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Abstract

The Waveforn Relaxzation Method (WRM) is an iterative method for analyz-
. ing nonlinear dynamical systems in the time domain. The method, at each
iteration, decomposes the system into several dynamical subsystems each of
which is analyzed for the entire given time interval. Sufficient conditions for
. convergence of the WR method are proposed and examples in MOS digital
integrated circuits are given to show that these conditions are very mild in
practice. Theoretical and computational studies show the method to be

efficient and reliable.
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1. Introduction.

The spectacular growth in the scale of integrated circuits being
designed in the VLSI era has generated the need for new methods of circuit
simulation. “Standard” circuit simulators, such as SPICE2 [1] and ASTAP [2],
simply take too much CPU time and too much storage to analyze a VLSI cir-
cuit. These standard circuit simulators aré essentially based on three tech-
niques:

(i) Stiffly stable implicit integration methods, such as Backward Euler for-
mula, for obtaining a system of nonlinear algebraic equations from the
. original system of nonlinear algebraic-differential equations describing

the behavior of the circuit.

(ii) Newton-Raphson iteration to linearize the system of nonlinear algebraic
equations of (i).
(iii) Sparse gaussian elimination to solve the system of linear algebraic equa-
tions of (ii).
New simulators, such as MOTIS [3], SPLICE [4,5], DIANA [8] and MACRO
[7]. in their quest for speed have rejected one or more of the principal
features of standard simulators. In particular MOTIS and the timing simnula-
tion part of the mixed-mode simulator SPLICE use Backward Euler integra-
tion and relaxation techniques to decompose and solve the system of non-
linear algebraic equations, eliminating the need for sparse gaussian elimina-
tion. The decomposition achieved by relaxation allows the use of selective
trace algorithms for exploiting the "latency” of VLSI circuits, a fundamental
feature of SPLICE.

In MOTIS and SPLICE, the relaxation process is not carried out to con-

vergence: only one “sweep” of relaxation is taken [3,4,5]. Therefore the
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numerical properties, such as stability and accuracy, of the Backward Euler
integration no longer hold. In [8] these properties are examined. It turns
out that the types of circuits which can be dealt with by these techniques are
rather limited: MOS circuits with quasi-unidirectional device models and a
grounded capacitor to every node. Moreover, in some cases, the step size has
to be chosen very small to avoid instability and inaccuracy of the solution.
- The Waveform Relaxation Method (WRM) is introduced in this paper for the
analysis of large scale circuits. The basic idea here is to apply relaxation
directly to the system of nonlinear algebraic-differential equations describ-
ing the circuit. As a result, the system is decomposed into decoupled subsys-
tems of algebraic-differential equations each of which can t.i:en i:e solved by
means of standard techniques, i.e. stiffly stable integration method and
Newton-Raphson iteration. The decomposition achieved allows the latency to

be exploited in the most natural way.

This paper is organized as follows. In section 2, the method is presented
and its basic features discussed. In section 3, some circuit examples are
given to show how the method works on practical cases. In section 4, the
convergence properties of the WRM are rigorously proven. In section S, the
method is specialized to the analysis of VLSI MOS circuits. Two WRM algo-
rithms are described and their convergence properties are rigorously pro-
ven. In section 8, the computational aspects of WRM are studied from an
experimental WRM circuit simulator, the results being ~ompared to those
obtained from a standard simulator, SPICE. Finally, section 7 contains dis-

cussions on how to further increase the computational effiency of WRM. &



IL Mathematical Formulation and the WRH Algorithm Model.

We consider dynamical systems which can be described by a system of

mixed implicit algebraic-differential equations 61' the form:

Fy(e). y(t), u(2))
E(y(0) - yo)

0 (2.1a)
0 (2.1b)

. where y(t) € R is the vector of unknown variables at time t.y(t) eR’ is the
time derivative of y at time ¢, u(¢) € R is the vector of input variables at
time ¢, yo € K is the given initial value of y, F : R xR°xR ~+F is a continu-
ous function, and £ € R¥F, n<p is a matrix of rank n such that Ey(t) is the
state of the systern. at time ¢.

Note that for any lumped nonlinear dynamical circuit, (2.1) is a general
formulation which subsumes all other well known formulations such as Nodal
Analysis [11], Modified Nodal Analysis [12], Hybrid Analysis [13] end Tableau
Analysis [14]. To simplify the notations, we shall drop the time argument

whenever there is no ambiguity. Hence we rewrite (2.1) as

Fly,y.u) =0 (2.2a)
E(y(0) -y = 0 (2.2b)

The general structure of a WRM algorithm for analyzing (2.2) in a given
time interval [0,7] consists of two major processes, namely the assignment-
partition process and the relazation process.

In the assignment-partition process, each unknown variable is assigned
to an equation of (2.2a) in which it is involved. However, no two variables can

be assigned to the same equation. Then (2.2a) is partitioned into m disjoint.

*There are cases in which the algorithm has better convergence properties if the subsys-
tems are nondisjoint. For such cases, we can consider the nondisjoint subsystems as being ob-
tninegl irom partitioning an augmented system of equations with an augmented set of unknown
variables.
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subsystems of equations, each of which may have only differential equations
or only algebraic equations or both. Then, without loss of generality, we can
rewrite (2.2) after beihg processed by the assignment-partition process as

follows:

Fi(y, v, 2y, u)

"
o

(2.32)
m (Ym. 'y;n- dp. 2)
E(y(0) - yo)

0 (2.3b)

where, for each i = 1,2,....m, y; € R is the subvector of unknown variables
assigned to the i-th partitionéd subsystem, F; : R*xR*xR?” PixF R is a

continuous function, and

dl = col (yl' e ti-b Yien o oo o Ym,
Voo Vit Yiero oo o Um)° (2.3¢)

Vith respect to the i-th subsystem, y; and Ys. j #1 are called vectors of
endogeneous and ezogeneous variables respectively. It is clear that if the
vectors d;, 1 = 1,2,...,m, are treated as inputs, then (2.3a) can be solved by
solving m independent subsystems. Therefore they are called the decou-
pling vectors of the subsystems. This gives rise to the notion of the decom-

posed system as given in the following definition.

Definition 2.2. The decomposed system associated with an assignment-
partition process applied to (2.2) cbnsist.s of m independent subsystems,
called decomposed subsystems, each of which is described by

R 9 o u) = 0 (2.42)

* col (a, b) i [g]
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E(yi(0) —w(0)) = 0 (2.4b)
where 3, € R is the vector of unknown variables, y;(0) € R is the subvector
of the given initial values, » € R is the vector of the given inputs,
% € P "% s the vector of the decoupling inputs, £ € R, n,<p, is a

matrix of rank m; such that Ey; is a state vector of the i-th decomposed

“subsystem, and Fj is the continuous function defined in (2.3a). =

The relaxation process is an iterative process. For simplicity, we shall
consider two most commonly used types of rélaxation namely the Gauss-
seidal (GS) 'and the Gouss-Jacobi (GJ) relaxation The relaxation process
starts with an i;aitial guess of the waveform solutions of the original dynami-
cal equations (2.2) in order to initialize the approximated waveforms of the
decoupling vectors. During each iteration, each decomposed subsystem is
solved for its endogeneous variables in the given time interval [0,T] by using
the approximated waveform of its decoupling vector. For the GS relaxation,
the waveform solutions obtained by solving one decomposed subsystem are
immediately used to update the approximated waveforms of the decoupling
vectors of the other subsystems. For the GJ relaxation, all waveforms of the
decoupling vectors are updated at the beginning of the ﬁext iteration. The
iterative process is carried out repegted.ly until satisfactory convergence is

achieved.

The algorithm shown below sets up a general structure of all WRM algo-
fithms which we shall be working on throughout this paper. Therefore it is
called the WRM Algorithm Model. Let the superscript index k denote the
iteration count. Then the WRM Algorithm Model can be formally described as

follows:



WRM Algorithm Model 2.1

Step 0: (Assignment-partition process)
Assign the unknown variables to equations in (2.2) and partition (2.2)
into m subsystems of equations as given by (2.3).

Step 1: (Initialization of the relaxation process)
Set k = 1 and guess an initial waveform (y%¢); ¢ € [0, T)]) such that
y%(0) = y(0).

Step 2 (Analyzing the decomposed system at the k-th iteration)

For eachi =1,2,...,m, set

col (Wi, ... .yk,. wkal, . ...y,

d‘?
Yoo oW UER. L 9ETY

for the GS relaxation, or

df = col (y5, ... ¥k, yE, ... ¥k,
Vi R . YY)

for the GJ relaxation, and solve for (y¥(t) : ¢ € [0,T]) from

Ryt dfu) = 0 (2.52)
E(yf0) =% (0)) = 0 (2.5b)
Step 3: (lteration)
Setk = k+1 and go to step 2. (]

Remarks.
1) Asimple guess for (y%(t) ; ¢ € [0,T]) is y%(¢) = v(0) forall ¢ € [0,T].
2) In the actual implementation, the relaxatic:: proééss stops the iteration

~ when the difference between (y*(t): ¢t € [0,T]) and (¥*-(t): ¢t €[0,T)).

ie. ‘131[%?5_ ] Iy (2) -yg'_,(t)ll. is sufficiently small.
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In analogy to the classical relaxation methods for solving linear or non-
linear algebraic equations (see [15] for examples), it is possible to
modify a WRM algorithm by using a relaxation parameter o € (0,2). With
@, the iteration equation (2.5) is modified to yield

REE Bt u) = 0 (2.62)
E (% (0) -y(0) = o (2.6b)
vt = yE 4 oyl - yEY) (2.6¢)

Note the following two important characteristics of the WRM Algorithm
Model 2.1. |
a) The analysis of .the original system is; decomposed into the
independent analysis of m subsystems.
b) The relaxation process is carried out on the entire waveforms,

i.e. during each iteration each subsystem is individually analyzed

for the entire given time interval [0, T]. .



. Examples and their physical interpretation.

In this section, we shall use a few specific examples to demonstrate the
epplications of the WRM Algorithm Model 2.1 in the analysis of lumped
dynamical circuits and to give the circuit interpretation of the decompos-
tion. Different formulations of the dynamical equations will be used to illus-
trate the resulting decompositions.

The first example is a ring oscillator shown in Fig. 3.1a. The dynamical

behavior of the circuit is described by

F1(01, vy, Vg, 93, v5, %, ) = 0 . (3.1a)
I 201, vy, U, vai V) =0 (3.1b)
IS(‘bl' 02- Ve, 1.’30 ‘Us) =0 (3. iC)

where v,, vg, vg are the node voltages, u is the triggering input voltage and
the functions f,, f2, /s represent the sums of all currents entering (or leav-
ing) nodes 1,2,3 respectively. Let v;, v; and vg be assigned to (3.1a), (3.1b)
and (3.1c) respectively and let the system be partitioned into 3 subsystems
consisting of {(3.1a)}, {(3.1b)} and {(3.1c)]. Applying the WRM Algorithm Model
2.1, the k-th iteration of the corresponding GJ-WRM algorithm is given by

7i@E vt uET b vE T wu) = 05 wE(0) = v,(0)
fz("-"f"l ' ‘Uf-l ' 1.’5 . Ug ’ i’g-l) = o: ‘U%(O) = 02(0)
IS(")?-I ’ 1.'3-1 o.‘vi-l ' i’g . ‘U§ ) = 0; ‘05(0) = ‘Ua(O)

where v,(0), v2(0), v3(0) are the given initial values of v;, v,, vg respectively.

The circuit interpretation of the decomposed system at the k-th iteration is
shown in Fig. 3.1b. a

The second example is a dynamic shift register shown in Fig. 3.2a. The

dynamical behavior of this circuit is described by
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L1 vy f dp w2 = O (3.22)
J2(vy, U2, V2, U3, Uup, ) = O (3.?b)
t-Sa(vive,u) = 0 (3.2¢)
J3(V2, vg, Vg, v3) = 0 (3.2d)

where fg4, is the function describing the drain-to-source current i of the pass
transistor. The rest of the notations are the same as in the first example.
. Let v, v, 1 and vy be assigned to (3.2a), (3.2b), (3.2c) and (3.2d) respec-
tively and let the system be partitioned into 3 subsystems consisting of
§(3.2a)}, {(3.2b),(3.2c)} and §{(3.2d)]. Applying the WRM Algorithm Model 2.1,
the k-th iteration of the corresponding GS-WRM algcritlhm is given by

S0t vk dy u el = 00 v4(0) = u,(0)

Sk U5 vE 0§ ua up) = 0: wE(0) = vy(0)
¥ —fau(vi vl u) = 0

J3(9%, v, ¥5, v§) 0;: 25(0)=vs(0)

The circuit interpretation of the decomposed system at the k-th iteration is

shown in Fig. 3.2b. =

The third example is shown in Fig. 3.3a and its dynamical behavior is
described by '

311.)1 -1, =0 (3.33)
ca~1izg = 0 (3.3b)
cgg—13 = 0 (3.3¢c)
vs=-v;+vz = 0 (3.3d)
ol SR -
=+iy+ig—u = 0 (3.3e)
R,
22 i,-ig = 0 (3.31)

R
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Let v,, 1;2. is, Vg, 1, iz be assigned to (3.3a) through (3.3f) respectively
and let the systern be partitioned into 3 subsystems 'éonsisting of
§(3.32),(3.3e)}, {(3.3b).(3.3f)} and {(3.3c),(3.3d)}. Note that we cannot assign
v,, V3, vg to (3.3a), (3.3b), (3.3c) respectively since one of them has to be
assigned to (3.3d). Applying the WRM Algorithm Model 2.1, the k-th iteration
Bt the corresponding GJ-WRM algorithm is given by

e, -i5 = 0; 2%(0)=v,(0) (3.4a)
vk '
—+ B +ift-u =0 : (3.4b)
Ry
for the first subsystem,
cws =i = 0; vE(0) =wv(0) (3.4c)
vg
—+if =i =0 (3.44)
R .
for the second subsystem, and
ceg§ -i§ = 0 (3.4e)

for the third subsystem.

Note that v§ is not initialized at time ¢ = 0 since it is not a state variable
of the decomposed system. However, one can check that

v5(0) = v,(0) — v{(0) for all k. The circuit interpretation of the decomposed

system at the k-th iteration is shown in Fig. 3.3b. [
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Fig. 3.1
a) A MOS ring oscillator.

b) The circuit interpretation of its decomposed circuit at the k-th iteration

of the GJ-WRM algorithm.
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Fig. 3.2
a) A MOS dynamic shift register.

b) The circuit interpretation of its decomposed circuit at the k-th iteration
of the GS-WRM algorithm.
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Fig. 3.3
a) A simple RC circuit.

b) The circuit interpretation of its decomposed circuit at the k-th iteration
of the GJ-WRM algorithm.
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IV. Convergence of WRM.

In this section we shall derive sufficient conditions to guarantee that the
WRM Algorithm Model 2.1 converges, i.e. it generates a converging sequence
of iterated solutions whose limit satisfles the dynamical equations (2.2a) and
the given initial conditions (2.2b). As in most literature on iterative methods,

much results on the convergence of any iterative method are stated when

. the iteration equation can be written in an explicit form, i.e. the iterated

variables can be written as functions of their previous values and other non-
iterated variables. Hence, we shall later introduce an explicit form of the
iteration equation (2.5) of the WRM Algorithm Model é.l and refer to it as the
canonical representation of .the algorithm. Sufficient conditions to ensure
the existence of the canonical WRM algorithm will also be given. These condi-
tions are basically related to how the assignment-partition process treats the
state variables of the original dynamical system and give rise to the following

deflnition of the compatibility of an assignrneﬁt-pa.rtition process.

Definition 4.1 An assignment-partition process is said to be compatible
with a given dynamical system (2.2) if the choice of the state vector of its
associated decomposed system (2.4) is also a valid choice of the state vector
of the original system (2.2), iLe. there exist matrices £, E5, ... ,E, and £
as defined in (2.4) and (2.1) such that

col [Elylc Ezyz' LR 0Emym] = Ely
Any WRM algorithm which uses a compatible assignment-partition process is
called a compatidle WRM algorithm. =

Note that in the WRM Algorithm Model 2.1, only the state variables of the
decomposed system are initialized at time ¢ = O by the given initial condi-
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. tions of the original system. The initial values of other variables of the

decomposed system (except the inputs u) can vary from one iteration to the
other. However, if the algorithm is compatible, (2.2b) will be satisfied at

.every iteration. Hence, when the sequence of the iterated solutions con-

verges, its limit will also satisfy (2.2b). Due to the definition of the state vari-
ables, this also implies that, for a compatible WRM algorithm, when the
sequence of iterated solutions converges, the sequence of initial values of the
non-state variables also converges to the values given by the initial condi-
tions of the original system. On the other hand, for a non-compatible WRM
algorithm, it is possible that the sequence of iterated solutions converges to
the limit which satisfles the briginal dynamical equations with another set of
initial conditions. An example of this phenomenon is given in the appendix.
The same example also indicates that non-compatible WRM algorithms tend
to have poor convergence properties. Therefore, throughout this paper, we '
consider only compatible WRM algorithms.

In most engineering designs, the assignment-partition process can be
guided by the physical interpretation of the states of the dynamical system.
For example, the state variables of lumped electrical circuits are usually the
voltages across the capacitors and the currents through the inductors. Based
on this physical interpretation, a designer can select a compatible
assignment-partition process as demonstrated in the examples of section IIl.
However, for the most general case, there is a need for a systematic method
for finding a compatible assignment-partition process, especially when the

number of equations is large. Such a method is discussed in [18].

We now give the definition of the canonical formr of a WRM algorithm, fol-
lowed by conditions which guaréntee that the WRM Algorithm Model 2.1 can
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be tranformed into a canonical form. It should be noted that we do not have
to perform the tranformation explcitly in order to implement the WRM Algo-
rithm Model 2.1. Based on its canonical form, we can state sufficient conver-
-gence conditions of the WRM Algorithm Model 2.1 in a simplified form as given

in Theorem 4.5.

Definition 4.2. A canonical WRM algorithm is characterized by the following

" iteration equations.

2 = p(zk, 2k, 25, 2k y) (4.1a)
z¥ = g(zk, %1, 25, 2R y) (4.1b)
wherez € K", z € R, u € R and f, g are continuous functions. .

Lemma 4.3 Aﬁ{xmmg'g that for each decomposed subsystem described by

(2.4), there exist continuously differentiable functions f; and g; and a non-

singular matrix {g‘i] € R such that (2.4) can be rewritten as

2 = ;f(zi- 1.2;,11.) (4.2&)
g = gilz, . u) (4.2b)
z(0) = E(y;(0)) (4.2c)
2] - 2

where z; € R™ and z; € R*™, i.e. each decomposed subsystem has a state-

equation representation. If the WRM Algorithm Model 2.1 is compatible, then
it can be tranformed into a canonical WRM algorithm. (]

Instead of proving the above Lemma, we give the following example to

show how such a tranformation can be done for a simplified case. The formal
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proof of this Lemma is given in [16].
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Example 4.4 Consider the compatible WRM Algorithm Model 2.1 which

satisfles the assumption of Lemma 4.3. Hence we can rewrite the i-th subsys-

tem of (2.3) as

z,(0)

.9.)

}i(zt" ai- u)

5‘(31' ai- u)

E(y(0)

col(Zy, . . .\ Byets Dyas - - - + T
z.i' *s 0. 'z.i-il z.i+1.o LA -z.!n'
_TTRINNE TPRE ORI Y
z.l, .« . .2'{-1. 2';‘4.1. LA tém)

(4.3a)

(4.3b)

(4.3c)

(4.3d)

where z; €R% z; cR*™ & eR? ™ and Jf; g are continuously

differentiable functions. For a simplified case, we shall assume that ?1 and g;

are independent of {%,i=1,2.....m]. Note that this assumnption verifles the

compatibility of the algorithm. Hence we can rewrite the iteration equation

(2.5) in the following form:
2t =
et =

z(0) =
where -

for the GJ relaxation, or

1ok, &, u)

gu(zk, 35, u)

E(y:(0))

col (zf~1, ... .zfql, 284, ... 251
s k=] k- Y=
2 R 2 ar P T A I i
gf-, .. 28t 28R, L ek

)

(4.4a)

(4.4b)

(4.4¢)

(4.5a)
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af = col(z%,....zk,, zE4, ... .25,
L IORRNE RV /v S Lt}
gk, ... 28, 2500, ... 25 (4.5b)

for the GS relaxation and f,, g; are continuously differentiable functions.

Hence the GJ-WRM algorithm can be tranformed into its canonical form
by substituting (4.5a) into (4.4) and concatenating the subsystems
: 1’.=1.2......m together. For the GS-WRM algorithm, we substitute (4.5b) into
(4.4) and make forward substitutions of the first i—1 subsystems into the i-
th subsystem in order to eliminate 2%, ... ,2E,, 2%, .. ., zE, from the right
hgnd side. The canonical form is then. obtained by concatenating the result-

ing substituted subsystems. .

In the above example, we can see that the differentiability of ?‘ and 5»' is
not needed in the transformation of the WRM Algorithm Model 2.1 into its

canonical form. Also the number of state variables in the canonical form is

equal to that of the decomposed system, i.e. n = ﬁm andl = i(p; -n).
1=1 =1

However, when the assumption that f'¢ and §¢ are independent of
{2y, 1=1.2.....m] does not hold, we bave to differentiate some of the equations
in (4.4) in order to tranform the algorithm into its canonical form. For exam-
ple, in the third example of section IIl, we have to differentiate (3.4f) in order
to obtain the canonical form. As a result of the differentiation, some extra
state variables are created in the canonical form, e.g. vs in the third exam-
ple of section IIL. The initial values of these extra state variables may be fixed
or vary from one iteration to the o%. er. In this paper, we shall consider the

convergence conditions of the compatible WRM Algorithm Model 2.1 in which

the initial values of the extra state variables (if exist) of its canonical form
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are fixed. These conditions are given in the following theorem which is proved
in the appendix. The convergence of the canonical WRM algorithm in which

the initial values of some or all state variables are not fixed is discussed in
[16]. |
Theorem 4.5 (Convergence Theorem of WRM Algorithms).

Consider the compatible WRM Algorithm Model 2.1 which can be

“transformed into the following canonical form:

gk = p(z*, zh1, 2B 2R o) (4.6a)
zF = g(zk, 2k, 257, 2k ) ’ (4.8b)
z¢(0) = z(0) - (4.5¢)

where z elf‘.zelfandueR’. Assum.&that.

a) u(-):[0,T]+K is a given piecewise continuous function.

b) there exist norms in R'xR and R*, A; 2 0, A = 0 and 7 € [0,1) such that
foranya,b,s, a 5.§€ﬁ.v.§€lfandu 34

|76 bee v - @GEEZ W] 2pa -ae e -5+ 7
g(a. b, s, v,u)-g(a b s v, u

s -5
v—-v
i.e. (f, g) is globally Lipschitz continuous with respect to z and globally
contractive with respect to (z, z).
c) both f and g are continuous with respect to .
Then, for any initial guess (z%¢), 2%(¢) : ¢ € [0,7]) such that z°%) and
2%(-) are piecewise continuous, the sequence

§(z5(t), =%(t), z%(t) : t € [0,T])}s=, generated by the canonical WRM algo-

. * A function u(): [O.I'J‘f is pieeewise continuous if it is cantinuous everywhere except at
a ﬂmt].: number of points and at any discontinuity point, the functian has finite left- and right-
hand limits.
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rithm (4.8) converges uniformly to (i.':(t), =(t), z(t) ; t €[0,T]) which satisfies

- I (z = é. z, u) (4.72)
z = g(z z é, z, u) (4.7v)
z(0) = z(0) (4.7¢)

Remaric W.e do not need condition (b) of Theorem 4.5 to hold for the entire
spaces R*xR and R, ie. global Lischitz and global contractive properties of
(f. g) are not necessary. The convergence is still guaranteed as long as the
condition (b) holds for subsets of R'xR and R" containing the sequences
§(z5(2), z5(t) : t €[0,T])}=0 and {(z*(t) ; ¢ € [0,T])}s=0 respectively. =

It is possible to justify intuitively the derivation of the convergence con-
ditions given in Theorem 4.5 if one is familiar with the contraction mapping
theorem (see [15] page 120) and the Picard-Lindelof theorem on the
existence and uniqueness of the solutions of ordinary differrential equations
(see [17] page 1B). From the contraction mapping theorem, the conditions
(b) and (c) guarantee that (4.7) can be written equivalently as

: = jGuw) (4.82)
z = g(z,u) (4.8b) -
z(0) = z(0) (4.8¢)

where 7 and 3 are Lipschitz continuous with respect to z and continuous with
respect to u. Hence, by the Picard-Lindelof theorem, (4.8) has a unique solu-
tion (z, z) for any given initial condition and any given piecewise continuous

iriput. Theorem 4.5 simply shows that the canonical WRM algorithm is in fact



a constructive proof of the existence and uniqueness of the solation. =’
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V. Application of the WR method for the time domain solutions of MOS
integrated circuits.

In this section.we shall apply the WRM Algorithm Model 2.1 to analyse an
important class of dynamical systems: MOS digitfal integrated circuits. In
fact, this was the original motivation behind the development of WRM. A typi-
cal large scale digital circuit is usually an interconnection of several basic

- subeircuits called “gates”. Hence the analysis of this class of circuits lends
itself to the decomposition technique in the most natural way. We shall pro-
pose two WRM algorithms for analyzing MOS digital mtegrated circuits and
show that, under very mﬂd.assumptions which are usually acceptable in
practice, the proposed algorithms c;onverge. Although both GS and GJ relax-
ations can be used in these algorithms, the GS relaxation is preferred since it
requires only one copy of the iterated solutions, as opposed to two copies
required by the GJ relaxation, and its speed of convergence is faster, espe-
cially for MOS circuits where unidirectional models are used to model MOS
devices (for example see [3,4,5]), provided that the equations are properly
ordered (see [10] for a discussion of this aspect). For the sake of simplicity,
both algorithms use the simplest guessing scheme and an assignment-
partition process in which each partitioned subsystem ia a single equation.
The generalization of both algorithms to allow more than one equation per
subsystem is straightforward and will not be discussed.

Our first standing assumption is that each MOS device and its intercon-
nections can be modelled by lumped (linear or nonlinear) voltage controlled
capacitors, conductors and current sources. The next assumption is that
every (internal or external) node in the circuit has a (linear or nohlinear)

capacitor to either ground or dc supply voltage rails. These assumptions are
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commonly acceptable in practice.

For the first algorithm, due to the above assumptions, we can use Nodal
Analysis to formulate the dynamical equations of any MOS integrated circuit
. toobtain

Clv,u)o +gq(v,u) = 0 (5.1a)
v(0) = wg (5.1b)

where v € K" is the vector of all unknown node voltages, v, is the given initial
values of v, u € K is the vector of all inputs and their time derivatives,
g : I'xR K" is a continuous function each component of which represents
the net sumn of currents cha.x;ging the capacitor at each node due to the con-
ductors and the controlled current sources, C: R*xR K" ™" is a symmetric
diagonally dominant matrix-value function in which -Cy(v, u):i#j is the
total capacitance between nodes i and j, and C,(v, ©) is the sum of the

capacitances of all capacitors connected to node <.

Due to the grounded capacitors, an obvious choice of the state vector of
the circuit is the vector of all unknown node wvoltages. It is thus natural to
assign v to the i-th equation of (5.1a). Consequently, the assignment-
partition process is compatible with (5.1). Applying the WRM Algorithm Model
2.1 to (5.1), we obtain Algorithm 5.1 as described below.

Algerithm 5.1.
Step 1: Setk =1 and v%(¢) = v(0) for all ¢ €[0,7].

Step 22 Fori = 1,2....,n, solve for {v¥(t): t €[0,T]] from

’ijlq,(v'f. Y R U )



vi, . Lol ol L gL uf +
’gﬂq;( +1 n ) J

g, .. ol ol vk u) = 0 uf(0) = »(0).
Step 3: Setk =k+1 and go tostep 2. u

The second algorithm is intended for MOS circuits containing pass
transistors (or transmission gates), as for example the circuit in the second
example of section IIl. Modified Nodal Analysis [ ] is used to formulated the

\ dynamical equations of the circuit to obtain

Clv,u)y +q(z,v.u) = 0 (5.22)
z2-g{v,u) = 0 (5.2b)
v(0) = v, (5.2c)

where C,v,u, v, are as defined in (5.1), z € R is the vector of drain

currents of the pass transistors, g : I"xR - is a continuous function each

component of which describes the drain current of each pass transistor in

terms of its terminal node voltages, and E:R’XR"XR"*R"‘ is a continuous
function each component of which represents the net current charging the
capacitor at each node due to the pass transistors ,other conductive ele-

ments and controlled current sources.

We choose to assign v; to the i-th equation of (5.2a) and 2z; to the i-th
equation of (5.2b). Hence the assignment-partition process is compatible
with (5.2). Applying the WRM Algorithm Model 2.1 to (5.2), we obtain Algo-
rithm 5.2 as described below.

Algorithm 5.2.

Step 1: Setk =1, 2z%¢) = 0and v%(¢) = v(0) for all ¢t €[0,T].



28

Step 2 a) Fori = 1,2....,n, solve for (v¥(t) : ¢t € [0,T]) from

,i; ik, ... vub ulbid, .Uk u)of +
=1
,2 Gi(vk, ... vk uESt, ...k, u)f +

ei+]

gu(z®Y vk, L uE vl . B w) = 0 vf(0) = v, (0).

b) Compute 2*(¢) ; ¢ € [0,T] from

2t = g(vk u)

Step 3: Setk =k+1 and go to step 2. ' =

Theorem 5.1. Assum% that

a)

b)

c)

The charge-voltage characteristic of each capacitor, or the volt-ampere
characteristic of each conductor, or the drain current characteristic of
each MOS device is Lipschitz continuous with respect to its controlling

variables,

Cumin > 0 and Cpppy < = where

Cmin € R is the minimum value of all grounded capacitances at any per-
missible values of voltages, and

Cmax €R is the maximum value of all capacitances between any two

nodes at any permissible values of voltages,

The current through any controlled conductor, e.g. the drain current of

an MOS device, is uniformly bounded throughout the relaxation process.

Then, for any MOS circuit with any given set of initial conditions, and any

given piecewise continuous u(-), Algorithm 5.1 or 5.2 generates a converging

seﬁuence of iterated solutions whose limit satisfles the dynamical equations

of the circuit and the given set of initial conditions. =
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The proof of the above theorem is in the appendix. Note that the
first assumption implies that for any capacitor, conductor or MOS device,
its incremental (or small signal) characteristic, i.e. capacitance,
conductance or transconductance, any any permissible dc operating point
must be uniformly bounded. Note also that the third assumption implies
that during the relaxation process, the current through any conductor
or MOS device must not grow arbitrarily large. These three assumptions
are usually very mild in practice and hence either Algorithm 5.1 or
5.2 is guaranteed to converge for any MOS integrated circuit.

In both algorithms the initial guesses are chosen, for convenience,
to bé constant waveforms. From Theorem 4.5, we know that other choices
of initial guesses will not destroy the guaranteed convergence of both
algorithms if they are piecewise continuous waveforms. Hence, for MOS
digital integrated circuits, a logic simulation could be used to generate
the initial guesses for these two algorithms. It is also possible to
show that, under the same assumptions of Theorem 5.3, the corresponding
GJ relaxation versions of Algorithm 5.1 and 5.2 are guaranteed to converge.
Moreover, a relaxation parameter w can be introduced into these GJ-
or GS-WRM algorithms (as described in section II) without destroying
their guaranteed convergence, provided thatwe (0,2).

As an example, the ring oscillator described in section III is
used to verify the guaranteed convergence of Algorithm 5.1 The circuit
is schematically redrawn in Fig. 5.la. The circuit interpretation of
the relaxation process is already shown in Fig. 3.1b. The resulting
waveforms at different iterations of the algorithm are shown in Fig.
5.1b through 5.1le and, for comparison the resulting waveform obtained

from a standard circuit simulator SPICE i§ &hown IN Fig. 5.5.
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Note that since the oscillator is highly non-unidirectional due to the
feedback from to the input of the NOR gate, the convergence of the
interated solutions is achieved with the number of iterations being
proportional to the number of oscillating cycles of interest. More

examples as well as the techniques to increase the computational efficiency

of WRM algorithms are given in the next sectiom.



Ng. 5.1
a) Schematic diagram of a ring oscillator with its triggering input
waveform.
b) The waveform of v, after the first iteration of Algorithm 5.1.
¢) The waveform of v, after the second iteration of Algorithm 5.1.
d) The waveform of v, after the third iteration of Algorithm 5.1.
e) The waveform of v, after the fourth iteration of Algorithm 5.1.

f) The waveform of v, obtained by SPICE circuit simulator.,
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V1. Experimental program RELAX: A computational study of WRM.
To study the computational efficiency of WRM, an experimental FORTRAN
program called RELAX has been written for simulating MOS digital integrated

circuits. The algorithm implemented in RELAX is based on Algorithm 5.1 with
the following modifications.

1) RELAX eallows each partitioned subsystem to have more than one equa-
tion so that each subsystem corresponds to a physical digital subcircuit,
e.g. NOR, NAND, FLIP-FLOP etc.

2) The first iteration of RELAX is essentially the first iteration of Algorithm
5.2, but after that RELAX switches back to use Algorithm 5.1 for the rest
of the relaxation process. That is, in the first iteration of RELAX, the
drain currents of pass transisters do not contribute any loading effect
on the subcircuits to which they are connected. This is done because, in
the first iteration when all initial guesses are constant waveforms, a pass
transistor can be driven continuously into its conductive region and may
adversely effect the speed of convergence if its current is treated as a

load of the other subcircuit.

Note that these modifications are just examples of specializing WRM for

- & particular class of dynamical systems so that some techniques that take
advantage of its characteristics can be exploited to improve the speed of
convergence. In addition, RELAX incorporates two techniques to speed up the
analysis of the decomposed circuit. The first technique is based on the
latency of each decomposed subcircuit and is similar to the technique
described in [7]. The second technique, which takes effect after the second
i@eration. is based on the partial convergence of iterated waveforms. That is,

when the difference between a waveform at the current iteration and the
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same waveform at the previous iteration is within the specified convergence

error over a subinterval of the analysis time, the waveform will not be recom-

puted for that subinterval in the next iteration.

Several MOS digital circuits have been analysed by RELAX and the
results have been compared with those obtained by two other simulation pro-
grams, SPICE [1] and SPLICE [4]. In these tests, SPLICE has been run as a
timing simulator. All three programs use the Schichman-Hodges equation
[9] to model the drain current of an MOS device and linear capacitors to
model the charge storing mechanism of the device and its parasitic capaci-
tances. Since the version of SPLICE used in this test does not a}lo;r the timing
analysis of circuits containing floating ca’pacitors‘. each test circuit has been
analysed with no floating capacitors for the comparison with SPLICE and with
floating capacitors for the comparison with SPICE. Since all three programs
use numerical integration metho‘ds with adjustable timesteps, the same max-
imum timestep, which is an input parameter of each program, is specified for
the numerical integration routine of each program. For RELAX, the specified
convergence error is 0.05 volt, i.e. the relaxation process stops when the
maximum difference of all voltage waveforms between the current iteration
and the previous iteration is less than 0.05 volt. However, as described ear-
lier, the same convergence error is also used by RELAX to bypass unneces-

sary analysis when a partial convergence is detected.

The schematic diagram of MOS circuits being tested and their input
waveforms are shown in Fig. 6.1a through 6.5a. Comparisons of output
waveforms obtained by RELAX and SPICE are shown in Fig. 6.1b, 8.1c through
6.5b, 6.5c. For RELAX outputs, each rectangular mark denotes the computed

‘A floating capacitor is a capcitor between two dependent nodes in a circuit. For example,
if the input of an MOS inverter is not cannected to an ideal voltage source, then the drain-gate
eapacitor of its pull-down device is a floating capacitar.
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!

value after every two internal timesteps to illustrate the effect of the imple-

mented latency technique. A comparison of the analysis time in CPU seconds

spent by each program is given in Tables 8.1 and 6.2. All three programs run

on a VAX 11/780 using UNIX® operating system. The tabulated figures do not

include the time spent in the read-in, set-up and read-out phases of each

program. For RELAX, the tabulated figure is the sum of the analysis time

spent at each iteration and hence the total number of iterations is also

included. As seen from the tables, the analysis time of RELAX is at least one

order of magnitude less than SPICE and at the same order as SPLICE. These

are accounted for by the following factors.

1)

2)

Both RELAX and SPLICE use decomposition techniques, although of
different natures. It is known that the complexity of the analysis of a cir-
cuit without decomposition is proportional to n™ where n is the size, Le.
the number of unknown variables, of the circuit and m is usually
between 1.2 and 3 depending on the sparseness of the circuit, i.e. m is
small (large) if the number of interactions between the unknown vari-
ables is small (large). With decomposition, the complexity is usually
proportional to n. Hence, the decomposition is a major factor in reduc-
ing the analysis time of a circuit. The larger the circuit, the more

reduction is achieved as shown in Table 8.1.

Both RELAX and SPLICE incorporate latency techniques, although of
different types. These techniques take advantage of the latency of a cir-
cuit by bypassing unnecessary computations. RELAX also has an addi-
tionel technique that takes advantage of the partial waveform conver-
gence which enables it to redace the analysis time of the decomposed

circuit at later iterations.
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3)

Due to the decomposition used in RELAX and SPLICE, each decomposed
subcircuit can be analysed with its own integration method and optimal
timestep sequence. Without decomposition as in SPICE, the waveforms of

all unknown variables are computed from the same timestep sequence.

Both RELAX and SPLICE are specialized programs for analysing MOS
integrated circuits, as opposed to SPICE which is capable of analysing
circuits using different types of devices, e.g. MOS, bipolar transistors
etc. Therefore, mahy of the overheads that have to be included in SPICE
in order to be able to deal with different modéls and different devices

are eliminated in RELAX and SPLICE. |

As for a comparison between RELAX and SPLICE, it is important to note

that while the analysis method in the timing simulation of SPLICE is only an

approximated method that sometimes suffers from instability and inaccu-

racy problems (see [4] and [8]), the analysis method WRM, used in RELAX is

reliable and accurate. Note also that, without floating capacitors, the cir-

cuits of Fig. 6.4a and 6.5a possess a unidirectional property which is referred

to as one-way property in [10]. Circuits having a unidirectional property can

be analyzed exactly by performing only one iteration of GS relaxation. Since

the present version of RELAX does not recognize this property, it has to per-

form two iterations before the convergence can be detected. .

*UNIXisa trade mark of Bell Labaratories.



Mg 6.1
a) Schematic diagram of a dynamic shift register.
b) Output waveforms obtained by RELAX.
e) Output waveforms obtained by SPICE.
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Mg. 8.2

a) Schematic diagram of a one-bit full adder with a pass transistor carry-

chain.

b) Output waveforms obtained by RELAX

~ c) Output waveforms obtained by SPICE.
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Fg. 6.3
a) A two-bits full adder obtained by cascading two one-bit full adder of Fig.
8.2a.
b) Output waveforms obtained by RELAX
¢) Output waveforms obtained by SPICE.
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a)

Ng. 8.4

Schematic diagram of a two-bits magnitude comparator implemented by

a NOR-NOR PLA with no minimization of the product terms.

b)
c)

Cutput waveforms obtained by RELAX

.Cutput waveforms obtained by SPICE.
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ng. 8.5

a) Schematic diagram of a two-bits full adder implemented by a NOR-NOR
PLA with no minimization of the product terms.
b) Output waveforms cbtained by RELAX.
¢) Output waveforms obtained by SPICE.
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Table 6.1
A comparison of the analysis time between SPICE and RELAX

Circuit! of Fig. 8.1 | Fig.6.2 | Fig.6.3 | Fig.8.4 | Fig. 8.5
# of unknown nodes 4 8 18 27 45

# of MOS devices 8 21 42 131 263
CPU-SPICE (sec) 21.30 121.57 211.53 818.00 | 1334.80
 CPU-RELAX .(sec) 1.08 4.38 5.85 18.42 22.30
# of RELAX iterations 5 5 7 5 4
CPU-SPICE/CPU-RELAX 19.70 27.73 38.16 44.42 59.86

! With floating capaciters. The ratio of a floating capacitance to a grounded capacitance is

approximately 1 to 12,




A comparison of the analysis time between SPLICE and RELAX

Table 8.2

Circuit? of Fig. 8.1 | Fig. 8.2 | Fig. 8.3 | Fig. 6.4 | Fig. 6.5
# of unknown nodes 4 8 18 27 45

'| # of MOS devices 8 21 42 131 283
CPU-SPLICE (sec) 1.18 5.00 8.62 20.95 37.47
CPU-RELAX (sec) 0.53 4.88 7.82 27.00 44.73
# of RELAX iterations 2 3 7 2 2

% With no floating capacitors. Although the circuits and their input wavefarms used in Table

6.1 and 6.2 are the same, the initial conditions are differext.
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VII. Conclusion and discussion.

WRM is a new method for the time domain analysis of large scale dynam-
ical systems based on the relaxation of t.he’ nonlinear algebraic-differential
equations describing the system to be analysed. Since the method decouples
these equations, independent integration of the each decomposed subsystem
can be performed with different integration formulae and timesteps. In addi-

- tion, lat.éncy of subsystems can be easily detected and exploited to reduce
the analysis time. This method is particularly suitable for VLSI circuits. In
comparison with the relaxation methods used by timing simulators, e.g.
MOTIS and the timing simulation part of SPLICE, WRM is guaranteed to con-
verge for a wide ¢lass of circuits while sharing the main advantages of these

techniques.

On the negative side, for WRM we need to store the waveforms at the
current iteration for use in the next iteration. For large time intervals, the
amount of needed storage can be very large. However, in the same way as is
normally implemented in any computer using a time sharing operating sys-
tem, the waveforms can be stored in the secondary storage and brought
back into the primary storage only when they are needed. To avoid delays
due to the slow access time of the secondary storage, a buffering scheme can
be implemented to transfer the waveforms from primary to secondary
storage and back without stopping the execution of the method.

The computational efficiency of WRM can be further improved by the fol-
lowing techniques:

1) The use of an adaptive error control scheme. In this scheme, the errors
incurred in computing the solutions of the decomposed system during

the initial iterations are allowed to be large and are progressively

13
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decreased as the sequence of iterated solutions converges to the final
solution. Various approximation techniques can be used to compute the
solution of the decomposed systemn during the initial iterations of the
method. These are discussed together with the proof of convergence of

WRM with this adaptive error control scheme in [18].

The implementation of WRM on pipeline or parallel processors. Both
types of relaxation, i.e. GJ and GS relaxation, can be implemented. How-
ever, parallel processors are better suited to GJ-WRM since the analysis

of all decomposed subsystems for any given iteration can be done con-

currently. . (]
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Appendix

Example A1. The purpose of this example is to illustrate some behaviors of a
WRM algorithm that use a non-compatible assignment-partition process, as
defined in Definition 4.1. The dynamical equations to be analyzed are:

Vi+yz—u = 0; y,(0)=0 (Al.1a)
Yi—-yz2 = 0 (Al1.1b)

-~

Let y, and y; be assigned to (Al.1b) and (Al.1a) respectively and let (A1.1)
be partitioned into 2 subsystems consisting of {(Al.la)} and {(A1.1b)}. Apply-
ing the WRM Algorithm Model 2.1, the k-th iteration of the resulting GS-WRM
algorithm is given by

vE = -9 +u (Al.2a)
vi = vk (A1.2b)

Notice that, while the original system (Ai.l) has one state variable, the
decomposed system (A1.2) at the k-th iteration has no state variable since it
consists of only algebraic equations. Hence the above assignment-partition

process is not compatible. It is easy to show that the solutions of (A1.2) are

vE) = 0 = B S + (0 i)

Thus both y§(t) and y%(¢) diverge when the initial guess isy?(t) = e, a>1.

Now suppose that the initial guess is of the form yi() = i}a,t’ where l is a
i=o

finite positive integer and a;, J=1,2....,l are constants. Then we can deduce

the following results:
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a) When the input u(t)=a;t>0, the solutions of (Al.ll) are
v1(t) =ya(t) =a(l —e™*) but both y4(t) and y%(f) converge to
#1(t) = ¥2(t) = a which are solutions of (A1.1) with a different initial con-
dition, i.e. 4;(0) = a.

b) When u(t) =e™, a>1, both y4(¢) and y4(¢) diverge while the solutions
of (Al.1) are y,(¢) = y(t) = a—_l_l-(e"‘ -e™t).

¢) Ifu(-)is piecewise continuous with at least one discontinuity point, then
both y§(-) and y5() will be unbounded at those discontinuity points but

the solutions of {(A1.1) will be continuous and bounded within the given

time interval.

This example shows that for a non-compatible WRM algorithm, the itera-
tion may converge to solutions of the original dynamical system with a
different set of initial conditions. Furthermore, the convergence to the
correct solutions arises only under special conditons on the input waveforms,

initial guesses and initial conditions. Hence non-compatible WRM algorithms

tend to have poor behaviors and should not be used. =

The following facts are useful for the proofs of Theorem 4.5 and Theorem 5.3.

Lemma A2. Let [|,. ][, be norms in R*, ©*" respectively. Then there

exists a constant x such that

izl s;;“i"b forall zeR® and z ¢ B

Proof. We use the fact that all norms in a finite dimensional space are

equivalent (see [15] page 39). That is, if ||||; and ||-|. are norms in R*, there
-]

exist constants 4, and u, such that for anyz €R'
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lele < pllzll, and izl < ool (A2.1)
Define

b2 5], e 2l 205l 12) o
Then from (A2.1), there exist y,, & such that |

lzle s wlzll = 2] < 2], (42.3)
(A2.2) and (A2.3) imply that

bl = el < 2] e ],

Therefore, the proof is completed. [

Lemma A3. Define |||l in R* and R*™ as follows:
[z ]lw 2 max EA " where z; is the i-th component of z € R®, and
4]l £ max S A; where 4; is the (i.7)-th element of 4 € R*™.
i=

Let L and U be strictly. upper and lower triangular matrices in R*™ such
that =0, U=20"" and

iL+Ulla = p‘x‘g@‘(z« + Uy )] < 1 (A3.1)
where Ly, Uj; are the (i,§)-th elements of L, U respectively. Then
=L)"Vlla s IL+Ull. s 1
Proof. Let z = col(L.1.....1) € R, then from (A3.1) we have
:.Asuicﬂytﬁmgﬂumtn’xhatﬂmulumatﬁxwhm diagonal elements are zero.

A vector z or a matrix A whose elements are all nomegative is denoted by 220 or 420
respectively.
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(I-L-)z = 0O 8 (a3.2)
Since L is strictly lower triangular, we have
(I=L)™ = T +L+I[2%+ ... ¢ [n1
Therefore

[(7=L)" = 1)(7-L-U)
= (L+L%+ - + [P WY(I=L=U)

(L+U) - (1-L)'U

(L+U)z=(I-L) Uz = (L +L%+ - + LPY)[(I-L-U)3] (A3.3)
(A3.2), (A3.3) and L0 imply that
L+U)z=-(I-L)'Uz = 0O (A3.4)
Since (L+U) = Oand (/=L)'U=(/+L + -+ + L*Y)U > 0, we have
IL+Ull = I(L+0)zll- and |(I=L)Ulle = |(1-L)" UZ{
Therefore (A3.4) implies that ' |
IL+Ulle = (7-L)"Ul .

Lemma A4. let f,, f.:Dc R + R be two bounded Lipschitz continuous
functions, then the product function f,f, is also bounded Lipschitz continu-

ous in D. If f, is also bounded away from zero, i.e. inli,lfz(z)l =f,>0,
S E

then %xs also bounded Lipschitz continuous in D.
2

Proof. Let 51 ='sg%|f,(z)|. I =ssg%|fg(z)l and A, A be the Lipschitz

constants of f;, f2 respectively. Then for any z, yeED

- *BDisa bounded subset of B, thex.u any function which is Lipschitz continmuous in D is also
bounded in D.
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|G fe)(z) - (W)

|7 1(2)1 =) -fx(‘y)fz(y_)' .
[ 1(2) = 7:0))r2(z) + [folz) = £2(2))7 1 (¥)]
< |1:z) =7 Ifez)] + 1£2(z) = £20)1 17, (w)]

s NMfallz—yl + Af iz —y ||

= (Mf2+ 7\23:'1)"3-‘!/"

Therefare f,f; is Lipschitz continuous in D and is bounded by f J 2

" Now, if J 2is bounded away from zero, then

1 1 | |Lw)=su=) |
Tz)  Te(y)| T 2(y)f 2(z) '
= eyl
- T2
That is ;—zis Lipschitz continuous in D and is bounded by -71—- Therefore by
2
using the previous result, the product f ,71—= ;—L is also a bounded
2 2
Lipschitz continuous function in D. [

Proof of Thecrem 4.1. Define

p 2 ft €[0,T] | ¢ is a discontinuity point of either u(-), £°(:) or 2°(-)}

xxz 2 Hz(). 2(-)): [0.T]-R*xF | 2(-) and z(-) are piecewise
continuous with possible discontinuity points in D}
F : XxZ-XxZ such that gg; =F[ 8] satisfles

LI
n

7z z, 2, 2,u); z(0) = z(0) (A4.1a)

g(z. z. 2,2, u) (A4.1b)
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Since f is Lipschitz continuous with respect to z, by the Picard-Lindelof

Theorem on the existence and uniqueness of the solutions of ordinary

differential equations (see [17] page 18), the above equations have a unique

solution (Z(-), 2(-)) which belongs to XxZ Therefore F is well defined. From
these definitions the canonical WRM algorithm described by (4.8) can be writ-

ten as

t’&] = r::::g;) (A4.2)

Let 7 = max(y, 0.1) and « be a positive constant whose value will be chosen

later. Define norms in lf'xR'xR" and XxZ as follows:

i§§§§i = Iliggll*;{e—llz(t)ll (A4.3)
EOL ¢ [HY]

where 9, A; and the norms in R*xR and K" are as given in Theorem 4.5. Since

6]~ e |31

Therefore, it can be shown that the space (XxZ ||-||) is closed (hence it is a

Banach space). Next we shall show that Fis contractive in (XxZ, ||-||).

Let EE;} =r[::8] and Ei; =rt§8], then from (A4.1) and the

condition (b) of Theorem 4.5, we have that
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"f-:’(t)-é’(t)" l (2, !, 23, 21, u) - £ (2° 22, 22, 22, u)"
z'(t) - 22(¢) g(z, =1, 2%, 2!, u) - g (2 z2, 22, zz u)

= MIE() - POl + allee) - 250+ [2108) - 41|

After some algebraic manipulations using (A4.3), '; and the above inequality,
we have that

b ;l(t) -éz(t) 24(t) - 23(¢)
l Z(t) - 3%(t) I <7 I =it ;-:;U l +(\+ Hllz‘(t) ()| (A4:5)
() - () T =) -

From Lemma A2, there exists a constant u such that
z'(t) - 2(t)

z'(t) - 2(¢)
Z(t) - 2%(¢)

Ilfr‘(t)-éz(t)u s (A4.6)

"From (A4.5) and (A4.8), letting u; = uy and g, = u(A, + ’:—z), we have
7

,Igfi"%ﬁil + () -2 (A7)

E4(t) - ) = o

Applying the fundamental results in differential inequalities to (A4.7) (see

[17] corollary 8.2, pages 30-32), using the fact that z'(0) — Z%(0) = 0, we have

1
BHE) =T = pe o™ I *gg-i =7 l dr

z¥(r) - z%(7)

2(¢) - ()
I (A4.8)

= p‘e“"j:e(‘-“‘)'e -ar | zi(t) - 2(¢t)
z(t) - Z(t)

From (A4.4) we have
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i

T)-z(f) Y _ 2 .
g-ar I zl 3 :::g; i < "318_328" for all T € [0, T]

Substituting this inequality in (A4.8), we have

B) =0l = et |20 250 e

() = 23()
- e e’ 121() = 2%() ||, (a-
= e Ts e -
at
< £2__ ::8 :::8 " assuming a - x>0
Substituting this inequality in (A4.5) and multiplying by e ¢, we have
L 2 A
zx(t) -zz(t) l(t) z(t) F-lo\l + ._)
o~ l 2(6) - 20) E S jo l poz |+ =28 25
2(t) - 2(¢) )=
Hence, using (A4.4), the above inequality implies that
31() - 3) () - 22(.) b+ 31 z'() - 2%()
~llzi(:) -z -z¥(-
[20-20] <5128 2501 - otz TN
That is
(A + —'9 210) - 2%0)
"F& ]" = [7+ a- [Jq " () -:2(-)"

Since 0.1 < 5'_< 1, it is possible to choose a large enough so that

#1(7\1"'):;)
‘;-!-—am’:— <1

Therefore F is contractive. Hence, by the contraction mapping theorem (see
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[15] page 120), it has a unique fixed point in XxZ satisfying

L( )]

ie. :..: = f(z z, z. z,u); z(0) = z(0)

z()

z = 9z 2 2, 2, u)
.end for any given initial guess (%), 2°(')) € XxZ the sequence
§(z*(:), 2*(-))}5=; generated by (A4.2) converges uniformly to

(z(-). 2(-)) €XxZ Since we can choose (z9%:), z%(-)) e XxZ such that
z%¢) = z(0) and 2%(¢) =0 for all ¢ € [0.T], therefore we conclude that the

discontinuity points of (z(:), 2(-)) belong to the set of discontinuity points of
u(-) only, i.e. they do not depend on 2%) and z%-). Hence the proof is com-

plete. s

Proof of Theorem 5.3. Define
L, U:R'xR*xR + ™ I :E'xR*xR’xR - R
H:R'xR*xK - ™™ F :RxR*xF*xK - R

F:R'xRK’xR - R 7 : 'xR*xR*xP’xK » R

as follows:
[ o i< g
LU(""b'"') é _C,,(a,. R TR - TS - ‘U.) . e . .
Cg(al.....a;.b‘ﬂ.....b,..u)' ifi >J
' (a.....q.h,.....b,,u). .
-%(a:-'---ai-b(:v”--bmu)' e <4
Ug(abu) = | 0 ; Hi=g
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H(a.bu) 2 [I-L(z.bu)]'U(a.b.u)
s qi{ay, . ... a8 bears ... By, 1)
ﬂ(a'b.u) = - C;(a'!ln LA 'a'll ;i':l- LR ] lbnt u)
“f(absu) 2 [7 -L(a.b.u)]“f(a.b.u) + H(a,b,u)s
h(z.a.b'u) é - ai(z'all «e. 04, bii-h ‘e e 'b‘n- u)

Q‘(a’l- I 0K TTS T ' ba, u)
7(aob 5,2 ou) g [I - L(a.bﬂ‘)]-lhz .a,b .U) + H(a,b .u)s
where C, g, a are previously defined in Algorithm 5.1 and Algorithm 5.2. Then
Algorithm 5.1 can be tranformed into the following canonical form
o8 = vk, vk oEL ) i v*(0)'=2(0)
And Algorithm 5.2 can be tranformed into the following canonical form
' = Fluk v Gy, 2 u) i vk (0) = v (0)
z* = g(vk, u)
From Lemma A4 and the assumptions of Theorem 5.3, we can deduce that

a) f. ?. g are continuous functions and are Lipschitz continuous with

respect to »* and v*-1,

b) 7 is also Lipschitz continuous with respect to z, i.e. there is a constant

A>0 such that
if(z.b,s.2,u)~F(a. b, s,z u)e = Az -'_5_"- (As5.1)
where ||-|l. denotes the standard max-norm as defined in Lemma A3.

Applying the result of Lemma A3, we have

lH(2.b.u)le < |IL(a.b,u) + Ula.b,u)|l
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- 2%(01. N - £ b’H-lc veo .bn. U.)
i (A5.2)

T omign Gelay, . ... 04 Bgar, .. By @)

From the definition of C and the assumptions of Theorem 5.1, we have

Q(al. oee oy, bi‘l'!' v e ,b”. ‘U) < Cm— (A5.3)

2 Gi(@r -2 By, . by )
(e
) -qu,(a,. B Bgens . b ) S (R = 1)Con (45.4)

Since, for all ¢ < 0, the function F"Tcis monotonically increasing with
min .

respect to g therefore (A.15), (A.18) and (A.17) imply that

(‘"--l)cmnx
0m + (n ‘-1) Cm

lH{a.b,u)ll. = =y <1 (AS.5)

Therefore Algorithm 5.1 satisfies all the conditions of Theorem 4.1 and hence

it converges for any piecewise continuous input .

For Algorithm 5.2, we define ||| in R*xR* such that for any s € K" and

zeR

lsl 2 vt + 2

where A is as given in (A5.1) and ¥ is as given in (A5.5). Then

"7(4.5 ;(: :: gf:‘g s, z.u.)" = ||}(a,b,s,z,u)—?(a.b.§. .z'.u)”-

£ Mz = Zll + [1#(a.b.w)llelis — il

< y[lls -5l + $n= -zl ]
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Therefore Algorithm 5.2 also satisfies the conditions of Theorem 4.1 and

hence it converges for any piecewise continuous input u. ) [
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