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CANONICAL PIECEWISE-LINEAR ANALYSIS1*

Leon 0. Chua and Robin LP. Ying§

ABSTRACT

Any resistive nonlinear circuit can be approximated to any desired accuracy by a global
piecewise-linear equation in the canonical form

a+Bx+ flci!<ai,x>-ft|=0
< = i

All conventional circuit analysis methods (nodal, mesh, cut set, loop, hybrid, modified
nodal, tableau) are shown to always yield an equation of this form, provided the only non-
Linear elements are 2-terminal resistors and controlled sources, each modeled by a 1-
dimensional piecewise-linear function.

The well-known Katzenelson algorithm when applied to this equation yields an efficient
algorithm which requires only a minimal computer storage. In the important special case
when the canonical equation has a lattice structure (which always occur in the hybrid
analysis), the algorithm is further refined to achieve a dramatic reduction in computation
time.
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Office of Naval Research under Contract N00014-76-C-0572, and the National Science Foundation underGrants ECS
B0-20-640/ENG-7722745.
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1. INTRODUCTION

The Katzenelson algorithm [l] for solving piecewise-linear resistive circuits has been
refined and extended to the most general case of a system of piecewise-linear equations
f ( x) =0 in a series ofexcellent papers during the last decade [2-6]. In these papers, the n-
dimensional piecewise-linear functions are specified by

f(x) = Jtx + a* , i =l. 2 K (1.1)
where Jt is a constant nxn matrix and Sj is a constant n-vector, both defined in region
Ri c If1. The whole space W1 is divided into a finite number (K) of polyhedral regions by a
finite number (p) of hyperplanes

<oi.x> =/Si. i =l,2 p. xer (1.2)
where cm, is the normal vector to the i-th hyperplane, ft is a constant and <. > denote the
usual vector "dot" product in If1. For illustration, see Example 1( n=2. k=4 ) in Section 2.3.

In order to solve (1.1) and (1.2) in a computer, it is necessary to store annxn matrix Jit
two n-vectors S* and ^ and a scalar ft for each of the K polyhedral regions. The number K
depends on the number of regions required to approximate a nonlinear function f ( x) to
within acceptable accuracy. For n >100. K is generally an extremely large number. Hence
for large n. it becomes extremely tedious and error prone for a user to input all the data
necessary to specify (1.1) and (1.2). Moreover, this data also requires an excessive amount of
computer memory. For most piecewise-linear functions ofpractical interest, the above objec
tion can be overcome by representing (1.1) and (1.2) by a single piecewise-linear equation in
the canonical form [8]

f(x) =a+Bx+ fie* | <at, x>-ft I=0 (1.3)
i = 1

where B is a constant nxn matrix, a, c*. and a4 are constant n-vectors, and ft is a constant.

Our first objective is to show, in section 2. that any piecewise-linear function defined by
(1.1) and (1.2) which satisfies the linear partition assumption in [8] has an equivalent canoni
cal representation (1.3). where a, R Ct, a* and ft can be calculated via explicit formulas.

Our second objective in this paper is to show, in section 3, that if the onlynonlinear ele
ments in a resistive circuit are 2-terminal resistors and/or controlled sources (all 4 types)
modeled by arbitrary 1-dimensional piecewise-linear functions, then any conventional circuit
analysis method (nodal mesh, loop, cut set, hybrid, modified nodal, tableau, etc.) always
gives rise to an equation having the canonical form (1.3). Since the above repertoire of non
linear elements are sufficient to model all resistive n-terminal or coupled elements [9-10], we
conclude that all resistive nonlinear circuits can be modeled, to within any prescribed accu
racy, by an equation in the canonical form (1.3).

Our final objective is to apply the Katzenelson algorithm developed in [6] to the canonical
form (1.3). The resulting method ~ called the canonical Katzenelson algorithm - given insec
tion 4 is applicable to any system of piecewise-linear equations represented in the canonical
form (1.3), regardless of whether it comes from a circuit or not.

2. CANONICAL FORM REPRESENTATION OF CONTINUOUS P1ECEW1SEHJNEAR FUNCTIONS



In this section, we discuss the canonical form representation of continuous piecewise-
linear functions. First, we review briefly the single-variable (/ : R1 -» R1) case in section 2.1
and the scalar multi-variable (/ : If1 -* R1 , n > l) case in section 2.2 We also present a new
formula for determining the coefficients of / in the multi-variable case which is more general
than that given in [8]. In section 2.3-we propose a general compact form for representing an
n-dimensional piecewise-linear function (/ : If1 -* R1 , n > l).

2.1 1-dimensional scalar function: / : R1 -+ R1
Afunction / : R1 -♦ R1 is said to be continuous piecewise-linear if (l) it is continuous,

and (2) it is composed of finitely many linear segments. Points common to two segments of
different slopes are called break points.

Consider an arbitrary continuous piecewise-linear function / with p distinct break
points Zj <x2<.... <Xp as shown in Fig. 1. Let m^ , i = 0, 1, 2 ,p denote the slope of
each segment. It is proved in [7] that / can be represented globally by the following canoni
cal form:

where x e R1 and the coefficients can be calculated explicitly by

6 = j=- (wio +mp)

Ci = 5- (mi - mi-x), i = 1, 2, ..».P

«=/(0)- t°i \*i 1
ial

(2.1)

(2.2)

(2.3)

(2.4)

Asimplified derivation of these relationships are given in Appendix A It should be noted that
since (2.2)-(2.4) defines a unique set of coefficients for each piecewise-linear function, the
representation (2.1) is also unique.

2.2 n-dimensional scalar function: / : If* -* R1
Alinearpartition in IT1 is a finite set ofhyperplanes characterized by the equation

<ai.x> =ft. i =1.2 p. xeR* (25)
where Oi € If* denotes the normal vector to the i-th hyperplane. Alinear partition is said to
be non-degenerate if for every set of linearly-dependent ailtaiZ, aj
l*jltj Jm*P .the rank of [ aiv aig, aim ] is strictly less than the rank of
aix aiz .... aim

>m-

fti ftj &
Geometrically, this means that the dimension of the intersection

among any j of thep hyperplanes must be less than or equal ton - j where n is the dimen
sion of the space. For example, if three lines intersect at a common point in R?. then any



partition in IR? containing those three lines is degenerate.
A linear partition in If1 separates If1 into many polyhedral regions. There are

unbounded regions as well as bounded regions. The unbounded regions can be divided into
two classes. Suppose some of the hyperplanes in the linear partition, or their intersections,
are parallel to each other. As we translate these hyperplanes (or their intersections) until
they coincide into a single hyperplane (or intersection) some of the unbounded regions may
vanish. We call them the pseudo-unbounded regions. The remaining regions which remain
unbounded in spite of the above translations are called essentially-unbounded regions. For
example, in Fig. 2(a). regions Rx and Rs are pseudo-unbounded since they vanish upon merg
ing Li and Lz. Regions /?2, R3. R+ /?8. Ry and RB are essentially-unbounded. In Fig. 2(b). R7 is
pseudo-unbounded since it vanishes upon merging the parallel intersections L\, Lz and Z,3.
Note that we can always eliminate bounded regions as well as pseudo-unbounded regions by
merging the parallel hyperplanes and/or their intersections.

Consider a linear partition in If1 defined by (2.5) andan arbitrary polyhedral region Rk e
If1. Let x be an interior point of Rk. Then we have <c^ . x >* ft for i = 1. 2 p. If we
define

^(xjssgm (<«i ,x>-ft ). is 1.2 p (2-6)
then the pxl vector w*(x) =[wfcl(x), wkg(x) w^(x) ]T is called the sign-sequence vector of
Rk. We can actually drop the dependence of x on w* since by (2.6) wk remains the same for
all x in the interior of Rk. Thus a polyhedral regionis unixjy&ly identified by its sign-sequence
vector.

It is shown in [8] that any continuous piecewise-linear function / : If1 «* Rl with a non-
degenerate linear partition defined by (2.5) can be represented globally by the following
canonical form:

(2.7)

where x bt at, i = 1, 2 p are in IT, and the coefficients canbe calculated explicitly by

b =

a •

x aiT( 7/(1)1^ -v/«|jO
2 <Oi ,

=/(0)- £ c«lft |
i = l

«i>

(2.8)

(2.9)

(2.10)

where Rimt j =1,2 Jfe, denotes the essenttaUy*unbounded regions, and Ri+ and Ri-
denote the two adjacent regions (associated with the i-th hyperplane) where their sign-
sequence vectors differ only at the i-th position. Asimplified derivation in of these relation
ships are given in Appendix B.



Note that for any t € R. t * 0 , < *<Xi . x > = fft and (2.5) represent the same hyper
plane. Hence, the coefficients in (2.7) as computed by (2.8)-(2.10) are not unique but rather
depend on the scale factor t used in representing the linear partition. However, ifwe normal-

*»f sgn(ft)
ize the representation (2.5) by defining the scale factor U= >< >. tor

i = 1, 2 p . ft * 0.1 then we will get a unique representation for the linear partition as
well as a unique set ofcoefficients for the canonical form of/ (.).

Remark : Non-degeneracy is only a sufficient condition for the existence of a canonical
form representation. Examples exist (see [8]) such that a piecewise-linear function /(.) can
be represented in canonical form (2.7) even though its associated linear partition is degen
erate. We will show in section 3 that in formulating equations for piecewise-linear circuits,
this sufficient condition can be ignored.

2.3 n-dimensional vector function: / : If1 -* If1

Definition 2.1

An n-dimensional function f : IRf1 -* HP* is said to be continuous piecewise-linear if all its
components /< : If1 -+ R1. i = 1. 2 n are continuous piecewise-linear.
Any n-dimensional function f: If1 -» Bf1 with its components /t: If* -» R1

represented in the canonical form (2.7) can be represented globally by the foUowing explicit
analytical expression:

where x, a. Ct e If1 and B e Hf*xn. The coefficients are given explicitly by :

Ci =
1 [*(*) Ixei^-JW l*6A_]gj
2 < Oi . cti >

=f(0) - £ c, | ft |
t = l

(2.11)

(2.12)

(2.13)

(2.14)

where J(x) is the Jacobian matrix of f; Rjat, j = 1, 2 k, denotes the essentially-
unbounded regions, and Ri+, /?»_ denote the two adjacent regions where their sign-sequence
vectors differs only at the i-th position.

The derivation of (2.12) - (2.14) is similar to that of (2.8) - (2.10). The coefficients in
(2.11) clearly depends on the scalar factor used in representing the linear partition.

It is important to note that in generalizing from (2.7) to (2.11), we have assumed that
each component /t of f is associated with the same linear partition in the domain. This

*/

1For the case ft = 0 where sgn(ft) isundefined, we choose t^ — >/ < CLi , Oi > '



assumption, however, entails no loss of generality since we can always introduce additional
hyperplanes for each /< until their linear partitions are identical for all i = 1, 2 , p.

Remark : We can write (2.11) in an even more compact matrix form. Define

C=[c1.c2 ,Cp ]eWP*P.»=[<*!,az «p ]e WT** and
e = [£i •02 • ft> ]T e IRP. then (2.11) can be written as2

f (x) = a + Bx + Cabs ( DT x - e) (2.15)

Example 1.

The linear partition shown in Fig. 3 is defined by <[ 1 -1 ]T. x> = 0 and
<[1 1]r , x > = 0. A continuous piecewise-linear function f: R2 •+ R2 is defined in each
region as follow:

f (x1( x2\ =

Ax i
3x2

3arj + x2
Xi + 2x2

X\, X2 £ J?i ;

, xi, x2 e /?e ;

Zxx
x2

3xj —x2
-Xi + 2x2

xi, x2 e i?3

, X! , X2 £ 7?4

the associated Jacobian matrices are :

if (*i. *2> =

[4 0l r- D . f2 Ol ^ ~ er 7?[g 3 j. xx, x2 e #1 ; [0 2J• xi •x2 e ^3

'3 ll ,. „ cr P - [3-1 1 * !„£/?,ll 2j' x' 2 2 ' 1-12J' *l'x2tn4

using (2.12) - (2.14) to compute the coefficients, we can express f in the form of either (2.11)
or (2.15):

f(xlt x2) =

* r i
r 1 1_

01 3 0 *1 2
1

l 1 . 2 1 1

+
n 2

+ 1 xx +x2 1 +
1 1 *1 -*2 1

p0, ,w "" i *2
2 ~2

1 j

r , r 1 1 1 * .
• «

'

0 3 0 *1 2 2 1 1 X\ 0

0
+ 0 2]

x2
+

1

2

1

2

abs 1 -1
j

x* "

.0
D

a CANONICAL EQUATION FORMULATION FOR PIECT^SEHJNEAR RESSTIVE CBRCUTIS
Consider the simple circuit shown in Fig. 4. Rl is voltage controlled and R2 is current

controlled. The vi characteristics of Rl and R2 are approximated by continuous piecewise-
linear segments and represented in the canonical form (2.1) as follow :

d»f8Forx=[x1, x2 Xn ]rG TST, aos(x) = [ IxJ. |x2| \Xn\]



Pi

Rl: ix = g (vi) = ax + blvl + £ c« I vi ~ 7w I

R2 : v2 = r ( i2 ) = a2 + 62 i2 + 2 c^ | i2 - J2i |

KVL implies vx + vz + 2ij = £ and KCL implies ii = i2. Therefore
v2 =r ( i2 ) = r ( ix ) = r ( g ( Vi) ) and the equilibrium equation of the circuit is
vl+r(g(vl)) + Zg(v1) = E. We note that this equation is no longer in the canonical
form (2.1) since the composition ofr(.) and g(.) causes the absolute sign to benested. On the
other hand, the equilibrium equation can also be formulated as follow: ix = i2 implies

i/x + v2 + 2ix = £ and vx + v2 + 2i2 = E

Writing these equations in the vector form, we get

' E'

E,

Substituting r(.) and g(.) into the above equation and rearranging terms, we obtain

2a j + a2 - ^
a2-£

Vj + r (i2) + Zg (vx)
*>i +r (i2) + 2i2

26!+l D2

1 62 + 2 i2

Pz

+ E
C2y

C2J
*2 ~ -^2/ I =

Pi

0

Lo j

2c u
0

v, -7,li

Indeed, this equation is in the canonical form (3.11) provided that we identify x =[ Vi i2 ]T.
Oi = [ 1 0]T, a;- = [ 0 1F. ft = VH, ft- = IZj for i = 1. 2 pl§ J = 1. 2 p2.

The above discussion shows that arbitrary elimination of variables will not, in general,
give rise to a system of equations in canonical form, even though KVL and KCL are linear
equations and the constitutive relation of all resistors are expressed in canonical form (2.1).
However, by proper formulation, it is possible to reduce the equations in canonicalform.

Consider the class of nonlinear circuits made of linear and nonlinear 2-terminal resistors,
linear and nonlinear controlled sources (all 4 types), each depending on a single controlling
variable, dc independent sources (battery and current sources), as well as any linear multi-
terminal resistive elements, such as ideal transformers gyrators, etc. Through equivalent cir
cuit transformation techniques, virtually any dc resistive circuit can be reduced to this class
[9-10]. Our objective in this section is to show that if we approximate the characteristics
defining each nonlinear resistor or nonlinear controlled source by a continuous piecewise-
linear function and represent it in the canonical form (2.1). then, for all conventional
methods of circuit formulation, the equilibrium equation of the resulting circuit will always
assume the n-dimensional canonical form given in (2.11). We will prove this rather remark
able and unifying result for each of the following common equation formulation methods :
nodal analysis, mesh analysis, cut set analysis, loop analysis, hybrid analysis, modified nodal
analysis, and tableau formulation.

3.1 Nodal, mesh, cut-set and loop equations in canonical form

Theorem 3.1 ( Nodal and cut set analysis ) .
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Consider a connected resistive circuit N containing only linear 2-terminal resistors, dc
independent sources, voltage-controlled piecewise-linear 2-terminal resistors and linear
or piecewise-linear voltage-controlled current sources. If each piecewise-linear charac
teristic is represented in the canonical form (2.1). then the nodal equation and cut set
equation of N always assume the canonical form (2.11).

Proof :

Observe that the assumptions assure the existence of the nodal equation. By applying
source transformation, we can assume without loss of generality that each branch in TV is in
the composite form (see Fig. 5) where nk can be a linear resistor, a voltage-controlled
piecewise-linear resistor, a linear voltage-controlled current source or a piecewise-linear
voltage-controlled current source. The vk - % relation of n* takes the following forms :

(1) if it* is a linear resistor, then

i*=9kVk (3-l)

(2) if n* is a piecewise-linear voltage-controlledresistor, then
Pb

1* =a* +bk vk + 2 c« Iv* ~ v* I (3*2^
i = l

(3) if 7i* is a linear voltage-controlled current source, then

ik=9kVj (3-3)

where vit j # k is the voltage of some other branch.
(4) if nk is a piecewise-linear voltage-controlled current source, then

p*

4 =0*+^^+ £ c« Ivi - 7« l (3-4)
t si

Now let q be the total number of composite branches in JV. u*( k = 1, 2 q , be unit

vectors in R». and define vq =[5ivz .... vq ] . E^ =[Ex Ez .... Eq ]T. then since
%, =Jk +**. and vk =vk +Ek for k =1. 2 q . we can write (3.1) - (3.4) in the following
general form:

ik=Jk +°* +£ <°k4Uj.*q +** >+ £ Zcji\<vj.Yq+Eq>-Vji\

Jk + o* + L < bt4 % • E, > + £ <*>k, *j • •* >

+ 2 S ^ I <U/.Vff >-(lJt-<Ui.Eg>)|
i alisl

- TDefine i, = [ ii %z ••- iq ] . then the above equation gives :



*»

** =

/1 +a1+ £ <b1Jui ,E, >

/2+a2 + J <62i u/ , E, >
i=i

/, +a, + £ < bqj uy , E, >
>-i

6liuir

by u/

+£ £ c»"i I<%.vg>-(7/i-<ui.I^>)
p

/=ii=i

=a+Bvg+£ ^ c,t | <ui.v,>-(Vii-<ui.Eg>)
/Bltal

(3.5)

Let Abe the reduced incidence matrix associated with N relative to an arbitrary datum node,

and e be the node-to-datum voltage vector, then KCL implies Aig = 0 and KVL implies

Yq =Ar e. Applying these two equations to (3.5), we get:

Aa + ABAre+ £ £ Ac* | <u, . Ar e> - ( ty - <u, . E, >) I
j=Hal

where

= a + Be+ 2 2 <* I <Aui .«>-fti I =0
i Bli3l

a= Aa. B^ABA7*. c* = Ac* . ftt = I}, - <u, . E, >

(3.6)

(3.7)

Note that the nodal equation (3.6) is precisely in the form of (2.11) provided we relabel the
double indices in the last term.

Toformulate the cut set equation of N, pick a tree and choose the tree branch voltages
•, as independent variables. Replacing A in (3.6) by the fundamental cut set matrix Q, we
obtain the following equation

Qa +QBQ^v, + £ £ Qc* | <u,. Qr ve >- ( V^ - <u, ,E, >)

£ Cfi | <Qu* ,V8 >-ftt |=0
JB li Bl

where

(3.8)

a=Qa. B=QBQT. c*=Qc*. ft< =fy-<%.£,> <3'9)
Equation (3.8) is precisely in the form of (2.11) provided we relabel the double indices in the
last term. Q

Example 2.
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Consider the bridge circuit containing five voltage-controlled piecewise-linear resistors
as shown in Fig. 6. Assume the v -i characteristics of these resistors are expressed in the
canonical form (2.1) :

Pk

i* = Ofc + bkvk + 2 ck | vk - V^ | , k = 1, 2, 3,4. 5
i = l

Shift the current source /, in parallel with Rl and R3 so that the resulting circuit contains
only 5 composite branches and 4 nodes. The reduced incidence matrix A with respect to
datum node 0 is

A =

10 0 10

-1110 0

0 -10-11

Computing the coefficients using (3.7), we obtain

a=A

<*!-/,
az

aa -7a =

o4

a5

ax + a4 —Is
—a^ + a2 + a3
—a2 — a4 + as

B = AdHag [ bi 62 b3 b4 b5 ] Af =
6x + 64 -6i

—bj bi + 62 + bg

-b. -b,

-b4

-&2

bo + bA+ b,

c^j = Cfi Au,- . ftt = Vfl , j = 1. 2. 3, 4, 5

The nodal equation in the canonical form is :

bi + b4 -bj -b4
—bi bj + b2 + bg —b2
-b4 -b2 b2 + b4 + b5

f( e2

e3
) =

ax + a4 —/s
—di + tt2 + Og
—o3 — a4 + as

ei
e2

63

Pi

1 = 1

Cli

-«?li
0

P2

«i -«2-vii | + 2
isi

0
Czi e2 -eg- Va

P3

is 1

P6

< = 1

0

cat
0

0
0

c«

P4

e8 - ^3i I + 2
isl

e9- VtSi

0
0
0J

<Ui
0 Si -eg- V4J

It is remarkable to observe that the resulting nodal equation is -in closed analytic form.
Changing the resistor characteristics only changes the parameters in this equation.

Theorem 3.2 ( Mesh and loop analysis )
Consider a connected resistive circuit N containing linear 2-terminal resistors, dc
independent sources, current-controlled piecewise-linear 2-terminal resistors and linear
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or piecewise-linear current-controlled voltage sources. If each piecewise-linear charac
teristic is represented in the canonical form (2.1), thenthe mesh equation and loop equa
tion of N always assume the canonical form (2.11).

Proof: Dual of Theorem 3.1. Q

3.2 Canonical equation formodified nodal analysis andtableau formulation
In the case when N contains both voltage and current controlled elements, we may

resort to modified nodal analysis.

Theorem 3.3 ( Modified nodal analysis)
Consider a connected resistive circuit N containing only linear 2-terminal resistors, dc
independent sources, current-controlled and voltage-controlled piecewise-linear 2-
terminal resistors, linear and piecewise-linear controlled sources (all 4 types) and any
linear multi-terminal resistive elements. If each piecewise-linear function is represented
in the canonical form (2.1). then the modified nodal analysis of TV always assumes the
canonical form (2.15).

Proof :

Partition the elements in N into the following groups :

ic =G(vc) +N(i*) (3.10)

•^ =H(vc) +S(iJ?) (3.11)

•*=R(i*) (3-12)

where G(.) in (3.10) includes all voltage-controlled resistors, voltage-controlled current
sources and dc current sources; N (.) in (3.10) includes all current-controlled current
sources; M(.) in (3.11) includes all voltage-controlled voltage sources; S(.) in (3.11) includes
all current-controlled voltage sources and dc voltage sources; R(.) in (3.12) includes all
current-controlled resistors.

Using the same procedure as in the proof of 77ieorem 3.1, we can express (3.10) - (3.12)
into the canonical form (2.15) :

\g =[ blg +Be yg +Cc abs ( VEyg - eG )] +[*n +Vn ** +c* abs t^S**- *n )] (3.13)

Yff =[ajf +B!»Vc +CAf abs ( DjJ •<? - e^ )] +[*5 +B5 i* +C5 abs (Djij? - es )] (3.14)

vp =a* +Br ir +CR abs ( Djfi* - eR ) (3-15)

Let A be the reduced incidence matrix of N relative to some datum node, and partitioned A
as A=jAc IAs IAr 1• Let J denote the source current vector and vn denote the node-to-
datum voltage vector, then KCL and KVL give :3

Acis+A£te+Aak=0 (3.16)

ASvn =vc . Ajvn =ye . Af vn =•. (3.17)

sNote: Current sources have been absorbed into \q.
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Substituting (3.13), (3.17) into (3.16) and (3.17) into (3.14), (3.15) respectively, we get

Ac [ blg + Bc Afvn + Cc abs ( Dc"A£vn - ec ) ] + A* i^ + Ar i* = 0 (3.18)

A?Vn = [ atf + BM a£v« + QM abs ( DjJ A£vn - e* ) ]

+ [ as + Bs i/? + C5 abs ( Dji* - es ) ] (3.19)

A#vn =a* +B* i/? + Qr abs (Dj? i* - e^ ) (3.20)
Let x =[v,f | ij | i£ ]T be the vector of independent variables and rewrite (3.18) - (3.20) into
vector form, we get

Ac Be A£ Ag Afl

-AJ + BatAc' 0 B5
-A? 0 B*

Acac
atf + a$

a*

AcCc 0 0 0

0 Qff C5 0

0 0 0 C*

Denning

a =

Ac ac
a# + a$

a*

B =

abs

•

Ac Dc Ac Dtf

0 0

0 0

0 0

0 0

D5 D*

T

x-

ec
<

= 0

1

Acl

-Af +
h Ac" Ag Aff
BffAj 0 B5

A# 0 Br

. c =

Ac Cc
0

0

0 0 0

Cji Cs 0

0 0 Qr

D =

AcDc AcDj/ 0 0

0 0 0 0

0 0 D5 D;?
. e= [e£eifeje£j

(3.21)

we can recast (3.21) in the following canonical form :

a+Bx+Cabs(Drx-e) = 0 Q

Theorem 3.4 ( Tableau analysis )
Consider a connected resistive circuit TV containing only linear 2-terminal resistors, dc
independent sources, current-controlled and voltage-controlled piecewise-linear 2-
terminal resistors, linear and piecewise-linear controlled sources (all 4 types) and any
linear multi-terminal resistive elements. If each piecewise-linear function is represented
in the canonical form (2.1). then the tableau formulation always assumes the form of
(2.15).

Proof :

Let A be the reduced incidence matrix of N relative to some datum node, and vn be the
node-to-datum voltage vector, then KCL, KVL and element constitutive relations give :

Ai = AJ (3.22)

• =Arv„ +E (3.23)
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f/(i) +fv(v) =S (3-24)

using the same procedure as in the proof of Theorem 3.1, we can express f/ (.) and iv (.) in
the canonical form (2.15)

h ( i) =a/ +B/ i +C/ abs ( D/i - e/ ) (3.25)

fy(v) =ay +Byv +Cyabs (Dfv-ey) (3.26)
Substituting (3.25) - (3.26) into (3.24) and writing (3.22) - (3.24) intovector form, we get:

-AJ
-E

a/ + ay - S

A 0 0

0 1 A7*
B/ By 0

1

V

0 0 0

'

D7 0 0
T

i

<

e/

0 0 0 abs 0 Dy 0 V — ey

C/ Cy 0
V

0 0 0 •n 0 ]

Clearly (3.27) is in the canonical form (2.15). Q

= 0 (3.27)

3.3 Canonical equation for hybrid analysis

Theorem 3.4 ( Hybrid analysis )
Consider a resistive circuit N containing linear 2-terminal resistors, dc independent
sources, voltage and current controlled piecewise-linear resistors, linear controlled
sources (all 4 types) and linear multi-terminal resistive elements. Let TV denote the m-
port obtained by extracting all voltage-controlled piecewise-linear resistors in TV across
"voltage" ports, and all current-controlled piecewise-linear resistors across "current"
ports (Fig. 7). If the characteristic ofeach piecewise-linear resistor is represented inthe
canonical form (2.1), and if Nadmits hybrid representation (3.28), then
(a) the hybrid equation ofTV always assumes the canonical form. (2.11):
(b) the linear partition in the domain always forms a lattice structure in the sense that
the partition hyperplanes are parallel to the coordinate axes defined by the independent
variables.4

Proof:

Consider the linearm-port N shown in Fig. 7. Let vlt vz vt be the voltages of the vol

tage ports and ij+1. ii+2 , i^ bethe currents ofthe current ports. The assumption implies

that IJ has a hybrid representation :

i. =

Boa **ab

1 '

•a

>

+
So

where •„ =[vt vz ....vt ]r. v6 =[t)j+l vi+z .... vm ]T, iB =[ i\ i* .... ii ]T.

(3.28)

4Any picceirise-linear equation having this property will henceforth be called an "equation with a lattice struc-
ture*\



ib = [ *t+i *i+2 •••• *m ]r« ajld [ ** Sj, ]r is the source vector.
By assumption, each voltage-controlled piecewise-linear resistor is represented by

Pk

^ = ok + bk vk + 2 cw | vk - tk | , fc = 1. 2 I
i = l

Similarly, each current-controlled piecewise-linearresistor is represented by

Pk

vk =0* + bfcifc + 2 c« I ** ~7*t I • * =1+1. J+2. 171

t = l

Denning v0 =[vt vz ....vt ]r, v6 =[vi+i^i+2 .... % ]r» >a =[*i*2 •••• *i lr»
ib = [*i+i *i+2 •••• *m ]r. and recasting (3.29) - (3.30) into vector form, we get

i*
= a+B

in]

where

a= [ai a2.... at at+i.... a^, ]T , B =diag [bibz

[Vn j =1.2 I

and Uj is the unit vector in JR*. ^ = 1. 2 m.

Prom Fig. 7 we have w* = vk , i* = i* , fc = 1, 2,

ie, = i© . Equating the right handsideof (3.28) and (3.31) we get

m Pi

+ S 2 c/tu*1 <*h' >-&*

bt bt+1.... bm ]
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(3.29)

(3.30)

(3.31)

m . Hence, •<, = vB. i« = i*. v& = vb,

where x =
•a

Has **a6

Hoa Sm

After rearranging terms, we get

, a= a-

x +

&6

m Py

=a+B+ £ Sciiui I <uj .*->-ft*
/slisl

m Pi

a+Bx+ 2 £cJ4 I <u*.x>-fti I =°

,B = B-
Hga Bab

Hbo Hbb
c/i = Cji %

(3.32)

Equation (3.32) is precisely in the form of(2.11) provided we relabel the double indices in the
last term. This completes the proof of (a).
The partition hyperplanes associated with (3.32) are defined by <u,-.x>=^.
i s i, 2 Pi . Since Uj defines the normal direction of the jf-th hyperplane in the linear
partition and since u, is aunitvector in W1. .(b) follows immediately. Q

Remark : Theorem 3.4 can be easily generalized such that the piecewise-linear resistors
extracted across the voltage and current ports of N can be mutually coupled; Le.
ie =*( Va . U> ) and vb =g( v. . i* ). where f (.) and g (.) are represented in the canonical
form (2.11).
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Example 3.

Consider the resistor circuit shown in Fig. 8(a) where Rl is voltage controlled with its v-i
characteristic shown in Fig. 8(b) and R2 is current-controlled with its v-i characteristic
shown in Fig. 8(c). The v-i characteristics ofRl and R2 are represented as follow :

Rl: ilSSi-+2-Vl-|t,1| +|

R2: V2 =-l-+|-i2-:L|i2 +l|

v, -1 (3.33)

"2

(3.34)

Extracting Rl across the voltage port and R2 across the current port (see Fig. 8(d)). we obtain
the following hybrid representation for the remaining linear 2-port N:

2 -2

-2 $-
3

iz l!l (3.35)

Substituting (3.33) and (3.34) into (3.35) and rearranging terms, we obtain the following
hybrid equation in the canonical form (2.15):

1 [— 2 1
4

1
+

4

2 -±-
Vi

*2
+

4 l 12 J

•HI

-t-
o-l.

abs
110

0 0 1
<

T

Vl
-

f o 1
l

l-i]J

The lattice structure of the linear partition is shownin Fig. 8(e). Q

4. CANONICAL KATZENELSON ALGORITHM

In this section, we adapt the canonical form representation to the Katzenelson algo
rithm. We state the conditions which guarantee the convergence of this algorithm in terms of
the coefficients of the n-dimensional canonical representation. An alternate way of handling
the familiar "corner" problem is also discussed with an illustrative example. Finally, we com
pare the bookkeeping complexity and computational efficiency involved in equations with and
without lattice structures.

Definition 4.1

A continuous mapping I: IT -♦ Hf* is said to be norm-coercive if || f(x) || -* » as
llxll--.
The following theorem gives sufficient conditions for the existence of solution in terms of

the coefficients of f(.). where f(.) is expressed in (2.15). The proof follows directly from a
corresponding theorem in [6].

Theorem 4.1
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Let f: HP1 -» IBP be a norm-coercive continuous piecewise-linear function expressed in

the form (2.15). If there exists a point Xq € Hf1 which satisfies8

(1) D7* xb - e * 0
(2)B(x-Xo)^-C[abs(Drx-e)-abs(DrXo-e)] x€ W? . x*xb
(3) det JB+C[ spji( D^sb - e) ] D7, J>0

then for any given y0 € R». there exists anx € WP. such that f(x) = y0. Furthermore, the
Katzenelson algorithm starting from Xq converges to a solution in a finite number of
steps.

For complete generality, we will present the canonical Katzenelson algorithm without
assuming the equilibrium equation has a lattice structure. However, remarks will be given at
each step where a lattice structure can bring significant savings in bookkeeping and/or com
putation.

Canonical Katzenelson Algorithm

Consider the equation

f(x) = a+Bx+Cobs (Drx-e) =y0 (4,1)
Step 1 : Choose an initial point Xq satisfying conditions (l). (2) and (3) in Theorem 4.1.

Let k = 1. h = 0. x^ =Xq. Let Rk denote the region containing x*fc). Rk can be identified by
its sign-sequence vector (2.6). Go to step 2.

Step 2: Compute n^ by

n^> =[Ji?J-1[yo-fW*))] (4-2>
where JR is the Jacobian matrix off in region Rk. Go to step 3.

Step 3: If n<*> is a zero vector, then x<fc> is the solution, and the algorithm terminates
here. Otherwise let A™ be a subset of Jl, 2 p\ such that for i e A<*\ <flk . x> =ft is a
boundary hyperplane of region Rk. Then for each i eA™ such that <a* . n<fc> >* 0. compute

M=ft-<«t;i»)> (4.3)

and go to step 4.
Remark : Since it is generally impossible to identify the boundaries associated with each

region of (4.1). the number of elements in set A™ is always equal top-1 (i.e. all hyperplanes
except the one which contains x<*>). However, if the equilibrium equation has a lattice struc
ture, then each region has at most 2n boundaries (therefore the size of A™ is always 2n-l
after the first iteration) and can be easily identified by simply comparing the coordinates of
x<*> with the ft's. Substantial computing time can be saved at this point since not only the
total number of U{k) to be calculated is reduced, but also no multiplication is required for the
dot products in (4.3) because a* is now aunit vector. Note that in general p is much greater
than 2n, andp =2n occurs only when each of the piecewise-linear characteristic has exactly

^orX €IP1, sgn(x) =ding{sgn(xx)t sgn(xz) sgn(xn)), where sgnM =iwhenan >0and
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one breakpoint.

Step 4: (a) If det JRk *0, let j{k) be the subset of A™ such that for all i eA
sgn (*/*>) sflfn (det J^) =1 (4.4)

If j£k) is an empty set. then x*fc) +n(lj) is the solution and the algorithm terminates. Other-
min

(b) If det J^ =0. then find

wise, find ** = min \ tij-k) | and go to step 5.

tlk) = min | ttM | (4.5)
i e aM

and go to step 5.

Remark : Again, observe that if equation (4.1) has a lattice structure, then the size of A

will be smaller and searching for tt will also be easier.

Step 5: If t[k) fe 1, then x<*> +n^ is the solution and the algorithm terminates here. If
ilk) <1and it is not unique8, go to step 8. If t^ <1and it is unique, let h=i. tg& =tfV and
go to step 6.

Step 6: Compute

**«) = x<*> + t^L n(fc) (4-6>

J**+i =*** +2 ^ a* (4'7)
where c* is the /i-th columnin matrix Cand ah is the /i-th column in matrix D. Go to step 7.

Remark : If equation (4.1) has a lattice structure, then a* in (4.7) will be a unit vector,
and hence the dyad product of c* andaj requires no multiplicationat all.

Step 7: Increment k by 1. If det JRk * 0, then go to step 2. Otherwise, find avector i/0
inthe null space7 ofJj?fc. Let x^k) =n and go to step 3.

Step 8: (the corner problem)8. Since the f^'s are not unique, let /*> be a subset of A
containing the indices i where the f^'s are equal. Choose any i from /**>, let h =i.
rfii =t^ and compute x<*+1> =x<*> +c&i n<*>. Go to s*ep P.

Step 9: Check x(*+1) against the existing corner points stored in step 10. If x^+1) is anew
corner point then go to step 10. Otherwise go to step 11.

Step 10: Store the corner point x***P Go tostep 1Z.
Step 11 :Let Np^ be the total number of elements in set fo\ Construct aregion list £,/*>

which consists of all neighborhood regions of .the corner point except region Rk.

sgn(xi) =-1 whena* <0. ^
•Wesayii is not unique ifthere exist at least 2indices "m" and "n" such that ti .= | t£' | = | t& ' |.
'Thevector n in the nullspace ofJp. , can be found using standard linear systemtechniques.

•Note that x*fc+l* is now a corner point.
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Remark : Since each region is uniquely identified by its sign-sequence vector, step 11
consists merely ofgenerating those sign-sequence vectors which represents the neighborhood
regions. Let w<fc) denote the sign-sequence vector of region Rk. We generate the sign-
sequence vectors from itk) by varying the sign at the ;-th position of w<fc) for j c: 7(fc), while
keeping the remaining entries identical. Clearly this procedure will generate 2^-1 sign-
sequence vectors.

Step 12 : Select a new region /?*+1 from the list Lfk) associated with the corner point
x<fc+1) in accordance with the foUowing precedence : (l) the sign sequence of Rk+X matches

w(i). (2) det 1R^X >0. (3) det J^+1 =0. (4) det J^+1 <0. Remove Rkirl from the list Lj» and
go to step 13.

Remark : Step 12 and step 13 form aloop until we identify the correct region to proceed.
Here. w(x) is the sign-sequencevector computed in step 13.

Step 13: Repeat step 2and step 3(i.e. repeat (4.2) and (4.3) with k replaced by fc +1) to
compute n<fc+1) and *<ffc+l> for i £ 7<fc+1> (go through step 7first if det J^+l * 0). Repeat step 4
to find ti(fc+1), then compute x= x<fc+*> +i-I?+° n<*+1> and the sign-sequence vector w(5). To
determine if region 7?**, is the correct region to proceed, we compare w(x) with w<k+1> (the
sign-sequence vector of region Rk+1). If they are equal, (then Rk+X is the correct region to
continue), set x*+2> =i. J/?4+8 =J^ and increment kby 2. Go to step 2. If w(x) and w<fc+I>
are not equal, then go to step 12.

Remark :Since most ofstep 13 consists ofrepeating step 2, step 3and step 4% substantial
savings in computing time will result if equation (4.1) has a lattice structure (recall the
Remarks following step 3 and step 4.)

Justification:

(1) To show the Jacobian matrix can be computed from the one in the adjacent region by
(4.7). let Rl% Rz be two adjacent regions and Jlt J2 be the Jacobian matrices in Rx and Rz
respectively. Then:

J, =B+ C{san( ©V* - e) ]if (4.8)

h =B+ C[sgn(lf^ - e) ]D7" (4.9)

where x*1* and & are arbitrary interior points in 7?x and Rz respectively. For continuous
piecewise-linear functions.

j^Jg +ya^ (4.10)

where £is aconstant vector to be determined [l]. Substituting (4.8) and (4.9) into (4.10). we
get:

Jl-h =C[sgn(T?4»-e)-sgn(T?&-e)]T? (4.11)

since the sign-sequence vectors differ only at thei-th position for Rx and Rz. we have
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sgn(D^xW -e)-sgn( D7x<2) - e ) =diog ( 0, 0 0, 2. 0 0 )

where the number "2" is at the i-th diagonal position. Therefore (4.11) reduces to

Jl-J2 =2ctai7' (4.12)

Comparing (4.10) with (4.12), weidentifyy =2 Cj and hence (4.7) is proved.

(2) The method we used to solve the corner problem (step 8 - 1$ is fully justified in [6]
(Theorem 3 through Theorem 5). and is not repeated here. However, we will illustrate the
method in Example 4.

Example 4. (Step-by-step illustration ofthe canonical Katzenelson algorithm)
Consider the circuit shown in Fig. 9(a) where both resistors Rl and R2 are voltage con

trolled. Their v-i characteristics in Figs. 9(b) and 9(c) are represented in canonical form :

Rl: i,= ;j-+f-*i-|vil +f- I*>i - 1I

R2 : i8 =~+ |- vz - i- |vz +1|
The canonical form equation for this circuit is found to he

5-2-1 f i. -2_ i
8 "4 L. 1 2 ~8 4

2- 2
4

v2

/ » i

T
\

abs
110

0 0 1
Vl
vz

—

0
1

—1
* ,

I

_1_
8

*0+ 12~
1 13

(4.13)

Step2&3:(k=l).

.(i) =

let Eq = 1 sothat y0 =[ —5- 75-]r- The linear partition in this case consists of 3 straight lines

Vi =0, vz = 1, and v2=-1. as shown inFig. 9(d). Define x =[vx vz ]T.
Q

Step 1: Choose an arbitrary point x^f-l-g-Fas shown in Fig. 9(d).

fi—»1 -1 -

1
r 1

3
'

20
2 8 8 13

M 13 41 33

.
12 12

< <

26
• 1

Since the region Rx containing Xq is bounded only by the first (vx =0) and third (vz =-1)
hyperplane. we set A^ = \ 1. 3 Jand compute f }l> and t^ :

o-<[ior.[-i-§.r>
tiD _ S

<tior.[fg-§-r>
-i-<[oir,[-i-|.r> _M

20 ' * " ^r« <ir r 20_33_ir- "33<[0lF.[
13 26

•F>

-i(D5*ep4<fr6":(*=l). Since det J^ =̂ -> 0. we have JW =J1. 3j. *<& =|jp and/i =3.



Step 6: (k=l). (4.6) implies

(4.7) implies

j*„=

20 13

ro = -1
3

+ 12.
33

13
33

=
33

-1

2
• i •

26

fi--il
•

1
• 1 1 '

2 1
« 7 + 2

4
1 [01] =

2 2.

1 51 -— 1 —
i

3 J 3 3 J

S*ep 7: (Jfe=1). det J/?g =|"> 0. Set A: =2and go to step 2
2&3\ (fc=2). i

and r?> :

20

Step 2&3\ (A: =2). (4.2) implies n<2> =[^- I"]7*. Set A™ =\ 1. 2Jand compute t{2>

13 13or<[ior.[-g-ir> _, ^_i-<[ior.[H8-^r> _i*
<[10]'.[^-|-]'> 85 85 5"<[10]'.[^-f.1f> 85"

Step 4&5\ (Jb=2). Since det J#8 =|-> 0. we have A™ =J1. 2J, r^ =1. and h=1.

S*ej> 5: (Jfc =2). (4.6) implies rf*> =[0—^r]f. and (4.7) implies Jrs =
2- 1
2 "2

-1 S-
3 J

Step 7: (k=2). det J/?a = 2 >0. Set A: =3 and go to step 2.

Step 2&3: (A: =3). (4.2) implies n^ =[5- §f-]r. Set 4<3> =f2. 3Jand compute *£>
and *J3> :

tj3)*
l-<[l0F.[0-A-r>

17

<[ior.[i-||-F>
= 6. tj2> =

~i"<[oi]r.[o-^-]r>

-0)

26

25"

-.0)Step 4&5: (A:=3). det J*8 =2>0implies lu =|2{. Since 22 =*£» =6>1solution of
(4.13) is given by:

x(3) + n<3> =

The iteration procedure is now terminated. The solution path is shown inFig. 9(d). Q

Example 5. (Step-by-step illustration ofstep8-13: corner problem)

Consider the same example as in Example 4. However, instead of Xq =[-1 - g"]7*. let us

choose Xq « [-1 —7~lr-

1 1

0 6 6
4

+
25 1

17 [34 J 2
> <



Step 2& 3: (A: =l).

\t~A
-1 /

1 73
^

20
2 8 56 13

« 7 13 67 ~ 200

I1 51
» .«- 12

* < l 91 J

; i4W = il.3i

17

*{» =
o-<[io]'i[-i-V-]r>

__ - 13. tl» - ——<[101r[ffi.^.]r> "so- * <[01]',[aaL]r>
17-i-<[oir.[-i-«v-]r>

13 91 13 91

Step 5: (A:=l). Since t™ =2?} =||? they are not unique. Go to step 8.
Step 8: (A:=l). 7(1) ={ 1. 3 J. Set h = 1 and compute

x<2> = -1
17

' 7

12.
20

20

13
200

91

0

-1
, go to step 9.

21

- 12_
" 20

- Step P: (A:=l). This is the first time we hit the corner [0-1 ]r. Go to Step 10.
Step 10 &11: (A:=l). Nfz) =2. Sign-sequence vector for region Ri is wjl) =[-1 -1 -1 ] ;-

construct i/1* =\ w{« .w|l>, *£> J. where wjl> =[1-1 -1 ]T. wll) =[-1 -11 ]T>
wi1) = [ 1 -1 1 ]T.

Step 12: (A:=l). Since det Jw{1) =|? det J^,, =|-. and det J^> =2are all positive, and
since w(x) is still undefined at this moment, pick an arbitrary region (say w[l)) to continue.
Go to Step 13.

Step 13 :(A:=l). Repeat step 2 n<2> =[•Jg-f-F. Since ^ =*1. 3J. we only need to
compute tj& in step 3

tm - i-<rioi'.ro-iV> = is.
<[ior.[^-fr> 7

compute

x =

r « i

> •

7

• *

1
0 xl 15 15 2

-1 + 2"~ 6 2

5 J 7
i »

and w(x) = [ 1 -1 1 ]T

Since w{^ =[-1 -1 -1 ]T isnot equal tow(x), go back to step 12 to select another regioa

Step 12: (A:=l). Since w^ =w(x), choose the region represented by w^ and go to step
13.

Step i3 : (Jfe=l). Repeat step 2and step 3. n<2> =[~ §-]r. *sS2> =6, and x= [£- £-]r.
Since w(x) =[1-1 1]r is equal to w£l\ set x<3> =[i- 2-]r. J*a =J^i). increment A: by 2and
go to step 2.
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Step 2&3: (Ar=3). (4.2) implies n(3) =[ ~ -3 ]T. Set A® =\ 1, 2. 3 \ and (4.3) implies
3r{3) =|-,^3)=_3_,t!j3)=3_

Step 4*5: (A: =3). det J*3 =2>0implies A(3) ={1. 3I Since Jj =—> 1, solution of
(4.13) is given by

xO) + nW =

1 1 1

2
+

3 6
7 -3 "" 1

2 I a J

Remark:

Two programs have been written to implement the canonical Katzenelson algorithm on a
PDP-11/780 VAX computer running aUNK time-sharing operating system9.

The first program exploits the special properties possessed by equations having a lattice
structure. The second program does not exploit this structure and is therefore more general,
but less efficient. Examples 4, 6, 7 and 6*10 are used to compare these two programs and the
result is shown in Table 7. Note that every example in Table 1 has lattice structure. By
exploiting this structure, one can expect the saving in cpu time to increase with the size of
the circuit.

Table 1. Summary of computation for Example 4, 6, 7 and 8

Examples

Total number of

regions traversed

Total CPU time (in seconds)11

general case
optimized for

lattice structure

4

6

7

8

3

5

18

11

0.20 - 0.28

0.32 - 0.52

0.82 ° 0.88

0.95 - 1.32

0.18-0.20

0.25 - 0.40.
0.33-0.47

0.58 - 0.80

5. CONCLUDING REMARKS

Since the dc circuit model of most electronic devices are made of 2-terminal nonlinear
resistors and nonlinear controlled sources depending on a single controlling variable, the
equilibrium equation of most dc electronic circuits are automatically in the canonical form,
upon approximating each nonlinear function by a 1-dimensional piecewise-linear function.

•PDP andVAX areTrademarksof the Digital Equipment Co., UNIX is a Trademark of Bell Laboratories.
t0£nmpt85 6, 7 and 8 are listed in Apps-ndix C.
11 Since UNIX is atime-sharing system, the actual time depends onthe current load onthe systemat that time-

Hence we give only a range of the total CPU time.
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In the more general situation when the nonlinearity consists of coupled equations, they
can often be approximated by combinations ofa few functions of one variable. In fact, from a
theoretical point ofview, we can invoke Kolmogorov 's theorem which asserts that any continu
ous multi-dimensional function f: BT -♦ JET can be approximated to any desired accuracy
over any compact region in If1 by a composition of Junctions of only one variable. This in
turn will allow us to construct a circuit model whose only nonlinear elements are 2-terminal
resistors [10]. It follows therefore that any resistive circuit can be modeled, to within any
desired accuracy, by asystem ofpiecewise-linear equations in canonical form.

This result is particularly appealing from a circuit-theoretic point of view because all
methods of circuit analysis give rise to an equilibrium equation of the same form. In fact, for
small circuits, such as the bridge circuit presented in Example 2 it is now possible to derive
highly efficient "canned computer programs" where the user need only specify the break
points and slopes of the nonlinear resistors in the circuit Such a program are ideally suited
for implementation in personal microcomputers. For example, one can easily store inasingle
5#" floppy disk, the canned program for analyzing piecewise-linear resistive circuits in all
standard configurations, e.g.. ladder, lattice. bridge-T. twin-T. etc.

In the case where the circuit has a hybrid equation, the canonical equation always
possesses a lattice structure. This remarkable property allows a substantial saving in com
puting time in the canonical Katzenelson algorithm. In the case where the circuit has multi
ple solutions, this property allows the development of a special algorithm which guarantees
that all solutions are found.

From an analytical point of view, the canonical form allows us to carry out algebraio
manipulations on piecewise-linear circuits. This make it possible to derive closed form solu
tions and sensitivity formulas for many prototype circuits.

Finally, it would be desirable to compare the computational efficiency between the
canonical Katzenelson algorithm with the recent piecewise-linear approach described in [12]

. and [13].
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APPENDIX

A. Justification of coefficients for canonical equation (2.1)
Forx *Xi, i = 1.2 p. (2.1) implies that

-£-/(*) =° +£****(*-**> (AA)
ax iS i

since mj =^Z(*) !*, <* <*,«• (A-1) ^P1168 that

i = 1

m< =6+ t c< - £ c* ; =1, 2 n-1 (A.3)
isl i=J+l

isl

It is clear that (A.2) and (A.4) imply (2.2). (A.3) implies (2.3), and finally (2.4) follows from
(2.1) upon substituting x = 0.

B. Justification of coefficients for equation (2.7)
We derive (2.8) first. For xe WT and <a* . x>* ft. i =1. 2 p. (2.7) implies

V/(x) =b+ flci[sgn(<ai,x>-Pi)]ai (A.5)
i = 1

(A.5) implies

E fvy(x) 1^ 1= E b+ E ff ci[sgn(<ai.x>-fii)]ai !«*,„
j*i\ '"J i =i i*iU =i >

which can be simplified to

b=fEIv/WUl.l+f E(f Ci[^n(<«i.x>-A)]«il«J%.1fc /=\| ^ J * /silisl J
Therefore to derive (2.8), it suffices to show

E f t Ci [*!?*• (<«* •*> "ft )]«i l^i-1 =° (A*6)
/slli =l J

Since we are only interested in x € Rfmt for ; = 1. 2 A:, the procedure described below will
eliminate all bounded regions as well as pseudo-unbounded regions.

Consider a very general case such that.there are g groups of hyperplanes in the linear
partition, each containing ng parallel hyperplanes. For each group, we merge the ti^ hyper
planes into one. (Note: we have kx = p - £ ns +g hyperplanes left.) Then move each of the
kx hyperplanes in parallel to itself until all pseudo-unbounded and bounded regions vanish.
This is always possible since no two of the Jfej hyperplanes are parallel to each other. Clearly
there are k =2*^ regions left and all of them are essentially-unbounded. Since each
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hyperplane < at . x> = ft, i = 1. 2, p, divides IR*1 into two regions whose sign-sequence
vectors differ only at the i-th position, we have

k

E sgn ( < Oi . x > ) = 0 for i = 1, 2 p
/si

where Xj € Rjm for j = 1. 2 fc. Equation (4.6) follows upon interchanging the summation
sign.

k

E sc/n ( < a* , Xj > - ft ) ] = 0 for i = 1, 2 p
;' = 1

To derive (2.9), let x e Rj+ in (A.5), we get

V/(x) |,e* =b+ £ Ci[sgn (<a* ,x>-ft )]at +c;- ot
*i+ i si

Similarly, let x € Rjm in (A.5). we get

V/(x) |xe/?, =b+ £ 0* [son (<Oi,x>-ft )]at -c^ a*
*~ isi

i+j

Multiplying both sides of (A.7) and (A.8) by Oi/and subtracting, we obtain (2.9).
Finally, substituting x = 0 in (2.7), we get (2.10). []

(A.7)

(A.8)

C. Examples

Example 6.

Consider the circuit shown in Fig. Al. Piecewise-linear resistors Rl and R3 are voltage
controUed. piecewise-linear resistor R2 is current controUed. Their canonical form represen
tation are given by

Rl: ii=f-|t/, +8| -§-|*i-B|

R2: v2= |-|*2+ 1I- f-l *2-5 I

R3: i3 =i/3-f-U3-H -2|v3-2| -I i/a-3|
The associated circuit equationis represented in the canonical form as foUow :

l

B

where

Vl
i2 + abs (D7

^1

v3

-e) =
5
5
-5



B =

111]
Oil , C=

0 0 -2]

5 5

"6 6
0 0 0 0 0

0 0
1 1

6 6
0 0 0

0 0 0 0 £.-2 1
4

fl 100 000
D= 0011000

0 0 0 0 111

e =[ -6 6 -1 5 1 2 3 ]T
The initial point is Xb =[7 6 -1 ]r and the solution is [0.1 2.2 2.87 ]r. Q
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Example 7.

Consider the circuit shown in Fig. A2. Rl and R2 are voltage controlled. Their charac
teristics are given in the canonical form as foUow:

Ri: <l.-A§&-+|^l+*.|*i +H-f-l«1-2| +f-|«,-B

_i.|„,ll| -f-| v,-'-13| +2|*,-15|
o o

R2. <lB-a.+ |-Wt-|-|ii« +B| +|-|i;B +5|-|-|i;1+l|

+|-| V2 +l |- 2-| V2 - 3I- |-| vz -8|+§-| vz - 10 !

+Ivz - 13 | - |-| vz - 16 |+i-| vz - 18 |
The associated circuit equation is represented in the canonical form as follow :

13 1_
8 2

±- 2
2

^i
vz fi-.

is l

< Oi .
Vl

VZ > " ft I =

161

8
_11.

4

where a* =[ 10 ]T for i =1. 2 6 and a* =[0 1 ]T fori =7, 8 16.

7

8

3

2

3

4

1

~8
9

8 2

0
, cz = 0 , c3 = 0 . C4 = 0

1 1

. Cg = i 2 j , cfl = 0ci =

c? =
0 0 0 0 0 0

3

"2
• 4

. ce = 3

, 2

, Cg = 3

,~2

. Cio = 3

2

, Cn = 3

4
» 4

, Cx2 = 5_
,"4 ,

Ci3 =
0 0 0 0

3 . Cu = 1 . Cis = 5 . ©18 = 1
«m «^» ^^"

2
i i

4 .4 J

ft = -1. ft = 2 . ft =5 . ft = 11. ft = 13 . ft = 15 . ft = -8 . ft = -5 .

ft = -3 . fto = -1 . fti =3 , ft2 =8 . ft3 = 10 . ft4 = 13 . ft5 = 16 . ft6 = 18

The initial point is Xq =[ 16 20 ]T and the solution is [ 1.5 1.5 ]T. Q
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Example 8.

Consider the four transistor circuit shown in Fig. A3(a). Each transistor is modeled by a
controUed source in series with a p-n junction diode as shown in Fig A3(b). The diode Iq—Vj)
characteristic is represented by a continuous piecewise-linear function with 6 segments as
shown in Fig. A3(c). The reader is referred to [ll] for the canonical representation of the
equilibrium equation. The initial point is xb = [101l]r and the solution is
[ 3.290404X10"1 3.652363X10"1 3.376266xl0_1 3.602442X10"1 ]r. Q
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FIGURE CAPTIONS

Fig. 1. A continuous 1-dimensional piecewise-linear function.
Fig. 2. Examples Ulustrating pseudo-unbounded regions and essentially-unbounded regions :

(a) Rx, Rs and i?10 are the only pseudo-unbounded regions.

(b) R7 is the only pseudo-unbounded region.

Fig. 3. In Example 1, W? is partitioned by two 1-dimensional hyperplanes (straight lines)
xx = xz and xx = -xz into 4 regions Rlt Rz, Rs and RA.

Fig. 4. Circuit containing 2 piecewise-linear resistors.

Fig. 5. A composite branch.

Fig. 6. Bridge circuit containing 5voltage-controlled piecewise-linear resistors.

Fig. 7. Extracting all nonlinear resistors we obtain a resistive m-port N containing only
linear resistive elements and dc independent sources. The ports attached to
voltage-controUed {resp. current-controlledj resistors are called voltage $resp.
currentj ports.

Fig. 8. figures for Example 3.

(a) Circuit containing 2 piecewise-linear resistors and a controlled source.

(b) v-i characteristics for piecewise-linear resistor Rl.

(c) v-i characteristics for piecewise-linear resistor R2.

(d) N is obtained by extracting Rl across the voltage port and R2 across the current
port.

(e) Lattice structure defined by 3 1-dimensional hyperplanes (straight lines) v t =0,
vz = 1 and i8= -1. each one parallel to either coordinate axis vx or iz. Note that aU
regions have the same regular pattern - bounded orunbounded rectangles - typical
in a lattice structure.

Fig. 9. Figures for Example 4.

(a) Circuitcontaining 2 piecewise-linear resistors and a controlled source.

(b) v-i characteristics for piecewise-linear resistor Rl.

(c) v-i characteristics for piecewise-linearresistor R2.

(d) Lattice structure in the v,-v2 plane. The dotted line path indicates the iteration
11goes from xf1* =Xb to x&\ x<3). and finaUy converges to the true solution at( ^-, ^-).

Fig. Al. Figure for Example 6. Circuit containing 3 piecewise-linear resistors.

Fig. A2. Figure for Example 7. Circuit containing 2 piecewise-linearresistors.

Fig. A3. Figures for Example 8.

(a) A 4-transistor circuit.

(b) Simplified Ebers-MoUmodel of an NPN transistor.

(c) Piecewise-linear approximation of diode v-i characteristic: mQ = 0,
mx =2.153X10"2, m2=2.666X10"2, m3=3.765xl0-2, m4 =8.603X1Q-2,
ma = 1.865X10"1;



Vx - 0.306, Vz = 0.321, 73 = 0.336, V4 = 0.351, V5 = 0.376.

ID = -3.33570322X10"2 + 9.32400146X10"'2 vD + 1.25666608xl0-2 | vD - Vx
+ 2.23537270X10"3 | vD - V2 | + 8.49354618xl0~3 | vD - V9 |
+2.4190065Bxl0~2 | vD - 74 | +5.02251145xl0"2 j vD - Vs |.
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cka.h cka-h

/♦ — Canonical Katzenelson Algorithm —
•*

**

♦♦ Copyright (c) 1982 Robin L.P. Ying
••

** This package uses the "Canonical Katzenelson Algorithm." to
•• solve the piece-wise linear algebraic system
** f(x) = y
•• where f(.) is in the piecewise-linear canonical form. If
** f(.) has a lattice structure, then a specially optimized
** version of the algorithm is used.
99

•* It can be run on a PDP-11/780 VAX-UNIX system which, supports
•♦ the double-precision IMSL library. It contains the following
** separated modules:
9*

•O

99

cka.h: contains definitions of data structures and global
variables.

maxnc: handles command line options.

•* input.c: reads input from user terminal or a data file.
99

♦* katz.c: contains the mam routines for solving the given
*♦ piecewise-linear system.
♦•

** lattice.c: same as katz.c but optimized for lattice structure.
*•

•• oorner.c: handles the corner problem.
#*

** xnit.c : does initializations for lattice structure.
•♦

*♦ region.c: checks and computes items in structure REGION.
••

•* queue.c: contains REGION_QUEVE manipulating routines.
99 "~

** print,c: contains printing routines.
••

•♦ error.c: prints run-time error messages.
*•

•* support.c: containing various supporting routines.
♦#

♦♦ Makefile: file maintenance program.

** The folowing routines are needed from the double-precisian IMSL
•* library:
•* tudatfQ, luelmfO, lureffQ, uertstQ, ugetiaQ, vzaddQ,
•♦ vxmulQ, vxstoQ.
•/

Page 1 of ckah



cka.h

/♦ - katz.h -
99

*• This module is the header file for all KATZ routines.
99

^define pf
#define fpf
^define pm
^define pv
jjEdefine piv

printf
fprintf
prdmtrx
prdvctr
privctr

^define B SIZE 256
char buf[B_SIZE];

#define F0RMAT1 "%6.3f "
^define FORMAT2"%l3.6e

/• abbreviations •/

/* input string buffer size */
/♦ input string buffer V

/• printing format ♦/

#define RNIL
#define CNIL

(REGION
(CORNER

•) 0177777
♦) 0177777

typedef struct region {
struct region •link;
int id;
int *sgnsq;
doable *px;
double •py;
doable *dx;
double *nk;
double •jcbn;
bit detsgn;
int *bdry;

\ REGION;

typedef struct {
REGION •head;
REGION •tail;
int n;

I REGION_QUEUE;

/• intersection of solution curve and boundary •/
typedef

J TI;

•n
•n

struct
double
int

•pti;
~qti;

typedef struct
int

\ BETA;

struct
struct
double
int
int
int

I
value;
index;

\
•beta;

corner {
corner •link;
•ex;
•index;
•Sgnsq;
sgnng;

/♦ region queue link •/
/• region id •/
/• sign sequence vector [hyp] •/
/• point in region [dim] •/
/• f(P*) [dim] •/
/* <alpha,x> [hyp] •/
/• solution curve direction [dim] •/
/• Jacobian matrix [dim][dim] •/
/• sign of determinant of Jacobian •/
/• 5ou7idartcs [/t&p] (lattice) */

/• /teod o/ oxteue •/
/° tati o/ queue V
/• wumoer o/ etements tn gueue •/

/• array of TI ♦/

/• array of pti •/

/• indices of e[] •/

/* corner queue link •/
/• cor7i«r potni [dim] •/
/• tadtces [n_tmiqr] ♦/
/• siflm segttence vector [/itjp] •/
/• =2 t/ sgrnsgD <s «** V

cka.h
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REGION_QUEUE *CNRRGN; /• neighborhood regions of the corner **
i CORNER;

typedef struct {
CORNER •head;
CORNER *taU;
int n;

} CORNER_QUEUE;

/* variables defined in main.c */
extern int lattice;

/* head of queue */
/* tail of queue */
/• number of elements in queue ♦/

extern int dim;
extern int hyp;
extern int afig;
extern int pflg;
extern int tflg;
extern int xfig;
extern int imsl;
extern int sigdgt;
extern double epsilon;
extern double ♦B;

extern double ♦C;

extern double *D;
extern double •e;
extern double ♦x;
extern double •y;

/•

/•

/•

/•

/*
/•

/•

/•
/•

/•

/•
/*

/•

/*
/•

/♦

=i : lattice structure •/
dimension of system */
total # of hyperplanes ♦/

=i : debug flag V
=J ; print details of iteration
= 1 ; test solution •/
=2 : zQ is defined in input file
=2 ; using IMSL routines */
significant digit •/
if N < epsilon then z:=0 •/

~&m)[dim] */
[dimfthypT •/
dim\[hyp] •/

eOvyp'
xldvm

dim

•/

itmiinyj,
>ypl ♦/
Km] •/
Km] */

/• variables defined in input.c •/
extern int line; /* iine # in the input file */

/• variables defined in regionx ♦/

extern int rgn_count;
extern int ier;

/• variables defined in vriit.c •/
extern REGION QUEUE *RGNQ;
extern CORNElCQUEUE *CNRQ;
extern double ""*wk;
extern double
extern BETA
extern int
extern int

•jcbntmp;
•axis;
•beta_count;
•dcolumn;

/• vjk[dim*(dtm+3)] */
/* jcbntmp[dim][dim] */
/* *azis[dim] */
/• betajcovmt[dim] •/
/• dcolumn[hyp] */

V
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main.c main.c

/* — main.c —

•• main() — the main interactive routine.
99

•• Command line flags:
99

*♦ '-a': this option sets the 'afig* as well as 'pfig' &
** 'tflg' so that all details of iteration will be
•* printed
9*

♦* '-p': this option sets the 'pfig* so that details of
»* each region will be printed.
*♦

•• '—f: this option sets the 'tfig* so that the solution
•« will be tested by substituting it back to f().
*•

•« '-i': this option sets the 'imsl' flag so that the IMSL
•* routines are used
••

09 '-s n': this option sets the significant digit to 'n'
09 decimal digits (default: n-9), n < 0 is ignored:
•• if n = 0 then the accuracy test in IMSL routine
♦• is disabled: this option automatically sets the
•» '-i' option.
•*

•• *—f input—file':
— the file name after '-f is taken to be the input
** file, otherwise the program will prompt for input
•« option.
09

•* '-o output-file':
** the file name after '—o* is taken to be the output
♦♦ file which contains the coefficients of the pwl
•* function key-xnned from the user terminal, so that
•* the output file can be used as an input file next
«• time; if the user has selected the terminal input
** option but did not specify the output file name,
•* the default output file name is "Pwlfdef.
•/

^include <stdio.h>
^include "cka.h"

FILE •fpin=stdin, •fpout=stdout;

int latticesO;
int dim, hyp;
int aflg=0, pflg=0, tflg=0, xflg=0, imsi=0, sigdgt=9;
double epsilon. *B. °C, 'D. »e, *x, *y;

main (argc, argv) main
register int argc;
register char ••argv;

register int i. fflg=0, ofig=0. sflg=0;
register char *str;
double *pd;

FILE •fopenQ;
char •S_getO;

pf('\tC K A\t2.0\n\n");

Page 1 ofmain.c



main.c

/•setlatticestructureflag♦/

if(strcmpr("Lx",argv[0],2))\
lattice++;
pf("**[optimizedforlatticestructureJ\n\R");

while(—argc>0)if((♦++argv)[0]=='-')
while(•++*argv)switch(•♦argv)

I

casea:

aflg++;
pflg++;
tflg++;
continue;

pflg++;
continue;
't':

tflg++;
continue;

T:
imsl++;
continue;
's':

imsl++;
isatoi(argv[l]);
if(i>01\

sigdgt=i;
sflg++;

I
continue;
T:

/*turnonaflg*/

/•turnonpflg•/

/*turnontj?g♦/

/•turnonimsl•/

/*resetst£d0t•/

/*readinputfile•/
if(oflg)error(l);

g
n

case'o

if((fpin=fopen(argv[l],"r"))==NULL)
error(2,argv[l]);

fflg++;
continue;

/♦writeoutputfile♦/

if(fflg)error(l);
if((fpoutsfopenCargvIlj/V))=NULL)

error(2,argv[l]);
oflg++;
continue;

default*
fp^stderr.-'Specifyonly'-[aptisfo]'.\n");
exit(l);

if(!fflg)i
loop:;
fpf(stderr,"Inputoptions(f:file,t:terminal):");
switch(•(s_get(buf,stdin)))\

3T:
fpf(stderr,"Enterinputfilename:");
str=s_get(buf.stdin);
fflg++;
if((fpin=fopen(str,"r"))==NULL)error(2,str);

fpKstderr/Takeinputfromterminal.\n\nM):
fllg=0;
break;

default:
gotoloop;

main.c

...main
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I

if ( !fflg && lofig ) i
fpf(stderr,"Enter output file name: ");
str =s s,. get(buf.stdin):
oflg++;
if ( (•str « '\n') ||

(fpoutsfope^str/V)) == NULL ) f
fpf(stderr."Using default file: 'Pwlf.def'W);
if ( (fpout=fopen(,,Pvflf.def,,Mw")) == NULL )

error(2."Pwlf.der);

if ( imsl )
pf("»* [ using IMSL routine ]\n");

epsilon = 5.0;
for (i=0; i < sigdgt+2; i++)

epsilon •=0.1;

if ( sflg [| pflg ) \
pf("*» [ significant digit is set to %d ]\n",sigdgt);
pf('- [ " " "epsilon = %8.1e ]\n\n",epsilon);

/• read titte, dim, hyp •/

\

if ( fflg )
filread(l);

ttyread(l);

/• allocate spaces •/
B = (double *) palloc(dim*dim*sizeof(double));
C = (double •) palloc(dim*hyp*sizeof(doubled);
D = (double •) palloc(dim*hyp*si2eof(double));
e = (double •) palloc(hyp*l*sizeof(double));
x = (double •) palloc(dim*l*sizeaf(double));
y = (double •) palloc(dim*l*sizeof(double));

/• initialize them to 0 ♦/

i = dim*dim;
pd = B; while (
i = dim*hyp;
pd = C; while (
i =s dim*hyp;
pd = D; while (
i = hyp;
pd = e; while (
i = dim;
pd = x; while (
i = dim;
pd = y; while (

if ( fflg )
filread(2);

ttyread(2);

print_eqnO;

— > 0 ) *pd++ = 0;

- > 0 ) *pd++ « 0;

— > 0 ) »pd++ = 0;

.— > 0 ) *pd++ = 0;

— > 0 ) *pd++ = 0;

— > 0 ) *pd++ = 0;

/• read B[t],C[,m.,],eU,y[] V

/• print coefficients •/

main.c

...main
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...main

if ( lattice ) /* switch iteration routines •/
lattO;

katzQ;
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/• — input.c —
99

•• input.c :
•• ttyreadQ — read input from user tty and write to output file.
•• filreadQ — read data from input file.
** b_pack() — pack blanks and tabs in a string.
•° strcmprQ — compare strings up to n bytes.
•• readjrcu — read values of 'rov/^and 'col'.
•• read_B{) — read entries of #T"
** rew£jOQ — read entries of
•• read~D() — read entries of
•• read~eu —— read entries of e
•• readjzu — read entries of z
•• readjyO — read entries of y\

^include <stdio.h>
^include "ckah"

/• - ttyreadQ - - [input.c] -
99

•• ttyreadQ — read input from user tty and write to output file.
•/

extern FEZ •fpin, *fpout; /• defined in main() •/
int line; /• wp^t line # •/

ttyread (flag) ttyread
register int flag;

register int 1, j;
register char •str;

int i_get(), tim[2];
char •ctimeO, *s_get();
double d_get(), tmp;

switch ( flag ) f
i i: /♦ read title, dim, hyp •/
time(tim);
fpf(fpout,"[ %24.24s ]\n\n".ctime(tim));
pf("\nEnter title: ");
str ss s_get(buf,stdin);
fpf(fpout,"Title: %s\n",str);
pf("Enter dimension of matrix B[,J: ");
dim » i_get(buf,stdin);
gf("Enter column dimension of matrix D[,j: );

yp = i get(buf,stdin);
fpf(fpout?'Nndim\t= %d\nhyp\t= %d\n",dim,hyp);
break;

2:
/• read B[,] V
pf("\nEnter elements of matrix B[,]:");
for (i=0; i < dim; i++) \

pf('\n\trow %d:\n".i+l);
for 0=0; j < dim; j++) {

pf(*\t\tB[%d,%d] = *',i+l,j+l);
tmp = B[i*dim+j] = d__get(buf,stdin);
fpf(fpout.,,B[%d,%d]\t= %16.9e\n".i+l,j+l,tmp);

Page 1 of input.c



input,c

/*readC[,]•/
pf("\nEnterelementsofmatrixC[,]:");
for(i=0;i<dim;i++){

pf("\n\trow%d:\n'\i+l);
for(j=0;j<hyp;j++)\

pf("\t\tC[%d,%d]=",i+l,j+l);
tmp=C[i*hyp+j]=d_get(buf,stdin);
fpf(fpout,"C[%d.%d]\t=%l6.9e\n".i+l.j+l.tmp);

I!
/•readL{,]♦/
pf("\nEnterelementsofmatrixD[,J:");
for(i=0;i<dim;i++)\

pf("\n\trow%d:\n",i+l);
for(j=0;j<hyp;j++)\

pf("\t\tD[%d,%d]=Mti+lj+l);

i

tmp=D[i*hyp+j]=d_get(buf,stdin);
fpf(fpout/,D[%d,%d]\t=%16.9e\n",i+1,j+l.tmp);

/*read•[,]•/
pf("\nEnterelementsofvectore[]:\n");
for(j=0;j<hyp;j++)\

pf("\t\ter%d]=",j+l);
tmp=e[i]=d_get(buf,stdin);
fpf(fpout,we[%d]\t=%16.9e\n",j+l.tmp);

/•ready[,]•/
pf("\nEnterelementsofvectory[]:\n");
for(i=0;i<dim;i++){

pf("\t\ty[55d]=",i+l);
tmpssy[i]=d_get(buf,stdin);
fpf(fpout,"y[%d]\t=%l6.9e\ri".i+l,tmp);

/*readz[,]•/
pf("\nEnterinitialpointx[]:\n");
for(i=0;i<dim;i-t-+){

pf("\t\txr%d]=M.i+1);
tmpsbx[i]=d_get(buf,stdin);
fpf(fpout."x[%d]\t=%l6.9e\n".i+l.tmp);

\
xflg++;
break;

/*-filreadQ-
99

••filreadQ—readdatafrominputfile.
•/

—[input.c]—

filread(flag)

-registerintflag;

input.c

...ttyread

filread
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...filread

register int dfig=0, hflg=0;
char *s_get(), btmp[B_SIZE];
int atoi();

if ( flag ssss l ) {
while ( s_get(buf,fpin) != NULL ) \

line++;
b pack(buf.btmp);
if"( strcmpr("dim=",btmp.4) ) \

dim = atoi(&btmp[4J);
if ( dim <= 0 ) error(4,HfilreadO");
dflg++;

else if ( strcmpr("hyp=".btmp,4) ) \
hyp = atoi(&btmp[4]);
if ( hyp <= 0 ) error(5."filread0");
hflg++;

else {
pf("%s\n".buf);

\
if ( dflg && hfig ) return;

error(6,"filread0");
i

else { % „
while ( s_get(buf,fpin) != NULL ) \

line++;
b pack(buf.btmp);
switch ( btmp[OJ ) \

read_B(&btmp[l]);

/•
09

** b_pack() — pack blanks and tabs in a string.
•/

I
J

. 'C:
read_C(&btmp[l]);
break;
s 'IT:
read_D(&btmp[l]);

case 'e':
read_e(&btmp[l]);
break;

read_y(&btmp[1]);
break;
'x':

read_x(&btmp[l]);
xflg++;
break;

- b_pack() - - [input.c] -
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b_pack (bufl, buf2)

register char buflQ, buf2[];

register char •pi, *p2;

pi = bufl;
p2 = buf2;

while ( *pl != '\0' )
switch ( *pl ) \

/* start •/

/* packing •/

I
•p2 = *\0';

'\t'
pl++;
break;

default*
♦p2++ = *pl++;
break;

/• — strcmprQ —
09

•♦ strcmprQ — compare strings up to n bytes.
•/

strcmpr (strl, str2, n)

register char
register int

•Strl, •str2;
n;

i
while ( n— > 0 ) \

if ( »strl++ ssas *str2++ )
continue;

return(O);

return(l);

/• — readjrcQ -
99

•• read rcQ — read values of 'row* and 'col'.
V

read_rc (flag, str, row, col)

register int
register char

flag, *row, •col;
•str;

— [input.c] —

— [input.c] —

register int count=0;
int atoiO;

if ( •str != '[' && •str != '(' ) error(6,,Tead_rc()")-

•row = atoi(-H-str);
if ( *row <= 0 ) error(6,"read_rc0: row < 0");

input.c

b-pack

strcmpr

reacLrc
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/*
99

count++;

if(flag)|
while(*str!=V)I

/•searchfor','♦/

if(*»str='NO')error(6,"read_rc0");
str++;
count++;

I

i

•col=atoi(++str);
if(•col<=0)error(6."read_rc():col<0")*.
count++;

while(«str!=']'&ic*str!=')')\
if(•str=='\0')error(6,"read_rc()");
str++;
count++;

\

if(•-H-str!='=')erroKe/'read^rcO");
count++;
return(++count);

—[input.c]-

••read^BQ,read^CQ,jread^DQ^readmeQ^reodjzQ,readjyQ
00——feodvalues''""""
#•

•/

CQ,readD(),readeQ,readjtQ,

read_B(str)

registerchar♦str;

intreadrc().index,row,col;
doubleatof(J;

index=read_rc(l,str,&row,&col);
if(row>dim||col>dim)error(7,"read_B()");

B[(—row)°dim+(—col)]=atof(str+index);

read—C(str)

registerchar•str;

intreadrc(),index,row,col;
doubleatof(j;

index=readrc(l,str,&row,&col);
if(row>dim||col>hyp)error(7,"read_C0");

C[(—row)*hyp+(—col)]=atof(str+index);

read_D(str)

input,c

...reacLrc

readUB

readLC

readLD
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...readLD

register char •str,

int read rc(), index, row, col;
double atof(7;

index = read rc(l,str,&row,&col);
if ( row > dim || col > hyp ) error(7,"read_D()");

D[(—row)*hyp+(—col)] = atof(str+index);
I

readme (str) reacLe
register char *str;

int read rc(), index, col;
double atof0;

index = read_rc(Q,str.&col);
if ( col > hyp ) error(7,"read_e0");

e[—col] = atof(str+index);

read.x (str) reacLz
register char •str;
\

int read rc(), index, row;
double atofO";

index = read_rc(0.str,&row);
if ( row > dim ) error(7,"read_x()");

x[—row] as atof(str+index);
i

reader (str) reCL(Ly
register char •str;

int read rc(), index, row;
double atof(J;

index = read_rc(0,str,&row);
if ( row > dim ) error(7,"read_y()");

y[—row] = atof(str+index);
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/* - Jfeatz.c -
99

•• katzQ — this is the main iteration routine, each action
•• falls in clearly defined steps; called by mainQ.
•/

#include <stdio.h>
^include "cka.h"

katz 0

register int i, j, k, flag, itmp, isave;
int SgnO. nti, n uniq, *sgntmp, detfig;
double d_get(), AbsQ, dtmpl, dtmp2;
REGION •rgn_init(), •corn(), *rgn, •rgntmp;

/• STEP 0: initialization •/

initQ;
sgntmp = (int •) paUoc(hyp*sh-;eof(int));
isave = —1;
rgn = rgn_init(0);

start:;
/* get initial point from the user terminal •/
if C !xflg ) |

fpf(stderr,"\nEnter initial point:\n")*
flag = i; /• it is an initial guess •/
for (i=0; i < dim; i++) |

fpf(stderr,"\tx[%d]= ",i+l);
rgn->px[i] = d_get(buf,stdin);

pf("\n");

for (i=0; i < dim; i++)
rgn->px[i] = x[i];

pf("\n0° Initial point x0[] = ");
pv(x,dim,FORMATl);
pf("\n");

/• STEP 1 A 2: check region and compute rgn->nk[] V

stepl:;
detfig = 0;
switch ( rgn__check(rgn.flag) ) \

1: /* z{] on boundary ♦/

if ( flag ) {
pfC'** xG is on a boundary.Nn");
xflg = 0;
goto start;

break;

2: -/• detJ = 0 •/
if ( flag || pflg )

ptCm* xG is in a region where detf=0.\n");
if ( flag )

r start;

katz
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detflg++;
gotostep7;

break;

print_sol(rgn);
return;
break;

default:
if(flag)flag=0;
break;

1

/*ttsedinstep4*/

/*justhitthesolution•/

/•nolongerinitialguess•/

/•STEP3:findintersections*/

step3:;
flag=0;
/•findallintersections•/
for(j=0;j<hyp;j++)|

ptifj].index=-1;
if(j!=isave){

dtmpl=0;
for(i=0;i<dim;i++)

dtmpl+=D[i*hyp+j]#(rgn->nk[i]);
if(Abs(dtmpl)>epsilon)\

/•intersectionflag•/

/•clear•/

ptifjl.value=(e[j]-rgn->dx[j])/dtmpl;
pUUJ.i _.index=j;
flag++;
if(aflg)\

pf("pti[%d].value=%6.3f\n".j.pti[j].value);
pf("pU[%d].-*~%

/•thereisanintersection•/

!S6.3f\n",j,pti[j].value
index=%d\n",j,pti[j].index);

/•STEP4:getvalidptift's,puttheminqti[]•/

if(flag)\
i=0;

1
I

I

for(i=0;j<hyp;j++)
if((Pti[j]-u'"'

/•counter♦/

.index!=-1)&&(detfig||
(Sg^ptiUl-val^6)=rgn->detsgn)))

qti[i++]=&pU[j];
nti=i;/•total#ofvalidptiQ♦/

if(aflg)|
pf(BnO=%d\n",nU);
for(i=0;i<nti;i++)\

pf("qti[%d]->value=%6.3f\n",i,qti[i]->value);
pf("qti[55dj->index=%d\n".i,qti[i]->index);

/•solutionisinunboundedregion•/
if(!flag||!nti)\

tar(i=0;i<dim;i++)
rgn->px[i]+=rgn->nk[i];

print^soUrgn);

katz.c

...katz
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...katz

return;

1

/• STEP 5: find the minimum and determine if it is unique •/

/* sorting •/
n uniq =1; /• ttntcueness Jlag •/
iT( nti > 1 ) {

for (itmp=nti/2; itmp > 0; itmp/=2)
for (i=itmp; i < nti; i++)
for (j=i-itmp; j >= 0 &&

(dtmpl=Abs(qtih]->value))
>= (dtmp2=Abs(qti[j«Htmp]->value));
j-=itmp) j

= 0k = (int)qti[j];
" ] = qtiD+it ...

l+itmp] sb (TI *)k;
qtip] ss qtiQ+itmp];
qtiu-

for (i=l; i < nti; i++)
if (qti[0]->value = qti[i]->value)

n uniq-M-; /• size o/ set%/fc •/
I

if ( aflg ) |
pff'min: qti[0]->value=%6.3f\n^qti[0]->value);
pf("min: qU[0]->index=%d\n,,,qti[Oj->index);

if ( qti[0l->value >= 1.0 ) { /• solution is reached •/
for (i=0; i < dim; i++)

rgn->pxm += rgn->nk[i];
print_sol(rgn);
return;

I

/• S7*.EP 5: as minimum is unique, find next iteration point «G •/

for (i=0; i < dim; i++)
x[i] = rgn->px[i] + qti[0]->value • rgn->nk[i];

if ( n_uniq > 1 ) goto step8; /• corner problem •/

/♦ setup sign sequence vector for next region ♦/
for (j=0; j < hyp; j++)

sgntmp[j] = rgn->sgnsquJ;

isave = qti[0]->index;
sgntmp[isavej = -sgntmp[isave];

/• this region is over, get next region to iterate •/
putrgn(RGNQ.rgn); /• P"* regwn to RCNQ •/
flag = 0;
rgn = rgn_init(0); v n ,y
for (i=0; i < dim; i-sn-) /• »*WP ron->p*G •/

rgn->px[i] as x[i]; ._ ^,
for (j=0; j < hyp; j++) /• setup rgn->sgnsq[] •/

rgn->sgnsqLj] = sgntmp[j];
goto stepl;
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...katz

/* STEP 7: Jacobian matrix is singular */
step7:;

zerodet(rgn);
goto step3;

/• STEP 8: corner problem ♦/

step8:;
rgntmp = corn(x,n_uniq.rgn);
putrgn(RGNQ,rgn);
rgn = rgntmp;
goto step3;

end:;
pf("\n??-> Program ends abnormally <-?>\n");
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/* — lattice.c —
09

•• lattQ — this is the main iteration routine which has
•• been optimized for lattice structure, each action
•• falls in clearly defined steps; called by mainQ.
V

^include <stdio.h>
^include "cka.h"

latt () laii
register int i, j, k, flag, itmp, isave;
int Sgn(), dim2=2*dim, nti, n_uniq, *sgntmp, •bdtmp, detfig;
double d_get(), AbsO, dtmpl, dtmp2, #xtmp;
REGION •rgn_init(), •corn(), *rgn, •rgntmp;

/* STEP 0: initialization V

initQ;
sgntmp = (int •) palloc(hyp°sizeof(int));
bdtmp = (int •) palloc(hyp*sizeof(int));
xtmp = (double •) palloc(dim*sizeof(double));
isave = —1;
rgn = rgn_init(O);

start:
/• get initial point from the user terminal •/
if ( !xflg ) {

fpf(stderr,'*\nEnter initial point:\ri');
flag = 1; /• it is an initial guess •/
for (i=0; i < dim; i++) {

fpf(stderr.,\tx[%d]= ",i+l);
rgn->px[i] = d_get(buf,stdin);

pf("\n");

for (i=0; i < dim; i++)
rgn->px[i] = x[i];

pf("\n** Initial point x0[] = ");
pv(x,dim,FORMATl);
pf("\n");

/• STEP 1 & 2: check region and compute rgm->nfc[] •/

stepl:;
detfig = 0;
switch ( rgn_check(rgn,flag) ) \

1- /* z\\ on boundary •/
if ( flag ) I

pf(''*° xQ is on a boundary.Nn");
xflg = 0;
goto start;

break;
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2: /• det-0 •/
if ( flag || pfig )

pf("** xG is in a region where deU=0.\n");
if ( flag )

goto start;
else \

detflg++;
goto step7;

break;

3:
print..sol(rgn);
return;
break;

default:
if ( flag ) flag = 0;
break;

I

/• STEP 3: find intersections •/

step3:;
i = 0;
for (j=0; j < hyp; j++) [

pti[i].index = —1;
if ( j != isave ) \

k = dcolumn[j];
if ( (rgn->bdry[j]) && (Abs(rgn->nk[k])>epsaon) ) J

ptiM.value = (e[j] - rgn->px[k])y^gn->nk[k];
pU[i++].index = j;
if ( aflg ) J

pfl"ptir%dl.value=%6.3f\n",i-l,pti[i-1].value);
pf ("pti[%d].index=%d\n,,,i-l,pti[i-l].index);

nti = i;

/• used in step 4 •/

/* just hit the solution •/

/• no longer initial guess •/

/• counter •/

/♦ clear ♦/

/• total # of intersections ♦/

/• STEP 4: get valid ptiQ's, put them in gti[] •/

if ( nti ) \
j = 0;
for (i=0; i < nti; i++)
if ( (pti[i].index != -1) && (detfig ||

(Sgn(pti[i].value) == rgn->detsgn)) )
qtirj++] as &pti[i];

nti = j; /* total # of valid pti[] •/

if ( aflg ) |
pfCJnti=%d\n".nti);
for (i=0; i < nti; i++) \

pf("qti[%d]->value=%6.3f\n",i,qti[i]->value);
pf(,,qti[%d]->index=%d\n",i,qti[i]->index);

/* if # of intersections > 0 •/
/• cotcnfer •/

lattice.c

...latt
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...latt

/* solution is in unbounded region •/
if ( !nti ) |

for (i=0; i < dim; i++)
rgn->px[i] += rgn->nk[i];

print_sol(rgn);
return;

/• STEP 5: find the minimum and determine if it is unique V

/• sorting */
n uniq as 1; /• uniqueness flag •/
if( nti > 1 ) \

for fitmp=nti/2; itmp > 0; itmp/=2)
for ji=itmp; i < nti; i++)
for y=i-itmp; j >= 0 &&

(dtmpl=Abs(qtim->value))
>= (dtmp2=Abs(qti[j+itmp]->value));
j-=itmp) j

k = (int)qti[j];
qtih] = qti[j+itmp];
qtiQ+itmp] = (H *)k;

for (i=l; i < nti; i++)
if (qti[0]->value == qti[i]->value)

n uniq++; /• size of set Ik •/
I

if ( afig ) {
pffmin: qtiro]->value=%6.3f\n",qti[0]->value);
pf("min: qti[0]->index=%d\n",qti[OJ->index);

if ( qti[0]->value >= 1.0 ) \ /* solution is reached •/
for (i=0; i < dim; i++)

rgn->px[i] += rgn->nk[i];
print_sol(rgn);
return;

J

/• STEP 6: as minimum is unique, find next iteration point z{] ♦/

/• must save x[] since rgnjcheckQ uses it •/
for (i=0; i < dim; i++) j

x[i] = rgn->px[i];
xtmp[i] = x[i] + qti[0]->value • rgn->nk[i];

if ( n_uniq > 1 ) goto step8; /• corner problem ♦/

/• save rgm->sonsgG and rgn->6dryG for next region *V
for Q=0; j < hyp; j++) \

sgntmpn] = rgn->sgnsqhj;
bdtmpuJ = rgn->bdry[jj;

i

/* setup sign sequence vector for next region •/
isave = qti[Q]->index;
sgntmp[isavej = —sgntmp[isave];
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...latt

/♦ this region is over, get next region to iterate •/
putrgn(RGNQ,rgn); /* put region to RGNQ ♦/
gag = 0; /* not initial guess ♦/

rgn = rgn_init(0);

/♦ setup rpn->pa:G */
for (i=0; i < dim; i++)

rgn->px[i] = xtmp[i];

/• setup rgn->sgnsq[] and rgn->bdry[] •/
for (j*5**); j < hyp; j++) |

rgn->sgnsqh] = sgntmplj];
rgn->bdry[j] = bdtmp[j];

I
goto stepl;

/• STEP 7: Jacobian matrix is singular •/
step?:;

zerodet(rgn);
goto step3;

/• STEP 8: corner problem ♦/

step8:;
rgntmp = com(xtmp,n_uniq,rgn);
putrgn(RGNQ.rgn);
rgn = rgntmp;
goto step3;

' pf("\n??-> Program ends abnormally <-??\n");
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/• — corner.c —

•• corner.c :
09 cornQ — deals with corner problem;
*• zerodetQ — deals with det J = 0 case.
•/

^include <stdio.h>
^include "cka.h"

/•
- corntf - - [corner.c] -

•• cornQ — this routine handles the corner problem, called
«« by katzQ and lattQ.
V

REGION •corn (ex, n_uniq. rgn_in)

double *cx;
register int n_uniq;
register REGION •rgn.in;

register int i, j. k, n;
int nomatch, mask, nti. found, sgnmatch, flag, detfig;
double AbsQ, dtmpl, dtmp2, •xtmp;
CORNER •cnrinitO. •getcnrO. *cnr;
REGION •rgn_init(). ♦getrgnO, •rgntmp, •rgntmpZ;

if ( aflg ) pf("\n*» hit corner ••\n");

/♦ STEP 8 & 9 •/

n = CNRQ->n;

/• check if the corner point is new •/
if ( n != 0 ) for (j=0; j < n; j++) \

enr = getcnr(CNRQ);
nomatch = 0; r>1 . f
for (i=0; i < dim; i++) if ( cx[i] != cnr->cx[ij ) \

nomatch++;
break;

if ( nomatch )
putcnr(CNRQ,cnr);

break;

/• STEP 10 & 11 ♦/

if ( !n || nomatch ) \
enr = cnrinitO; /• new corner •/

/• store the corner point x[] */
for (i=0; i < dim; i++)

cnr->cx[i] = cx[i];

Page 1 of corner.c



corner.c corner.c

J

/• save indices •/
cnr->index = (int •) palloc(n_uniq#sizeof(int));
for (k=0; k < n uniq; k++)

cnr->index[k] = qti[k]->index;

/• generate (2**n uniq-1) neighborhood regions V
nti = 1 « n uniq; /* nti = 2**njuniq •/
for (i=l; i < nti; i++) \

rgntmp = rgn_init(-i); /* rgntmp->id = -n •/
for 0=0: J < hyPJ 3++) /* copy */

rgntmp->sgnsq[j] = rgn_in->sgnsq[j];

for (mask=l,k=0; k < n_uniq; mask«=l,k++)
if ( mask & i )

rgntmp->sgnsq[cnr->index[kj]
= -rgn_in->sgnsq[cnr->index[k]];

for (j=0; j < dim; j++)
rgntmp->px[j] = cx[j];

/• compttte jcbn[,] and nk[] but don't compute sonsgG V
if ( rgn_check(rgntmp,0) = 2) zerodet(rgntmp);

putrgn(cnr->CNRRGN,rgntmp);
J

/♦ STEP 12 •/

sgnmatch = 0;
step12:;

detfig = 0;
n = cnr->CNRRGN->n;
if ( !cnr->sgnflg ) \ /• cnr->sgnsq[] is not set •/

found = 0;
for (k=0; k < n; k++) | /• det > 0 •/

rgntmp = getrgn(cnr->CNRRGN);
if ( rgntmp->detsgn > 0 ) \

found++;
break;

\

putrgn(cnr->CNRRGN,rgntmp);

if ( Jfound ) /• det = 0 */
for (k=0; k < n; k++) {

rgntmp = getrgn(cnr->CNRRGN);
if ( rgntmp->detsgn = 0 ) |

found++;
detflg-H-;

I
else

putrgn(cnr->CNRRGN,rgntmp);

if ( !found ) /* det < 0 */
tar (k=0; k < n; k++) {

rgntmp = getrgn(cnr->CNRRGN);
if ( rgntmp->detsgn < 0 ) \

found++;
break;

I
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putrgn(cnr->CNRRGN,rgntmp);
I

i

j /• match the sgnsqU V
for (k=0; k < n; k++) j

rgntmp = getrgn(cnr->CNRRGN);
nomatch = 0;
for 0=0: 3 < hyp; j++)
if ( rgntmp->sgnsq[j] != cnr->sgnsqljj) \

nomatch-*-+;
break;

if ( nomatch )
putrgn(cnr->CNRRGN.rgntmp);

i
sgnmatch++;

I

/• STEP 13: repeat STEP 2 & 3 to find intersections •/

flag = 0; /• intersection flag •/
nomatch =1; /• assume j .'= cnr->vndex[k] V
for 0=0; j < hyp; j++) { /• J***** «M intersections V

ptim.index = -1; x /* clear •/
for (k=0; k < n_uniq; k++)

if ( j sssb cnr->index[k] ) nomatch = 0;
if ( nomatch ) {

dtmpl = 0;
for (i=0; i < dim; i++)

dtmpl += D[i*hyp+j]*frgntmp->nk[i]);
if ( Absfdtmpl) > epsilon ) |

ptihl.value = (ejj] - rgntmp->dx[j])/dtmpl;
ptiQj.index = j; ,.*.«.,
fiag++; /• there is an intersection */
tf ( aflg ) \ r, , .

pf("pti[%d].value=%6.3f\n",j,ptitj].value);
pf(*,pti[%d].index=%dNsn".j,pti[j].index);

I

/• oet t*eiid pttG's. pu* them in gttQ V

i = 0; /• counter •/
for 0=0; i < hyp; j++)
if ( (pti[j1.index != -1) && (detfig ||

(Sgn(pti[j].value) = rgntmp->detsgn)) )
qti[i++J = &pti[j];

nti = i; /• totoi # o/ vafid pti[] •/

if ( aflg ) i
pf("nti=%d\n*\nti);
for (i=0; i < nti; i++) |

pf("qti[%d]->value=%6.3f\n",i.qti[i]->value);
pf("qti[%d]->index=%d\n".i,qti[i]->index);
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if ( nti > 1 ) /• find the minimum ♦/

/• use mask as an arbitrary integer buffer •/
for (mask=nti/2; mask > 0; mask/=2)
for Ci=mask; i < nti; i++)
for 0=i-mask; j >= 0 &&

(dtmpl=Abs(qti[j]->value)) >= (dtmp2=Abs(qti[j+mask]->value));
j—=mask) J

t)k = (int)qti[j];
qtipj = qti[j+mask];
qti[j+mask] = (TI *)k;

pff'min: qtir0]->value=%6.3f\n".qti[0]->value);
pf("min: qti[0]->index=%d\n",qti[0]->index);

/• find point xQ */
xtmp = (double •) palloc(dim*sizecf(double));
for (i=0; i < dim; i++)

xtmp[i] = rgntmp->px[i] + 0.5 • qti[0]->value • rgntmp->nk[i];

/• determine sgnsq[] and put it in cnr—>sgnsqQ •/
if ( !cnr->sgnflg ) J

rgntmp2 = rgn_init(-999);
for (i=0; i < dim; i++)

rgntmp2->px[i] = xtmp[i];
compute_Jy(rgntmp2,-l); /• compute sgnsq[] •/
for 0=0; j < hyp; j++)

enr—>sgnsq[j] = rgntmp2—>sgnsq[j];
cnr->sgnflg++; /• set flag •/

I

if ( !sgnmatch )
goto step12;

else }
for (i=0; i < dim; i++)

rgntmp->px[i] = xtmp[i];/* setup rgntmp->px[] •/
rgntmp->id = rgn_count++; /• reset rgntmp->id •/
return(rgntmp); ~

!

/• - zerodetQ — — [corner.c] -
•*

•• zerodetQ — deals with det J[,] = 0 case, called by katzQ,
** lattQ and cornQ.
♦/

zerodet (rgn) Zerodet

register REGION *rgn;
\

register int i;
double d_get();

pf("\n** Jacobian matrix is singular:");
pm(rgn->jcbn,dim,dim,FORMATl);
fpf(stderr,"\nEnter a non—zero vector nkQ");
fpf(stderr." so that J[.]nk[] = 0 :\nM);
for (i=0; i < dim; i++) (
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...zerodet

fpf(stderr,"\tnk[%d] = »\i+l);
rgn->nk[i] = d.jget(bu£,stdin);

pf("\nnk[]:\t");
pv(rgn->nk,dim,FORMAT1);
pf("\n");
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/•

•* init.c

— init.c —

initQ
normalizeJDQ
parallel aroupsQ
cnrxnitQ

— call rest routines to initialize;
— normalize D[,] & e[];
find parallel hyperplane groups;

— initialize CORNER and CORNER_QUEUE.

#include "cka.h"

REGION.QUEUE »RGNQ;

C0RNER_QUEUE *CNRQ;

/• a queue of regions in the
iteration */

/♦ a queue of corners in the
iteration */

/* aa*ts[i] is an array of the
structure BETA •/

/♦ 6eta_count|j'] is the # of parallel
hyperplanes with normal direction
being the j—th axis •/

/* dcolumn\j] contains the index of
the nonzero entry in the j—th column
of £[][] V

/* wk[] is the working area for IMSL
routines •/

/• jcbntmp[\[] is the working area for
computing inverse of Jacobian when
using IMSL routines •/

BETA

int

int

double

double

00

V

init 0
I

•axis;

•beta^count;

•dcolumn;

•srk;

♦jcbntmp;

— initQ - — [init.c] —

•• initQ — takes care of all necesary initializations;
** called by latticeQ.

register int i. j;

/• allocate spaces •/
RGNQ = (REGION QUEUE •) paUoc(sazeof(REGION_QUEUE));
RGNQ->head = RGNQ->tail = RNIL;
RGNQ->n = 0;

CNRQ = (CORNER QUEUE •) paUoc(sixeof(CORNER-QUEUE));
CNRQ->head = CNRQ->tail = CNIL;
CNRQ->n = 0;

if ( imsl ) i
wk = (double •) paUoc(dim*(dim+3)*sizecf(double));
jcbntmp = (double •)

if ( lattice ) \

palloc(dim*dim*sizecf(double));

init.c

init
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...init

/•
••eachregionhasmaximum.2boundaryhyperplanes
••meachaxisdirection.
V

•)palloc(2*dim*sizeof(TI));
**)palloc(2*dim*sizeof(TI•));

pti=rn
qti=(TI

axis=(BETA♦)palloc(dim*sizeof(BETA));
dcolumn=(int♦)paUcc(hyp*sizecf(int));
beta_count=(int•)palloc(dim*sizeof(int));

for(i=0;i<dim;i++)
beta_count[i]=0;

/•normalizeE[,]andeG•/
normalize_DO"»

for(i=0;i<dim;i++)if(beta_count[i]>0)
axis[i].beta=(int♦)palloc(beta_count[i]*sizeof(int));

/•findparallelhyperplanegroups•/
parallel_groups();

for(i=0;i<dim;i++)\
pf("betacount[%d]=%d\n",i,beta_count[i]);
pf("axis[%d].beta[]=",i);
for0=0;3<betacountli];j++)

pf("%d",axis[i].beta[j]);
pf("\n,});

else[
/0maximumnumberofboundariesforeachregion=hyp•/
pti=(TI•)palloc(hyp°sizeof(TI));
qti=(TI••)paUoc(hyp*sizeof(TI•));

/•initializeregioncounting•/
rgn—count=0;

/•-normalizeJDQ--[init.c]-
00""
•♦normalizeDQ—forhybridrepresentation,eachcolumnofD{,]
00shouldcontainoneandonlyonenonzeroentry;thisroutine
••checksIJ[,]andnormalizes£{,]ande[]bydevidirige[]the
••correspondingnonzeroentryinthecolumnsof£[,]andset
•*thatentryto1;calledbyinitQ.
•/

normalize_D()

registerinti,j,flag;
registerdouble•dtmp;

normalize-D
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...normalizeJD

for 0=0; j < hyp; j++) \ /• scan D by column ♦/
flag = 0;

for (i=0; i < dim; i++) { /♦ for each row in a column •/
dtmp = &D[i*hyp+j];

if ( *dtmp != 0 ) { /• hat nonzero entry •/
if ( !flag ) \ /* the only nonzero •/

fiag++;

/• normalizing •/
if ( •dtmp != 1.0 ) \

e[j] /= *dtmp;
•dtmp = 1.0;

i

dcolumn[j] = i; /* the i-th row in the j-th
column is nonzero •/

beta count[i]++;/* # of hyperplanes in the
~ i-th parallel group */

. '

/• >= 2 nonzero entries ♦/

error(8);

/• all entries in column j are 0 •/
if ( !flag ) error(8);

/• - paralleljjroupsQ - —[init.c] -
00

*• paraUeljgroupsQ — identical columns in D[,] represents
•♦ parallel hyperplanes; this routine groups those columns
•• in sets and sort (using SHELL sort) the corresponding
*• 'beta (ie. e\j]/ in ascending order; called by initQ.
•/

parauei^roups o paralleLgroups
register int i. j. k, index, flag, gap;
int count, nested;

tested = (int •) palloc(hyp*sizeof(int));
for (i=0; i < hyp; i++) tested[i] = 0;

i = 0;
count = 0;
while ( count++ < hyp ) |

index = 0;
flag = 0;
k = —1;
axis[dco'lumn[i]].beta[index++] = i;
tested[i]++;

/•
•• find parallel columns by searching for the same
•• dcolumn[f\.
V
for Qs-i+1; j < hyp; j++)
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.. .paralleLgroups

if ( !tested[j] ) f /° if not tested •/
/• if the j-th column is parallel to the i-th •/
if ( dcolumn[j] == dcolumn[i] ) J

axis[dcolumn[j]].beta[index++] = j;
tested[j]++;
count-r+;

/* oet the Jst nonporoUei untested coitunn •/
if ( '.flag ) \

I

flag*
k = j;

if ( k == -1 )
/0 all are parallel •/

i - jj. /• Jfe = Jst nonparallel column •/

/» SHELL sorting so that oeta is in increasing order •/
for (k=0; k < dim; k++) if ( (count=beta count[kJ) > 0 )
far (gap = count/2; gap > 0; gap /= 2) \

for (i=gap; i < count; i++)

or 0 - 1~ga&a3xis|J].beta[i]] >= e[axis[k].beta[j+gap]];
if f e[aSk].beta[j]] == e[axis[k].beta[j+gap]] )

error(9);

index = axisrk].beta[i];
axis[k].betarj] = axis[k].beta[j+gap];
axis[kj.beta[j+gap] = index;

/• - cnrinitr; - " l***-*! "
•• cnrinitO — allocate spaces for structure CORNER and
•♦ CORNER_QUEUE.
♦/

register CORNER •enrinit ()

register CORNER •enr,

enr = (CORNER •) palloc(staeof(CORNER));

cnr->cx = (double ♦) palloc(dim*Sizeof(double));
cnr->sgnsq = (int •) palloc(hyp*siaseof(int));
cnr->sgnflg = 0;

cnr->CNRRGN = (REGION QUEUE ♦) palloc(sizeof(REGION_QUEUE));
cnr->CNRRGN->head = cnr->CNRRGN->tail = RNIL;
cnr->CNRRGN->n = 0;

return(cnr);
\
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/•—region.c—
99

••region.c:
•*rgnjinitQ——allocatesspaceforREGION,
•*rgnjcheckQ—checksvalidregion,
*•compute_jy()—computesJacobian&y[]=pwlf(x[]).

^include"cka.h"

intrgn_count;/•counttotalnumberofregions
encounteredduringtheiteration•/

/*errorcodeforIMSLroutines•/ intler;

/•—rgnjinitQ——[repion.c]—
••""

••rgrninitQ—allocatespaceforstructureREGION.
V

registerREGION
registerint

•rgn_init(flag)
flag;

registerintj;
registerREGION*rgn;

rgn=(REGION•)palloc(sizeof(REGION));

if(!flag)/•notassociatedwithcorner*/
rgn—>id=rgn_count++;

rgn->id=flag;

rgn—>sgnsq=(int*)pauoc(hyp*sizeof(int));
rgn—>px=(double•}palloc(dim*sizeof(double^;
rgn—>py=(double*)pallocfdim*sizeof(double));
rgn—>nk=(double•)palloc(dim#sizeof(double));
rgn->jcbn=(double♦)paUcc(dim*dim*sizeof(dDuble));

if(lattice){
rgn->bdry=(int•)palloc(hyp*sizeof(int));
for0=0;j<hyp;j++)rgn->bdry[j]=0;

rgn->dx=(double*)palloc(hyp*sizeof(double));

return(rgn);

/•—rgnjcheckQ—
•*

**rgnjcheckQ——checkvalidregion:
•*""1.isrgn->px[]onanyboundary?
•*2.istheJacobiansingular?
••3.isthedeterminantpositive?
*•4.computethefollowingquantities:
•*ron->sonsgG.
*•rgn—>nk\jt

—[regionc]—

region,c
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•• rgn—>dxV\,
•• rgn->pyU,
•• rgm->ic6nG.
•• rgn—>detsgn.
•/

rgn.check (rgn. flag) rgTL^heck
register REGION •rgn; . t . M„,
register int flag; /* fiag==l : vnttxal povnt •/

register int i, j, k, m, n;
int Sgn();
double Abs(), tmpl, tmp2, tmp3;

/• compute rpn->sonsg;G. ron-^cbnOG and rflm->pyG */
compute<Jy(rgn,flag);

/• check if the point ron->pa-G is on a boundary •/
if ( flag ) for 0=0; j < hyp; i++)

if ( rgn->sgnsqij] == 0 ) return(l);

/• compute y[] - f(x[]) and store the result in rgn->py[] */
k = 0;
for (i=0; i < dim; i-H-) \

rgn->py[i] = y[il - rgn->py[i];
if ( Abs(rgn->pyli]) > epsilon ) k++;

if ( !k ) return(3); /• solution is found ! •/

/• determine boundary hyperplanes •/
if ( lattice ) | v r.t „ w

for (i=0; i < dim; i++) if ( beta_count[i] > 0 ) (

m = beta countfi]—1;
j = axis[i]7beta[0J;
k = axis[i].beta[m];

if ( flag ) I /* initial point •/
if ( rgn->px[i] < e[j] ) /• leftmost •/

ren->bdry[j]-H-;
else if ( rgn->px[i] > e[k] )/• rightmost •/

rgn->bdry[k]+-t-,
else for (n=0; n < m; n++) {/• scan •/

j = axis[i].beta[n];
k = axis[i].beta[n+l];
if ( e[j] < rgn->pxii] && rgn->px[i] < etk] ) {

rgn->bdryh]++;
rgn->bdry[k]-i-+;

else for (n=0; n < beta_count[i]; n++) \
m = axis[i].beta[n];
if ( m = qti[0]->index ) \

rgn->bdry[m]++;
if ( x[i] < e[m] ) [

if ( m < k ) rgn->bdry[m+l]++;
if ( m > j ) rgn->bdry[m-l] = 0;

if ( x[i] > e[m] ) |
if ( m < k ) rgn->bdry[m+l] = 0;
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...rgru-check

J
\

\
J

if ( m > j ) rgn->bdry[m-l]++;

1

/* compute rcn->nfcG •/
if ( !imsl ) \ ,. *» Bx «\ • ^ cif ( lineqn(rgn->jcbn.rgn->nk,rgn->py,dim.O,&tmpl) '.= 0; l

if ( pfig ) error(lO,"rgn_check()".rgn);
return^); /• detJ = 0 •/

1
/•
•• using IMSL routines: see leqt2f.f in IMSL for details
•♦ on the calling sequence of ludatfQ, IvelmfQ & lureffQ.
•/ .
transp(rgn—>jcbn,jcbntmp,dim,dim);
i = dim*dim;
for 0=0; j < i; j++) -wk[j] = jcbntmpLJ];
j = i + dim;
k = j + dim; .
ludatf (&wk[0],icbntmp,&dim,&dim,&sigdgt,

&rmpl.&tmp2.&wk[i].&wk[j].&tmp3,&ier);
if ( ier > 128 ) } /• icdn stnouior */

if ( pflg ) error(10,,,rgn_check()",rgn);
return(2);

J t
luelmf Ocbntmp,rgn->py,&wk[i],&dim.&dim,&wk[k]);
lurefl 7&wk[0].rgn->py4cbntmp,&wk[i],&dim,&dim.

&wk[k],&sigdgt.&wk[j].&wklj].&ier);
for (i=0; i < dim; i++)

rgn->nk[i] = wk[i+k];

I

/* find sign of det J ♦/
rgn->detsgn = Sgn(tmpl);

if ( aflg ) print_rgn(rgn);

return(0);
I

/0 - computeJyQ - - [region.c] -
•♦

•* compute_jy() — compute
•♦ (1) rgn->sgnsgU.
♦♦ (2) rgn-yjcbnUJ end
00 (3) rgn->pyQ.
•/

computed (rgn. flag) COTTVputeJy
register REGION •rgn;
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...compute^y
register int flag; /•=;.* initial point,
^ compute (1), (2) & (3);

=0 : compute (2) & (3);
=-i; compute (1) only. •/

register int i, j. k. m, n, flgl;
double tmp;

/* compute ron->daQ and rgn->sgnsq[] •/
if ( lattice ) \

/*
•• note that since columns of D[][] are unit vectors,
•• we only need one component of rgn—>pzQ at a time.
♦/

- if ( flag ) for 0=0; j < hyp; j+-r)
rgn->sgnsqLj] = Sgn(rgn->px[dcoiumn|j]]-e|j]);

I ,
for 0=0; j < hyp; j++) |

rgn->dx[j] = 0;
for (i=0; i < dim; i++)

rgn->dxQ] += D[i*hyp+j]*(rgn->px[i]);
if ( flag )

rgn->sgnsq[j] = Sgn(rgn->dx[j]-eD]):

1

/• compute rgn->jcbn[] and ron->pyG •/
if ( flag >= 0 ) j

for (i=0; i < dim; i++) \
m = i*dim;
n = i*hyp;
rgn->py[i] = 0;
flgl = 0;

for 0=0; j < dim; i++) |
rgn->jcbnfm+j] = B[m+j];
rgn->py[ij += B[m+j] • rgn->pxU];

for (k=0; k < hyp; k++) \
tmp = C[n+k] • rgn->sgnsq[k];
rgn->jcbn[m+j] += tmp • D[j*hyp+k];
/•
•• the following line is excuted only
•• once for each i.
•/

if ( Jflgl ) \ x
if ( lattice )

rgn—>py[i] += tmp
♦ (rgn->px[dcolumn[k]]-e[k]);

flgl++;

rgn->py[i] += tmp • (rgn->dx[k]-e[k]);
J
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/♦
•*

— print.c —

•• 77us module contains 4 routines:
** printjeqnQ — print the coefficients of the pwl function;
•• print"sol() — print solution;
** prbrdTrgnQ — print all information in the structure REGION
•/

#znclude "cka.h"

/•
•«

- printj&qnQ — — [print.c] —

•• print eqnQ — print coefficients of the pwlf(.).
•/

>rint_eqn 0

pfC'NnCoefficients of the canonical equation:");

pf("\nB[,]:");
pra(B.dim,dim,FORMATl);

pf("C[.]*");
pm(C,dim,hyp,FORMAT1);

pf("D[,]:");
pm(D.dim,hyp,"%2.0f ");

pf("\neG:\t");
pv(e.hyp.FORMATl);

pf("\n\ny[]:\t");
pVfodim.FORMATl);

pf("\n");

— printjsolQ —

•♦ print solQ — print solution.
V

print_sol (rgn)

register REGION •rgn;
\

register int i;
register REGION *rgntmp;
REGION •getrgnO;

pf("\n#* Solution xG = ");
pv(rgn->px,dim,F0RMAT2);

if ( tflg ) |
compute_jy(rgn,1);
for (i=0; i < dim; i++)

rgn->py[i] = y[i] - rgn->py[i];

— fj&rint.c] —

/* print solution •/

/• test solution •/

print, c

printsqn

prird-sol
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...print-sol
pf('\n=> f(x[]) - y[] = ");
pv(rgn->py,dim.F0RMAT2);

i = RGNQ->n;

/• print out all regions where the solution curve passes by •/
if ( pfig && i > 0 ) I

pf("\n\n** Regions in iteration :\n");
while ( RGNQ->n != 0 ) {

rgntmp = getrgn(RGNQ);
printsrgn(rgntmp);

if ( Pfig ) I
pf("\n\n** Last region in the iteration :\n );
print_rgn(rgn);

pf("\n\n** Number of regions traveled: ");
if ( i > 0)

pf(,,%d.\nM.i+l);
else

pf("l.\n");

/• — printjrgnQ — — [print.c] —
00

•• print rgn() — print all information in the structure REGION.
V

print.rgn (rgn) print-Tgn
register REGION »rgn;

register int k;

pf("\nrgn->id: %d",rgn->id);

pf("\nsign sequence: ");
for (k=0; k < hyp; k++)

pf("%2d ",rgn->sgnsq[k]);

pfC'Xnnoint xQ: ");
pv(rgn->px.dim,FORHATl);

pf("\npoint yQ: ");
pv(rgn->py,dim,FORHATl);

pf(»'\nvector nk[]: ");
pv(rgn->nk,dim,FORHATl);

pf("\nJacobian matrix:");
pm(rgn->jcbn,dim,dim,FORHATl);

pf("\nSign of determinant: %2d",rgn->detsgn);

if ( lattice ) \
pf("\nboundaries : ");
for (k=0; k < hyp; k++)
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.. .print^rgn
pf("%2d ",rgn->bdry[k]);

J

pf("\n");
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/* — queue.c —
00

•* 77»s module contains routines: putrgnQ, getrgnQ.
V

include "cka.h"

/9 - putrgnQ - - [gueue.c] -
•*

•• putrgnQ — ptaces REGION at the end of REGION_QUEUE, it always
•• assumes queue .'= NIL.
V

putrgn (rgnq, rgn) putrgn
register REGION_QUEUE *rgnq;
register REGION •rgn;

rgn->link = RNIL;

/♦ queue was initially empty •/
if (rgnq->head == RNIL) \

rgnq—>head = rgn;
rgnq->tail = rgn;

\

/* queue was not empty, append at the end •/
else [

rgnq—>tail—>link = rgn;
rgnq->tail = rgn;

1

rgnq->n++;
return;

/«• - getrgnQ - - [gueue.c] -
••

•• getrgnQ — gets one REGION from the front of REGION^QUEUE and
•• returns a pointer to that REGION, it returns NIL if
•• the REGION QUEUE is empty.
V

REGION *getrgn (rgnq)

register REGION_QUEUE *rgnq;

REGION *rgn;

/• if queue is empty, return NIL •/
rgn = RNIL;

/• if queue is not empty, get one from the front */
if (rgnq->head != RNIL) j

rgn = rgnq—>head;
rgnq->head = rgnq->head->link;
rgnq->n—;
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return(rgn);

/• - putcnrQ - - [gueue.c] -
••

•• putcnrQ — places CORNER at the end of CORNER_QUEUE, it always
•• assumes queue /= NIL.
♦/

putcnr (cnrq, enr) pUtCTlT

register CORNER_QUEUE •cnrq;
register CORNER •enr;

cnr->link = CNIL;

/• queue was initially empty •/
if (cnrq->head == CNIL) f

cnrq—>head = enr,
cnrq—>tail = enr;

J

/• queue was not empty, append at the end •/
else |

cnrq->tail—>link = enr;
cnrq—>tail = enr;

I

cnrq—>n++;
return;

/* - getcnrQ - - [queue.c] -
**

♦♦ getcnrQ — gets one CORNER from the front of CORNER_QUEUE and
•• returns a pointer to that CORNER, it returns NIL if
•• the CORNER QUEUE is empty.
•/

CORNER •getcnr (cnrq)

register CORNER_QUEUE •cnrq;

CORNER •enr;

/• if queue is empty, return NIL •/
enr = CNIL;

/• if queue is not empty, get one from the front •/
if (cnrq->head != CNIL) |

enr = cnrq—>head;
cnrq—>head = cnrq—>head—>link;
cnrq—>n—;

J

return(cnr);
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—error,c—

••errorQ—printerrormessages.
•/

^include<stdio.h>
^include"cka.h"

error(flag,str,rgn)QTTOr

registerintflag;
registerchar•str;
registerREGION*rgn;

switch(flag)\
case1:/*maxnQ•/

fpf(stderr,"Specifyonlyoneof'-fand'-o'.\n");
break;

case2:/*mainQ•/
fpf(stderr,"Cannotopenfile:%s\n",str);

3:
fpf(stderr,

"Errorfrom%s:\t'dim'or'hyp'undefined.\n",str);
break;
i4:
fpf(stderr."Errorfrom%s:\tdim<=0",str);
fpf(stderr."atline%dintheinputfile.\n".line);
break;
i5:
fptfstderr/'Errorfrom%s:\thyp<=0".str);
fpf(stderr,"atline%dintheinputfile.\n",line);
break;

6:/•filreadQ•/
if("55s:inputsyntaxerroratline%d.\n",str,line);

.7:/•filreadQ•/
pf("%s:arrayindexoutofrangeatline%d.\n".str,line);
break;
8:/•normalize^DQ•/

pf("ErronmatrixD[,]");
pf("isnotcompatiblewithhybridrepresentation.");
break;
9:/•paralleljgroupsQ*/

anvectore[]");
notcompatible-withhybridrepresentation.");

pffErrorvectore[]");
pf("isne

10:/•rgnjcheckQ•/
pf("Jacobianmatrixis");
if(imsl)\

if(ier==129)
pf("isalgorithmicallysingular.");

elseif(ier==131)[
pff'istooill-conditionedforiterative\n");
pf("\t\timprovementtobeeffective.");

pf("[IHSL]\n");

pf("singular.\n");
pf("**occuredat:\n");
print_rgn(rgn);
break;
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...error

if ( flag < 10 ) |
pfr\n**-> p
exit(l);

pf("\n**-> program continued <-**\n");

flag < 10 ) |
pfC'\n**-> program aborted <-**\n");
exit(l); /* fatal error •/

else
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/• — support.c —

'• support.c — contains the following supporting routines:
♦ ijgetQ, djgetQ, IjgetQ, sjgetQ,
'• AbsQ, SgnQ, inprdctQ, transpQ, prdmtrxQ,
• priuctrQ, prdvctrQ, lineqnQ, rowechQ, pallocQ.

#include <stdio.h>

•• ijgetQ — get an integer from input.
•/

int i_get (str, fp)

i

E

I

register char •str;
FILE *fp;

char *s_jget();
int atoiO;

s_get(str,fp);
return(atoi(str));

/•
** djgetQ — get a double number from input.
V

double d_get (str, fp)

i

I
\

register char *str;
FILE •fp;

00

char *l_get (str, fp)

char *s_getO;
double atofO:

s_get(str,fp);
" f(str));return(atof(

IjgetQ — get a line (with NL) from input.

register char •str,
FILE *fp;

register int c;
register char •es;

cs = str;
•while ((c=getc(fp)) != '\n' && c >= 0) •cs++ = c;

if (c<0 && cs==str)
return(NULL);

else \
•cs++ = 'Nn';
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♦cs = '\0';
return(str);

/•
•♦ s_get() — get a string (without NL) from input.
♦/

char *s_get (str, fp)

register char *str;
FILE *fp;

register int c;
register char *cs;

cs = str;
•while ((c=getc(fp)) != '\n' && c >= 0) *cs++ = c;

if (c<0 && cs==str)
return(NULL);

else |
♦cs = '\0';
return(str);

i

/•
♦♦ AbsQ — find absolute value with type double argument.
♦/

double Abs (x)

double x;

if (x >= 0.0)
return(x);

return(-x);

/♦
•♦ SgnQ — determine sign of a type double argument.
♦/

int Sgn (x)

double x;

\
if ( x > 0.0 )

return (1);
if ( x < 0.0 )
return (—1);

return (0);
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♦• inprdctQ — inner product of 2 vectors: c = <x,y>
•/

double inprdct (px. py. dim)

register double ♦px, ♦py;

register int dim;

register int i;
double sum=0;

for (i=0; i < dim; i++)
sum += px[i] • py[i];

return(sum);

•♦ transpQ — find trasnpose of a given matrix.
•/

transp (pa, pat, row, col)

register double ♦pa, ♦pat;

register int row, col;
I

register int h y,

for (i=0; i < row, i++)
for (j=0; j < col; j++)

pattj^row+i] = pa[i^col+j];

•• prdmtrxQ — print a double precision matrix.
•/

prdmtrx (pm, row, col, format)

register double ♦pm;

register int row, col;
register char ♦format;

\
register int i. j;

for (i=0; i < row; i++) [
printf("\n\t");
for (J=0; j < col; j++)

printf(format,pm[i#col+j]);

printf("\n");

00 privctrQ — print an integer vector.
•/

privctr (pv, dim, format)

register int
register char

♦pv, dim;
♦format;

support.c

transp

prdmtrx

privctr
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...privctr

J

register int i;

for (i=0; i < dim; i++)
printf(format,pv[i]);

♦♦ prdvctrQ —— print a double precision vector.
♦/

prdvctr (pv. dim. format) prdvctr
register double ♦pv;

register int dim;
register char •format;

register int i;

for (i=0; i < dim; i++)
printf(format,pv[i]);

/•
•♦ lineqnQ — solve linear system Ax = 6.
•/

lineqn (pa, px, pb, dim, flag, deta) Uin&QJl

register double ♦pa;
double •px. *pb, *deta;
int dim. flag;

int axcol, err;
register double *pax;
register int i, j, m, n;

axcol = dim+1; /• # of cols in AX[]G V
pax = (double •) malloc(dim*axcol*sizeof(double));

/* append *Q to the last column of j4GG => A*W *'
for (i=0; i < dim; i++) {

m = i*axcol;
n = i^dim;
for Q=0; j < dim; i++)

pax[m-H] = paln+j];
pax[m+dimj = pb[ij;

/♦ compute row-echelon form of AX\2[] •/
rowech (pax,pax,dim,axcol,deta,&err);

/• if non-singular, start back substitution ♦/

if (!err) for (i=dim-l; i >= 0; i—) \
m = i#axcol;
px[i] = pax[m+dim]; '
for (j=dim-l; j > i; j—)

px[i] -= px[j] ♦ pax[m+j];
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...lineqn
/♦ if flag /= 0 then return A[][] in its row-echelon form ♦/

if (flag != 0) for (i=0; i < dim; i++) f
m = i^axcol;
n = i*dim;
for (j=0; j < dim; j++)

pa[n+j] = pax[m+j];

free(pax); /* free spaces ♦/
return(err);

/♦

♦• rowechQ — i?educe matrix A to the row echlon form,
•• The pivot element is chosen to be the maximum in that
•♦ column.
•/

rowech (pa, pr. arow, acol. deta, dep) rOWech
register double ♦pa, ♦pr,

double *deta;
int arow, acol, Mep;

double Abs(), max, tmp;
int row, col, maxrow, stop;
register int i. j, m, n;

for (i=0; i < arow; i++) { /• copy A to R •/
m = i^acol;
for 0=0' 3 < acolJ J++)

pr[m+j] = pa[m+j];

stop=0; row=0; ♦deta=1.0; /• initialize •/

while (!stop) [
for (col=0; col < acol; col++) \

/•
•♦ find the maximum, element in the column as the
00 pivot element.
♦/

max = 0.0;
for (i=row; i < arow; i++) \

tmp = pr[i0acol+col];
if (tmp != 0.0 &8c Abs(tmp) > Abs(max)) \

maxrow = i;
max = tmp;

if ( max != 0.0 ) {
m = maxrow*acol;
n = row*acol;
if ( maxrow != row ) f

/• interchange "maxrovJ' and "row" •/
for Q=col; j < acol; j++) [

tmp = pr[m+j];
prfm+j] = pr[n+j];
pr[n+j] = tmp;

(♦deta) ♦= (-1.0);
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/♦ normalize pivot element */
(♦deta) ♦= max;
pr[n+col] = 1.0;
for 0=c°l+l" j < ac°l; j++)

pr[n+j] /= max;

row++; /♦ increment row ♦/

if ( row < arow ) \
/♦

♦• reduce entries in "col" below "row" to 0.
•/
for (i=row; i < arow; i++) j

tmp = prti^acol+col];
if (tmp != 0.0)

for 0=c°i; j < ac°fc i++)
pr[i*acol+j] += pr[(row-l)*acol+j]

• (-tmp);

i

stop = 1; /• terminate iteration •/

/♦ find first linear dependent column •/
♦dep = 0;
j = (arow < acol) ? arow : acol;/* j = minfarou-.acoy */
for (i=0; i < j; i++) \

if ( pr[i*acol+i] != 1.0) {
•dep = i+1;
break;

support.C

...rowech

/•
♦• pallocQ — C storage allocator, it calls "mallocQ" to get 4096
*• bytes (2K words) at a time and re-distributes them to its
*♦ caller. The purpose is to reduce the number of calls to
•♦ "mallocQ". If the number of bytes left is less than needed,
*♦ those spaces are waisted
V

#define PAGESIZ 4096

char ♦palloc (nbytes)
wwifpuWi nbytes;

static char ♦pgtop;

static char ♦cptr;

static char ♦nptr,

static unsigned tlngth;
static int flag;

/♦ page top ♦/

/♦ current pointer position ♦/

/♦ next pointer position ♦/

/♦ total length used ♦/

if ( nbytes > PAGESIZ )
return ( (char ♦) malloc(nbytes) );

if ( !flag ) i
PS^op = (char ♦) malicc(PAGESIZ);
nptr = pgtop;
tlngth = 0;
fiag++;
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if ( nbytes <= (PAGESIZ-tlngth) ) |
cptr = nptr;
tlngth += nbytes; /* update used length •/
nptr += nbytes; /• advance nptr •/
return(cptr);

\ /• not enough space left •/
flag = 0;
return(palloc(nbytes));
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# - Makefile -
#
# Maintain CKA program groups.

CFLAGS = -0

FILE = Makefile cka.h main.c inputc katzx lattice.c corner.cN
init.c region.c print.c queue.c error.c support.c

OBJS = main.o input.o katz.o lattice.o comer.o init.o region.o\
print.o queue.o error.o support.o

aout: 8(0BJS)
cc S(CFLAGS) S(OBJS) -limsld -1F77 -1177 -lm
rm -f Kx Lx; mv a.out Kx; In Kx Lx

main.o: cka.h mainx
inputo: cka.h input.c
katz.o: cka.h katz.c
lattice.o: cka.h lattice.c
comer.o: cka.h corner.c
init.o: cka.h init.c
region.o: cka.h region.c
print.o: cka.h print.o
queue.o: cka.h queue.c
error.o: cka.h error.c
support.o: support.c

Makefile
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