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Errata

1. Delete: from the last line on pg. 9 to end of section 4.2.

Replace by:
We know that )
Ry(0) = é%-fjm.SY(w,z)dm (4.7)
Define ?t as the process produced by fiTtering
1 : 0w € [wy,w,+ ], w, € [w_~.w_ _-Aw]
¥, by H(ju) = i T 7m0 e (4.8)
0 : elsewhere
Then,
~(0) = 4 s. )
Ry(0) o SY(w],z)Aw : (4.9)
1 . .
= E;‘Q(Jw],Z)Q(lesZ)*Aw _ (4.10)
?t is a Gaussian random vector, thus
- - 1 1 T eyl
Pe (¥) = —F7— 17z expl- 7 ¥ Ry(0) 'yl (4.11)

t (2m)

Now, by (4.10), R?(O) is Hermitian and positive definite, hence so

. det(Ry(O))

is RV(O)']. Thus,

yRG(0) Ny > 1y15 A (R(0)7)

and,
(R"(O)'l) = ] 1.z 4.12
"win M VO Sq(uy 2017 B
So,
yRg(0) Ty > 1y1? 1 . 2n (4.13)
2 51a(du,,2)1° A
Thus,

. .
Y
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where
vy(doy,2) = 30Q(Jy2)1° - 52 (4.15)

We know that

m
det(Ry(0)) = ()" - X [o; [Q(dwy»2)11% (4.16)
So, o
. v, (o2 500021
K(jwy»2) = 977 " h (4.17)
det(Ry(0))° g .
Y n 0,[Q(Jw;52)]
| A i=1 !
Now, by (4.14) and. (4.17),
Px () < K(jwq,2) ‘ expl- ¥ Iyt —1—
Y - 1 m/2. ;. m/2 2 2 V. _(Jwq,2)
t (2m) Vy(Jw] ,2) . y©ol (4.18)
So, if Py (i)(yi) is .the density in the ith output channel, then, Vi
-t
. . 1 1 2 1
Py (i)(y;) < K(jw,,2) expl- 5 * ¥§ * T Gw) ]
Yt 1 1 /2“ . vy(jw]’z) 2 1 Vy Jw] 4
(4.19)
Thus, i

E[?ii)ZJ i K(j(ﬂ-l,Z) : vy(jw]’z) = K(jw] sz)a'[Q(jw] :Z)]z * 'g'w,'?

(4.20)
So, if (4.2) is.satisfied, (4.20) gives an upper bound on the noise

power, due to Uy at w = 0 € [wno’wnc]’ in any plant-output channel.

2. Delete: Equation (5.7) and the next three lines

Replace by:

ev{12] < K(juy»2)3E(1-PQ) (Juy,2)17 + B2 (5.7)

S[(1-PQ) (Juy»2)1"

where K(jm],z) = » and wy € [wdo’mdc]

01[(I-PQ)(jw],Z)]

=3

i=1



So, if (5.2) is satisfied, (5.7) gives an upper bound on the
noise power, due to do’ at w = o € [wdc,wdc] in any closed-loop
system-output channel.

3. Delete: Equation (6.5) and the next three lines

Replace by:

erv{?] < max K(u,z*)3L (1-PQ) (d,24)1° + 52 (6.5)
WS

where

K(jw,2) ;= mBE(I-PQ)(jw,z)Jm

T o;[(1-PQ) (0,2)]
i=

So, by (6.5), solution of (6.1)-(6.3) gives a minimal upper bound

on the noise power, due to do’ in any closed-loop system-output channel,

at any w € [wfo’wch‘
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ABSTRACT
This paper proposes a design ﬁethodo]ogy for unity-feedback 1inear
multivariable systems with stable plants. A purely algebraic technique
shows that the set of all closed-loop I/0 maps are parametrized by a
matrix Q, and the exponentially stable feedback systems with strictly

proper controllers are globally parametrized by all strictly proper

and stable Q. Having chosen a set of such Q's, themselves parametrized
by z = (z],...,zm)T, the design parameters z],...,zm are then chosen by
solution, on a computer, of an optimization problem with inequality
constraints. The problem is formulated so that the design satisfies
certain practical limitations, which in effect place bounds on the
design parameters.

Specifically, examples are worked out, showing how to avoid plant
saturation by noise or signal, and how to desensitize the closed-loop

response to additive output disturbances or plant perturbations.

Research sponsored by the National Science Foundation Grant ENG78-09032-A01.



I. INTRODUCTION

The problem of designing MIMO linear time-invariant finite-dimensional
feedback systems has a substantial literature. The well knoﬁn paper of
Youla, et al., was the first to give a parametrized family of designs
[You. 1]. Recently, for the case of stable plants, Desoer and Chen
proposed a very convenient and flexible design method for unity feedback
systems [Des. 1]: we shall exclusively use this method in this report.

This investigation is motivated by the fact that all linear design
techniques fail to consider certain practical limitations: for example,
bounds on the size of the design parameters. .

We propose to express some of these limitations as inequality
constraints in a nonlinear programming problem. Using a computer
implementation of an appropriate method [Bha. 1], and appropriate objective
functions and inequality constraints, the computer determines the best
feasible design in the parametrized family.

The effects we intend to consider by use of the inequality constraints
are:

(1) avoidance of plant saturation by noise

(2) Desensitization of closed-loop response to additive disturbances
at the plant output.

(3) Desensitization of closed-loop response to perturbations
(or modeling error) in the plant.

(4) Avoidance of plant saturation by input signal.

The nonlinear programming problem will be solved by the method of
Bhatti, Polak and Pister [Bha. 1]. In Appendix A, a summary of this

method is given.



The organization of this paper is apparent from the listing of the
contents:

I. Introduction

II. Summary of Design Algorithm

III. General Formulation of the Optimization Problem

IV. Design for Avoiding Plant Saturation by Noise

V. Design for desensitization to Output Disturbances and Plant
Perturbations

VI. Design for Desensitization to Output Disturbances and
Avoiding Plant Saturation by Noise

VII. Design for Avoiding Plant Saturation by Input Signal

VIII. Conclusions

Figures

Appendix

References

Notation:

a := b means "a denotes b" R := field of real numbers; € := field
of complex numbers; R, := set of nonnegative real numbers; ¢+,
(C_) := set of complex numbers such that Re z >0 (Re z < 0, resp.).
For any set A, AN denotes the class of all nxn arrays with elements
in A, and A denotes the interior of A. Thus E_ denotes the open left
half-plane. Ep(s), (Gp’o(s)) denotes the class of all proper, (strictly
proper, resp.), rational functions with coefficients in €. R(0),
RO(O)) denotes the class of all elements of mp(s) (Gp’o(s) resp.) that
are analytic in C,. If d(s) is polynomial, 3d := degree of d,
Z[d] := set of zeros of d. If P € R(s)™™", Z[P] := set of zeros of

transmission of P, P[P] := set of poles of P. For any A € mmx",



olA]

any A € E!(s)mx", yj[A] denotes the jth column of A, and ayj[A] denotes

omax[A], the maximum singular value of A, [Stew. 1]. 'Also, for

the largest degree difference between numerator and denominator among the

m rational functions in yj[A].

II. Summary of Design Algorithm

We consider the unity feedback configuration of Fig. 2.1. We

define:
K= R(s)™" B = R(0)™™
A = mp(s)“"‘"' B, = Ry(0)™" (2.1)
A = mp,o(s)'""“'

From Fig. 2.1, assuming P, C (I+PC)'] € A, we obtain

c(1+pc)™  -cp(1+cp)”!

Hy, = . . (2.2)
Yo lpg(r+pc)”! p(1+cp)”!
and
-1
= (I+ 2.3
Hyzdo (1+PC) (2.3)
Also, define
Q := C(I+PC)™! (2.4)
Then,
-QP
H y s | (2.5)
Yo |pq P(I-QP)
and
= I- (2.7)
Hyzdo I-PQ

Theorem [Des. 1; Thm. 1, p. 410]: For the configuration of
A 2x2 '
. . c
Fig. 2.1, if P € IBS, CEA, Hyu A="", then



2%2

s andCEAS

Q€ ]BS Mg Hyu € B
Now, using the design algorithm of Desoer and Chen [Des. 1], we

find a strictly proper controller such that:

(1) The closed-loop unity-feedback configuration (2.11)
of Fig. 2.1 is exponentially stable.

(2) The 1I/0 map- Hyzu'l is decoupled and strictly (2.13)
proper.

(3) In each diagonal element of Hyzu_l(s), the poles (2.15)

and zeros [in addition to the € -zeros of P(s)], can be

specified by the designer.

2.1. Design Algorithm: [Des. 1, p. 412]
Data: P(s) € 120(0)-mxm

Step 1: Obtain right coprime factorization of P(s):
- -1
P(s) = Nyu(s)D,.(s) (2.17)

m>Xm
where Npr(s), Dpr(s) € R[s]

Step 2: Calculate [61(5) Bz'(s) Bm(s)] = Npr(s)'] where
Bj(s) € R(s)™ denotes the jth column

Step 3: If Npr(s) has no C_-zeros, set nj+(s) =1, ¥s, for j = 1,...
else choose monic polynomials nj+(s), Y1 < j < m, where for each j,

nj+(s) is of least degree and such that
B;(sIng,(s) € R(s)" is amalytic in ¢, (2.19)

Step 4: Choose the polynomials ?ij(s), V1 <j<m, and dj(s),
Vi<j<m, in
n, (s)n.(s)| m
Hy, . (s) = diag| L
211 3 =1

(2.21)



such that for 1 < j < m,

o
a) Z[dj] ce (2.23)
b) ﬁj(s) is chosen freely (2.25)
- -1
c) adj > anj+ +ong + 8Yj[P ] (2.27)
Step 5: Calculate the required controller
) 1. n. m
C(s) = D, (s)N ()™ diag 33T§§355T§T i (2.29)
where nj(s) = nj+(s)ﬁj(s), Yi<j<m (2.31)
Remarks: _
- o
(1) By Step 3, P[Q] = PINJH, . 1 C C_ and, by Step 4, Q is
pryty” -

strictly proper. So Q € IBS, and by the theorem, (2.11) follows
(2) In this paper, we will always choose:

a) ﬁj(s) =1, ¥s, ¥s, ¥1 <j<m (2.33)
b) dj(s) to be a Butterworth polynomial (2.35)

with bandwidth 23 ¥1 < j <m. The vector z = (z],zz,...,zm)T will be
the design vector for the nonlinear programming problem.

2.2 Example 1 (no ﬂ:_'_-zeros): Consider

: 2485 +10 35 +7s+4 2x2

= —— € 0
P(s) (s+2)"(s+3) 2s + 2 352 +9s + 8 RO( )

(2.37)

which has a right coprime factorization

(s) ()_1 s+t 3|[s2e3sra 2|7
P(s) = N_..(s)D_ (s =
(8= Nor (=100 12 3|| 2 s+
and
206] = 20N, ] = 2[det N, 1 = (-2} C C_ (2.39)



-I 3 -3

-1
Npr(S) ® 3(s42) 2 s ' - (2.41)
We choose n]+(s) = n2+(s) = 1. Then
3¢249548 -(3sz+7s+4;
Q(s) = == his) 2! (2.43)
s) = , .
3(s%2) | p(s41)  sS+84+10
d; (s) dz(S) _
- To satisfy (2.27), we choose ad] =2, ad, = 2, i.e.,
s .2 s
di(s) = (2—9 + M@(E—Q +1, fori=1,2 (2.45)
i i
Thus,
H.  (s) = diag[=— L C (2.47)
Yoy d,(s) * dy(s) :

We have been careful to choose H (s)l _n = I, so as to have good
A Yauy s=0
output disturbance rejection at low frequencies.

2.3 Example 2 (P has a ¢,-zero): Consider [Des. 1, p. 412]

) ] 348 25246542 € 7 (022
P s) = -————1?————— . R 0
(s+2)"(s+3) sz+65+2 3sz+7s+8 0

which has a right coprime factorization

2 -1
3 2| |s43s+4 2
P(s) = N_(s)D_(s)} = (2.49)
pre—=p s2 3 2 s+4
and
z[P] = Z[pr‘] = z[det NPY‘] = {2.5} C E+ (2.51)
Now

( )_1 ] '1.5 ]
N.. (s =
pr $-2.5 |g.5(s+2)  -1.5

(2.53)



We choose n]+(s) = n2+(s) = -0.4(s-2.5)

r552+ZS;8 -(252+55+2;1
d, (s d,(s)
Q(s) =0.2| ! 2 (2.55)
-(sz+6s+2) 3s+8
d](s) dz(s)
To satisfy (2.27), we choose ad] = ad2 =3, i.e.,
d.(s) = (i)3 + Z(i)(2 +2(2) +1, for i =1,2 (2.57)
1 z; z; z; ’ ’ *
Thus
= (- .. | s-2.5 s-2.5
Hyzu](s) ( 0.4)d1ag[§](s) s dz(Si] (2.59)
Note that H " (s)l = I, in this case also.
Yt =0

Remark: In each nonlinear programming problem of this paper, we will
give two examples - based on the plants specified by (2.37) and (2.49),

using (z],zz)T as the design vector.

III. General Formulation of Optimization Problem
The nonlinear programming (optimization) problem, with functional

inequality constraints, is defined as:

min °(z) (3.1)

z
subject to:

max ¢3(z,u) <0, § €3 (3.2)
W0 -

g(z) <0, je€u (3.3)

2

where:

3o = {12,000,
Jy = {1,2,...,L}
2 = [wgw ] C R

z € RP is the design vector



Assumptions:

(A1) . RP » R, gj : RP > R, JjE€ Jz’ are continuously
differentiable in z. (3.6)
(R2) ¢ : RP x R > R; o ¢ (z) > o¥(zaw), § €0, are.
continuously differentiable. (3.7)

Remark:
The method of solution is a Phase I - Phase II feasible directions

algorithm [Bha. 1]. For an explanation of the algorithm, see Appendix A.

IV. Design for Avoiding Plant Saturation by Noise

4.1 Problem Formulation

We propose the following problem:

m m
min -{ § wyz Jwith y we =1 (4.1)
z i=i i=1 v :
subject to:
ofQ(Jw,2)] < Lyp» Yo €9, @ = [ 0 ] (4.2)
z; > b;, where by >0, V1 <i<m (4.3)

Clearly, (4.2) is in the form of (3.2).

4.2 Justification

We justify the use of (4.2) as follows:

tet N, = (NN, ™), wnere n{1), £ >0, 1 <1 <m
are independent white noise processes. Apply Nt at Uy in Fig. 2.1.
Let Yt be the vector-valued process seen at ¥-

Then
SY(O),Z) = Q(jwsZ)SN(w)Q*(jN,Z) = Q(jw,z)Q*(jw,z) (4.6)

since SN(w) = I, for Nt as above.

As is well known, [Stew. 1]



5[0(3w,2)1% = 1Q(ju,2)Q*(ju,2)1,

and since

1Q(Jw,z)Q*(jw,2) 1, > 1Q(jw,2)Q*(jw,z)1_
it follows that

51Q(ju,2)1% > max s{9)(w,2) (4.9)

So, if (4.2) is satisfied, (4.9) gives an upper bound on the noise
power spectral density in any channel at the plant input over the frequency
band of interest.

4.3 Example 1 (based on Example 1, section II)

The values used in (4.1)-(4.3) were:

Wy = 0.8 Ln = 2.5. W T 0.1 b] = b2 = 1.8

= 0.2 w =50 (4.10)

w2 : nc
Also, the initial bandwidths, z?, zg were chosen as z? = zg =1,

i.e., 20 - (l,l)T.
Figure 4.1 details the behavior of z as it converges to z* (the
approximate solution to (4.1)-(4.3)), which is:

2.52
z* = (4.12)
1.80

0

Figure 4.2 contains plots of o[Q(jw,z)] for z = z°, and z = z*,

over [.1,50]. Note that max 6[0(jw,z)]| z L
weR z=z*

0
The resulting compensator (substituting (4.12) in (2.29)) is:
: Z0 (3s%49548)  Tpor (3sP47s44)
C(s) = m : ‘ (4.13)
-2.95 (5. 1.52 .2
51356 (25%2)  gygleg (s748s+10)

-10-



4.4 Example 2 (based on Example 2, section II)

The values used in (4.1)-(4.3) were:

Wy = 0.8 L =3.5 =0.1 by=b,=1.8

n “no
w2 = 0.2 ®ne = 50 (4.15)
o a,nT.

Figure 4.3 details the behavior of z as it converges to z*,'which

N
|

is:
2.26

z* = (4']6)
1.80

Figure 4.4 contains plots of o[Q(jw,z)] for z = zo, and z = z¥%,

over [.1,50]. Note that max 3[Q(jw,z)]lz=z* L.
N =]

The resulting compensator (substituting (4.16) in (2.29)) is:
[-5.77(3s%+7s+8)  2.91(2s2+6s+2)]
$°44.52549.72  $°43.6s+5.57

5.77(s%+6s+2)  -2.91(3s+8)
| s%+4.52549.72  s°+3.65+5.57

7/

C(s) = ¢ (4.17)

Remarks:
The compensators (4.13) and (4.17) are such that:
(1.) (2.11) and (2.13) are true
(2.) (4.2)‘is satisfied

V. Design for Desensitization to Output Disturbances and Plant Perturbations

5.1 Problem Formulation

We propose the following problem:

m m
min{ ¥ W,Z;)with 1 Wy =1 (5.1)

z \i=1 i=1

subject to:

-11-



G[(1-PQ)(Jw,2)]1 < Ly, YwEQ = (040224 (5.2)
23 > by, where by >0, ¥1 <i<m (5.3)

5.2 Justification

We justify the use of (5.2) as follows:
(1.) For Densitization to output disturbances
Define a vector-valued stochastic process Nt as we did in section IV.

Apply Nt and d0 in Fig. 2.1. Let Y_ be the vector-valued process seen

t
at 7%
Noﬁ,
-1
H = (I+PC) ' = I1-PQ (5.6)
Y24,

Thus, reasoning as in section IV,
SL(1-PQ) (d,2) 1 > max 503 (w,2) (5.7)
J .

So, if (5.2) is satisfied, (5.7) gives an upper bound on the
noise power spectral density, in each channel at the closed-loop
system output, over the frequency band of interest.

(2.) For Desensitization to plant perturbations.

Consider the unity feedbaék system of Fig. 2.1. Assume it is

exponentially stable. Let P be perturbed into P (and Hyzu] into

ﬁy u )} such that the closed loop system remains exponentially stable.
271
Define

:= H - H 5.8

AHyz"l Yy Yahy (5-8)

AP := P-P (5.9)

then [Saf. 1],

-12-



M+ H' = (1-PQ)AP . BT (5.10)

Y44 2%
since [Stew. 1],
ﬂI-PQﬂ2 = g[I-PQ]

then

18R, |+ KOV (Gw,2)l, < GL(1-PQ)(jwsz)] + 1AP « P~ 1 (jw,2)l,, Y € 0
. Yoy 2 — 2

Y2t
(5.11)
So if (5.2) is satisfied for Ly << 1, it follows that
H ; 5=1,.
Mwy]'®f#WJw2«"M.P Umn%,meg (5.12)

Thus, the closed Toop I/0 map from up toy, is insensitive to
perturbations in the plant, over the band Q.
5.3 Example 1 (based on Example 1, section II)

The values used in (5.1)-(5.3) were:

W = 0.8 L,=0.3 =0.01 by =0b,=0.5

d Ydo 1 "2
W = 0.2 wye = 0.5
D=0,

Figure 5.1 details the behavior of z as it converges to z*,
which is:

2.38
z* = (5°]4)
2.38

Figure 5.2 contains plots of o[(I-PQ)(jw,z)] for z = 20

» and

z = z* over [0.1,5]. Note that ggé 6[(I-PQ)(jm,z)]lz=z* z Ly
The resulting compensator is:

) 67 3249548 -(3s2+7s+4)

s(s+2)(s*3.36) | _(2642)  s%4gs+10

C(s) = (5.15)

-13-



5.4 Example 2 (based on Example 2, section II)

The values used in (5.1)-(5.2) were:

Wy = 0.8 L,=0.6

d =0.01 by =0b,=0.5

w
do (5.17)

0.2

0.5

Wa U4

Figure 5.3 details the behavior of z as it converges to z*, which

is:

2.48
z* = (50]8)
2.48

Figure 5.4 contains plots of o[ (I-PQ)(jw,z)] for z = zo, and
z = z*, over [.01,.5]. Note that max 6[(I-PQ)(jm,z)]|z=z* Ly
N=9] '

The resulting compensator is:

2 2
-(3s"+7s+8) 2s"+6s+2
Cls) = —5—L% ) (5.19)
s(s"+4.96s+12.3) |s"+6s+2 -(3s+8)
Remarks :

The compensators (5.15) and (5.19) are such that:
(1.) (2.11) and (2.13) are true
(2.) (5.2) is satisfied

VI. Design for Densitization to output Disturbances and Avoiding Plant
Saturation by Noise

6.1 Problem Formulation

We propose the following problem:

min{max o[(I-PQ)(jw,z)]: w € Q = [wfo,wfc]} (6.1)
Z w

subject to:

-6[Q(Jw,2)] < L s WwEQ = [o 0 ] (6.2)

z; >bys by 20, V1 <i<m (6.3)

-14-



6.2 Justification

By (4.9), (6.2) gives an upper bound on the noise power spectral
density in any channel at the plant input, over [wno’mnc]'

Now, let z* be a solution to (6.1)-(6.3). Define the stochastic
processes Nt and Yt as we did in section V. Then, by (5.7),
max o[(I-PQ)(j »z*)1% > max 59 (w,2*), Ww € @ (6.5)

=YY f

wEQf J
So, by (6.5), solution of (6.1)-(6.3) gives a minimal upper bound

on the noise power spectral density at Yy in Fig. 2.1, over

[wfo’wfc]'

By solution of (6.1)-(6.3), we also minimize the sensitivity of

the closed-loop sinusoidal steady-state response to plant perturbations.

This is clear from (5.11).
6.3 Example 1 (based on Example 1, section II)

The values used in (6.1)-(6.3) were:

Weo = 0.01 Ln = 2.5 W0 = 0.1 b] = 2.1

Wee = 0.5 Woe = 50 b2 = 1.7

2=,

Figure 6.1 details the behavior of z as it converges to z*, which

is:

2.10

Z* = (6.7)
1.95

Figure 6.2 contains plots of o[(I-PQ)(jw,z)] for z = z0

» and
z = z* over [.01,.5]. For this design,
max{E[(I-PQ)(jm,z)]lz=z*: w € Qc} = .367.
Figure 6.3 contains plots of o[Q(jw,z)] for z = zo, and z = z2*,

over [.1,50]. Note that max G[Q(jw,z)],z=z* =L
weR

-15-




The resulting compensator is:

~
so300s (3s%9s48) LIS (35%47544)
_ 1
C(s) = W (6.8)
g (25%2) 575 (5 +85+10)
6.4 Example 2 (based on Example 2, section II)
The values used in (6.1)-(6.3) were:
wee =0.01 L =6.0 w =01 b =3.1
wee = 0.5 we =50 b,=2.5
= (1,1)7

Figure 6.4 details the behavior of z as it converges to z*, which

is:
3.10

2* =

2.87

Figure 6.5 contains plots of o[ (I-PQ)(jw,z)] for z = z

z = z*, over [.01,5].

max{&[(I-PQ)(jw,z)]lz=z*: w€Qc} = 547,
Figure 6.6 contains plots of o[Q(jw,z)] for z = 2

(6.10)

0, and

For this design,

0

, and z = z*,

over [.1,50]. Note that max G[Q(jw,z)]iz=z* L.
we

The resulting compensator is:

_14.9(3s%+75+8)

11.8(25%465+2)

$%46.25421.5
C(s) =

0 |-

14.9(s%+65+2)

s°+5.745+17.7
(6.11)

-11.8(3s+8)

| s%+6.25421.5

Remarks:

$°45.74+17.7

The compensators (6.7) and (6.11) are such that:
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(1.) (2.11) and (2.13) are true
(2.) (6.2) is satisfied, and an upper bound exists for

8[(I-PQ)(jw,z)]‘z=z* over Q.
VII. Design for Avoiding Plant Saturation by Input Signal

7.1 Problem Formulation

Consider the signals: v](t) and vz(t) as shown in Fig. 7.1.

In Fig. 2.1, denote ul(t)' € IRZ, y.l(t) ¢ R as:
(t) t (t) ) (1)
u.(t) = y,(t) = .
L O ¥12(t)

Let u]](t) = v](t), ulz(t) = vz(t), Yt > 0. Call the zero-state
response to this input il(t). Similarly, let u]](t) = vz(t) and
u12(t) = v](t), and call this zero-state response §](t).

We propose the following problem:

(3 v oo | o
min - w:2Z,.)with w, =1 7.3
z =1 17 i=1 ! .
subject to:
LY-”(tH < LS]’ lylz(t)' < LSZ’ Vt € [o’tC] (7.4)
I9(8)] < Ly [3q5()] < Lgps VE € [0, ] (7.5)
2y 2bgs by 20, VI <i<m (7.6)

7.2 Justification

By placing small enough upper bounds on ]y]](t)l and lylz(t)l,
the responses to some appropriate test signals, over an appropriate
time interval, we can insure that the plant will not be saturated for
these inputs. We have chosen v](t), and vz(t) as in Fig. 7.1, as the

test signals, for this application.



7.3 Example 1 (based on Example 1, section II)

The values used in (7.3)-(7.6) were:

Wy = 0.8 Ls] = 2.5 tC =6sec. by =b,=1.1

0.2 Lo = 2.5 (7.8)

(2,2)7

N
1]

Figure 7.2 details the behavior of z as it converges to z*, which
is:
2.35
2% = . (7.10)
1.52
Figure 7.3 contains plots of y]](t), ylz(t). y]l(t)’ and ylz(t),

for z = z0 and z = z*, over [0,6].

The resulting compensator is:

2.60 -1. )
sy (35749s18) Ty (3s747sw)
]
C(§) ® SR (7.11)

Sl o) iy (e
7.4 Example 2 (based on Example 2, section II)

The values used in (7.3)-(7.6) were:

wy; = 0.8 Ls] =7.5 t. = 6 sec. by = b2 = 1.1

=0.2 L 7.5

s2
= (2,2)7

N
!

Figure 7.4 details the behavior of z as it converges to z*,

which is

1.20
o+ = (7.14)

1.19

-18-



Figure 7.5 contains plots of §]](t), 912(t), §]](t), and }12(t)

for z = zo, and z = z*, over [0,6].

The resulting compensator is:

(-0.86(35%+7s48)  0.84(25%+65+2)]
s242.45+2.13 s+2.38+2.09
C(s) = 1 (7.15)
0.86(s2+6s+2)  -0.84(3s+8)
| s%42.45+2.13 s%+2.385+2.09
Remarks :

The compensators (7.11) and (7.15) are such that:
(1.) (2.11) and (2.13) are true
(2.) (7.4) and (7.5) are satisfied

VIII. Conclusions
The thrusts of this paper are the following:
(1.) The algebraic design theory provides us with a conveniently

parametrized family of exponentially stable I/0 maps; furthermore,

to each of these .I/0 maps there corresponds a unique strictly proper

controller.

(2.) The design is viewed as an optimization problem: to
select the optimal parameters by maximizing or minimizing an objective
function subject to some inequality constraints. Objective functions
which minimize a weighted sum of normalized 1/0 bandwidths, maximize a
similar sum, or minimize o[(I-PQ)(jw,z)] over w in a given frequency
band, are used. Constraint functions are used which place an upper
bound on 6[Q(jw,z)], or on o[(I-PQ)(jw,z)] over specified frequency
bands. Also, time domain constraint functions, which put an upper
bound on the response at the plant input to certain test signals, are

used.

-19-



(3.) We firmly believe that linear methods alone are inadequate
for design purposes, because, for example, they pay no attention to
the size of certain gains and certain signals. Hence, we believe that
computer aided design, using inequality constraints (as in (2.) above),
makes linear theory more rea]iétic, and hence more useful.

The purpose of this experiment has been to demonstrate the
feasibility of the design methodology represented by the ideas above.
It is clear that in a more realistic environment, additional inequality

constraints and other objective functions would have to be considered.
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APPENDIX A

I. Problem formulation
The nonlinear programming problem, with functional inequality

constraints is defined as:

min £0(z) (1.1)
4

subject to:

max 69 (2.0) 20, i€, (1.2)
?(z) <0, j € Jy (1.3)
where '

Jm = {1,2,...,“}

Jz = {1,2,...,L}

Q = [wo,wc], specified interval (1.5)
z € RP is the design vector

Assumptions:

(A1) 0 : R >R, ¢ : RP> R, j €4, are continuously
diffefentiab]e in z.

(A2) cpj : RP x R+R, j € Jp are continuously differentiable
in z and w.

Each inequality in (1.2) is transformed into q+1 inequalities

by fixing w at q distinct points in Q. Denote this set as Q_.

q
II. Optimafity Function Definition - Active Constaints
Define:
~ = J . CJ .
¥q(2) = max{o (z,w)‘, JE€ I, w€Q s g7(2), J €4y} (2.1)
wq(z) = max{0,$q(z)} ' (2.2)



The set of points for which a functional constraint is active

is denoted by:
B (2) bwea|ed(zw) -y (2) > €}, § € (2.3)
q,€ - q q - m

We define the "e-active constaint index" set for functional
constaints by choosing the local maximum of each subinterval of Qq,
whose points are all active.

For example, in figure I, we define two active leftmost local
maxima (wz,me). ‘ |

Let Qg,e = {all active local maxima for ¢j(z,w), j€g.t.

Now, the "e-active constaint index" set for functional constaints

is defined as follows:

R @) = Gwlieg,vea () (2.5)

The e-active constaint index set for conventional constraints is

defined by:
3 ,q = U1g(2) - wy(2) 2 -e, 5 € 3y} (2.6)
The optimality function ee q(z): RP = R for the nonlinear

programming problem is:

8 ,qf2) = min i1 + max{(vf(z) 1> - Y (2);
heRP

vgl(2).p, § €98 (2)i (V00 () (2.7)

(3.0) € 3 (2)1}
Theorem 1:
If z is optimal for (1.1)-(1.3), then eo,q(z) = Q.
The optimality function ee’q(z) in (2.7) generalizes the
Zoutendijk optimality function for finding Fritz-John points, by

adding:

A-2



(a) Constaint boundary smearing - when a constaint becomes
e-active, it's gradient is included in (2.7), which rotates h away
from the constant boundary. This prevents jamming.

(b) Quadratic term: %ﬂhﬂg - This prevents deterioration
of h((VfO(z),h) = 0) for feasible z. Also, minimization in (2.7)
need not be done on a compact set.

(c) The term: -yqu(z), y > 1. For infeasible z, this term
effectively removes (Vfo(z),h) from (2.7). Thus h will depend only
on gradients of active constraints.

ee cl(z) is actually solved in it's dual form:

min{z u'Qu + DTu[R"y = 1) (2.9)
u>0

where

Q2 mT, ae r(IHKHVIP | o pltktv

! ! | | J 1 I J "IT
k k 1 T v T
] 1 ] 1 ] ]
gl w227 ' vg 1(2)T | g k(y)T! V6 (.z,wz) ."'Vq:- (z,05,)
o v f 0 o Ko ik Ry
) Sg ' ' Sg 1 Sq, v ' 5¢
(2.10)
with
sg 2 1ve%(2)1 (2.11)
sg 2 tvgd(2)l,, § €9, (2.12)
sgz 4 UV¢j(z,w2),"m, J€Jps 0, € 2 (2.13)
k 2 number of elements of Jg’q(z) (2.14)
v 2 number of elements of Jz’q(z) (2.15)
and
D! = [0 (2)/5:0,0,...,0] € R VKAV - (2.16)



Ky ke d1¥ Iy

RT = [po,pg ’oco,pg ’p¢ ’ooo’p¢ ] (2.]6)

for "push factors":

Py = Eo(llso-l) (2.18)
J
: . g’(z)-y_(z)72
pJ=€J+n[1+—-9— 3 JE€J (2.19)
g g € L
J
s s (b(zsm )"p (Z)Z
Jsz= 2 q . s
p¢ E%*'n[]"' < ,JeJm, wzeﬂq (2.20)
with input parameters: (to the optimization algorithm)
£; 8, j€0; 8, j€0;n (2.21)
0° >g L 29’ m’
From u € I!]+k+v, we calculate the direction vector h:
T__T
hy o(2) = -u'A (2.22)

Solving (2.7) and (2.22) yields a vector h which is a convex
combination of the gradients of the active constraints and the cost
gradient. The h chosen is specifically, the convex combination with
minimum Euclidean norm. The set of convex combinations can.be changed
by varying the parameters (2.21). Increasing Po in (2.17), for
example, will "push" h closer to -Vfo(z). For an example with
p=2(z€ IRZ) see figure 2 below.

In figure II, 8y 9p» g are gradients at z*, of active constraints
f], f2 and cost fo respectively. G is the convex hull of
91> 95> 9¢-

III.’ Algorithm

A Phase I - Phase II feasible directions algorithm is used to
solve (1.1)-(1.3).

DATA: a € (0,1), BE€ (0,1), vy > 1, 8§ € (0,11, € > 0, Wy > 0,
uy > 0, M>0, 9%° Imax® 20 e RP.
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STEP 0: Set i

n
o
-
o
1]
O
o

STEP 1: Set ¢
STEP 2: Compute [0 q(zi),he q(zi)] from (2.7), (2.22)

STEP 3: If 6_ q(21) < -2ed go to step 6.
? u s M
« 3 =§. _] 1_2_
STEP 4: First, set ¢ 5 Ife < € 3 and wq(z ) < T set

q = 2q and go to step 5. Else, go to step 2.

STEP 5: If q > Uax? STOP. Else, go to step 1.

STEP 6: Compute the largest step size ki = Bk € (0,M*], where

M* = max 1, —————ELT——- and k an integer such that:
ﬂhe q(z )8

(f) if zi e fC (not feasible)
i i i
wq{z.+xihe’q(z )} - wq(z ) < -0, de
(ii) if 2' € F (feasible)

izl (211 - 22") < -oree

(-]

o el
z‘+] € F (feasible)
STEP 7: Set 2’7 = z' + Ash_ of21). Set 1= i+1, go to step 2.
If 2 is feasible, an Armijo step is taken on the cost, with

zi+l constrained to be feasible.
For z' not feasible, an Armijo step is taken on wq(zj). As
e8 q(zi) grows small, € is halved. As € is decreased, q will eventually

increase, depending on Hys Hpe For q > Gmax® execution ceases.
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