The defining condition for case (b)
A1A2..Am

implies that for each j

either B, NUA. # ¢
J i 1

which implies Bj = Ai for some i

which in turn implies D N Bj # o
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. N
which implies D N Bj Fo.

Therefore,
DN Ai ¢ for every i =D N Bj # ¢ for every j

and thus indeed SA}AZ.WA oS

o
m B]BZ'°Bp°

Lemma 2.2. For atomic functions ¢ and 6 that are not necessarily

comparable, we can write

K

¢ = kzl Oy (2.9)
)

B = 0
=1 A

where o> o, are atomic and the set {¢k,ex} is pairwise comparable. For

any atomic ¢ and 9 in Fg the isometry

E(¢oW™) (eoWP) = Sp () (2.10)
holds.
Proof: ¢ and 8, being atomic, are of the form

dp=al
A]xAzx..xAm

6=R1 :
B]szx..pr

where A]’AZ""Am’B]""Bp are rectangles in T. Since a union of
rectangles is always a union of disjoint rectangles, there exist dis-
Jjoint rectangles D1,Dz,..,Dq such that each A, or Bj is the union of

some of the Dv‘s. Hence (2.9) follows, with
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¢, = ol
k Dk-]kazx..kam

6, =B 1
A Dxlxszx.. xDAp

where Dki c Ai and DA' C Bj for every i and j. It follows that a is

J
F(Sny }-measurable and B is F(S
Dy1Pk2- - D 031052 -0y

k and A. From lemma 2.1 we have

)-measurable for each
m

o™ Py = b .0
(8™ (0,07) = 8, (4.8
and (2.10) follows from the bilinearity of ¢ ). n

Lemma 2.3. Under conditions Co and C3 the subset of simple functions
is dense in Lg(Qx?m).

A proof of this result is given in appendix A of [4].

Theorem 2.1. There is a unique linear map denoted by ¢ o W™ of

¢ € Lg(nxfm) into the space of square-integrable random variables such

that

(a) For an atomic function ¢ = o I,

m

poW =0l W(Ai)
i
(b) Symmetry:
oo WM = gowl

(c) Isometry:

E(¢oW™) (0oWP) = (9,0) Snp

Proof: First, any simple function ¢ is by definition of the form

K
o= ) ¢k’ where ¢k are atomic. Bilinearity of ( > then implies the
k=1

isometry property (2.10) for simple functions ¢ and 9. Let ¢ be any function
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from Li(ﬂx?m). Lemma 2.3 implies that there exists a sequence {¢(n)}

of simple functions such that

()L2
n a
o ==

Hence, {¢(")} is Cauchy. The isometry property (2.10) then implies that
{¢(“)owm} is mean-square convergent as a sequence of random variables,
and we take the limit to be ¢ o WM.  Verification of the properties

follow from the isometric property in a straightforward way. =

Remark: Observe that the isometry property of the multiple stochastic
integral implies uniqueness up to equivalence of the integrand. That is,

ifooW' =6 o W' then

Y oxn2 PP YA _
lgp-0l° = I E(¢t-et) dt=0.
?m

Let {(¢°wm)B, B € C} be the set-parameterized process defined by
m = o
(4eii")g = o1 g o W"

We shall call (¢°wm)B the indefinite integral of ¢ o W,

Proposition 2.2. The process {(¢°wm)B, F(B) : B CC} 1is a martingale.

Proof: It is enough to establish the proposition when ¢ is atomic. Let

¢ = al . Then for B €C,
A1xA2x..xAm

=3

E(¢oW"|F(B)) = E(c

H(A,) |F(B))
i=1

m
Bl I WA F(BUSy o g )IIF(B)
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m
E(oz.II

N(Aif\B)lF(B))
i=1

E(a|F(8)) T H(A; NB)
i=1

Now since BEC, ifA, NB#0 for 1 <i<mthen BDS and in
, i ' - = A]AZ"Am

that case E(a|F(B)) = o a.s. On the other hand, if A; NB = @ for some

n
i, then .H

: N(AifﬁB) = 0. Hence in either case
j=

m m
E(a|F(B)) I W(A;NB) = a T W(A,NB) = (¢oW"),
i=1 i=1 !

Thus, {(¢°wm)B, F(B) : B € C} is indeed a martingale. R

3. Integrands as Moment Densities and a Projection Formula

The isometry property of the multiple stochastic integrals can be
given the following interpretation. Suppose that for each m > 1 and
t € T" that {¢m,k(t) : k > 1} is a complete orthogonal basis for the
space of square integrable, F(St)-measurab1e random variables, and
suppose that ¢m,k(t) is a symmetric function of t. Then, formally, the
isometry property of multiple stochastic integrals means that the set

of "incremental" random variables

{Qm,k(t)u(dt.l )w(dtz)..W(dtm) :m Z 0’ k ->_ 1, t e fl‘.m}
‘ (3.1)
is an orthogonal collection of random variables which are also orthogonal

to the F(S)-measuréb]e random variables. (Of course, the increments
dt, in (3.1) are "outward" from St.) This fact is reflected in the next
proposition which states that the symmetrized integrands are uniquely
determined as moment densities. The completeness property proven in
Section 5 formally means that the collection of variables in (3.1) together
with the F (S)-measurable variables are complete in LZ(Q,FW(T),P) if
F(A) = F,(A) for all A in R(T). |
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Proposition 3.1. Let y € Lg(ﬂx?m). Then for t € ?k,

ECN(dt, W(dt,). . H(dt,) v o WPIF(S)1/dt,dt,..dt, = miy(t)s

(3.2)
in the sense that the linear functional

f~E [ f(t)w(dt]')w(dtz)..N(dtk) Yy o WM

sk

T .
defines a symmetric finite signed measure on the c-algebra of subsets of

Q X ?k generated by C-adapted atomic functions, the measure is absolutely
continuous with respect to P x uk measure, and the Radon-Nikodym

. . . |
derivative is m.yamk.

Proof: In view of the definition of Radon-Nikodym derivatives,
Proposition 3.1 is simply a restatement of the isometry property of the

multiple stochastic integrals. H

In the following proposition, Lz(Qx?m,Fw(-))is defined in the same
way as Lg(ﬂx?m) except with the o-algebras F(A) replaced by FN(A) for
all A € r(T).

Proposition 3.2. (Projection formula) For each y € Lg(QX?m) there is a

; € Lg(gxfm,Fw(-)) such that

v(t) = E[¥(t) |F,(S,)] for a.e. t €T (3.3)
and for such vy and all1 A€ C,

ELyeW" |F(A)] = (3 W™ (A) (3.4)

Proof: By the completeness of multiple stochastic integrals in

LZ(Q,FW(T),P) (see Proposition 5.1 below) and the fact that
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Eﬁyowmle(S)] = 0, there exists a collection {¢, : k > 1} with
o € Lg(Qx?m,Fw(')) such that °

E[Y°wm|Fw(T)J = kif] d)k ° wk .

Now by Proposition 3.1 with F replaced by Fw,

ELW(dt, JW(dty) . . W(dt, JELyoW" | Fy (T)]|F,(S,)1/dt dt,. .dt, = kig, (t)

so that
ELW(dt, JW(dt,) . .W(dt, Jyol" |F,(S,)1/dt,dt,. . dt, = kig,(t) (3.5)
on K.

Comparison of equations (3.2) and (3.5) reveals that

8 (t) = E[Y(t)8  [F(5,)] a.e. t & T

k

Thus $k(t) =0 for a.e. t €T" uniess k =m. So if ? is defined by

~

Y
A

O then ; satisfies equation (3.3) and equation (3.4) is true for

T. Since each side of equation (3.4) is martingale relative to
{FW(A) : A €C}, (3.4) is thus true for all A € C. Finally, since v
is uniquely determined on m up to a set of P x um measure zero by
equation (3.3), any ; € Lg(Qx?m,Fw(.)) satisfying (3.3) also satisfies

equation (3.4). _ o

4. Nested Classes of Sets C and the Iterated Integration Formula

Let C and C with ¢S é be two classes of sets which each satisfy
conditions ¢, - c3 for a Wiener process {W(A) : A€ R(T)} and a
collection of o-algebras {F(A) : A € R(T)} as in Section 2. A dot
above (or above and to the right) denotes definition relative to é o)
that, for example, ét denotes the é-support of t and T denotes the

collection of é-independent points in ™,
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An important example which is exploited in the next section is
when é is any class satisfying conditions ¢y - Cq with F(A) = Fw(A) for
all A € R(T), and C is the collection of all closed sets. Anothef
natural way in which nested collections of sets C arise is given by the

following propositions.

Proposition 4.1. Let C satisfy conditions ¢y - S5 Suppose that
t= (t]’tZ""tk) € Tk is fixed and define a subcollection Ct of C by

C, = {Ce Ct : {t]’tZ"”tk} cC}

Then ct also satisfies conditions c] - c3.

Proof: See Appendix A.

Theorem 4.2. (Iterated integration formula) Suppose that C and é each
satisfy conditions ¢; - c; and that C € C. Then for 6 € Lg(Qx?m) the
class-C stochastic integral 6 o W™ can be represented as a sum of

class-C integrals:
m m o m m k
eow=E[eow|F(s)]+§(k)¢k6w (4.1)
k=1
.2 k-
where the integrands ¢ € La(QxT ) satisfy

¢k(t) = (a(tx-)I.ﬁ_k) ™k for ace. t e T, (4.2)
St
For each fixed t the integral on the right side of equation (4.2) is

defined relative to the collection of sets Ct’

Proof: Let II6 denote the transformation of 6 by a permutation of its

arguments. Suppose for some permutation II that

e = al
A]x..xAm
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- Al;n )
where Ai Cr(T), A]x..xAm CT", o is a bounded F(SA Am) measurable

1°°%
. 2k -
random variable, A1x..xAk CT' and Ak+1’Ak+2""Am C SA1A2"Ak . Then,
symmetry implies that
m m k
BoW =T0 oW =[ac I W(Ai)] I w(Ai)
' i=k+1 i=1
_ k

where for t € T%°

h(t) = I (t)[ol S
k A1x..Ak Aka..xAm

[me(tx-)1. ] tymko
s@‘

The isometry property of multiple stochastic integrals relative to ¢
implies that both k and the two sets {A]’AZ""Ak} and {Ak+1’Ak+2""Am}

are unique. The integer k is unique because otherwise we would have
E(eeu™?2 = E(h, 34<) (hoWk) = 0 .

The collection {A1,A2,..,Ak} is unique because otherwise we would have
8 oWl =h oW =g oW

~ o~

and hkgk

n

0. It follows that

I Lme)(tx)I. () 5 ™Ky 5wk

k!(m-k)! & o W™
k

m! Oy o W

where ¢, is given by equation (4.2). Hence

8 o W™= (Mo, & u¥
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which is just equation (4.2) for the given 6. In appendix B it is
proved that linear combinations of such 8's are dense in Lg(Qx?m). The
proof of the theorem is then completed by an application of the isometric

property of the stochastic integrals. : R

5. Completeness of Multiple Stochastic Integrals and an Exponential

Formula

The iterated integration formula is applied in this section when
one of the classes of sets C consists of all closed subsets of T and
F(A) = FW(A) for all A € R(T). The associated integrals are then
multiple Wiener integrals. Let }m denote the set of m-tuples of
distinct points in T and~for 8 in LZ(}m) let & = W™ denote a multiple

Wiener integral of order m.

Proposition 5.1. (Completeness of multiple stochastic integrals)

Let C be a collection of sets such that C and {Fw(A)} satisfy
conditions ¢ - C3- Then every square-integrable Fw(T)-measurable

random variable Z has a representation of the form.
z=E[Z|KS)]+ [ Z o " (5.1)
m=1

where Zm o W" are stochastic integrals defined relative to C and

S=NC:CeC}.

Proof: The proposition is well known [6] in case C consists of all
closed subsets of T, for then the integrals are multiple Wiener

integrals. Since by the iterated integration formula any multiple
Wiener integral can be represented as a sum of multiple stochastic
‘integrals relative to the smaller class of sets C, Proposition 5.1

is true in general. , o
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Proposition 5.2. For f in LZ(T), define

tyatye ot ) = n] f(t,) (5.2)
1-
and set
W (£,A) = (?%w%A | (5.3)

If C and {Fw(A)} satisfy conditions c then for A € C,

1%
(Fsa) ¢ T (M [ (£,5.) o WK
wm(f=A) = Nm(f:Jqé) + kZ](k) [ (') wm-k 9./ ° ]A (5.4)

*k

Proof: Observe that f is symmetric and

*K -
F(tyatyeenaty) = Pt at) TRt gseest )
Hence, equation (5.4) for A = T is obtained by applying the iterated
integration formula to express the multiple Wiener integral wm(f,T) in

terms of stochastic integrals relative to C. Then equation (5.4) is

true in general since each side is a martingale relative to {FW(A) : Aec}.

Proposition 5.3. Let C and {F(A) : A € R(T)} satisfy the conditions of

Section 2. Then if either f € L2(T) or if f is a bounded function in

Lg(QxT) define

L(f.A) = exp((Fol)y- 3 (F2op),) (5.5)

where (f2°u)A denotes the Lebesgue integral of fz over A. Then for
Aec,

L(f,A) = L(f,STA) + °2° o [FCIL(F.S.) o WM, (5.6)

Proof: Suppose first that f € L (T). For multiple Wiener integrals

(c={all closed sets}) equation (5.6) reduces to
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L(f,A) = °f T (£,h) (5.7)

which is well known [6]. For the case of general C, we use (5.4) in

(5.7) and write

L(F,A) = 1+ z L (F,50m) + z M [, (£.5.) « 1)
1

8

L(f,SM) +

1 %k
k kT 3

o~
He~3 8

1 k
ﬁT'wj(f’s') o W1y

1 j=0

L) + T o [L(F.s0) o Wk,

which establishes (5.6) for f in L2(T). The equation (5.6) can then be

extended to bounded f in Lz(ax?) by an approximation argument (see [4],

Proposition 3.2). o

6. Change of Measure and Liklihood Ratio Formulas

Let {W(A), F(A) : A€ R(T)} on (Q,F,P) and a collection of sets C
satisfy the assumptions of Section 2. Suppose that P' is another
probability measure on (Q,F) which is mutually absolutely continuous
relative to P and is such that the Radon-Nikodym derivative ar’ ; is

dp
P-square-integrable and has the representation

dp' _ -rdP' v o Wl
a9 - E[ ap l F(S)] + mZ] 'Ym W (6.])

in terms of C-stochastic integrals. If L(A) denotes the Radon-Nikodym
derivative of (P' restricted to the o-algebra F(A)) relative to

(P restricted to F(A)) then {L(A), Fw(A) : A € ¢} is a martingale with

the representation

L(A) = E[SE-| #(s)] + z (v, W™ (B).
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Now replacing y by Y in each side of equation (3.2) and summing

over m yields that for eachm > 1 and for t € ™,
E[W(dtl)w(dtz)..w(dtm)L(T)IF(St)]/dt]dtz..dtm = mly (t) .

Dividing each side of this equation by L(St) and defining
= l~ i
rm(t) m.ym(t)/L(St) yields that

E'[N(dt])W(dtz)..w(dtm)IF(St)]/dt]..dtm = rm(t) . (6.2)

where E' denotes (conditional) expectation relative to measure P'.

Thus, the Radon-Nikodym derivative L(A) for A € C has the representation
LA) = BB RS)T + T L [(r ()L(s.)) o W™ (6.3)
dp =1 ™ m ) A ’

where the functions i have been identified in equation (6.2) as the
density of conditional m-th moments of W under measure P'.

Next, define A(A) = E[L(A)IFw(A)]. A(A) is called a 1liklihood
ratio. By an application of the projection formula to each term on the
right side of equation (6.1),

M) = (90 F)T + L (5 W™ (A)

dP W m=~| m
where the integrands §m GiLg(Qxfm,Fw(-)) satisfy

Y (t) = E[Y_(t) [F ()] a.e. t €T7 | (6.4)

Now A(A) is the Radon-Nikodym derivative of (P' restricted to FW(A))
relative to (P restricted to FW(A)) and thus (A(A),FW(A)) has the same
structure assumed of (L(A),F(A)). Thus, if ;m is defined by

~ - ~ _ Am
rm(t) = m!ym(t)/A(St) for t = (t],tz,..,tm) €T then

Fm(t) = E'[W(dt)W(dty). . W(dt ) |F(S,)]1/dt,dt,. .dt_ (6.5)
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and the 1iklihood ratio A(A) for A € C has the representation
dpP' T m
MR) = ELGrlFy($)] + T gr Lr()MS. )y (6.6)

Also, comparing (6.2) and (6.5) (or using equation (6.4)) yields that

?«m(t) = E'[r (t)|F(Sy)] a.e. t€ fm (6.7)

Remark: Equation (6.3) (resp. equation (6.6)) can be viewed as an

integral equation for L(-) (resp. A(*)) in terms of the moment densities
" (resp. ?m) and the Wiener process. As shown in examples below, it is
sometimes possible to explicitly solve these equations (also see [2], [7]

and [8]).

Since the measure P' is thus at least formally determined by the
functions {rm}, it should be possible to express other moments under
measure P' in terms of {rm}. In this direction, we consider next
moments as in equation (6.2) but with S; replaced be a larger set.

Let é be another class of sets with é C ¢ so that the assumptions
of Section 2 are also satisfied by {W(A), F(A) : A € R(T)} and é. The
notation introduced in Section 4 will be used in what follows.

By the iterated integration formula for C-stochastic integrals in

terms of b-stochastic integrals, equation (6.1) yields that

1 Pl . «© ]
& = g9 F(S)T + Loy uk (6.8)

where the é-adapted integrands ;k satisfy

k.

%k(t) = msz(E) (;m(tx-)lém_k) EwmK forae. tE€T (6.9)

t

Now equation (6.8) is the same as equation (6.1) with C and {Ym :m > 1}
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replaced by C and {Ym :m> 1} Thus, {L(A) : A €C} and ;m can be
defined relative to é in the same way as the corresponding quantities
were defined relative to C. In particular, equation (6.2) yields that

for t € T™ R
E'[N(dt])w(dtz)..W(dtm)IF(ét)]/dt]dtz..dtm = r (t).

That is, ;m is a conditional moment density for W under P’ Just as "
is, except that St is replaced by the larger set ét'
Multiplying each side of equation (6.9) by k!/L(ét) yields that

hrm&tefk,
' 1S t . m-k '
k L(St) ek (m-k)1 tx-''m Sg k

This equation represents the moment density ;k in terms of the moment
densities {r_ : m > k}, the Wiener process, and L. Of course a similar
representation holds for ék in tennsof'{;k : k > m}, the Wiener process,
and A.

At this point more structure will be assumed on the Radon-Nikodym

derivative %ﬁ; . Suppose that {Z(t) : t € T} is a bounded, measurable
process such that Z(t) is F(St)-measurable for each t € T. Then it will

be assumed that, in the notation of Proposition 5.3,
& -z (6.11)

. *m . .
Thus L(A) = L(Z,A) and rp = L. By equation (6.7), the moment density

?m in the 1iklihood ratio representation (6.6) satisfies

ro(t) = E'[ZN(t)[F(s)] a.e. t €T (6.12)

Therefore ;m is now actually a conditional m-th moment rather than just

a moment density as in (6.5)
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The assumption (6.11) arises in a detection problem for which a
signal is observed in white Gaussian noise. Indeed, define a process

{X(A) : A€ R(T)} by
X(A) = W(A) - (Zou)(A)

Then trivially W(A) = X(A) + (Zoﬁ)(A), and the. following proposition

is true:

Proposition 6.1. {X(A) : A € R(T)} is a Wiener process under P' and for

each t € ?m’ the collection of random variables {X(A) : A N St = @} is

P'-independent of F(St).

Proof: It suffices to prove that for t € Tm, if A]’AZ""Ak are disjoint

rectangles contained in T - S, and if G5055- .50 are bounded, F(St)-

measurable random variables, then E'® = 1 where

©
]

exp(Jo X(As)- 5 Jadu(A,)).
i i
Define a function h on @ x T by h = Jo,I, . Then
i

t
exp(hoW+(hZ- % h2) op) (6.13)

O
n

t
where h °o W is a stochastic integral defined relative to the class of sets

C;. By the fact that L(Z,St) = E[%%;lF(St)] we have

E'[o|F(Sy)] = E[eL(Z,T) |F(S,)1/L(Z,S,) = EQeL(Z,T-5,)|F(S,)]
(6.14)

Now the integral (ZIsé) oWin the definition of L(Z,T-St) can be defined
t
relative to Ct with the same result as its definition relative to C.

Thus, using equation (6.13), equation (6.14) becomes
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E'[o]F(s,)] = E[LE(h+z14c,T)|F(s,)] (6.15)
t

where Lt is defined in the same way as L except relative to the class of
sets Ct instead of C. Finally, by the martingale property of Lt

relative to the class of sets C, (which contains St), the right side of

¢

equation (6.15) is equal to Lt(h+ZI c,St) =1. Thus E'¢ = 1. u

St

Four examples are considered in the remainder of this section.
First, let a €R" be a fixed unit vector (i.e., lall=1) and let Ha denote
the half space {t €R" : (t,a) > o). Then the collection C = {H_NT}
is a one-parameter family of sets such that T™ is vacuous for m > 1.
That is, two or more points are always C-dependent. For this choice of
C if %ﬁ; has the form (6.1) then Yy = 0 for m > 2 so that the structure
assumption (6.11) is then also satisfied for Z = R In this case the

1ikelihood ratio formula given by equations (6.6) and (6.12) reduces to
MA) = 1+ [Z(-)MS ) o W], , AEC
and an application of (5.6) yields

A(A)

L(Z,A) = exp{(ZoW- 5 Z2ou),} , A€ C (6.16)
where

2(t)

E'(Z(t) |Fy(sy))

1]

B (Z(t) | Fy(Hy oy T)

In this case we see that the 1ikelihood ratio is expressible as an
exponential of the conditional mean.

For the second example take C = {all closed sets} and assume that
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equation (6.11) holds for some bounded C-adapted process Z. Then for

- m
t=(t ,tm)GT R

'l’t2"'

(Zt],ZtZ,..,Ztm) is F(St)-measurab1e. (6.17)

By our standing assumptions on the o-algebras, F(St) is independent of

FW(SE). But for this example
St = {t]’tzsoo’tm} (6.]8)

so that, up to events of P-measure zero, Fw(Sg) = Fw(T). Thus the
processes Z and W are P-independent. This implies that Z is identically
distributed under P and P'. Then, again using (6.18), A(St) = 1 P-almost

surely and 'm = P where P is the m-th moment
pm(t1,t2,..,tm) = E[Z(t])Z(tZ)..Z(tm)]. (6.19)
Thus, equation (6.6) becomes
T 1 m
A(A) =1 + mZ] nr (pmnw Y(A). (6.20)

Equation (6.20) provides a martingale representation of the 1iklihood
ratio for the "additive white Gaussian noise" model under very general
conditions. In'tﬂe one-dimensional case, it was recently obtained in
[8].

For the next example let T be the unit interval [0,1] and, for

k.Z 1, consider the class of sets
k _ .
c = {[O,t]] U {tzgt39-o ,tk} . 0 i t] i . i t

Relative to Ck, ifO<t, <t, <.. <t

< <t < _<_1then

m
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{t1,t2,..,tm} ifm<k

- (6.21)
t]tzoot =

m (b aqorestt VIOt 11 if m> K

S

A ]
and 7" is vacuous for m > k. Now suppose that for each k > 1, %%; has

a representation of the form (6.1) relative to C = Ck. Let r; denote

the mEﬂ order moment densities when C is equal to Ck. Then by (6.21),

it is clear that r; = r% P x um,a.e. on [0,1]m if k and j are each

larger than m. Thus, we can define functions o by

_ ok |
rm(t],tz,..,tm) = rm(t],tz,..,tm) for some k > m

and
- .m
Y‘m(t-l ,tzgoa,tml[O’t]]) = rm(t-l,..,tm)

Moment densities ;m are defined analogously. Thus

ro(tyatysen st ) = E'TH(dE) W(dt,) W(dt )I/dt, dt,. .dt_

and

ro(Eptyee oot [[0,8,1)= E'LH(dE, H(dt,) . H(dt ) |F, ([0,t,1)]/dt dt,.

€ T. Then by (6.21),

_ rrd?P

1ifk<m
k -
t1t2"tm) = 4. P a.s.
A, ifk>m
m-k+1

A(S

if t] < t2 < .. < tm.

Thus, equation (6.6) for the 1iklihood ratio when C = ¢™ becomes

t tt
n 2.,
A = 1+ [ Rytputaey) + [ [yt e utat Gaey) + .
00
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. j Pty st (0,8 (AL, H(dt,). H(dt ) (6.22)
0

and the moment equation (6.10) when é = Cm and C = Ch+1 becomes
- t
-~ At]rm(t],..,tml[o,t]]) = Y‘m(t],..,tm) +IATrm+‘I ('Tst'l"'O thl[o’T])w(dT)'
-0
(6.23)

]
Now suppose that %;L-Asatisfies (6.11) where {Zt : t €T} is bounded

and Ck-adapted for all k > 1. By reasoning similar to that in the

second example, the processes Z and W must be independent under P'.

Thus

byt 00,4102 E'LZ, 2, .2, | Fy([0,¢])]
and

rm(t]"”tm) = pm(tl"”tm)

where Py is the m-th moment defined in equation (6.19). Defining

~

Z, = E'[Ztle([O,t])], equations (6.22) and (6.23) for m = 1 become

t
A= 1+ [ A7) (6.24)
0
and
t
AZ, = E[2,] + J AETZ,2 P[0, 1) IN(er) (6.25)
0
respectively .
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Note that equation (6.25) is a well-known representation for the
first "unnormalized" conditional moment ZtAt' Using Ito's formula for
one-parameter process, equations (6.24) and (6.25) together yield a

representation for the conditional moment Zt = (Atzt)/At itself. As an

-1
t

derived via Ito's formula. In constrast, in the setting of a general

intermediate step, an integral representation for A would also be

class of sets C, a suitable analogue of Ito's formula is not yet
available. Such a formula might provide, for example, an analogue of
the moment equationl(ﬁ,lo) for ;k which does not contain the factor
1/L(§t). (An instance of such equations is provided in [10].)

For the final example suppose that T is a rectangle in R" with
u(T) = 1, suppose that {W(A),F(A) : A € R(T)} is as in Section 2, and

consider P' defined by

dp' _ 2
ap = ¥(T)

In terms of multiple Wiener integrals,

a1+ 1m0

so that the moment densities " corresponding to C = {all closed sets}

are given by ry = sz. Also,
L(R) = 1+ [W(A)? - u(A)1.

Now let é be a class of sets satisfying the conditions ¢y - C3- Then by

the moment equation (6.10), the moment densities ;m satisfy
ry(t) = W(S,)/L(S,)

rp(tsty) = 1/L(S,)
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and ;k =0 for k > 2. Thus, in terms of C-stochastic integrals,

B = L) + (LI D 3 W+ (LS () 5 W2,
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Appendix A

Proposition 4.1 is proved in this appendix. For the proof fix

k

tE€ T and let é = Ct. Clearly for subsets A]’AZ""Am of T,

S =S :
_A]Az..Am A]Az..Amt]tz..tk

so that conditions Cy and Cq for é are immediatelconsequences of these
conditions for C. It remains to establish condition ¢, for c.

To begin we will establish that

T“"cg seE™:sxte™J and t (s )"} (A.1)

SXT

where the union is over all t = (T],Tz,..,Tj) such that

{T]’TZ""Tj} - {tl’tZ""tk} and s x t denotes the point
(51’52"°’Sm’T]’TZ""Tk) in T™K, To see (A.1) suppose that s € T .
Then s is contained in any of the sets on the right side of relation
(A.1) which correspond to a minimal subset {Tl’T2’°"Tj} with satis-
fies SSXT = Ssxt' This establishes relation (A.1).

Now by relation (A.1) if € > 0 then

?l'm'Ct,EJ{s et :sxteT™ ang d(t;,Sg,.) < € for 1 < i <k}
' (A.2)

where d denotes the usual Euclidean distance Between subsets of T, and
the union is over T as in (A.1).

Now choose any product of rectangles A = A]x..xAm so that A € T™,
Since each of the sets in the union on the right side of relation (A.2)
is open (by condition c]), the set A can be expressed as a countable
union of sets of the form B = B]x..me where B, ,B .,Bm are rectangles

‘I’ 2"
such that
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BC{se€T":sxte T and d(t;.S.,.) <& for 1 <i <k}

(A.3)

for some T as in relation (A.2), and where 1 depends on B. Condition

Cq for C applied to such B implies that
u(Bif\SBXT) =0 forl1<iz<m. (A.4)

By relation (A.3) it is clear that S o ngt’ and since B C A we also

Bxt
have that ngt - Szxt’ Thus (A.4) implies that u(Bifﬁsixt) = 0 for

1 <1 <m, and since A; is a countable union of such sets B,,

€ _ .
u(AiﬂSAxt) =0 for1<i<m.

Now sending € to zero and applying condition Cq for C shows that

u(AiF\SAxt) = 0. Finally, since SAxt = SA’ this establishes condition
¢4 for C = Ct‘ _ "
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Appendix B
Let C and é with C D é each satisfy conditions ¢y - ¢35 Let Im
denote the collection of subsets of Tm of the form A]x...xAm such that

each A, € R™(T) and for some permutation I,

1) An(l)”"’AH(k) are C-independent, and

2) AH(k+1)""’AH(m) C‘SAH(1)AH(2)"'AH(k) .

Define im,relative to C similarly. The purpose of this appendix is to

prove the following proposition:

Proposition B. The linear span of {aIB :B € im, B € ?m, a is bounded,

A ) meas.} is dense in Lg(nx?m) for each m > 1.
172" "'m

Proof: Consider the following two conditions:

(b]) There is a countable subcollection of Im which covers T" a.e.

(bz) There is a countable subcollection Ig of disjoint sets in Im

which covers ™ a.e.

By a sequence of lemmas it is shown below that condition b] is

satisfied and then that condition b] = condition b2 and finally that
condition b2 (but with Ig replaced by ig) implies Proposition B.

Lemma B.1. .
m A -
U U To{(x,y) : x€ T'Q; y € (Sx)m 2} =M (*)
2=1 NEP(m) =

Proof: Let g = (q],...,qm) € T", Choose a permutation

p= (p],".,%g = n(q],...,qm) so that for some £ with 1 < ¢ < m,

S. =S #S ° for1 <i <8



where "Bi" denotes that P; is to be omitted. That is, the permutation
is choosen so that Pyse+«sPy is a minimal set from Qqsee -Gy with the
same support as CIETRRFL NS Now Po+12° "+ Py €S since

p1,..-spg
Qyse-qp € ;S.= S

p],...,pi
To show that q is contained in the left side of (*), it remains to
show that Pys---sPy are C-independent. Now, if Pys.--sP, Were not

C-independent, then P; €S for some i. Then

p],'..,pi’...’pz

{Aec : p]""’pze.A} = {Aec : p],-.-,pi?.-.,pzeA} .

Intersecting all the sets contained in this collection of sets yields

that

S =3 -
p]’.."pﬂ, p],ooo,pi,-no,pg

which contradicts our choice of Pysee«sPy- Thus Pys-«-sPy are
C-independent so that p, and hence g, is contained in the left side of

(*). ' "
Lemma B.2. Condition b] is satisfied.

Proof: Let Ig denote the subsets of ™ of the form A]x...xAm such that,

for some I € P(m) and some £ > 0,

a) An(]),..,An(z) are C-independent, closed rectangles whose vertices

have rational coordinates in TC IR", and

b) Pp(ga1) = -+ = Ang(m) = SAH“)AH(Z)...AH(,L)

Then Ig is a countable subset of Im and
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m An
U AP U U To{(xy:x€ET",y€ (S,(('))m'z}
AT 2=1 IEP(m) -

= U U To{(ty :x€T, ye(s)™h
N 2=1 TIEP(m) =
5 NP . - U ) V) n -] S B.]
- where
Spg = (xy) € Th y e (s )™ - (s

" "The first term on the right side of (B.1) is equal to T" by Lemma B.1.
| ~Thus, to complete the proof it must be shown that um(sm 2) = 0 for all
Wimzlmdlizim

By condition Cos
F,= {(xy) txe T, ye (s5™h

is a closed subset of T2 X Tm'z which increases-as € decreases to zero.
Since S| , = Fy = U F, it follows that S| , is a Borel subset of T'.

>0
By condition C3» the section

S m-1
{y: (xy) €5, 1 CT

of S, , at x has Lebesgue measure zero for a.e. y € ™

Hence, by

Fubini's theorem, um(sm 2) =0 forl<2<m n

Lemma B.3 Condition b] implies condition b2.

Proof: Let F],Fz,... be a countable subcollection of Im which covers
i-1

T a.e.. Then the disjoint sets Di = Fi - U Fj i > 1 cover ™ a.e..
j=1
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We claim that for each i > ] there is a finite collection of disjoint

n.
U D... Condition bz is then

sets Di],...,D. in I such that D

1n i J=] ij
satisfied with I {D 121, 1<J<n;}. It remains to prove the
claim.
By induction, it suffices to establish the claim for i = 2. Now
r
= c_
F] = A]x...xAm for some Borel sets A],...,Am CT. Thus, F] = j:ﬁ Kj

where K],...,Kr are disjoint and each Kj is the product of m Borel

subsets of T. In fact, F} is the union of all sets of the form

B]x...xB such that B, = A, or B, = A? for each i1 and such that B. = A9
m i i i K i
for at least one i, and these sets are disjoint. So D2 U KJ N F2
j=1

The sets K N F2 are d1sgo1nt sets in I as requ1red S0 the claim is

estab11shed . H

Lemma B.4. Condition b2 with Ig replaced by ig implies that the linear

A ) measurable} is

span of {alp : B € im, B C T, « is bounded, F(3,
].CO m

dense in Lg(Qx?m).

Proof: Let F = F]x...me where each Fi € R™(T) such that F € ™ and

let o be a bounded, F(SF F o F )-measurable random variable. If
. 12" m . A
A= A]x..xA € Id then B = A NF satisfies B € I and B C Tm, and o is

F(Sp

1°
By cond1t1on b2 with Id replaced by Id

alg = ] alpypa.e. in T,

NEIm
Since the linear span of functions of the form alF is dense in
Lg(nx?m), the lemma is established by considering sets of the

formB=ANF, u
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A nF )-measurable since C-supports are no smaller than C-supports.
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